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PREFACE  TO  THE  INSTRUCTOR 


This  Instructor's  Solutions  Manual  contains  the  solutions  to  every  exercise  in  the  12th  Edition  of  THOMAS'  CALCULUS 
by  Maurice  Weir  and  Joel  Hass,  including  the  Computer  Algebra  System  (CAS)  exercises.  The  corresponding  Student's 
Solutions  Manual  omits  the  solutions  to  the  even-numbered  exercises  as  well  as  the  solutions  to  the  CAS  exercises  (because 
the  CAS  command  templates  would  give  them  all  away). 

In  addition  to  including  the  solutions  to  all  of  the  new  exercises  in  this  edition  of  Thomas,  we  have  carefully  revised  or 
rewritten  every  solution  which  appeared  in  previous  solutions  manuals  to  ensure  that  each  solution 

• conforms  exactly  to  the  methods,  procedures  and  steps  presented  in  the  text 

• is  mathematically  correct 

• includes  all  of  the  steps  necessary  so  a typical  calculus  student  can  follow  the  logical  argument  and  algebra 

• includes  a graph  or  figure  whenever  called  for  by  the  exercise,  or  if  needed  to  help  with  the  explanation 

• is  formatted  in  an  appropriate  style  to  aid  in  its  understanding 

Every  CAS  exercise  is  solved  in  both  the  MAPLE  and  MATHEMATICA  computer  algebra  systems.  A template  showing 
an  example  of  the  CAS  commands  needed  to  execute  the  solution  is  provided  for  each  exercise  type.  Similar  exercises  within 
the  text  grouping  require  a change  only  in  the  input  function  or  other  numerical  input  parameters  associated  with  the  problem 
(such  as  the  interval  endpoints  or  the  number  of  iterations). 

For  more  information  about  other  resources  available  with  Thomas'  Calculus,  visit  http://pearsonhighered.com. 
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CHAPTER  10  INFINITE  SEQUENCES  AND  SERIES 


10.1  SEQUENCES 


1 a — ini  — o a U=2  i a„  _ 1^3  __  _ 2 _ 1-4  _ 3 

‘ ■ al  H.  a2  22  4 > a3  32  9 > a4  42  16 


? o X 1 Q J_  1 Q _L  1 O _L  _!_ 

Z-  al  1!  1 - &2  2!  2 ’ a3  3!  6 ’ a4  4!  24 


-5  a _ (ril2  1 c,  Ui)3  _ _ 1 a„  _ UOl  _ 1 a _ (=D!  _ _ 1 

J-  al  2 — 1 Ca2  4—1  3,a3  6—1  5,a4  8—1  7 

4.  ai  — 2 + (-1)1  = 1,  a2  = 2 + (-1)2  = 3,  a3  = 2 + (-1)3  = 1,  a4  = 2 + (-1)4  = 3 


< a 2^  1 „ 2^  1 „ 2^  1 „ 1 

J.  ai  22  2 ’ a2  23  2 ’ a3  24  2 ’ 34  25  2 


f.  a _ 2^1  _ 1 _ 22  — 1 _ 3 fl  _ 23  — 1 _ 7 a _ 24  — 1 _ 15 

D-  al  2 2 ’ 32  22  4 ’ a3  23  8 ’ 34  g4  16 

7 a — 1 a —14-1  — 3 „ — 3,J__7  „ _ 7 , J_  _ 15  _ U x I - 31  „ _ 63 

'•  al  — 1>  a2  — 1 T 2 — 2 ’ a3  — 2 22  — 4 ’ 34  — 4 "T"  23  — 8 ’ 35  — 8 24  — 16  ’ 3c  — 32  ’ 

„ _ 127  _ __  255  „ _ 511  „ _ 1023 

a7  — 64  ’ 38  “ 128  ’ 30  — 256  ’ 3l°  — 512 


o „ |a  1 „„  (2 ) Ia  (5)  J_  „ (24)  _J_  a _J_  1 a 1 

5.  ai  — 1,  a2  — 2 , a3  — 3 — 6 , a3  — 4 — 24  ’ 35  — 5 — 120  ’ 36  — 720  > 37  — 5040  > 38  — 40,320  ■ 


1 

C\  -I  r\ 

1 

362,880  ’ 

aio  — 

1,628,800 

2,  a2  = 

(— 1)2(2) 
2 

= 1,  a3 

T6’a7  = 

1 

32  : 

. a8  = — 

-2,  a2  : 

_ H-2) 
2 

■ = -l,i 

-|,a8 

_ 1 
4 

> a9  — — 

1,  a2  = 

1,  a3  = 

1 + 1 = 

2,  a2  = 

-1.  a3 

1 

2 ’ 

(-Dn+i 

, n = 1 

, 2,  . . . 

(_l)n+l 

9 

n,  n = 

-1,2,.. 

2n-  1 
3(n  + 2)> 

n = 1, 

2,  ... 

n2  — 1, 

n=  1, 

2,  ... 

4n  — 3, 

n=  1, 

2,  ... 

3n  + 2 
n!  > 11 

= 1,2 

_ (-D3(i)  _ _ 1 . _ (-D4(-2)  _ 
— 2 — 2 ’ 34  2 — 

J_  „ _ J_  „ _ 1 

64  > 39  128  ’ 310  256 


_ 2-(— 1)  __  _ 2 a _ 34-J 

3 3 3 9 4 

2 „ _ _ 1 
9 ’ 3i°  — 5 


_ 1 . - _ 1 

4 > d5  — 2 — 8 


1 „ — 4'(-j)  _ 2 

2 ’ a5  - ~ 5 ’ 3C 


14.  a„  = (~l)n,n  = l,2,... 

16.  an=^T,  11=1,2,... 


18-  3n  = i^nTT)  > n = 1*  2, 


20.  an  = n — 4 , n = 1 , 2, ... 
22.  an  = 4n  — 2 , n = 1,2,.. 
24.  an  = 5^,11=  1,2,... 


Copyright  © 2010  Pearson  Education  Inc.  Publishing  as  Addison-Wesley. 


570  Chapter  10  Infinite  Sequences  and  Series 


25.  an  = 1 + (~1)n+1,n=  1,2,  ... 


26.  an  = n ^ + (2  h"^] 


27.  ^liny 2 + (0.1  )n  = 2 =>  converges  (Theorem  5,  #4) 

28.  lim  n + f-1)  = lim  1 + — — = 1 =>■  converges 

n — > oo  n n ^ oo  n ° 

1-7  (-)  —2  _7 

29.  lim  k-rrr  = lim  -m — - = lim  = — 1 =>  converges 

n — > oo  i+^n  n — >■  oo  (y)  + 2 n — > oo  2 0 


30.  lim 

n — ► oo 


2n  + 1 
1-3^5 


= — oo  =>  diverges 


, , 4 (i)^5 

3L  n^iPoo  ra  = n'™oc  TTJJY  = ~5  =*  converges 

32-  Jhry  = n Inry  = n 1 ™oc  rl|2  =°  =►  converges 

33.  lim  n~ — 2n.+ 1 = lim  <n  — Dtp—  n _ jjm  (n  — 1)  = oo  =>  diverges 
n — > oo  n—  l n — > oo  n— 1 n — > oo  ° 


i 3 I ~2  1 — n 

34  lim  1 ~ ° o = lim  4^4 — = oo  =4  diverges 

n^oo  7()~4n  n^oof™j_4  ° 

35.  nliny  (1  + (—1)”)  does  not  exist  =4  diverges  36.  nliny  (— l)n  (l  — 2)  does  not  exist  =4  diverges 

37-  n PPoo  (^)  (1  - 5)  = JWbo  {\  + s)  (l  - 5)  = 5 =*  converges 

38.  nlimo  (2  - i)  (3  + i)  = 6 =>  converges  39.  = 0 =4  converges 

— k)  — lim  Cy-  = 0 =4  converges 
2 / n — > 00  2n  0 

4L  n'iPV  nTT  = \j „!™oo  (t^t)  = =>  converges 

42.  lim  tthw;  = lim  (^)”  = oo  =>  diverges 

43.  lim  sin  (|  + -)  = sin  ( lim  (?  + -))=  sin  ? = 1 =4  converges 

n — > 00  '3  n/  V n — > oo  \2  n/ ) 1 D 


44.  lim  n7rcos(n7r)=  lim  (n7r)(— 1)”  does  not  exist  =>■  diverges 

45.  lim  5111  = 0 because  — - < 71111  < - =>  converges  by  the  Sandwich  Theorem  for  sequences 

46.  n liny  5111  = 0 because  0 < 711112  < T =>•  converges  by  the  Sandwich  Theorem  for  sequences 

47.  flirty  ^=nliny  ■>n\n2  = 0 =4  converges  (using  l'Hopital's  rule) 
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48.  n lin)x  2!  = nlim^  3 (16" 3)  =^litn^  3(1"3)  = oo  =>  diverges  (using  l'Hopital's  rule) 

49.  lim  lnln/i1>  = lim  |n+1l  = lim  = lim  = 0 =>  converges 

n — ► oo  vn  n — > oo  ^ ^ j n — > oo  n + 1 n — > oo  i + ° 


50.  lim  r^-  = lim  tty  = 1 =>  converges 

n — > oo  ln2n  n — > oo  (^J  & 


51.  lim  81,n  — 1 =>-  converges  (Theorem  5,  #3) 


lim 

n — > oc 

_ (0.03)1/n 

= 1 =>■  converges 

lim 

1 — > oo 

(i  + D“ 

= e7  =>  converges 

lim 

(i-i)n 

= lim 

[l  + ^l 

1 — > oo 

V n / 

n — > oo 

n 

lim 

1 — > oo 

yion  = 

lim  101 

n — > oo 

/n  . nl/n  _ 

lim 

1 — > oo 

v n 

“Poo  (<^)2  = 12  = 

= e 1 =>-  converges  (Theorem  5,  #5) 

1-1  = 1 =>  converges  (Theorem  5,  #3  and  #2) 


57.  lim 

n — > <X) 


(n)  = "lim"  nVn  = y = 1 =>  converges  (Theorem  5,  #3  and  #2) 

n— »oo 

58.  nlinio  (n  + 4)l/(n+4)  — xlim_^  x1/*  = I =>  converges;  (let  x = n + 4,  then  use  Theorem  5,  #2) 

59.  Urn  ^ = °ii^  n°/°  = y = oo  =>  diverges  (Theorem  5,  #2) 

!™o  Iln  n - ln(n  + 1)]  = In  (jfy)  = In  ^lirn^  = In  1 = 0 =>  converges 

61.  lim  \/4n  n = lim  4 »”/n  = 4-1=4  =>■  converges  (Theorem  5,  #2) 

n — > oo  v n ^ oo  v ° 

32+(t/n)  — ^lim^  32  • 31,/n  = 9-1=9  =>■  converges  (Theorem  5,  #3) 


60 


62.  lim  \/  32n+1  = lim 

n — > oo  v n — > c 


63.  lim  si  = lim  = mn 

n — > oo  nn  n — » oo  n-n-n-  • n-n  — n — > oo 


1'2’3"'(n — 1 )ln)  < lim  (1)  = 0 and  si  > 0 =$■  lim  si  = q =>  converges 

— n-tco  n“—  moo  n‘  & 


• (— 4')n  , 

64.  ^ l|mx  yy- = 0 =>  converges  (Theorem  5,  #6) 

65.  lim  jS^  = lim  y,.lnV  = oo  => 

n — > oo  U)  n — > oo  ( t10  > ) 


diverges  (Theorem  5,  #6) 
diverges  (Theorem  5,  #6) 

67.  lim  (!'\1/(lnn)  _ jjm  exn  (pL  In  (1))  = lim  exp  (ln  1 ~lnn)  = e~3  =>  converges 

n — > OG  V n / n = oo  r vln  n \ n / / n m oo  r V ln  n / ° 


66.  lim  ^ = oo 

n — > oo  2nj”  n — » oo  (K) 
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68.  lim 


In  (l  + i)n  = In  ^ Mrn^  (l  + = In  e = 1 =>  converges  (Theorem  5,  #5) 


69.  lim  (f1±|)n=  lim  exp  (n  In  = lim  exp  ( 

n — > oo  x 3n  - 1 / n ^ oo  1 V \ 3n  - 1 / / n — > oo  r\ 


= lim  exp 

n — > oo  1 


3 3 

3n+  1 3n  — 1 


In  (3n+  1)  — In  (3n—  1)\ 

1 ) 

= e2/3 


= nliPoo  exP  ((3n+iX3n-i))  = exP  (I)  = =►  converges 


1 1_ 

n+  1 


70.  lim  (—©)'’  = lim  exp  (n  In  (— j^))  = lim  exp  ( lnn  n(°+l1)  = lim  exp  I — - 

n^oo  Vn+1/  n ^ oo  F V Vn+133  n ^ oo  (j)  ) n-^oo  1 l ( _ 1 

= n“Poo  “P  (“  n(nTIi)  = ^ 


converges 


71.  lim  ( , x°  . ) = lim  x („  ] , . ) 1//n  = x lim  exp  ( - In  ( „ *,))  = x lim  exp  ( ln(,n  + 1) 

n ^ oo  3 2n  + 1 7 n — > oo  V 2n  + 1 / n ^ oo  r V n V 2n  + 1 II  n — >00  n 

= x n exp  (t^ppy)  = xe°  = x,  x > 0 =>■  converges 


In  1 - 


72.  lim  (l  — 4)n  = lim  exp(nln(l  — 4))  = lim  exp  [ — ^ n , n~ 
n — > oo  x n2/  n — > oo  f \ V n 1 ) ) n — > oo  r 1 J 

= nlim  exp  (pr^i)  = e°  = 1 =>■  converges 


lim  exp 

1 — » 00  r 


(1) 

h 

(- 

i 

73.  lim  2-n6°i  = lim  = 0 =>■  converges 

n — > oo  2 n-n!  n — > oo  n!  ° 


74.  lim 


(I fT 


-n  = lim 


(n)°  (if)° 


Tn  = lim 


(Theorem  5,  #6) 

/ 120\n 

V 121  / _ Q 


(^)n  + (M)n  “"-oo  (if)”  ©“  + (if)"  (M)°  “ n^oo  (©”  + 1 

(Theorem  5,  #4) 


converges 


75.  lim  tanh  n = lim  e"  , e"  = lim  e2!  , ] = lim  = lim  1 = 1 

n — > oo  n ^ oo  en  + e n n ^ oo  e2n  + 1 n ^ oo  2e2n  n ^ oo 


converges 


76.  lim  sinh  (In  n)  = lim  glnn  0e  = lim  n = oo  =>  diverges 

n — > oo  n ^ oo  i n— >oo^  ° 


77.  lim  , , 

n — > oo  2n  - 1 


C ix 

w = lim 


lim 

1 — > oo 


= lim 


n — > oo  — 2 + ( 


converges 


78.  lim  nil  — cos  M = lim  ^ = lim 

n— > oo  x n / n ^ oo  n — ► oc 


[<*>.(!)] 

w 

i 

= n Mm^  sin  Q)  = 0 =>  converges 


79.  lim 

n — > oo 


x/nsinf©')  = lim  — ^ — lim  — (^)(  _ ijm  cos  ( -L  'j  = cos 0 = 1 

v \ vn/  n^oo  ^ n 00  -2^372  n^-oo  Wn/ 

80.  lim  (3n  + 5n)1/n=  lim  exp  [ln(3n  + 5n)1/n 

n — v rvt  ' ' n — v m ± ' ' 


converges 


= lim  exp 

n — > oo  1 


ln(3n  + 5n) 


= lim  exp 

n — > oo  1 


3nln  3 + 5n  In  5 
3»  + 5tt 


= lim  exp 

n — > oo  r 


r ^|i)ln3  + ln5 

(S)  + l 


= lim  exp 

n — > oo  r 


) In3+ln5 

(if  • > 


81.  lim  tan  Jn=  | =>■  converges 


= exp(ln5)  = 5 

82.  lim  © tan^1  n = 0 • ? = 0 =>■  converges 

n — > oo  Wn  l D 
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83-  n'iPlo  (?) " + TP  = n'iFoo  ((l)"  + (75)  ) = 0 =►  converges  (Theorem  5.  #4) 

= n^oo  eXP  (M)  = C°  = 1 

200 (Inn)199  _ ^ 200- 199 (In  n) 

n n — > oo 


84.  lim  y i n2  + n = lim  exp 

n — > oo  v n — » oo  1 


In  (n2  + n) 


85. 


lim  lim 

n — > oo  n n — ► oo 


lim 

n — ► oo 


=>  converges 

= 0 =>  converges 


86.  lim  2^  = lim 

n — > oo  y/n  n — > oo 


'( 

5 (In  n)^ 

)' 

(^) 

lim  1Q(1^-n)  = lim  8Q(h?-n)  = . . . = lim  ^2  = 0 =>  converges 

n — > oo  y/n  n — > oo  y/n  n — > oo  y/n  ° 


87.  lim  ( n - \/n2  - n)  = lim  (n-  Va2-n)  (n+^^)  = lim  = lim  ' 

n^oo  \ v ) n — >•  oo  \ v ) \n  + Vn2-n ) n — ► oo  n + Vn2-n  n — ► oo  l + ./i- 


_ 1 
2 


converges 

( 1 ^ ( 7n2-l  + Vn9+n\  _ j| 

V \/ n2  - 1 - \/ n2  + n / V Vn2  - 1 + Vn2  + n / n — ► oo 


88.  lim  , 1 , - 

n — » oo  y n2  - 1 - V< n2  + n 


= lim 


n — > oo 


\/n2  — l + -\/n2  + n 


1 — n 


lim 

n — > oo 


,/ 1-4 

V nz 


A 1/ * + 


i-i) 


89.  lim  1 r"idx=  lim  ^ = lim 

n— ><x>nJix  n — > oo  n n — > o 


l 

— = — 2 =>  converges 

oo  n = 0 converges 


(Theorem  5,  #1) 


90.  lim  fn3-dx=  lim 

n — > oo  J \ xp  n ^ oo 


_i L_ 

1— p xP-1 


lim  -p—  ( —L  — 1 ) = 1 if  p > 1 => 
n — » 00  l-p  VnP  1 / p-1  r ' 


converges 


91.  Since  an  converges 

=>  L = —9  or  L = 8;  since  an  > 0 for  n > 


lim  an  = L =>■  lim  an  + 1 = lim 

n ^ oo  n ^ oo  + n ^ oo  1 + a„ 

" 1 =>L  = 8 


^=>L=TfE^L(l+L): 


= 72  =>■  L2 


92.  Since  an  converges  , 

=>-  L = — 3 or  L = 2;  since  an  > 0 for  n > 2 


lim  an 

11  — * 00  11 


lim  an  + i = lim  a" - 

^ oo  11  + 1 n ^ oo  a„  + 2 


=>  L = 2 


?a+|^L=t±|=^L(L  + 2)=L  + 6: 


93. 


Since  an  converges  =>  lim  a„  = L =^-  lim  an  + r = lim  \/8  + 2an 

D n ^ oo  n ^ oo  n ^ oo  v 

> 3 =>  L = 4 


or 


L = 4;  since  an  > 0 for  n 


- L = )/8  + 2L  =>  L2  - 2L 


94.  Since  an  converges  =>  n lin^an  = L =>  n lin^an  + 1 = n liny  ^/8  + 2an  =>  L = /&  + 2L  L2  — 2L  — 8 = 0 =>  L 
or  L = 4;  since  an  > 0 for  n > 2 =>•  L = 4 


95.  Since  an  converges  =>  lim  an  = L =>■  lim  an  + 1 = lim  J 5an  =>  L = y5L=>L2  — 5L  = 0=>L  = 0orL  = 5 

° n — >oo  n ^ oo  n ^ oo  v v 

an  > 0 for  n > 1 =>  L = 5 


96.  Since  an  converges  =>  lim  an  = L =>■  lim  an  + i = lim  (12  — ^/aT)  =>  L 

D n — > oo  n — > oo  n — » oo  V V / 

L = 9 or  L = 16;  since  12  — < 12  for  n > 1 =>•  L = 9 


^12  - y/L)  =>  L2  — 25L  + 144 


97.  an  + i = 2 + — , n > 1,  ai  —2.  Since  an  converges  =>  lim  an  = L =>  lim  an+i 

T a„  — D n — > oo  n — > oo 

=>L2  — 2L—  1=0=>L=1±  \pl\  since  an  > 0 for  n>  1=^>L=1  + \pl 


=^L  = 2+I 


0 


= 0 


-2 


-2 


; since 


0 


Copyright  © 2010  Pearson  Education  Inc.  Publishing  as  Addison-Wesley. 


574  Chapter  10  Infinite  Sequences  and  Series 


98.  an+i  = a/1  + an,  n > 1,  ai  = a/T.  Since  an  converges  =>  nlimoan  = L =>  nlimoan+i  = n huf,  \J  1 + an  =>  L = y/ 1 + L 
^>L2-L-1=0=>L  = l±^ ; since  an  > 0 for  n > 1 =^>  L = 1 +2V^ 

99.  1,  1,2,4,  8,  16,  32,  ...  = 1,  2°,  21,  22,  23,  24,  25,  . . . =>  xx  = 1 and  xn  = 2”-2forn  > 2 


100.  (a) 

(b) 


l2  - 2(1)2  = —1,  32  — 2(2)2  = 1;  let  f(a,  b)  = (a  + 2b)2  - 2(a  + b)2  = a2  + 4ab  + 4b2  - 2a2  - 4ab  - 2b2 
= 2b2  - a2;  a2  - 2b2  = -!=*►  f(a,b)  = 2b2  - a2  = 1;  a2  - 2b2  = 1 =>  f(a,b)  = 2b2  - a2  = -1 


a2  + 4ab  + 4b2  — 2a2  — 4ab  — 2b2  ~ (a2  — 2b2 


±1 


= 1 2±  i 


a)- 


,2  2—1 a+2b)2  2 — 

L ~ \ a + b ) ^ ~ (a  + b)2  — (a  + b)2 

In  the  first  and  second  fractions,  yn  > n.  Let  § represent  the  (n  — l)th  fraction  where  I > 1 and  b > n — 1 

for  n a positive  integer  > 3.  Now  the  nth  fraction  is  a ~ 2hh  and  a + b>2b>2n  — 2>n  =>•  y„>n.  Thus, 

lim  rn  = \/2. 
n — > oo  v 


101.  (a)  f(x)  = x2  — 2;  the  sequence  converges  to  1.414213562  ss  \J~2 

(b)  f(x)  = tan(x)  — 1;  the  sequence  converges  to  0.7853981635  ~ | 

(c)  f(x)  = ex;  the  sequence  1,  0,  — 1,  —2,  —3,  —4,  —5,  . . . diverges 


102.  (a)  lim  nf(M  = lim  ^ = lim  f(°+Ax)-f(0)  = f/(Q)  h Ax 
n ^oo  Vn ) Ax  — > 0+  Ax  Ax  — > 0+  Ax 

(b)  n 1i?oo  n tan_1  (n)  = f40)  = T+o2  = h f(x)  = tan”1  X 

(c)  n Ijm^  11  (e1/n  — 1)  = f'(0)  = e°  = 1,  f(x)  = ex  — 1 

(d)  n In  (l  + \)  = f'(0)  = ^ = 2,  f(x)  = In  (1  + 2x) 


103.  (a) 


(b) 


If  a = 2n  + 1,  then  b = |_fj  = L4n'+24n+1J  = [2n2+2n+iJ  = 2n2  + 2n,  c = [f]  = |2n2  + 2n  + 
= 2n2  + 2n  + 1 and  a2  + b2  = (2n  + l)2  + (2n2  + 2n)2  = 4n2  + 4n  + 1 + 4n4  + 8n3  + 4n2 
= 4n4  + 8n3  + 8n2  + 4n  + 1 = (2n2  + 2n  + l)2  = c2. 


lim 

a — > oo 


lim 

a — > oo 


2n2  + 2n 
2n2+2n+l 


1 or  lim 

a — > <x) 


lim  sin  8 = lim  sin  8 = 1 

a^oo  e^n/2 


104.  (a)  lim  (2n7r)1'/ (2n)  = lim  expf11^) 

n — > oo  v 7 n — > oo  r\2n/ 


, 'JTk  exP  (£)  =e°  = l> 


n!  « (")  \/2mr , Stirlings  approximation  =>  \/n!  « (")  (2n7r)1/(2n)  « s for  iarge  values  of  n 


n 

\/n! 

n 

e 

40 

15.76852702 

14.71517765 

50 

19.48325423 

18.39397206 

60 

23.19189561 

22.07276647 

105.  (a) 
(b) 


lim  1221  = lim  Ti  = lim  = 0 

l — > oo  n n — > oo  cnc  moo  cn' 


For  all  e > 0,  there  exists  an  N = e (lneVc  such  that  n > e (lne)/c 
=>  nc  > i =>  T<e=>  I ^ — 0 1 < e =>  lim  4=0 

« n 1 n 1 n — » (X)  n 


=>  In  n > — ^4 


=>  In  nc  > In  (4) 


106.  Let  { an } and  { bn } be  sequences  both  converging  to  L.  Define  { c„ } by  c2„  = bn  and  c2„_i  — an,  where 

n = 1,  2,  3,  . . . . For  all  e > 0 there  exists  Ni  such  that  when  n > N|  then  an  L < e and  there  exists  N2 
such  that  when  n > N2  then  jb„  — L|  < e.  If  n > 1 + 2max{Ni,  N2},  then  |cn  — L|  < e,  so  { cn } converges  to  L. 
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107.  lim  n1/"  = lim  exp  Inn)  = lim  exp  (1)  = e°  = 1 

n — > oo  n— >oo  r\n  / n ^ oo  r\n/ 

108.  lim  x1/11  = lim  exp  f - In  x)  = e°  = 1,  because  x remains  fixed  while  n gets  large 

n — > oo  n — > oo  r Vn  > a a 


109.  Assume  the  hypotheses  of  the  theorem  and  let  e be  a positive  number.  For  all  e there  exists  a Ni  such  that 
when  n > Ni  then  |a„  — L|  < e =>  -e  < an  L < e =>  L — e < an,  and  there  exists  a No  such  that  when 
n > N2  then  |cn  — L|  < e =>  — e < c„  — L < e =>  cn  < L + e.  If  n > max{Ni,  N2},  then 
L — e < an  < bn  < cn  < L + e =>  |bn  — L|  < e =$■  n lim^  bn  = L. 


110.  Lete  > 0.  We  have  f continuous  at  L =>•  there  exists  6 so  that  |x  — L|  < 6 =>■  |f(x)  — f(L)|  < e.  Also,  an 
exists  N so  that  for  n > N |an  — L|  < 6.  Thus  for  n > N,  |f(an)  — f(L)|  < e =>  f(an)  — > f(L). 


there 


3(n  + 1)  + 1 . 3n  + 1 
(n+l)+l  ^ n+1 


3n  + 4 ^ 3n+  1 
n + 2 n+1 


111.  an+i  > an 

=>  4 > : 

=>  1 < 3;  the  steps  are  reversible  so  the  sequence  is  bounded  above  by  3 


3n2  + 3n  + 4n  + 4 > 3n2  + 6n  + n + 2 


4 > 2;  the  steps  are  reversible  so  the  sequence  is  nondecreasing;  { ) <3  =$■  3n  + 1 < 3n  + 3 


1 12.  an+i  > an 


(2(n+l)  + 3)!  > (2n  + 3)! 


(2n  + 5)!  > (2n  + 3)! 


(2n  + 5)!  > (n  + 2)! 


((n+l)  + l)!  ^ (n  + 1)!  (n  + 2)!  " (n  + 1)!  (2n  + 3)!  ^ (n+1)! 

(2n  + 5)(2n  + 4)  > n + 2;  the  steps  are  reversible  so  the  sequence  is  nondecreasing;  the  sequence  is  not 


bounded  since 


(2n  + 3)! 
(n+1)! 


= (2n  + 3)(2n  + 2)-  • -(n  + 2)  can  become  as  large  as  we  please 


113.  an+i  < an 


20+1^0+1  2n3n 
(n+1)!  — ~nT 


2°^  < Oi+i)!  ^ 2-3  <n 


1 which  is  true  for  n > 5;  the  steps  are 


2n3“  — n! 

reversible  so  the  sequence  is  decreasing  after  as,  but  it  is  not  nondecreasing  for  all  its  terms;  ai  = 6,  a2  = 18, 
a3  = 36,  a4  = 54,  a3  — :i:4  — 64.8  =>  the  sequence  is  bounded  from  above  by  64.8 


9 ? 1 > 2 

Z n+1  2n+1  — Z 


2“ 


> _2_ 
n+1  — 2n+! 


1 14.  an+i  > an 

reversible  so  the  sequence  is  nondecreasing;  2 — \ ^ < 2 


=>  5<5TT)  > - ; the  steps  are 

the  sequence  is  bounded  from  above 


115.  an=l  — j converges  because  1 — > 0 by  Example  1;  also  it  is  a nondecreasing  sequence  bounded  above  by  1 


116.  a„  = n — i diverges  because  n — + oo  and  ^ — > 0 by  Example  1,  so  the  sequence  is  unbounded 

117.  an  = = 1 — ^ and  0 < ^ j ; since  ^ — > 0 (by  Example  1)  =>  ^ — > 0,  the  sequence  converges;  also  it  is 

a nondecreasing  sequence  bounded  above  by  1 

118.  an  = = (|)n  — A ; the  sequence  converges  to  0 by  Theorem  5,  #4 

119.  an  = ((—  l)n  + 1)  diverges  because  an  = 0 for  n odd,  while  for  n even  an  = 2 (l  + i)  converges  to  2;  it 
diverges  by  definition  of  divergence 


120.  xn  = max  {cos  1,  cos  2,  cos  3, . . . , cos  n}  and  xn+i  = max  {cos  1,  cos  2,  cos  3, . . . , cos  (n  + 1)}  > xn  with  xn  < 1 
so  the  sequence  is  nondecreasing  and  bounded  above  by  1 =>  the  sequence  converges. 

121.  an  > an+i  1+J^D  > 1+yn+i~~  \/n  + 1 + V 2n2  + 2n  > ^/n  + \] 2n2  + 2n  o-  \J n + 1 > 

and  1 — > \pl ; thus  the  sequence  is  nonincreasing  and  bounded  below  by  \/2  =>  it  converges 
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122.  an  > an+i  O > ln^|)1+1  <*=>  n2  + 2n  + 1 > n2  + 2n  <=>  1 > 0 and  > 1;  thus  the  sequence  is 
nonincreasing  and  bounded  below  by  1 =>  it  converges 


123. 


4n+ 1 _(_  311  _ 

4"  “ 

4 + (!)n 


: 4 + (|)n  so  an  > an+i  4 + (f )"  > 4 + (f )n+1  ^ (|)n  > (|)n+1  ^ 1 > \ and 
> 4;  thus  the  sequence  is  nonincreasing  and  bounded  below  by  4 =>■  it  converges 


124.  ai  = 1,  a2  = 2 - 3,  a3  = 2(2  — 3)  — 3 = 22  - (22  - 1)  • 3,  a4  = 2 (22  - (22  - 1)  • 3)  - 3 = 23  - (23  - 1)  3, 
a5  = 2 [23  - (23  — 1)  3]  - 3 = 24  - (24  - 1)  3,  . . . , an  = 2"-1  - (2n~1  -1)3  = 2"-1  - 3 • 2"-1  + 3 
= 2n-1(l  - 3)  + 3 = -2n  + 3;  an  > an+1  -2n  + 3 > -2n+1  + 3 o -2n  > -2n+1  <s>  1 < 2 

so  the  sequence  is  nonincreasing  but  not  bounded  below  and  therefore  diverges 


125.  Let  0 < M < 1 and  let  N be  an  integer  greater  than  _ Then  n > N =>■  n > y-W;  =>•  n - nM  > M 

=>  n > M + nM  =>■  n > M(n  + 1)  =>  > M. 


126.  Since  Mi  is  a least  upper  bound  and  M2  is  an  upper  bound,  Mi  < M2.  Since  M2  is  a least  upper  bound  and  Mi 

is  an  upper  bound,  M2  < Mi.  We  conclude  that  Mi  = M2  so  the  least  upper  bound  is  unique. 

127.  The  sequence  an  = 1 + is  the  sequence  | , | , . . . . This  sequence  is  bounded  above  by  | , 
but  it  clearly  does  not  converge,  by  definition  of  convergence. 

128.  Let  L be  the  limit  of  the  convergent  sequence  { an } . Then  by  definition  of  convergence,  for  | there 
corresponds  an  N such  that  for  all  m and  n,  m > N =>■  |am  — L|  < | and  n > N =>■  |an  — L|  < |.  Now 
|am  - an|  = |am  - L + L — an|  < |am  - L|  + |L  — an|  < | + | = e whenever  m > N and  n > N. 

129.  Given  an  e > 0,  by  definition  of  convergence  there  corresponds  an  N such  that  for  all  n > N, 

|Li  - an|  < e and  |L2  - a„|  < e.  Now  |L2  - Li|  = |L2  - an  + an  - Lx | < |L2  - an|  + |an  - Li|  < e + e = 2e. 

IL2  — Li  | < 2e  says  that  the  difference  between  two  fixed  values  is  smaller  than  any  positive  number  2e. 

The  only  nonnegative  number  smaller  than  every  positive  number  is  0,  so  |Li  — L2 1 =0  or  Li  = L2. 

130.  Let  k(n)  and  i(n)  be  two  order-preserving  functions  whose  domains  are  the  set  of  positive  integers  and  whose 
ranges  are  a subset  of  the  positive  integers.  Consider  the  two  subsequences  ak(n)  and  a;(n),  where  ak(n)  — > Li, 

aj(n)  — > L2  and  Li  ^ L2.  Thus  |ak(n)  — a;(n)  | — s-  |Li  — L2 1 > 0.  So  there  does  not  exist  N such  that  for  all  m,  n > N 
| am  — an  | < e.  So  by  Exercise  128,  the  sequence  {an } is  not  convergent  and  hence  diverges. 

131.  a2k  — > L <=>•  given  an  e > 0 there  corresponds  an  Ni  such  that  [2k  > Ni  =>  |a2k  — L|  < e] . Similarly, 

a2k+i  —*  L -o-  [2k  + 1 > N2  =>  |a2k+t  — L|  < e] . Let  N = max{Ni,  N2}.  Then  n > N =>  |an  — L|  < e whether 
n is  even  or  odd,  and  hence  an  — > L. 


132.  Assume  an  — > 0.  This  implies  that  given  an  e > 0 there  corresponds  an  N such  that  n>N  =>  |an  — 0|  < e 

=>-  |an|  < e =>  1 1 an 1 1 < e =»  ||an|  - 0|  < e |an|  -►  0.  On  the  other  hand,  assume  | an  | — *■  0.  This  implies  that 
given  an  e > 0 there  corresponds  an  N such  that  for  n > N,  | |an | — 0|  < e =$■  ||an||  < e =>•  |an|  < e 

=>•  |an  — 0|  < e =>  an  — > 0. 


133.  (a)  f(x)  = x2  — a =>■  f'(x)  = 2x 


xn+i  = xn 


2x„ 


9X2  - Cx2  -2 
v , lAn  c 

Xn+!  - 2xn 


xn  + a 

2xn 


(x»+st) 


(b)  x4  = 2,  x2  = 1.75,  x3  = 1.732142857,  x4  = 1.73205081,  x5  = 1.732050808;  we  are  finding  the  positive 
number  where  x2  — 3 = 0;  that  is,  where  x2  = 3,  x > 0,  or  where  x = y/3  . 
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134.  X!  = l,x2  = 1 +cos(l)  = 1.540302306,  x3  = 1.540302306  + cos  (1  + cos  (1))  = 1.570791601, 

X4  = 1.570791601  + cos  (1.570791601)  = 1.570796327  = | to  9 decimal  places.  After  a few  steps,  the 
arc  (xn_! ) and  line  segment  cos  (x„  |)  are  nearly  the  same  as  the  quarter  circle. 

135-146.  Example  CAS  Commands: 

Mathematica:  (sequence  functions  may  vary): 

Clearfa,  n] 
a[n_];  = n1/n 

first25=  Table[NLaLn]],{n,  1,25}] 

Limit[a[n],  n — » 8] 

Mathematica:  (sequence  functions  may  vary): 

Clearfa,  n] 
a[n_];  = n1/n 

first25=  Table[NLa[n]],{n,  1,25}] 

Limitfafn],  n — » 8] 

The  last  command  (Limit)  will  not  always  work  in  Mathematica.  You  could  also  explore  the  limit  by  enlarging  your  table 
to  more  than  the  first  25  values. 

If  you  know  the  limit  (1  in  the  above  example),  to  determine  how  far  to  go  to  have  all  further  terms  within  0.01  of  the 
limit,  do  the  following. 

ClearfminN,  lim] 
lim=  1 

Do[ { diff=Abs[a[n]  - lim],  Iffdiff  < .01,  {minN=  n,  AbortL]}}},  {n,  2,  1000}} 
minN 

For  sequences  that  are  given  recursively,  the  following  code  is  suggested.  The  portion  of  the  command  a[n_]:=a[n]  stores 
the  elements  of  the  sequence  and  helps  to  streamline  computation. 

Clearfa,  n] 
a[l]=l; 

afnj;  = a[n]=  afn  - 1]  + (l/5)(n-1;* 
first25=  TablefNfafn]],  fn,  1,25}] 

The  limit  command  does  not  work  in  this  case,  but  the  limit  can  be  observed  as  1.25. 

ClearfminN,  lim] 
lim=  1.25 

Do[ { diff=Abs[a[n]  - lim},  Iffdiff  < .01,  fminN=  n,  Abortf}}}},  fn,  2,  1000}] 
minN 


10.2  INFINITE  SERIES 


1.  s 


n 


a(l-r°) 
(1  -D 


2(1 -an 

i-(S) 


lim  sn 

n — > oo 


i -G) 


= 3 


_ a(l  -r~)  _ (4)  (1  - Gfe)-) 
O-r)  - !-(£) 


lim  sn 

1 — > 00 


jp 

li 


3.  sn 


(1  — r)  " 1-(S) 


lim  sn  = 

1 — > OO 


2 

3 


4.  sn  = , a geometric  series  where  |r|  > 1 =>•  divergence 


5.  I = _J L_ 

(n  + l)(n  + 2)  n + 1 n + 2 


»«  = (I  - I)  + (I-  J)  + — + (irH  - 


1 

n + 2 


lim  sn 

n — > oo  11 


1 

2 
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6. 


_5 _ 5 


n(n  + 1) 


= l-*h  =>  «n  = (5-|)  + (§-§)  + (§-!) + + + (I -j^)  = 5-^ 


lim  sn  = 5 

n — > oo 


7.  1 — 1 + ^ — i + . . . , the  sum  of  this  geometric  series  is  — 1— yr  = y 


1)  " 1 + 0)  - 5 


(sL  — j_ 


8-  + gj  + 556  + • • • > the  sum  of  this  geometric  series  is  y 6(i)  = J2 


9.  | + -Tj  + ^ + . . . , the  sum  of  this  geometric  series  is  t = | 


10.  5 — * + 1 5h  ~ m + • • • > the  sum  of  this  geometric  series  is  - _ ^ _ 1 ^ = 4 

11.  (5  + 1)  + (|  + |)  + (|  + jj)  + (|  + + . . . , is  the  sum  of  two  geometric  series;  the  sum  is 

_5 L 1 _ IQ  I 3 _ 23 

1^(1)  + 1-(1)  - iU+2  - 2 

12.  (5  — 1)  + (|  -<■  |)  + (|  — 5)  + (|  — + . . . , is  the  difference  of  two  geometric  series;  the  sum  is 

5 1 _ m 3 17 

—( I)  ^W)  “ iU  2-2 


13.  (1  + 1)  + (f  — i)  + Q + + (|  — pt_)  + . . . , is  the  sum  of  two  geometric  series;  the  sum  is 

_J, l 1 - ? + 5 _ 17 

t-(I)  + 1 + 0)  ~z+ 6 - 6 

14.  2+|  + |=  + p||  + ...  = 2(l  + | + 2f  + y|j+...);the  sum  of  this  geometric  series  is  2 ^ J 


10 

3 


15.  Series  is  geometric  with  r = 


< 1 =>  Converges  to  ; 1 , = 


16.  Series  is  geometric  with  r = — 3 => 


> 1 =>  Diverges 


17.  Series  is  geometric  with  r 


< 1 =>  Converges  to  — 

1 8 


1 

7 


18.  Series  is  geometric  with  r = — | 


< 1 =>  Converges  to 


2 

5 


OO 

19.  0.23  = £ 1^)" 

n=0 


23 

99 


20.  0.234 


234  , 

( J_3n  _ . 

( 234^ 
^ 1000  ) 

234 

1000  1 

U03)  — , 

1 “ (iSoo) 

— 999 

21.  0.7  = £ ^(i)n 

n=0 


22.  o.d  = e is 


(^)r 


d 

9 


23.  0.06  = E (h)  (&)(&)“ 

n=0 


_6_  J_ 

90  — 15 


24. 


00 

1.414  = 1 + E 


n=0 


('414  3 

414  lj_\n  _ 1 , yioooj 
1000  llO3)  1 "r"  , _ ( 1 3 
1 1 1000  ) 


1 + m 

1 ^ 999 


1413 

999 
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25.  1.24123 


oo 

124  | 123  ( 1 \n 

ioo  ^2^  io3  \ io3 ) 

n=0 


124  , (io5)  _ 124  , 123 

100  ' , 7j\  ~ 100  “l"  105-102 

1 v 103  / 


124  . 123  _ 123,999  __  41,333 

100  "*■  99,900  — 99,900  — 33,300 


OO 

26.  3.142857  = 3 + £ 

n=0 


( 142,857  N\ 

(w)n  = 3 + ; 

l 10‘s  ) 

l_(lo*) 

o | 142.857  _ 3,142,854  _ 116,402 
J + 106  — 1 — 999,999  — 37,037 


27. 

28. 

29. 

30. 

31. 

32. 

33. 

34. 

35. 

36. 

37. 

38. 


lim  nHn1Q  = lim  j = 1 ^ 0 =>-  diverges 


lim  , = lim  2^2”  , = lim  ;ntl 

n— >oo  (n  + 2)(n  + 3)  n24-5n4-6  2n  + 5 


lim  — j-j  = 0 =>■  test  inconclusive 

n— xx)  n_l_4 


lim  -7  , = lim  J — 0 =>  test  inconclusive 

n— >oo  n~  + 3 n->oo  2n 


lim  | = 1 0 =$■  diverges 

n— >oc  z 


lim  cos  y = cos  0 = 1 ^ 0 =>•  diverges 

n— >oo  n 

lim  = lim  = lim  £ = lim  { = 1 ^ 0 =>  diverges 

n— xx)  c 11  n— >oo  c ^ 1 n— >oo  c n— »oo  1 

lim  In  ' = — oo  ^ 0 =>■  diverges 

n— xx)  n 

lim  cos  n 7T  = does  not  exist  =>  diverges 

n— >oo 


sk  - (!  - 2)  + (5  - 5)  + (5  “ 5)  + •••  + (k^T 

= ^ lim  (l  — j-Jrj)  = 1,  series  converges  to  1 


e)  + (e 


1 

k + 1 


) = i 


1 

k+  1 


lim  sk 

k — > oo 


sk  - (f  - ?)  + (?  - |)  + (|  - b)  + •••  + ((fTlf 
= ^hm  ^3  — 7-j-p-  ^ = 3,  series  converges  to  3 

sk  = [\n\fl  — lny/l^  + (lny/3  - In  1/2 ^ + [\n\/~A  - ln\/ 3^)  + ...  + ^lm/k  - ln\/k  — 1 j + (^lm/kT  1 

= ln^/k  + 1 — ln\/T  = ln^/k  + 1 =>  lim  sk  = lim  In  y^kT+T  = 00;  series  diverges 

k — > 00  k — > 00 

sk  = (tan  1 — tan  0)  + (tan  2 — tan  1)  + (tan  3 — tan  2)  + . . . + (tan  k — tan  (k  — 1 ))  + (tan  (k  + 1 ) — tan  k) 

= tan  (k  + 1)  — tanO  = tan  (k  + 1)  =>  lim  sk  = lim  tan  (k  + 1)  = does  not  exist;  series  diverges 

k — > 00  k — > <x) 


- p) + (p  - (k+Tj1) 


= 3 - 


(k+l) 


lim  sk 


In 


39.  sk  = (cos  1 ( 4)  cos  1(i))  + (cos  '(I) -cos  *Q))  + (cos  1 ( ^ ) cos 

+ (COS_1(e)  ^C0S_1(kil))  + (cO^Hkil)  -C0S_1(kT2))  = I -C0S-1(kT2) 


=>  lim  sk  = lim  f — cos  Hero! 
k — * 00  k^oo  L3  Vk  + 2) 

II 

U>|^ 

1 

II 

= series  converges  to  | 

40.  sk  = (^5  - y/4j  + (v^6  - v^)  + (v 

+ 

• ••  + ^\/k  + 3 — y/k  + 2^ 

+ (Vk  + 4-  y/k+3) 

= y/k  + 4 — 2 =>  lim  sk  = lim 

k — > 00  k — > 00  . 

y/k  + 4 -2 

= 00;  series  diverges 
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41. 


(4n  - 3)(4n  + 1) 
+ (4k -3  — 


4n  — 3 

— 1 = 1 
4k  + 1 ) 1 


sVr  =**  = (!-£)  + (§-!)  + (£-£)  + ■■ 

1 =*  k'-imooSk=kl-im3c  (^4kTT)  = l 


■+( 


4k  - 7 4k  - 3 ) 


4k  + 1 


42. 


(2n  - l)(2n  +1)  2n  - 1 


B _ A(2n  + 1)  + B(2n  - 1) 
2n  + 1 (2n  — l)(2n  + 1) 


A(2n  + 1)  + B(2n  - 1)  = 6 =>  (2A  + 2B)n  + (A  - B) 

6 


2A  + 2B  — 0 ( A + B — A _ ^ 1 r>  _ Q u ^4  6 _ ? ( l 

a n a a n_^=>2A  — 6=>A  — 3 and  B — 3.  Hence,  £ (2n  - i)(2n  + 1)  — ^ S ( 2n  - l 

n=l  n=l 

^ = 3 (l  — 2kVl)  ^ the  sum  is 


A-  B = 6 ' 1 A-B  = 6 

= 3(1-1 

2™  3 <>  “ At)  = 3 


1_I  i I_1  i 1 | I 

3 1 3 5~5  7 ' * * ' 2(k  — 1)  + 1 ' 2k  — 1 


1_ 

2k  + 1 


43. 


40n 


A(2n— l)(2n+l)2  + B(2n+1)2  + C(2n+l)(2n-l)2  + D(2n-1)2 


(2n— l)2(2n+l)2  — (2n-l)  ~ (2n-l)2  ~ (2n+l)  ' (2n+l)2  — (2n-p2(2n+l)2 

=>  A(2n  - l)(2n  + l)2  + B(2n  + l)2  + C(2n  + l)(2n  - l)2  + D(2n  - l)2  = 40n 
=4>  A (8n3  + 4n2  - 2n  - 1)  + B (4n2  + 4n  + 1)  + C (8n3  - 4n2  — 2n  + 1)  = D (4n2  - 4n  + 1)  = 40n 
=>  (8A  + 8C)n3  + (4A  + 4B  - 4C  + 4D)n2  + (-2A  + 4B  - 2C  - 4D)n  + (-A  + B + C + D)  = 40n 
( 8A  + 8C=  0 ( 8A  + 8C=  0 


4A  + 4B  - 4C  + 4D  = 0 
-2A  + 4B  - 2C  - 4D  = 40 
-A+  B + C+  D = 0 


and  D = — 5 


A + C = 0 
—A  + 5+  C — 5 = 0 


A + B-C+  D=  0 _ 
-A  + 2B  - C - 2D  = 20  ^ 
-A  + B + C+  D = 0 

k 

=>  C = 0 and  A = 0.  Hence,  £ 


B + D = 0 

2B  - 2D  = 20 


40n 


k 

= 5£ 

n=l  L 


1 


(2n— l)2  (2n+l)2 


= 5 


(l  _ I + I 

^ 1 9 ' 9 


2_  + 2_ 
25  ~ 25 


1 


+ 


(2n— l)2(2n+l)2 
1 1 


(2(k— 1)+  l)2  ' (2k-l)2  (2k+l)2 


= 5 


(*  (2k+l)2 ) 


the  sum  is  lim  5 1 

n — > oo 


(*  (2k+n2) 


= 5 


4B  = 20 


44  3n+  1 _ JL  _ 1 

n2(n+l)2  n2  (n  + l)2 


45.  Sk  = 


c — > OO 

k — > 00 

(l_  jC 

) + ( J_ 

l1  y/2. 

) + Va/2 

lim  sc 

= lim 

c — > 00 

k — > 00 

* * = (i-*)  + G-l)  + G-£)  + - + 

1 _ (k+  l)2  I = 1 


1 

1 

+ 

1 

1 

[(k-  l)2 

k2 

k2 

(k  + l)2 

= 1 


46.  sk  = (i 


(2  W>)  + (2^  2^)  + (2^  ^74)  + • • • + (2i/(k-i)  2^)  + (2^  2‘/i+i)  ) ~2  21/<lk+1> 

Ill 


=>  lim  sk  = 1 — I = — i 
k — > 00  2 1 2 


47.  sk  — (ln3  In  2 ) "h  ( in  4 In  3 ) + ( In  5 In  4 ) + ’ ‘ • + ( In  (k  + 1)  Ink  ) + ( In  (k  + 2)  ln(k+  1)) 


ET2  + E(kT2)  =►  sk  = - ET2 


48.  sk  = [tan  1 (1)  — tan  1 (2)]  + [tan  1 (2)  — tan  1 (3)]  + . . . + [tan  1 (k  — 1)  — tan  1 (k)] 

+ [tan-1  (k)  — tan-1  (k  + 1)1  = tan-1  (1)  — tan-1  (k  + 1)  =>  lim  sk  = tan-1  (1)— ? = ? — ? = — f 

k ^ OO  Z 4 2 4 

49.  convergent  geometric  series  with  sum = H1  = 2 + 

1 - (l7l)  %/2"‘ 


50.  divergent  geometric  series  with  |r|  = \[2  >1  51.  convergent  geometric  series  with  sum  — Hi 


6 


2n  + 1 


B = 5 
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52.  n lirn^  (—  l)n+  n / 0 =>  diverges 


53.  lim  cos(n7r)=  lim  (— l)n^0  =>  diverges 

n ^ oo  n — > oo  ' 


54.  cos(n7r)  = (— l)n  =>  convergent  geometric  series  with  sum 


1 _ 5 

N)  ” 5 


55.  convergent  geometric  series  with  sum 


1 _ e2 

. (±\  ~ e2-l 


56.  nhmo  In  ^ — oo  7^  0 =>  diverges 


57.  convergent  geometric  series  with  sum  — E-y  — 2=^  — T = l 


58.  convergent  geometric  series  with  sum  - — = 


59.  difference  of  two  geometric  series  with  sum  — Ev- Er  = 3 — I = 

1 0)  ' 0) 

60.  lim  (l  — -)n  = lim  (l  + — )n  = e_1  E 0 =>  diverges 

n — > oo  ' n/  n — > oo  ' n / ' & 


6L  „!i m uB  = 00  E 0 =>  diverges 


62.  lim  E = lim  EE  > lim  n = 00 
n — > 00  n!  n — > 00  i-^  -n  n — > oo 


diverges 


OOOOOO 


63.  E EB  = E|i+Elf=E  G)”  + E (?)“;  both  = E G)"  and  E (?)n  are  geometric  series,  and  both  converge 

n=l  n=l  n=l  n=l  n=l  n=l  n=l 

00  1 00  3 

since  r = d =>  d <landr=|=>  \ <1,  respectivley  =>  £ G)"  = EE  = 1 and  £ (f)n  = yE  = 3 =>• 

n=l  2 n=l  4 

oo 

E EjB  = 1 + 3 = 4 by  Theorem  8,  part  (1) 


ar+i  _ 1 


64.  lim  “Ej  = lim  ft — - = lim  — _ — } = 1 7^  0 =>  diverges  by  nth  term  test  for  divergence 

n— >00  n— >00  4ir  + 1 n— »oo  (.4/  +1  1 


65.  E In  (jfr)  = E [In (n)  - ln(n  + 1)]  =>  sk  = [ln(l)  - In (2)]  + [In (2)  - In (3)]  + [In (3)  - In (4)]  + 

n=l  n=l 

+ [In  (k  — 1)  — In  (k)]  + [In  (k)  — In  (k  + 1 )]  = — In  (k  + 1 ) =>  lim  s^  = ^oo,  =>  diverges 

k — > oo 

66-  Jjm^  an  = n I hn^  In  (^Ef)  = In  Q)  E 0 =>  diverges 
67.  convergent  geometric  series  with  sum  t _E\  = Ey 


68.  divergent  geometric  series  with  |r|  = E 


^ 23.141  ^ 1 
7i«  ~ 22.459  ^ 1 


69.  (— l)nx°  = E (— ■ x)“;  a = 1,  r = — x;  converges  to  { _ j_x)  = f°r  lxl  < 1 


70.  (—  l)nx2n  = (— x2)n;  a — 1>  r = — x2;  converges  to  yqE  for  |x|  < 1 
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71.  a = 3,  r = YE  ; converges  to TT^TT  = EG 


for  — 1 < X21  <lor— l<x<3 


OO  OO  / 1 \ 

72.  E (-=r~  (3+kl)n  = E 5 (s+ib)";  a = \ > r = I+Gs ; converges  to  Ml,  , 

n=0  n=0  y 3 + sin  x J 

= ,,3  + 5? x . = 3 + Sln x for  all  x (since  \ < tE — < l for  all  x) 

2(4  + sin  x)  8 + 2 sin  x V 4 — 3 + sin  x — 2 / 

73.  a = 1,  r = 2x;  converges  to  l _:2x  for  |2x|  < 1 or  |x|  < \ 

74.  a = 1,  r = - ^ ; converges  to  - — for  | A|  < 1 or  |x|  > 1. 

75.  a = 1,  r = — (x  + l)n;  converges  to  t + + j f for  |x  + 1|  < 1 or  — 2 < x < 0 

76.  a = 1,  r = EE  • converges  to  — As  = Es  f°r  | EE  |<lorl<x<5 

77.  a = 1,  r = sin  x;  converges  to  j _ A for  x E (2k  + 1)  | , k an  integer 

78.  a = 1,  r = In  x;  converges  to  { _1ln  for  |ln  x|  < 1 or  e_1  < x < e 


79.  (a)  E 


(n  + 4)(n  + 5) 


(b)  E 


n=0 


(n  + 2)(n  + 3) 


(c)  E S3 


(n  — 3)(n  — 2) 


80.  (a)  E 


fn  2)(n  — 3) 


(b)  E 


(n  — 2)(n  — 1) 


(c)  E 


(n-  19)(n-  18) 


81.  (a)  one  example  isl  + 2 + | + ^+  ... 

3 3 3 3 


1-m 


= 1 


(b)  one  example  is 


2 4 8 16 


= -3 


(c)  one  example  isl  — ^ — 2.  — 1 — _L 


- 1 w_  - o 


82.  The  series  E k(j)n+  is  a geometric  series  whose  sum  is  —EE  = k where  k can  be  any  positive  or  negative  number. 

n— n 1 — ( O ) 


OO  OO  OO  OO  / \ OO 

83.  Let  an  = bn  = (l)n.  Then  £ a„  = E bn  = £ Q)"  = 1,  while  E ( jp  ) = E C1)  diverges. 

n=l  n=l  n=l  n=l  ^ n=l 


OO  OO 


84.  Let  an  = b„  = (|)n.  Then  E an  = E b„  = E G)"  = *>  while  E (anbn)  = E (?)"  = i / AB- 


n=l  n=l  n=l 


oo  oo  oo  / \ oo 

85.  Let  an  = (l)n  andbn  = (!)".  Then  A = E an  = | , B = E b„  = 1 and  E (s)  = E G)°  = 1 G I • 

n=l  n=l  n=l  ' n=l 


86 


. Yes:  E (;r)  diverges.  The  reasoning:  E an  converges  =>  an  — » 0 
nth-Term  Test. 


E (s)  diverges  by 


the 
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87.  Since  the  sum  of  a finite  number  of  terms  is  finite,  adding  or  subtracting  a finite  number  of  terms  from  a series 
that  diverges  does  not  change  the  divergence  of  the  series. 

88.  Let  An  = ai  + a2  + • . . + an  and  n ljrn^  An  = A.  Assume  E (an  + bn)  converges  to  S.  Let 

Sn  = (ai  + hi)  + (a2  + b2)  + . . . + (an  + bn)  =>  S„  = (ai  + a2  + . . . + an)  + (bj  + b2  + . . . + bn) 

=>  bi  + b2  + . . . + bn  = Sn  — An  =>  n lim^  (bi  + b2  + . . . + bn)  = S — A =>  E bn  converges.  This 
contradicts  the  assumption  that  E bn  diverges;  therefore,  E (an  + bn)  diverges. 

89.  (•)  * = 5 =>  | = 1 -r  r = | ;2  + 2 (j)  +2(|)2  + ... 

0>  @ = 5 =>  H = ( 3_)  + J2  ( ^ ) = _ o ( ^ )>  + . . . 

90.  1 + eb  + e2b  + . . . = = 9 =>  \ = 1 - eb  =>  eb  = § =>  b = In  (§) 

91.  sn  = 1 + 2r  + r2  + 2r*  + r4  + 2r5  + . . . + r2n  + 2r2n+1,  n = 0,  1,  . . . 

=>■  Sn  = (1  + r2  + r4  + ...  + r2n)  + (2r  + 2r3  + 2r5  + . . . + 2r2n+1)  =>•  nJim  sn  = 

= |±|,if|r2|  < 1 or  |r|  < 1 

09  T _ „ — a _ a ( 1 -r1)  ar1* 

y—  L 1 — r 1 — r — 1 -r 


93.  area  = 22  + 


(^yw+(^)2+...  = 


| + ...  = iir  = 8m2 


94.  (a)  Lx  = 3,  L2  = 3 (|) , L3  = 3 (|)2 , . . . , L„  = 3 (|)n  1 =>  ^ Ln  = ^ 3 (|)n  l = oo 

(b)  Using  the  fact  that  the  area  of  an  equilateral  triangle  of  side  length  s is  ^s2,we  see  that  A | — 73 , 


a2  - Ax  + 3(^0  (j)2  - et  + > a3  - a2  h-  3(4) (^)2  - + ir  + > 

A4  = As  + 3(4)2  (A)2  , A5  = A4  + 3 (4) 3 (0)  (£)2,  . . . , 

A»  = #+E  3(4)k~2(^)(A)k-l  = f +E  3v/3(4)k-3(i)k-1  = f +3v^(e  0)  . 

k=2  V 7 k=2  \k=2  / 


lim  An  = lim 

n — > 00  n — > 00 

= f(S)  = !*i 


# + 3A(E  £l))  =^  + 3xA(Aj)  =4  +3\/3(i)  = ^(l  + S) 


10.3  THE  INTEGRAL  TEST 


/.o°  /"»b 

\ dx  = lim  I \ dx 

1 x b — > 00  J 1 x 

/•OO  OO 

\ dx  converges  =>  E i converges 

1 X ..  1 11 


= lim 


1 _ poo  , 

l.  f(x)  — is  positive,  continuous,  and  decreasing  for  x > i;  J,  x^dx 

/»oo  OO 

, Jz  dx  diverges  =>  E i diverges 


= lim 


1 dx  = lim  T5-0-8^ 


5 °.8l 

L4*  J, 
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/.o°  p b 

2*  dx  = lim  I 2\a  dx  = lim 

1 X + 4 J-j  ^ qq  J 1 X +4  v p 


b — > oo  L 


2tan  'l 


/*00  OO 

, ^4  dx  converges  =>  E jrpj  converges 


n— 1 


4.  f(x)  = — Cr  is  positive,  continuous,  and  decreasing  for  x > 1;  I — j-r  dx  = lim  f — j-r  dx  = lim 

W x + 4 F ° - d 1 x + 4 b^oo  J 1 x 4-  4 b^OO  L 


ln|x  + 4| 


r°°  1 00  1 

= ^lim  (ln|b  + 4|  — In 5)  = 00  =t>  xb_4  dx  diverges  =>  E n + 4 diverges 


-2x  - 


poo 

/ e~2x  dx  = lim 

r» b 

I e_2x  dx  = lim 

— le~2x" 

1 b — > oo  * 

' 1 b — > oo 

2 

poo  ^ 

= ^lim  (— + 2?)  = 2?  =>  Jl  e_2x  dx  converges  =>  J^e-2n  converges 


n— 1 


J»oo  r»b 

1 2 dx  = lim  I — - 

v , 2 x(lnx)  h > r>n  *-'2  x(ln 


(In 


b — > 00  ^2  x(ln 


dx  = lim 

b — > 00  L 


1 

lnx 


J»oo  OO 

2 d,r  dx  ^verges  =>  E n(Jnnf  COnvergeS 


7.  f(x)  = is  positive  and  continuous  for  x > 1,  f '(x)  = ^ \ +x  ^ < 0 for  x > 2,  thus  f is  decreasing  for  x > 3; 


J»oo  pb 

dx  = lim  dx  = lim  ±ln(x2  + 4) 

3 =?+4  b — * oo  d3  x2+4  b — 3 oo  L2  V ' 

OO  OO  OO 

diverges  =>  E ^diverges  =>•  E = j + § + E 51^4  diverges 

n=3  n=l  n— 3 


= lim  (Iln(b2  + 4)  — iln(13))  = 00 

J 3 b 00 


poo 

/ -4idx 

J 3 x-  4-  4 


8.  f(x)  = is  positive  and  continuous  for  x > 2,  f '(x)  = 2 Jfx~  < 0 for  x > e,  thus  f is  decreasing  for  x > 3; 

f* b j o T lb 

b — > 00  J 3 x b — > 00  L v 'Is  b — > 00 

, 00  . OO  - 

> lnrr  j*  _v  Inn2  _ ln4  , lnrr 


r°°  1 2 r*b  1 2 1 b p 00  2 

J3  dx  = lim  J3  dx  = lim  2(lnx)  = lim  (2(lnb)  — 2(ln 3))  = oo  =>  J3  ^ dx 


diverges  =>  J]  ^diverges  =>  J]  = ^ + XI  „ diverges 

n=3  n=2  n— 3 


9.  f(x)  = is  positive  and  continuous  for  x > 1,  f '(x)  = < 0 for  x > 6,  thus  f is  decreasing  for  x > 7; 


J»00  9 /»b 

4ti  dx  — lim  I 4“ 

1 e / b^oo  J7  ex' 


dx  = lim 

b — > oo  L 


3x2  18x  54 

1x73  ~x/3  ~x/3 


= lim 

7 b — > 00 


( 


-3b2 -18b -54  , 327 


") 


= lim 

b — > oo 


6eb/3  18))  + frs  = lim  (^)  + ffj  = fri  =>  f ^ dx  converges  =>  E ^converges 
\ / b ->  oo  n=7 


=>  E^3  = ew  + e^  + ? + ?^  + ?^  + f+  S^  converges 


n=l 


10.  f(x)  = x2  x 2x4+  1 = ^ is  continuous  for  x > 2,  f is  positive  for  x > 4,  and  f '(x)  = ^ x3  < 0 for  x > 7,  thus  f is 


decreasing  for  x > 8;  j 


-^—^2  dx  = lim 
(x-l)  b^oo 


fb  x 1 dx  _ fb 
Js(x_l)2aX  Js 


S (x-l)' 


dx 


= lim 

b — > oo 


fh_L_  dx_  fb  3 
Js  x-l  UA  Js  (x-i y 


dx 


= lim 

b — > oo  L 


ln|x  — 1|  + = lim  (ln|b  - 1|  + ^ ~ In 7 - f)  = oo  =>  f / %d\  diverges 

A 1 J 8 b^oo  ^ ° (x  l) 


E n2-2n+idiverges  =►  E n2  — 2n  + 1 =-2-?+°+h;  + l + ^+  E n2 V+ 1 diverges 

n=8  n— 2 n— 8 


11.  converges;  a geometric  series  with  r — < I 


12.  converges;  a geometric  series  with  r = <1 


13.  diverges;  by  the  nth-Term  Test  for  Divergence,  n lim^  = 1 / 0 
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14.  diverges  by  the  Integral  Test;  J*  dx  = 5 In  (n  + 1)  — 5 In  2 =>  j - | ( dx  — > oo 


15.  diverges;  Y2  — 3 Y2  ~r~ > which  is  a divergent  p-series  (p  = |) 

n=l  v n=l  v 


16.  converges;  Y2  = ~^2  Y2  ^ . which  is  a convergent  p-series  (p  = |) 

n=l  * n=l 


17.  converges;  a geometric  series  with  r = l < 1 


18.  diverges;^  = — 8 Y2  „ and  since  Y2  „ diverges,  — 8 Y2  „ diverges 


r*  n n 00 

19.  diverges  by  the  Integral  Test:  J2  dx  = | (In2  n — In  2)  =>  J2  lj^  dx  — > oo 


I"  t = In  x 

20.  diverges  by  the  Integral  Test:  ^ dx;  dt  = dxx 

dx  = e*  dt_ 

= lim  [2eb/2(b  - 2)  - 2e(ln2V2(ln  2-2)1  = oo 

b — > oo  L J 


f te(/2  dt  = lim  [2te1/2  — 4et/2] ' 

In  2 K — i.  ™ L J 1 


21.  converges;  a geometric  series  with  r = I < 1 


22.  diverges;  lim  = lim  = lim  (p-§)  ( f ) " = oo  ^ 0 

° n^oo  4"  + 3 n — > oo  4n  In  4 n^0oVln4/V4/'  ' 


23.  diverges;  Y2  jjTy  = — 2 Y2  n+  i > which  diverges  by  the  Integral  Test 


rn 

24.  diverges  by  the  Integral  Test:  J 2x_  { = \ ln(2n  — 1)  — » ooasn  — » oo 

25.  diverges;  lim  an  = lim  = lim  2°!n2  = oo  ^ 0 

° n — >oo  n — > (X)  n + 1 n ^ oo  I ' 


26.  diverges  by  the  Integral  Test:  £ ; du  = dt  jj"  v = In  ( y/n  + l)  - In  2 ->  oo  as  n 

L \A  J 


27.  diverges;  lim  — ]jm  — lim  ^2  = oo  ^ 0 

° n — ► oo  m n n ^ oo  f 1 ] n — > oo  4 ' 


28.  diverges;  lim  an  = lim  (l  + i)n  = e^O 

° n — » oo  n — > oo  ' n ) ' 

29.  diverges;  a geometric  series  with  r=  ry  « 1.44  > 1 


30.  converges;  a geometric  series  with  r = ^ ~ 0.91  < 1 


converges  by  the  Integral  Test:  J3 


u = In  x 

3 (In  x)  v/(ln  x)2  - 1 ^X’  du  = - dx 


r°°  i 

Jin  3 U\/ u2  — 1 
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= lim  [sec  1|u|]l,  = lim  [sec  1 b — sec  1 (In  3)]  = lim  [cos  1 (1)  — sec  1 (In  3)1 

b — > oo  b — > oo  b — > oo  L VD/  J 

= cos  1 (0)  - sec'1  (In  3)  = | - sec'1  (In  3)  « 1.1439 


/»CJO  ^00  ( I ) 

, x(l+ln2x)  dX  - J TTOnx)1  dX' 

= lim  [tan'1  ul„  = lim  (tan'1  b — tan'1  0)  = ? — 0 = ? 

b— >oo  b ^ oo  i 1 


u = In  x 
du  = - dx 


J»oo 

0 1+u2  dU 


33.  diverges  by  the  nth-Term  Test  for  divergence;  n hm^  n sin  (n)  ~ n ^Poc  ^ = 1^0 


34.  diverges  by  the  nth-Term  Test  for  divergence;  n Hm^  n tan  Q)  = n hm^ 

— lim  sec2  (-)  = sec2  0=1^0 
n — >oo  V n/  ' 


lim 

n — > oo 


roc  x 

35.  converges  by  the  Integral  Test:  J ] e2,:  dx; 


r°°  x 

/ e Hy- 

u — ex 

Jl  l + e*aX- 

du  = ex  dx 

= lim  (tan  1 b — tan  1 e)  = | — tan  1 e « 0.35 

b — > oo  V ’ 2 


f 00  ? 

36.  converges  by  the  Integral  Test:  J ^ dx; 


u = ex 
du  = ex  dx 
dx  = - du 


J'°°  1 it 

t- p — o du  = lim  [tan-1  ul 

e l + u2  n — > oo  L J £ 


L uiT^)du=/e  (u-utl)dU 


= b1im00  [2  111  u+T ] e ~ b ^Poo  2 ln  ( b+T ) 2 !n  ( ) =21nl-21n(^T)=-21n(^T)  « 0.63 


p°°  _2 

37.  converges  by  the  Integral  Test:  J 81ta^x2x  dx; 

noo 

38.  diverges  by  the  Integral  Test:  J dx; 


du  = T+x2  J 


/X28udu=[4u2]^:  = 4(^-g) 


3n2 

4 


U = X2  + 1 

du  = 2x  dx 


J»oo  h 

f = bin  [ilnu]2=  lim  l(lnb-ln2) 

2 4 b ^ 00  LZ  J 2 h — nn  z 


b — > oo 


39 


/•oo  nb  x b 

sech  x dx  = 2 lim  I — - — j dx  = 2 lim  [tan'1  ex] . 

1 b — > oo  **  1 t + (eX)  h — > oo 


b — > oo 


= 2 lim  (tan  1 eb  — tan  1 e)  = tt  — 2 tan  1 e « 0.71 

b — > oo 


noo  nb  ^ 

40.  converges  by  the  Integral  Test:  I sech2  x dx  — lim  I sech2  x dx  = lim  [tanh  x] , = lim  (tanh  b — tanh  1) 

J 1 b —>  oo  J 1 b — » oo  b — > oo 

= 1 - tanh  1 « 0.76 


4L  f (rh  - rh)  dx  = hl™L  ta ln  lx  + 2I  - ln  lx  + 4W\  = lim  ln  TT?  - ln  (f ) ; 


lim 


the  series  converges  to  ln  ( |)  if  a = 1 and  diverges  to  oo  if 


b — > oo  b — > oo 

<^“=a  lim  (b  + 2r1  = (°0’a>11 
b — > oo  b + 4 b ->  oo  t 1,  a = 1 

a > 1.  If  a < 1,  the  terms  of  the  series  eventually  become  negative  and  the  Integral  Test  does  not  apply.  From 

that  point  on,  however,  the  series  behaves  like  a negative  multiple  of  the  harmonic  series,  and  so  it  diverges. 


42 


• f ( — — “XT ) dx  = lim 

J3VX-I  X+l/  K — > nr 


In 

x-  1 

111 

(x+  l)2a 

= A™  ln  w+w  - ln  (?)  : J™  ?FI? 


-b?moo  2a(b+ip- 


!.  a=  5 
00,  a < i 


J3  b^oo  ,D+1)  V4“'  b->oo 

the  series  converges  to  ln  (|)  = ln  2 if  a = l and  diverges  to  00  if 
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if  a < | . If  a >1  , the  terms  of  the  series  eventually  become  negative  and  the  Integral  Test  does  not  apply. 

From  that  point  on,  however,  the  series  behaves  like  a negative  multiple  of  the  harmonic  series,  and  so  it  diverges. 


(b)  There  are  (13)(365)(24)(60)(60)  (109)  seconds  in  13  billion  years;  by  part  (a)  s„  < 1 + In  n where 
n = (13)(365)(24)(60)(60)  (109)  =>  s„  < 1 + In  ((13)(365)(24)(60)(60)  (109)) 

= 1 + In  (13)  + In  (365)  + In  (24) + 2 In  (60) + 9 In  (10)  « 41.55 

OO  CO  OO 

44.  No,  because  Y = 1 Y n and  2 „ diverges 


45.  Yes.  If  Y an  is  a divergent  series  of  positive  numbers,  then  (f)  Y an  = Y ( 91)  also  diverges  and  y < an. 

n=l  n=l  n=l 

co 

There  is  no  “smallest"  divergent  series  of  positive  numbers:  for  any  divergent  series  Y an  of  positive  numbers 

11=1 

CO 

Y (I1)  das  smaller  terms  and  still  diverges. 


46.  No,  if  Y a„  is  a convergent  series  of  positive  numbers,  then  2 Y an  — Y 2an  also  converges,  and  2an  > an. 

n=l  n=l  n=l 

There  is  no  “largest"  convergent  series  of  positive  numbers. 

47.  (a)  Both  integrals  can  represent  the  area  under  the  curve  f(x)  = p and  the  sum  S50  can  be  considered  an 


approximation  of  either  integral  using  rectangles  with  Ax  = 1 . The  sum  S50  = Y 


is  an  overestimate  of  the 


P51  1 

integral  j | —j -k-  - dx.  The  sum  S50  represents  a left-hand  sum  (that  is,  the  we  are  choosing  the  left-hand  endpoint  of 
each  subinterval  for  c;)  and  because  f is  a decreasing  function,  the  value  of  f is  a maximum  at  the  left-hand  endpoint  of 

n51  50 

each  sub  interval.  The  area  of  each  rectangle  overestimates  the  true  area,  thus  , = = dx  < Y -7= 7-  'n  a similar 


n50 

manner,  S50  underestimates  the  integral  J ^ | dx.  In  this  case,  the  sum  S50  represents  a right-hand  sum  and  because 

f is  a decreasing  function,  the  value  of  f is  aminimum  at  the  right-hand  endpoint  of  each  subinterval.  The  area  of  each 

5°  n50  p 

rectangle  underestimates  the  true  area,  thus  Y / | < Jg  -y==jdx.  Evaluating  the  integrals  we  find  j ^ 

n=l  ^ 


dx 


2y/x+  1 51  = 2y/52  — 2\J~2  w 11.6  and  £ 


. 1 dx  = 
0 vx  + 1 


2\J x + ll'  = 2^51  - 2y/l  « 12.3.  Thus, 


11.6  < Y /’  , < 12.3. 

n=l  ^ 


(b)  sn  > 1000  =>  /” 
=^n  > 251415. 


Vx+ 1 


dx  = 


2y/x  + 1 nM  = 2\J n + 1 — 2\pl  > 1000  ^ n > ^500  + 2^/2)"- 


251414.2 
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30  IAJ  1AJ 

48.  (a)  Since  we  are  using  S30  = E b to  estimate  22  the  error  is  given  by  22  jpr-  We  can  consider  this  sum  as  an  estimate 

n=l 


of  the  area  under  the  curve  f(x)  = when  x > 30  using  rectangles  with  Ax  = 1 and  Ci  is  the  right-hand  endpoint  of 
each  subinterval.  Since  f is  a decreasing  function,  the  value  of  f is  a minimum  at  the  right-hand  endpoint  of  each 


OO  pOO  pb 

subinterval,  thus  Y X < / 4dx  = lim  I 4dx  = lim 

nt3i  n J 30  x*  b^oo-bo  x b^oo 

Thus  the  error  < 1.23  x 10~5. 

(b)  We  want  S - s„  < 0.000001  =>  f°°  4dx  < 0.000001  =>  f * 

J n x J n 


1 

" 


= lim  ( 

J 30  b 


4dx  = lim  I Adx  = lim 


lim  f 

1 — n 


= lim  (-5P  + w)  = W < 0-000001  =»  n > / 

b — >00  v 


1000000 


69.336  =>  n > 70. 


1 

3x3 


J»oo  poo  pb 

idx  < 0.01  =>  / 4dx  = lim  I 4 

“ x Jn  x b— >00^ n x" 


dx  = lim 


lb 


2x2 


b— xx>  L J n b— xx> 


= I™,  (“2P  + M 


= 2?  < 0.01  =>  n > y/50  w 7.071  ^n>8^S«s8  = E2j«  1-195 


J»oo  pb  1 b 

-d-rdx  < 0.1  =>■  lim  I -4— rdx  = lim  2tan_1(f) 

n x +4  b^OOJn  x + 4 b — >oo  iz  XZ'ln 

= lim  (,tan_1  (3)  — ^tan-1  (§))  = | — jtan~'  (§)  < 0.1  =>■  n > 2tan(|  — 0.2)  « 9.867  =>  n > 10  =>■  S « S10 


b— >00 

10 


= E5^4«0.57 


51.  S - sn  < 0.00001 


f°°  1 

Jn  ^ 


dx  < 0.00001 


J»oo  pb 

idx  = lim  I 4rdx  = lim 

n b^OOJa 


10 


b— x)o  L J n b— >00 


- lim  (-4°  + 40  3 

— tim  ^ gor  -l-  „iu  J 


= < 0.00001  =>  n > 100000010  =>  n > 10' 


,60 


52.  S 


sn  < 0.01  =>  r^J?dx<0.01^  PV 

J n x(lnx)  Jn  x(In 


b*x»  ( 2(lnb)2  "i”  2(lnn)2  ) 


2(lnn) 


< 


Tjdx  = lim  f , 1 3 dx  = lim 

;)  b^ooJn  x(lnx)  b— >00  l 

0.01  =>  n > eV^o  ~ 1 177.405  =>  n > 1 178 


(In 


1 b 


2(ln  x)‘ 


53.  Let  An  = 22  ak  and  Bn  = 22  2ka(2q , where  { a^ } is  a nonincreasing  sequence  of  positive  terms  converging  to 

k=l  k=l 

0.  Note  that  { An } and  {Bn}  are  nondecreasing  sequences  of  positive  terms.  Now, 

Bn  = 2a2  + 4a4  -T  8a8  + ...-(-  2na(2n)  = 2a2  -+-  (2a4  + 2a4)  + (2a8  + 2a8  -I-  2a8  -I-  2a8)  + . . . 

+ (2a(2»)  + 2a(2-)  + • • • + 2a(2n))  ^ 2ai  + 2a2  + (2a3  + 234)  H-  (2as  + 2a@  + 2a7  + 2a8)  + . . . 

v ' 

2n_1  terms 

OO 

+ (2a(2"-i)  + 2a(2n-i  +t)  + ...  + 2a(2«))  = 2A(2n)  <222  ak-  Therefore  if  22  ak  converges, 

k=l 

then  { Bn } is  bounded  above  =>  22  2ka(2k)  converges.  Conversely, 

OO 

An  — &1  H”  (&2  H-  ^3)  ~b  (&4  + 3§  + Ug  + Uy)  + . . . + an  < 3\  + 2a2  + 43\  + . . . + 2na^2n)  — 3\  + Bn  < ai  + Y 2ka(2k). 

k=l 

OO 

Therefore,  if  22  2ka(2k;  converges,  then  { An } is  bounded  above  and  hence  converges. 

k=l 


54.  (a)  a(2")  — 2»ln(2”)  — 2--n(ln2) 

OO 

=►  E m diverges. 


E 2na(2n)  = E 2n  2S7i(in2)  = ta2  E „ - which  diverges 

n=2  n=2  n=2 


Copyright  © 2010  Pearson  Education  Inc.  Publishing  as  Addison-Wesley. 


Section  10.3  The  Integral  Test  589 


t_Aj 

(b)  a(2n)  = 4 =>■  E 2na(2n)  = E 2"  • 4 = E ffft  = £ a geometric  series  that 

n=l  n=l  n=l  1 ' n=l 


converges  if  < 1 or  p > 1 , but  diverges  if  p < 1 . 


55 


• w L 


dx 


2 x(ln  x)P 


u = In  x 


du  = 


dx 


poo 

I u 

J In  2 


p du  = lim 


-p+1 


— lim 


(l^p)  [b-p+1  - (In  2)-p+1] 


= P"1 


-iT(ln2)-p+1,p>  1 


inn  i i — 11111 

b — > OO  L_P+1Jln2  b — > 00 

the  improper  integral  converges  if  p > 1 and  diverges  if  p < 1 . 

oo,  p < i 

poo 

For  p = 1 : J2  = lim  [In  (In  x)]  \ = u lim  [In  (In  b)  — In  (In  2)]  = oo,  so  the  improper  integral  diverges  if 


b — > oo 


p=  i. 


(b)  Since  the  series  and  the  integral  converge  or  diverge  together,  E nih|l  n)P  converges  if  and  only  if  p > 1 . 


56.  (a)  p = 1 =>  the  series  diverges 

(b)  p = 1.01  =>  the  series  converges 

00  OO 

(c)  E sggff  -IE  n(ik)  ; p = 1 ^ the  series  diverges 

n=2  n=2 

(d)  p = 3 =>  the  series  converges 

pn+l 

57.  (a)  From  Fig.  10.1 1(a)  in  the  text  with  f(x)  = d and  a^  = 1 , we  have  J jdx  <1  + 3 + 3 + ...+! 

< 1 + ff(x)  dx  +>  In  (n  + 1)  < 1 + | + 3 + . . . + i < 1 + In  n =+  0 < In  (n  + 1)  - In  n 

< (I  + I + 3 + .. . +|)  — In  n < 1.  Therefore  the  sequence  { (l  + \ + 3 + • • • + !)  — In  n}  is  bounded  above  by 

1 and  below  by  0. 

(b)  From  the  graph  in  Fig.  10. 11(b)  with  f(x)  = - , ==■  < f 1 dx  = In  (n  + 1)  — In  n 

=>  0 > j-q-j-  — [ln(n  + 1)  — In  n]  = (l  + \ + 3 + . . . + jyyy  — ln(n  + 1))  — (l  + 3 + 3 + . . . + 2 — In  n)  . 

If  we  define  an  = 1 + 3 = 3 + !—  Inn,  then  0 > an+i  — an  =>  an+i  < an  =+  {an } is  a decreasing  sequence  of 

nonnegative  terms. 


58. 


2 / 1 . v pco  2 

e-x  < e~x  for  x > 1,  and  e_xdx  = ^lim  [— e~x]1=^lim  (— e~b  + e_i  J = e_1  +>  e~x  dx  converges  by 

OO  2 °°  2 

the  Comparison  Test  for  improper  integrals  =+  E e_lr  = 1 + E e " converges  by  the  Integral  Test. 

n=0  n=l 


10 


59.  (a)  sio  = E yj  = 1-97531986;  f°°4  dx  = lim  f x 
n Jll  x h—>noJu 


noc 

/ -r  dx  = lim 

J 10  x b — » 00 


f x 3 dx  = lim 

'IT, 

^ 10  b — » OO 

L z J 

(X)  * 

b 


3 dx  = lim 

b — > 00  L 


= + 2S2)  - 535  ™d 


1.97531986  + 335  < s < 1.97531986 


1 

200 


- (_J_  4.  J_)  - _L 

b + oo'  2b2  T 200/  200 

1.20166  < s < 1.20253 


(b)  s = E 33  « 1-20166+  1.20253  = j 202095;  error  < 1-20253-  1.20166  = 0 000435 


10 


/•o°  r»b 

dj  dx  = lim  I x~4  dx  = lim 

11  x h — > rv3  J 11  b — > OO  L 


L 


■4  dx  = lim 

10  x b — > 00 


pb 

I x~4  dx  = lim 

•IT. 

^ 10  b — > oo 

L 21  J 

b — > 00 

b 


1 b 
. 11 


— h liPE  ( 3b3  + 3993 ) — 3993  and 


- (_J_  4.  _J_)  - _2_ 

V 3b3  ' 3000/  3000 


+>  1.082036583  + 3335  < s < 1.082036583  + 5^5  +>  1.08229  < s < 1.08237 

OO 

(b)  s = E iff  « 1 -08229+ 1.08237  = i .08233;  error  < 1-08237-  1 .08229  = 0.00004 
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10.4  COMPARISON  TESTS 

oo 

1 . Compare  with  222  \ , which  is  a convergent  p-series,  since  p — 2 > 1 . Both  series  have  nonnegative  terms  for  n > 1 . For 

n=l 

°o 

n > 1,  we  have  n2  < n2  + 30  =>■  ^ > n2  2 3Q . Then  by  Comparison  Test,  222  |]2  1 3Q  converges. 

n=l 

co 

2.  Compare  with  222  y , which  is  a convergent  p-series,  since  p = 3 > 1 . Both  series  have  nonnegative  terms  for  n > 1 . For 

n=l 

co 

n > 1,  we  have  n4  < n4  + 2 =>  ^ =>  jr  > jqq  p > jpqq  - PT2-  Then  by  Comparison  Test,  pqq 

n=l 

converges. 


3.  Compare  with  ^2  \ , which  is  a divergent  p-series,  since  p = \<  1.  Both  series  have  nonnegative  terms  for  n > 2.  For 

n=9  V 


n > 2,  we  have  \J n — 1 < y/n  =>  \ — Then  by  Comparison  Test,  Y2  diverges. 


4.  Compare  with  j,  which  is  a divergent  p-series,  since  p = 1 < 1.  Both  series  have  nonnegative  terms  for  n > 2.  For 

n=2 

co 

n > 2,  we  have  n2  — n < n2  =>  V — > -4  =>  > 4 = - =$■  4^  > -r2—  > - . Thus  V diverges. 

— ’ — nz  — n — nz  nz  — n — nz  n nz  — n — nz  — n — n / nz  — n ° 


5.  Compare  with  ^ -^j,  which  is  a convergent  p-series,  since  p = I > L Both  series  have  nonnegative  terms  for  n > 1 . 

n=l 

2 i 00  2 

For  n > 1,  we  have  0 < cos2n  < 1 =>  yfq2  < ^ . Then  by  Comparison  Test,  222  converges. 


6.  Compare  with  222  which  is  a convergent  geometric  series,  since  |r|  = 


< 1 . Both  series  have  nonnegative  terms  for 


n > 1.  For  n > 1,  we  have  n • 3"  > 3"  =>  yC  < 2__  Then  by  Comparison  Test,  222  yC  converges. 


CO  /—  OO  CO  /— 

7.  Compare  with  Y2  ^ . The  series  ^ is  a convergent  p-series,  since  p = | > 1,  and  the  series  jy/2 

n=l  n=l  n=l 

00 

= \J 5 ^2  t?2  converges  by  Theorem  8 part  3.  Both  series  have  nonnegative  terms  for  n > 1.  For  n > 1,  we  have 

n=l 

n3  < n4  =>  4n3  < 4n4  =>  n4  + 4n3  < n4  + 4n4  = 5n4  =>  n4  + 4n3  < 5n4  + 20  = 5(n4  + 4)  =>  < 5. 

=>  < 5 =>  2*T4  < Jr  =>  JWa  - \f^  = m Then  Comparison  Test,  f)  J ^ converges. 


8.  Compare  with  222  ~T'  which  is  a divergent  p-series,  since  p = \<  1.  Both  series  have  nonnegative  terms  for  n > 1.  For 

n=l  ^ 

n > 1,  we  have  > 1 =>  2y4i  > 2 =>■  2y/n  + 1 > 3 =>  n(2^/n  + l)  > 3n  > 3 =>  2ny4i  + n > 3 

' 1 


2 1 o r~  . . — 0 1 r\  n(n  + 2v/n+l)  . . n + 2>/n+l  ^ 1 (,/n  + l)'  > 1 / (,/n  + l) 

n~  + 2 nJn  + n > nz  + 3 =>■  — L > 1 =>  1 =>■  2 , 1 =M/  c,/ 

V — nz  + 3 — nz  + 3 — n nz  + 3 — n y nz  + 3 

. Then  by  Comparison  Test,  ^ diverges. 


> Vn 
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oo 

9.  Compare  with  Y X,  which  is  a convergent  p-series,  since  p — 2 > 1.  Both  series  have  positive  terms  for  n > 1.  lim  &1 

n_i  n n^oo Dn 

= lim  "Try  3 = lim  = lim  2 4n  = lim  = lim  I = 1 > 0.  Then  by  Limit  Comparison  Test, 

n— >00  1/n  n^oo  n n n— >oc  zn  n— »oo  on  z n— »oo  0 

00 

E n3-E+3  converges. 

n=l 

00 

10.  Compare  with  ^ which  is  a divergent  p-series,  since  p = \ < 1.  Both  series  have  positive  terms  for  n > 1.  lim  '^L 


= lim  Xpf1  = lim  3/ 4^  = , / lim  = , / lim  ^ = , / lim  § = J\  = 1 > 0.  Then  by  Limit  Comparison 

n^oo  1 n^ooVn  +2  V n^oo  n +2  \j  n^oo  2n  \j  n^oo  2 V } F 

oo  j 

Test,  J]  J 4^  diverges. 

n=l  V 


11.  Compare  with  which  is  a divergent  p-series,  since  p = 1 < 1.  Both  series  have  positive  terms  for  n > 2.  lim  21 

- n n — ►nn  °n 


= lim 


n(n+  1) 

(n2  + 1)|n-1)  _ Jim  n3+n2 


n3  — n2  + n — 1 


= lim  , 3/t2n,  = lim  f2^  = lim  % 


Y = lim  fa_2  — lim  | = 1 > 0.  Then  by  Limit  Comparison 


Test,  V 7 ■ 

’ 4—/  (n- 


i2  + l)(n—  1) 


diverges. 


12.  Compare  with  L , which  is  a convergent  geometric  series,  since  |r|  = 5 < 1 . Both  series  have  positive  terms  for 

n=l  ' 

2n  oo 

n > 1.  lim  211  = lim  {f22  = lim  4rzs  = lim  !n1  = 1 > 0.  Then  by  Limit  Comparison  Test,  Y converges. 

n^oo Dn  n— »oo  1/z  n— ►oo-’-1-4  n— >oo  4 ln4  n=1  -*"1-4 

00 

13.  Compare  with  V I , which  is  a divergent  p-series,  since  p = 1 < 1.  Both  series  have  positive  terms  for  n > 1.  lim  211 

n=1  V n 2 n— >ooDn 

5nn  n °o 

= lim  — lim  4 = lim  (|)n  = oo.  Then  by  Limit  Comparison  Test,  Y ? diverges. 

n->oo  V V n n— >00  4 n—>oo  V4/  n=1  vn'4 

oo 

14.  Compare  with  J]  (|)n,  which  is  a convergent  geometric  series,  since  |r|  = § < 1.  Both  series  have  positive  terms  for 

11=1 

11  - L n1™  \ = J™ W = (wr)n  = exP  J™  Mwf )"  = exP  ) 

|n  ( lQn  + 15  \ 10 10  2 2 

= exp  lim  i0!148  = exp  lim  10n+151 , i°°+8  = exp  lim  WS-m  i — exP  lim  , m i x i m 

Fn^oo  Vn  Fn^oo  "V"2  F n^oo  ( l°n  + 15)(10n  + 8)  1 n-^oo  100n2  + 230n  + 120 

OO 

= exp  lim  ?Q01n4°1\30  = exp  lim  ^ = e7/10  > 0.  Then  by  Limit  Comparison  Test,  )"  converges. 

OO 

15.  Compare  with  Y1  „>  which  is  a divergent  p-series,  since  p = 1 < 1.  Both  series  have  positive  terms  for  n > 2.  lim  21 

~ n n — wvi  Dn 


= lim  = lim  ^ = lim  jV  = lim  n=  oo.  Then  by  Limit  Comparison  Test,  nhi  diverges. 


n— >oo  n— >oo  < n— >oo 


16.  Compare  with  Y X,  which  is  a convergent  p-series,  since  p — 2 > 1.  Both  series  have  positive  terms  for  n > 1.  lim  21 

n_i  n n-»ooDn 


In  ( 1 H — j j 1+  i \ nV  . °°^  , 

= lim  % , , = lim  — f , — = lim  1 — 1 > 0.  Then  by  Limit  Comparison  Test,  > lnll  + 4)  converges. 

n-^oo  v0  n->oo  ( — % ) n^c»  1 + ^ v n ' 
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17.  diverges  by  the  Limit  Comparison  Test  (part  1)  when  compared  with  -j-  , a divergent  p-series: 

n=l  v 


lim 

n — > oo 


2\/n+  f n 


^°+vV  = Vn  = lim  ( I t = i 

04  n oo  2,/n  + ^/n  n — > oo  '2  + n 1,6  / 2 


18.  diverges  by  the  Direct  Comparison  Test  since  n + n + n>n  + y/n  + 0 =>■  n +3  , > i , which  is  the  nth 


term  of  the  divergent  series  ^ 1 or  use  Limit  Comparison  Test  with  bn  = 3 


19.  converges  by  the  Direct  Comparison  Test;  =44  < ^ , which  is  the  nth  term  of  a convergent  geometric  series 

20.  converges  by  the  Direct  Comparison  Test;  1 n2  ^ ^ and  the  p-series  ^ converges 

21.  diverges  since  ^im^  3n2“  t | ^ 0 

22.  converges  by  the  Limit  Comparison  Test  (part  1)  with  | , , the  nth  term  of  a convergent  p-series: 


lim  = lim  (2+i)  = 1 

n — > oo  I i \ n — > oo  \ n / 


23.  converges  by  the  Limit  Comparison  Test  (part  1 ) with  p , the  nth  term  of  a convergent  p-series: 

( 10n+l  \ 

lim  = lim  42^  = lim  = lim  ^ = 10 

n — > oo  (1|  n— >oo  n“+3n  + 2 n — > oo  2n  + 3 n — > oo  2 


24.  converges  by  the  Limit  Comparison  Test  (part  1)  with  j , the  nth  term  of  a convergent  p-series: 


lim 

n — » oo 


n2(n-2)  (n 


i2 + 5 


= lim 


5n3  - 3n 


= lim 


15ir  - 3 


= lim 


30n 


n — > oo  n3-2n2  + 5n-10  n — > oo  3n3-4n  + 5 n — » oo  6n-4 


= 5 


25.  converges  by  the  Direct  Comparison  Test;  ( 3nnf  l ) < (^)  = (|)  , the  nth  term  of  a convergent  geometric  series 

26.  converges  by  the  Limit  Comparison  Test  (part  1 ) with  , the  nth  term  of  a convergent  p-series: 


lim 


= lim  \ —■ 4 = lim  \/ 1 + 4 = 1 

n — > oo  ( i \ n — ioo  V n3  n ^ oo  ' ' 3 

Vv'n3  + 27 


27.  diverges  by  the  Direct  Comparison  Test;  n > In  n =>  In  n > In  In  n =>  1 < 4 - < ln 4 n and  i diverges 


28.  converges  by  the  Limit  Comparison  Test  (part  2)  when  compared  with  ^ 4 , a convergent  p-series: 

n=l 

lim  = lim  2211)!  = lim  = 2 lim  ^ = 0 

n — > oo  / n — > oo  n n ^ oo  i n — > oo  n 


29.  diverges  by  the  Limit  Comparison  Test  (part  3)  with  ^ , the  nth  term  of  the  divergent  harmonic  series: 


lim  = lim  = lim  = lim  ^ = oo 

n — > oo  n — > oo  inn  n — > oo  n — > oo  2. 
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30.  converges  by  the  Limit  Comparison  Test  (part  2)  with  , the  nth  term  of  a convergent  p-series: 


(In  n)  . ^ \ / i \ 

11  /°3,/2\  = lim  2SJ!|L  = iim  ) " { = 8 lim  ^4  = 8 lim  / , >.  = 32  lim  -h 

■ oo  l i \ n — > oo  n1/4  n — > oo  / i \ n— >oo  n1'4  n — > oo  / i \ n — ► oo  n4 

InV-l ) Un3/4/  U3/4/ 


31.  diverges  by  the  Limit  Comparison  Test  (part  3)  with  t , the  nth  term  of  the  divergent  harmonic  series: 

lim  Vl44  — lim  . n. — = lim  /[ . = lim  n = oo 
n — > oo  n — > oo  i+inn  n — > oo  tlj  n — > oo 


32.  diverges  by  the  Integral  Test:  j 


ln dx  — I u du  = lim  IT  u2l  J’  = lim  ) (b2  — In2  3)  = oo 

X+1  J In  3 b^OOL2  J ln3  b ^ OO  2 ' ’ 


33.  converges  by  the  Direct  Comparison  Test  with  -4.  , the  nth  term  of  a convergent  p-series:  n2  - I > n for 

n > 2 =>  n2  (n2  — 1)  > n3  =>  n\/ n2  — 1 > n3/2  =>  ^ > ^ * = or  use  Limit  Comparison  Test  with  Jy . 

34.  converges  by  the  Direct  Comparison  Test  with  Ttj  , the  nth  term  of  a convergent  p-series:  n2  + 1 > n2 

=t>  n2  + 1 > ^/nn3/2  =4>  2^4-  > n3/2  =>■  < 4^  or  use  Limit  Comparison  Test  with  Ttj  . 

OO  OO  OO 

35.  converges  because  ^ 4=4  = 4;  + =4  which  is  the  sum  of  two  convergent  series: 

n=l  n=l  n=l 

oo  oo 

^2  rpn  converges  by  the  Direct  Comparison  Test  since  nl)l,  < 4 , and  Y2  J is  a convergent  geometric  series 


36.  converges  by  the  Direct  Comparison  Test:  J2  JJ/r  = (^i  + jr)  and  ^ ^ + gr  , the  sum  of 

n=l  n=l 

the  nth  terms  of  a convergent  geometric  series  and  a convergent  p-series 


37.  converges  by  the  Direct  Comparison  Test:  y.,1  t ; which  is  the  nth  term  of  a convergent  geometric  series 


38.  diverges;  n Hm^  (^±±)  = (|  + £)  = |^  0 

OO  n 

39.  converges  by  Limit  Comparison  Test:  compare  with  ^ Q)  , which  is  a convergent  geometric  series  with  |r|  = i<‘. 


lim  = lim  j?  t-i  = lim  9 ~ = 0. 

n — ► 00  (1/5)  n — ► 00  nz  + 3n  n — > oo  2n  + 3 


ou  ^ 

40.  converges  by  Limit  Comparison  Test:  compare  with  (4)  , which  is  a convergent  geometric  series  with  |r|  = 1<1. 


lim  = lim  3° 4 }2°  = lim  k2|.+  j = \ = 1 > 0. 

n — > oo  (3/4)  n — > oo  9 + 12"  n — > oo  (jj)  +1  1 


41.  diverges  by  Limit  Comparison  Test:  compare  with  5,  which  is  a divergent  p-series,  n hrri^ 


= lim  4i 

n — > 00  2 


= lim  2°^ ,2 , 1 = lim  ] I*11'1,  = 1 > 0. 

n — > 00  2 In  2 n — > oo  2n  (ln  2)2 


42.  diverges  by  the  definition  of  an  infinite  series:  ln( ^j)  = [inn  — In  (n  + 1)] , Sk  = (ln  1 — ln2)  + (ln  2 — ln  3) 

11=1  n=l 

+ . . . + (ln(k  — 1)  — Ink)  + (Ink  — ln  (k  + 1))  = — ln  (k  + 1)  =>  lim  Sk  = —00 

k —>■  00 
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43.  converges  by  Comparison  Test  with  n^n1_  ^ which  converges  since  jy  = 

n=2  n=2  n=2  L 


l 1 

n — 1 n 


, and 


sk=  (!-  \)  + G-  I)  + •■■  + (k=2  -k^l)  + (k^T~E)  = 1-^klim0OSk  = l;forn>2,  (n  — 2) ! > 1 


n(n  — l)(n  — 2)!  > n(n  - 1)  =►  n!  > n(n  - 1)  =>  n\  < I1(n' 


(n— 1) 


oo  (n- 1)! 

44.  converges  by  Limit  Comparison  Test:  compare  with  which  is  a convergent  p-series,  ^ lirn^ 

n=l 

n3(n  — 1)! 


= lim 


= lim 


= lim  = lim  I = 1 > 0 


XXXXX  [ , r)\/  , ,\  / 1 \ I XXXXX  7,0  , XXXXX  ~ . o XXXXX  ~ 

n — > oo  (n  + 2)(n+ l)n(n— 1)!  n — > oo  nz+3n  + 2 n ->oo  2n  +3  n— » oo  2 

45.  diverges  by  the  Limit  Comparison  Test  (part  1)  with  1 , the  nth  term  of  the  divergent  harmonic  series: 


lim  = lim  ^ = 1 

n -»  °°  (e)  x 0 x 


46.  diverges  by  the  Limit  Comparison  Test  (part  1)  with  1 , the  nth  term  of  the  divergent  harmonic  series: 


lim  = lim  f^r)  = lim  (^-)  (^)  =1-1  = 1 

n — > oo  (i)  n — > oo  \cosj/  (±)  x^q  vcosx/  \ x / 


47.  converges  by  the  Direct  Comparison  Test:  U“|u  " < Jj  and  -fj  = | dj  is  the  product  of  a 

n=l  n=l 


convergent  p-series  and  a nonzero  constant 


/ 7T  3 OO  / 7[-  \ OO 

48.  converges  by  the  Direct  Comparison  Test:  sec-1  n < | =>-  se^„  11  < ^ and  = I S is  the 

n=l  n=l 

product  of  a convergent  p-series  and  a nonzero  constant 


( coth  n i 

V ) 


49.  converges  by  the  Limit  Comparison  Test  (part  1)  with  4j : n hm^  n^'oo n*^‘oo  en-e 


= lim  coth  n = lim 


,n  _i_  n 


,n p— n 


= lim  1 +^— 2n  = 1 

n — > 00  1 - e 2n 


50.  converges  by  the  Limit  Comparison  Test  (part  1)  with  4 : lim 


' tanh  n 

( n2 


,n  n 


n — > CO  ( J_ 


= lim  tanh  n = lim 

n — > oo  n^oo  t +cn 


= lim  | e_l”  = 1 
n — > oo  1 + e 2n 


51.  diverges  by  the  Limit  Comparison  Test  (part  1)  with  4 nljm^  P)  = n^-iPoc  ^ = 1- 

52.  converges  by  the  Limit  Comparison  Test  (part  1)  with  4:  nlimo  \ °~ / = n lirn^  -^/n  = 1 


53. 


1 + 2 + 3 + .. ,+n  (5<5+i>)  n(n+l) 


2 . The  series  converges  by  the  Limit  Comparison  Test  (part  1)  with  4: 


lim 


( 2 \ 

Vn 

(n+  1)  / 

1 

= lim  4=4-  = lim 


4n 


T = lim  % =2. 

1 n — > oo  2 


54. 


1 + 22  + 32  + . . . + n2  — n(n+l)On+l)  — n(n  + 1 )(2n  + 1) 
6 


1 < ^ =>  the  series  converges  by  the  Direct  Comparison  Test 
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55.  (a)  If  lim  ^ = 0,  then  there  exists  an  integer  N such  that  for  all  n > N,  ^ — 0 < 1 =>  — 1 < ^ < 1 

n — > OO  bn  ° I bn  | bn 

=>  an  < bn.  Thus,  if  Y bn  converges,  then  Y an  converges  by  the  Direct  Comparison  Test. 

(b)  If  n lirri^  g®-  = oo,  then  there  exists  an  integer  N such  that  for  all  n > N,  g1  > 1 =>•  an  > b„.  Thus,  if 
Y bn  diverges,  then  Y an  diverges  by  the  Direct  Comparison  Test. 

OO 

56.  Yes,  Y “ converges  by  the  Direct  Comparison  Test  because  — < an 

n=l 


57.  nhm_^  gj  = oo  =>■  there  exists  an  integer  N such  that  for  all  n > N,  ^ > I =>•  an  > bn.  If  Y an  converges, 
then  Y bn  converges  by  the  Direct  Comparison  Test 

58.  Y an  converges  =>  n lini^  an  = 0 =>  there  exists  an  integer  N such  that  for  all  n > N,  0 < an  < 1 =>  a2  < an 

=>  Y an  converges  by  the  Direct  Comparison  Test 

59.  Since  an  > 0 and  n I i an  — oo  ().  by  nth  term  test  for  divergence,  Y an  diverges. 

60.  Since  an  > 0 and  nljmo  ( n2  • an)  = 0,  compare  J^an  with  which  is  a convergent  p-series;  n hm^ 

— n lim^  ( n2  • an)  = 0 =>  J]an  converges  by  Limit  Comparison  Test 


61.  Let  — oo  < q < oo  and  p > 1.  If  q = 0,  then  Y = Y which  is  a convergent  p-series.  If  q 0,  compare  with 

n=2  n=2 

°°  (lnn)q  /,  \q  /,  \q 

Y t where  1 < r < p,  then  lim  -rf — = lim  „ ; , and  p — r>0.  If  q < 0 =>  — q>0  and  lim  ° , 

^ nr  >’  n — > oo  l/n  n — > oo  np  r ’ 1 n n n ^ oo  np  r 

n=2 

= n'TTo  (inn)^nP-^  = ° - If  9 > 0,  n Urn,  ^ = n Urn,  = Jjm,  If  q - 1 < 0 ^ 1 - q > 0 and 


— = lim 


urn  7 \ n_r  — mil  : — , i_n 

n — > oo  (p-r)nP  n — > oo  (p  - r)np~r  (Inn)  q 


= 0,  otherwise,  we  apply  L'Hopital's  Rule  again.  n lim^  q^q 


= lim 


q(q  ~ l)(lnn)q  2 


— .Ifq  — 2 < 0 =>  2 — q > 0 and  lim 


q(q ~ 1 ) (In n)q  2 _ ]• 


= lim 


= 0;  otherwise,  we 


mil  , ,o  . ii  u z—  vx  — 7 ^ u -•  v uiiu  mil  7 ixixi  ,7  . 7 n vi,  viiiivi  vv  li>o,  vv 

n — * oo  (p  - r)2nP_r  M — n ^ oo  (p  - r)2nP_r  n — > oo  (p  - r)2nP-r  (In  n)2  q 

apply  L'Hopital's  Rule  again.  Since  q is  finite,  there  is  a positive  integer  k such  that  q — k < 0 =>  k — q > 0.  Thus,  after  k 
applications  of  L'Hopital's  Rule  we  obtain  lim  q(q~  = lim  q(q  ~ *)•  • -(q  ~ k + l)  — o.  Since  the  limit  is 

r n ^ oo  (p  — r)KnP-r  n ^ oo  (p-r)V-r(lnn)k  q 


0 in  every  case,  by  Limit  Comparison  Test,  the  series  converges. 


62.  Let  —ex)  < q < oo  and  p < 1.  If  q = 0,  then  ^ln|/  = Y2  which  is  a divergent  p-series.  If  q > 0,  compare  with 


^2  which  is  a divergent  p-series.  Then  n hrn^  — nlhnc  (lnn)q  = oo.  If  q < 0 =>  — q > 0,  compare  with  J2  h?’ 

n=2  n=2 

(lnn)q  , ,q  r_ 

where  0 < p < r < 1.  lim  -rfr  = lim  „ . = lim  since  r — p > 0.  Apply  L'Hopital's  to  obtain 

v — n — > oo  l/n  n — > oo  np  r n — > oo  (Inn)  q ' J r 


lim  lr~p;n  = Hm  ir-P>c 

n — » oo  ( — q) (In n)  9 '(1)  n — > oo  (-q)(lnn 


r — p)nr  p \ ^ c\  ii\A  a i'  (r  — p)nr  p(lnn)q+1 

If  — q — 1 <0=t>q+l  >0  and  lim  J ^ \ — — = oo, 

q)  Inn)  qI  M — 1 — n ^ oo  (— q) 


otherwise,  we  apply  L'Hopital's  Rule  again  to  obtain  lim  — mu  — u 

F 5 IWOO  (-q)(-q-l)(lnn)  q 2(i)  n - oo  (-q)(-q - l)(lnn)  ’ 

— q — 2<0=>q  + 2>0  and  lim  - — ° P _„_2  — lim  (r~p)  " p(inn) — _ otherwise,  we 

n n — n — > oo  (— q)(— q - l)(lnn)  q n — > oo  (— q)(— q — 1) 

apply  L'Hopital's  Rule  again.  Since  q is  finite,  there  is  a positive  integer  k such  that  — q k < 0 =y  q + k > 0.  Thus,  after 


- p)2nr~p~1 


TTY  = „ bm 


(r-p)V-p 


k applications  of  L'Hopital's  Rule  we  obtain  lim 


(r-P)V-p 


= lim 


(r-p)V-p(lnn)q+k 


n^oo  ( — q)  ( — q — !)--*( — q — k-l-  l)(lnn)~q~k  n -»  oo  (— q)(— q—  l)---(-q-k+  1 
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(l  n)q 

Since  the  limit  is  oo  ifq  > 0 or  if  q < 0 and  p < 1,  by  Limit  comparison  test,  the  series  ^ 1 ”p_r  diverges.  Finally  if  q < 0 

n=l 

OO  . >.  q OO  . ,q  OO 

and  p = 1 then  Y "J  = Y ■ Compare  with  Y , which  is  a divergent  p-series.  For  n > 3,  Inn  > 1 

n=2  n=2  n=2 

=>■  (lnn)q  > 1 =>  > f.  Thus  Y diverges  by  Comparison  Test.  Thus,  if  — oo  < q < oo  and  p < 1, 

n=2 

0°  ,jxq 

the  series  Y nP-,  diverges. 

n— 1 


63.  Converges  by  Exercise  61  with  q = 3 and  p = 4. 

64.  Diverges  by  Exercise  62  with  q = ^ and  p — 1. 

65.  Converges  by  Exercise  61  with  q = 1000  and  p = 1.001. 

66.  Diverges  by  Exercise  62  with  q = j and  p = 0.99. 

67.  Converges  by  Exercise  61  with  q = — 3 and  p = 1.1. 

68.  Diverges  by  Exercise  62  with  q = — \ and  p — t 

69.  Example  CAS  commands: 

Maple: 

a :=  n ->  l./nA3/sin(n)A2; 

s :=  k ->  sum(  a(n),  n=l..k );  # (a)] 

limit(  s(k),  k=infinity ); 

pts  :=  [seq(  [k,s(k)],  k=1..100  )]:  # (b) 

plot(  pts,  style=point,  title="#69(b)  (Section  10.4)" ); 

pts  :=  [seq(  [k,s(k)],  k=1..200  )]:  #(c) 

plot(  pts,  style=point,  title="#69(c)  (Section  10.4)" ); 

pts  :=  [seq(  [k,s(k)],  k=1..400  )]:  # (d) 

plot(  pts,  style=point,  title="#69(d)  (Section  10.4)" ); 

evalf(  355/113  ); 

Mathematica: 

Clear[a,  n,  s,  k,  p] 

a[nj:=  1 / (n3  Sin[n]2  ) 

s[k_l=  Sum[  a[n],  {n,  1,  k}] 

points [p_]:=  Table[{k,  N[s[k]]},  {k,  l,p}] 

points[  100] 

ListPlotlpoints[100]] 

points[200] 

ListPlot[points  [200] 
points[400] 

ListPlot[points[400],  PlotRange  ■ - All] 

To  investigate  what  is  happening  around  k = 355,  you  could  do  the  following. 
N[355/l  13] 

N[tt  - 355/113] 

Sin[355]//N 

a[355]//N 

N[s[354]] 
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N[s[355]] 

N[s[356]] 

oo  oo 

70.  (a)  Let  S = which  is  a convergent  p-series.  By  Example  5 in  Section  10.2,  n/n1,  ^ converges  to  1.  By  Theorem  8, 

n=l  n n=l  n n 

OO  OO  OO  OO  OO  OO  / \ 

S = E h = E „(kVt)  + E ? - E 5(iVl)  = E „(STT)  + E (Jr-*-  also  converges. 

n=  1 n=l  n=l  n=l  n=  1 n=l  x 7 

00  00  / \ 00 

(b)  Since  E converges  to  1 (from  Example  5 in  Section  10.2),  S = 1 + E ( 4j,  - J = 1 + E n>TT) 

n=l  n=l  x 7 n=l 

oo  oo 

(c)  The  new  series  is  comparible  to  E E so  it  will  converge  faster  because  its  terms  — » 0 faster  than  the  terms  of  E b- 

n=l  n=l 

1000  1000 

(d)  The  series  1 + E n2(n+ 1)  §ives  a better  approximation.  Using  Mathematica,  1 + E a2(n+ 1)  = 1-644933568,  while 

n=l  n=l 

E p = 1.644933067.  Note  that  ^ = 1.644934067.  The  error  is  4.99  x 10~7  compared  with  1 x 10~6. 


1000000 

E 

n=l 


10.5  THE  RATIO  AND  ROOT  TESTS 


2n+l 

1.  ^ > 0 for  all  n > 1;  lim  ( 


(i; ' *)  = ^(Ti)  = 0 < 1 =*  Es 


converges 


2.  > 0 for  all  n > 1 ; lim 


3n 


n— >oo  \ “31 


(n+l)  + 2 
3P+1  \ 


lim  ( W • HT2)  = lim  (Erl)  = lim  (!)  = 5 < 1 =►  E converges 

n— »oo  J T n— >oo  n— >00  J n=l 


/ ((n+l)-l)!  \ 

3.  > 0 for  all  n > 1;  lim  ( ) = lim  ( n'(n~1J!  ■ ^±4)  = lim  ( = lim  ( 3n2  + 4n  + 1 ) 

(n  + l)2  - ’ n^oo^  J n^ooV  (n  + 2)2  (““DV  n^ooVn  +4n  + 4/  n^ooV  2n  + 4 ) 

oo  . , 

= lim  1%^)  = oo  > 1 =>  E T , 1 diverges 

n— >oo ' 1 ' “,(“+!) 


4.  EE  > 0 for  all  n > 1 ; lim 


■ E converges 

n=l 


2(n+i)+i 

j]  = iim  l 


n-3n  1 


^3  ' = 2™  (I)  = 5 < 1 


5.  ^ > 0 for  all  n > 1;  lim  ( j — 


w 

n— >00  1 411 


Hm  (<£?•£)=  lim(n4+4p3+4g2+4n  + 1) 

n— >00  \ / n — kx)  \ / 

oo  4 

= lim  (j  + j + jjp  + jp  + iji)  = 3 < 1 ^Eji  converges 


n=l 


6-  £ 


IT  > Oforalln  > 2;  lim  = lira  (j^TJ  ' P&)  = lim  (i^Hhlj)  = lim  (i)  = lim 

n— >oo  \ J n— >00  \ v ^ / / n— >oo  \ v ~ ) j n— >oo  \ n+i  / n— >oo 


= n1™  (l)  = 3 > 1 =*  E w diverges 

n 00  n— 2 


|n+l^((n+l)+2)! 


7.  Oforalln  >1;  lim  (°gg"  j = • ggggi)  = 

= a = &«>  = 1 < ■ * 


converges 
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8. 


,,  “f,  > 0 for  all  n > 1;  lim  ( (2(°+™("+^ 11  + 11 = lim  ( AfAt  • (2n  + 3>Mn+1)N) 

(2n  + 3)  ln(n+ 1)  - (2n  Tnmn-  lt  J n^oo  V (2n  + 5)  ln(n  + 2)  n'5  ) 

— lim  ( 5(n+  l)-(2n  + 3)  ln(n+l)\  _ i-  t 10n2  + 25n+15\  i-  /ln(n  + l)\  _ i-  /'20n  + 25'\  lj™  ( 5TT  A 

- ,!™A  "(2n  + 5)  M^+T) ) ~ AIA  ^+5n  J Mit+2)  J ~ 

oo 

= lim(f)-  lim(s±2)=5-  lim  ( {)  = 5 • 1 = 5 > 1 =»  E (in+sWn  + t)  diverges 


n^oo  n^oo 


9.  n lc\fl  > 0 for  all  n > 1 ; lim  An/,0  = lim  ( ) = 0 < 1 =>  V (0 

(2n  + 5)  - - n— xx>  V (2n  + 5)  n^oo\2n  + 5/  (2n  + 5) 


converges 


10.  -p^-Tn  > 0 for  all  n > 1;  lim  = lim  (^)  = 0 < 1 =>  V T^n  converges 

(3n)  — — n — >rsn  V (3n)  n^~A3n/  1 (3n ) 


n=l 


/ oo 

1L  (5^|)n>0foralln>2;  hm  ^(|a±|)n  = Urn  (|±|)  = hm  (§)  = f > 1 =*•  E (tAf)”  diverges 


12. 


n+l 


ln(e2  + 1)  >0  for  all  n > 1 ; lim  \7  ln(e2  + 1) 


n+l 


= lim 

n— »oo 


q 1+1/n 

ln(e2  + j)  = ln(e2)  = 2 > 1 


E ln(e2  + i) 


n+l 


diverges 


13-  — r+25  > Oforalln  > 1;  lim  ^ = lim 

(3  + E ) n^0°  V (3  + 5 ) n^°°  V (3  + 5 ) 


y§_  i _ i 


= 5 < 1 =>  E TTTTTS  converges 

n— 1 W + sl 


14. 


sinte) 


> 0 for  all  n > 1 ; lim  \l 


/he 


(\  oo 

-j- ) = sin(0)  = 0 < 1 =$■  E 

Vn/  n_j 


sin(A) 


converges 


15.  (l  — l)n  > 0 for  all  n > 1;  lim  \/ ( 1 — l)n  = lim  (l  — f)n  = e 1 < 1 =>  E(l  ~ 1)"  converges 

\ n/  n— xx)  V v n/  n— >oo v n/  n_l  n/ 

16.  As  ^ 0 for  a11  n > 2;  lim  = lim  ( AAt)  = lim  ( = 0 < 1 =>  E A+  converges 

n— >oo  V n— >oc  \ 11  / n— xx>  \ 11 V 11  / n_2 


17.  converges  by  the  Ratio  Test:  lim  — = lim 

° J n — > oo  an  n ^ oo 


(n  + l)/2 

2n+l 


2n 


= lim  (nE  A • Af  = 1™  (l  + n)  (5)  = I < 1 

n — >00  2n+l  nv 2 n ->  00  1 n/  \2J  2 


18.  converges  by  the  Ratio  Test:  lim  = lim 

0 J n — » on  an  n — » r 


n — >00  an  n — » 00  ( nZ  \ n ^ 00  e1 


Ant  1) 

A 

V en+!  / 

l 

i5© 

! 

= lim 


/ (n+l)!  \ 

19.  diverges  by  the  Ratio  Test:  lim  — = lim  - fn{!  ' = lim  (n  + p!  * ^ = lim  = oo 

n ^ 00  an  n^oo  (gr)  n — > 00  en+1  n!  n — > 00  e 

( (n+l  y.\ 

£n±i  — Um  ^ 1Qn+1 2 = lim  ^rrr-  * = lim  7^  = 00 


20.  diverges  by  the  Ratio  Test:  lim  = lim 

0 J n— >ooan  n-j-oo 


10n+!  n!  nToo  10 


/ (n+  lA°\ 

21.  converges  by  the  Ratio  Test:  lim  ^ = lim  ^ ' = lim  AA+i  * A = lim  (l  + 1) 10  < 1 

6 J n — > oo  an  n — > oo  f iUR  V n — > oo  10n+1  n10  n^oo  v n ) V 10/  10 
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22.  diverges;  lim  an  = lim  (— )"  = lim  (l  + — )n  = e~2  ^ 0 

23.  converges  by  the  Direct  Comparison  Test:  = ( |)n  [2  + ( — 1 )n]  < (|)n(3)  which  is  the  nth  term  of  a convergent 

geometric  series 

24.  converges;  a geometric  series  with  |r|  = HI  < 1 

25.  diverges;  lim  a n = lim  (l  — -)n  = lim  (l  + — )n  = e-3  ~ 0.05  / 0 

° n — >oo  n^oo  \ n / n ^ oo  V n / ' 


26.  diverges;  lim  an  = lim  ( 1 — ^-)n  = lim  1 + ^ 3 = e 1/3  « 0.72  ^ 0 

° n^oo  n-»co  ' 3n  / n ^ oo  n ' 


27.  converges  by  the  Direct  Comparison  Test:  ^ for  n > 2,  the  nth  term  of  a convergent  p-series. 


28.  converges  by  the  nth-Root  Test:  lim  ,n/a^  = lim  \ = lim  ((lnnV  ' = lim  — = li 

° J urn  V 11  n- too  V 11  n m oo  (n“)  ' n — > oo  n n - 


lim 

— > 00  1 


= 0 < 1 


29.  diverges  by  the  Direct  Comparison  Test:  ^ ^ = !L^  > IQ)  for  n > 2 or  by  the  Limit  Comparison  Test  (part  1) 

with  i. 

n 

30.  converges  by  the  nth-Root  Test:  n lim^  ^ = n IjITc  \/(n  “ W = n^Poo  ((n  ~ &)”)  ^ = n1!11^  (i  “ p)  = 0 < 1 

31.  diverges  by  the  Direct  Comparison  Test:  ^ > i for  n > 3 

32.  converges  by  the  Ratio  Test:  lim  — = lim  (n+  1ffiin  + n • ,2°.  . = i < 1 

33.  converges  by  the  Ratio  Test:  lim  — = lim  (n|2l(n|3)  • , , ,”!  , ,,  = 0 < 1 

fe  3 n — > oo  an  n — > oo  (n  + 1)!  (n+l)(n  + 2) 


34.  converges  by  the  Ratio  Test:  lim  — = lim  ^4+r-  - x = - < 1 

n — * oo  an  n m oo  en+1  nJ  e ^ 


35.  converges  by  the  Ratio  Test:  lim  ^ = lim 

J n — ^ rvi  a„  n — ^ r- 


?5±1  — lim  (n  + 4)! . 3 ! n!  3n  _ n + 4 _ 1 < i 

„ „ AA1AA  . II  I IMin+l  i -2M  . AAAAA  I 1 \ 1 ^ A 


n — > oo  an  n — > oo  3!(n+l)!3n+1  (n  + 3)!  n — > oo  3(n+l)  3 


36.  converges  by  the  Ratio  Test:  lim  — = lim  '‘'tT?  *n  + 'l)!  • -,nr  + , ,,  = lim  (I)  (^xr)  = \ < 1 

& J moo  >.  n— >00  3n+1(n+l)!  n2”(n+l)!  n^oo  ' n / V3/  Vn+17  3 

37.  converges  by  the  Ratio  Test:  lim  — = lim  /"Vm  • (2n  V)!  = lim  n .'ll1  = 0 < 1 

& 3 n — > oo  an  n — > oo  (2n  + 3)!  n!  n — > oo  (2n  + 3)(2n  + 2) 


38.  converges  by  the  Ratio  Test:  lim  ^ = lim  ^ — lim  (-jb-)”  = lim  +Y » 

0 3 n^ooan  n— >00  (n+l)n+1  n!  n m 00  Vn+l/  n m 00  (a±_Lj 

= lim  . 1 t . n = i < 1 

n — > 00  (1  + 1)  e 


39.  converges  by  the  Root  Test:  lim  v/aT  = lim  n = lim  ^ = lim  = q < 1 

° 3 n — > 00  V 11  moo  V (limr  n — > 00  In  n n^oo  Inn 
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40.  converges  by  the  Root  Test:  lim  ,n/a^  = lim  nW2  = lim  -|5=  = n^”  — 0 < 1 

° J n ^ oo  V moo  V (lnn)n/z  n — > oo  V'n  n lim  \/lnn 


( lim  y/n  = 1 ) 
\n  — > oo  v y 


41.  converges  by  the  Direct  Comparison  Test: 


! Inn 


n(n  + 2)!  n(n+l)(n  + 2)  ^ n(n+l)(n  + 2)  (n+l)(n  + 2)  ^ n2 

which  is  the  nth-term  of  a convergent  p-series 


< h 


42.  diverges  by  the  Ratio  Test:  lim  = li 

° J n ^ oo  an  n — 


lim 


oo  (n+l)32”+i 


. niz  _ ]jtT1  n3  /3\  _ 3 > . 
3"  - nrnoo  (n  + 1)3  V2J  “ 2 > 1 


43.  converges  by  the  Ratio  Test:  lim  — = lim  = lim  n , n = lim  "7+ 2,n \\  = \ < 

b J n — > 00  an  n— >00  [2(n  + l)J!  [nt]z  n — > 00  (2n  + 2)(2n+l)  n — > 00  4n-  + 6n  + 2 4 


44.  converges  by  the  Ratio  Test:  lim  — = lim 

0 J n ^ oo  an  n — > oo 


(2n  + 5)(2n+1  + 3)  3° + 2 _ ,• 

3"+I+2  ' (2n  + 3)(2”  + 3)  — n moo 


2n  + 5 2-6n  + 4-2”  + 3-3"  4-  6 


2n  + 3 3-6"  + 9-3n  + 2-2n  + 6 


= lim 

n — > 00 


2n  + 5" 

• 1 1 m 

2-6n  + 4-2n  + 3-3n  + 6 " 

2n  + 3 

mil 

n — > 00 

3-6n  + 9-3n  + 2-2n  + 6 

= 1 . ? = ? < 1 
3 3 ^ 


/ 1 + sin  n \ 

45.  converges  by  the  Ratio  Test:  lim  — = lim  - — 8 — — = 0 < 1 

0 J n— »OOan  n — > OO  an 


46.  converges  by  the  Ratio  Test:  lim  — = lim  — 

° J n — > 00  an  n — > oo 

approaches  1 + | while  the  denominator  tends  to  00 


= lim  1+tan  ln  = 0 since  the  numerator 


47.  diverges  by  the  Ratio  Test:  lim  — 

° J n — > OO  an 


lim 

n — > 00 


lim  I^q4  = | > 1 
n — >00  2n  + d l 


48.  diverges;  an+1  = ^ an  =►  an+1  = (^)  a^)  =►  an+1  = (^)  (^)  (^7  ^-2) 

=>  an+i  = (ir^T)  (!L^1)  ( • • • Q)  ai  =>  an+i  = ^ =>  an+i  = ^ , which  is  a constant  times  the 
general  term  of  the  diverging  harmonic  series 


49.  converges  by  the  Ratio  Test:  n lim^  ^ 


50.  converges  by  the  Ratio  Test:  n lim^  ^ 

51.  converges  by  the  Ratio  Test:  n lim^  ^ 


lim 


= lim  t = 0 < 1 


n— >00  an  n — > oo  n 


lim 

n — > 00 


= lim  Y = 5 < 1 

n — > 00  n l 


lint 

n — > 00 


= lim 


l+lnn 


= lim  i = 0 < 1 


n — >00  n n — > 00  n 


52.  °n+%°  > 0 and  ai  = \ =>  an  > 0;  ln  n > 10  for  n > e10  =>■  n + ln  n > n + 10  =>  ° + ^Qn  > 1 

=>  an+i  = an  > an;  thus  an+i  > an  > | =>  n Hiu^  an  7^  0,  so  the  series  diverges  by  the  nth-Term  Test 


53.  diverges  by  the  nth-Term  Test:  ai  = 7 , a2 


a 


n 


lim  an  = 1 because 

n — > 00 


is  a subsequence  of 


whose  limit  is  1 by  Table  8.1 
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54.  converges  by  the  Direct  Comparison  Test:  ai  = \ , a2 


an  = (I)"  < (5) n which  is  the  nth-term  of  a convergent  geometric  series 


55.  converges  by  the  Ratio  Test:  lim 


an+l  


= lim 


2n+1(n+  l)!(n+  1)!  (2n)! 


(2n  + 2)! 


2“n!n! 


= lim  - 

n — > oo  Zn 


n+ 1 — i < i 

>n  + 1 2 ^ 1 


lim 

n — > oo 


2(n  + l)(n  + 1) 
(2n  + 2)(2n  + 1) 


56.  diverges  by  the  Ratio  Test:  lim  — 

° J n — > oo  an 


lim 

1 — > (X) 


(3n  + 3)! 

(n  + l)!(n  + 2)!(n  + 3)! 


n!(n+  l)!(n  + 2)! 
(3n)! 


lin,  (3n  + 3X3  + 2)(3n  + 1) 

nP+oo  (n  + lXn  + 2)(n  + 3) 


n 


lim  3 ( 

— > OO  v 


3n  + 2 
n + 2 


)( 


3n+  1 
n + 3 


)=3 


3 • 3 = 27  > 1 


57.  diverges  by  the  Root  Test:  lim  y/aT  = lim  .7  = lim  ^ = 00  > 1 

0 J moo  * n n-ioo  y (n“)  n — > 00  n2 


58.  converges  by  the  Root  Test:  lim  .n/^T  = lim  v/MS"  = lim  n‘  = lim  (s — -)  (-) 

° J n^oo  V n"  n — > oo  V (n  ) moo  • nmoo'n/Vn/Vn/  V n / Vn/ 


< lim  i = 0 < 1 

— n — > 00  n 


59.  converges  by  the  Root  Test:  lim  ,"/aT  = lim  .7  -S+  = lim  4 = lim  * . = 0 < 1 

b J n 00  V 11  moo  V 2'  n ^ 00  2n  n — > 00  2n  ln  2 


60.  diverges  by  the  Root  Test:  lim  y/tu  = lim  .7  = lim  ? = 00  > 1 

0 J moo  V n-100  V (2n)  n — » 00  4 


1-3 (2n  — 1 )(2n  + 1) 


4n2"n! 


61.  converges  by  the  Ratio  Test:  lim  = lim  - ^ , , ^ 

& J nmooa„  nmoo  4n+12n+1(n  + 1)!  1-3 (2n  - 1) 


= lim 


2n  + 1 1 , | 

00  (4-2)(n  + 1)  - 4 ^ 1 


(2n)l 


62.  converges  by  the  Ratio  Test:  an  — (2-4  - - - 2n)  (3n  1 ) — (2-4---2n)2  (3n  + 1)  — (2"n!)-  (3-  + i) 


(2n  + 2)!  (2°n!)i  (3°  + 1)  _ (2n  + lX2n  + 2)  (3°  + l) 

n 2foo  [2nl(n+  l)!]2  ( 3n  1 + 1)  ' (2n>!  “nmcxo  22(n  + l)2  (3"+‘ + 1) 


lim 


= lim 


I f 4x7  i ■ ’+-()  ( l -7 :3  T i l 1 m | 

oo  \ 4n2  + 8n  4-  4 J (3  + 3-")  ' 3 3 ^ 


63.  Ratio:  lim  — = lim 


• m = lim  (— tt)P  = lp  = 1 =>  no  conclusion 

1 n m oo  Vn  + \) 


11111  11111  , , 1 \n 

n — > oo  an  n — > oo  (n  + l)p 

Root:  lim  y/aT  = lim  \ T = lim  , „L.»  = tts  = 1 =>  no  conclusion 

nmooV  n nmooVnP  nmoo  ({/n)  (Dp 


64.  Ratio:  lim  — = lim 

n — > 00  an 


1 (ln  n)p  _ 

nm'oo  (ln(n+l))P  ' 1 - 


lim 


In  n 


oo  In  (n+  1) 


lim 

n^°°  (e+t) 


(n!il 


= lim 

■ oo 


= (l)p  = 1 =>  no  conclusion 


Root:  lim  y/Ti  = lim  « , 

n — > oo  V 11  n — > oo  V (|n  n)p 


; let  f(n)  = (In  n)1/",  then  ln  f(n)  = 


lim  (Inn)1/" 

xn— >oo  v 

=>  lim  ln  f(n)  = lim  ln(lnn)  = lim  i"Jpl  = iim  — f—  = 0 =>  lim  (ln  n)1//n 

n — > oo  n ^ oo  n n ^ oo  1 n ^ oo  n in  n n ^ oo 

= lim  elnf(n)  = e°  = 1;  therefore  lim  = 


• oo 

1 


lim  (Inn)1/11) 


(Dp  1 


no  conclusion 


■j*)' 


65.  an  < ^ for  every  n and  the  series  ^ converges  by  the  Ratio  Test  since  lim  1“nl(11) 

n=l 


oo 

=>  an  converges  by  the  Direct  Comparison  Test 

n=  1 


£ = I < i 

n 2 ^ 
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66.  > o for  all  n > 1 ; lim 


OO  2 

= oo  > 1 =$■  fr  diverges 


2^  ' £)  = 21“  (^)  = 2“  (S^r)  = 


10.6  ALTERNATING  SERIES,  ABSOLUTE  AND  CONDITIONAL  CONVERGENCE 

1.  converges  by  the  Alternating  Convergence  Test  since:  un  = > 0 for  all  n > 1;  n > 1 =>  n + 1 > n =>  \J n + 1 > y/n 

=>  / , < 1 -=>  un+i  < un;  lim  un  = lim  -L  = 0. 

\A-H  - xA  moo  mooA 

OO  oo 

2.  converges  absolutely  =>  converges  by  the  Alternating  Convergence  Test  since  an  | — Aj  which  is  a 


n=l  n=l 


convergent  p-series 


3.  converges  =>  converges  by  Alternating  Series  Test  since:  un  — ^ > 0 for  all  n > 1;  n > 1 =>  n + 1 >n=>  3n+1  > 3n 
=»  (n+  l)3n+1  > n 3n  =»  , .A^+i  < ^ =»  un+i  < un:  limu„  = lim  4^  = 0. 

v *1T  J n— >oo  n^oo 


4.  converges  =>-  converges  by  Alternating  Series  Test  since:  un  = 4 2 > 0 for  all  n > 2;  n > 2 n + 1 > n 


^>ln(n+l)  > Inn  =£■  (ln(n+l))2  > (Inn) 
lim  un  = lim  -A-,  = 0. 

n— >oo  n— xx)  dn  nJ 


2 _v  1 


(In (n-f  1))  - (Inn)  (ln(n+l))2  - (Inn)' 


u„+i  < un; 


5.  converges  =>  converges  by  Alternating  Series  Test  since:  un  = ||2"  t > 0 for  all  n > 1;  n > 1 =>  2n2  + 2n  > n2  + n + 1 

=>  n3  + 2n2  + 2n  > n3  + n2  + n + 1 =>  n(n2  + 2n  + 2)  > n3  + n2  + n + 1 =>  n((n  + l)2  + l)  > (n2  + l)(n+  1) 


n \ n+1 

n2  + l — (n+l)2+l 


=>  un+i  < un;  lim  un  = lim  = 0. 


n— >oo  n— >oo 


6.  diverges  =>  diverges  by  nth  Term  Test  for  Divergence  since:  lim  ") ~ 3 — 1 =>  lim  (—  1 j"  1 ")  | ) — does  not  exist 

n — vrvx  “ ' ^ n — irv-i  D it1 


7.  diverges  =>  diverges  by  nth  Term  Test  for  Divergence  since:  lim  ^ = oo  =>■  lim  (— l)n+1 = does  not  exist 


8.  converges  absolutely  =>  converges  by  the  Absolute  Convergence  Test  since  lan|  = JZ  (T+T)]’  which  converges  by  the 


n=l  n=l 


Ratio  Test,  since  lim  — = lim  -jL  = 0 < 1 

n — w-v-x  an  n — xrvo  n “T  z 


9.  diverges  by  the  nth-Term  Test  since  for  n > 10  fg  > 1 =>■  nlim  (yg)n^0  =>  jP  l)n+1  (yg)"  diverges 

11=1 

10.  converges  by  the  Alternating  Series  Test  because  f(x)  = In  x is  an  increasing  function  of  x =>  4^  is  decreasing 
=>  un  > un+i  for  n > 1 ; also  un  > 0 for  n > 1 and  n lim^  4^  = 0 

11.  converges  by  the  Alternating  Series  Test  since  f(x)  = ^ =>•  f'(x)  = 1 ~ if1  x < 0 when  x > e =>  f(x)  is  decreasing 

ft) 

=$■  un  > un+r ; also  un  > 0 for  n > 1 and  lim  un  = lim  — = lim  -4Z.  — q 

II  _ n+i>  11  _ — n — > QO  n ^ oo  n n — oo  1 


Copyright  © 2010  Pearson  Education  Inc.  Publishing  as  Addison-Wesley. 


Section  10.6  Alternating  Series,  Absolute  and  Conditional  Convergence  603 


12.  converges  by  the  Alternating  Series  Test  since  f(x)  = In  (1  + x x)  =>  f'(x)  = x(x|  < 0 for  x > 0 =>  f(x)  is  decreasing 


u„  > un+i;  also  un  > Oforn  > 1 and  nlmio  un  = n hm^  In  (l  + 1)  = In  ^hm^  (l  + 5))  = In  1 = 0 


fl  j ^ 

13.  converges  by  the  Alternating  Series  Test  since  f(x)  = ^ 3 


f'(x)  = 2 A(x+^  < 0 ^ f(x) is  decreasing 


un  > un , 1 ; also  un  > 0 for  n > 1 and  lim  un  = lim  1 = 0 

^ — n— >00  n^oon+1 


3,/1  + i 


14.  diverges  by  the  nth-Term  Test  since  lim  y-n  , = lim  v 3 =3^0 

° J n — > 00  •yn  + l n — > oo  i + (J_)  ' 


WiJ 


OO  OO  ^ 

15.  converges  absolutely  since  Y2  |an|  = Y2  (tTi)  a convergent  geometric  series 


16.  converges  absolutely  by  the  Direct  Comparison  Test  since 
of  a convergent  geometric  series 


(-l)n+1(0.1)° 


= < ( -j^)n  which  is  the  nth  term 


OO  OO 


17.  converges  conditionally  since  > 0 and  nlim^  -^  = 0 =>  convergence;  but  X]  lanl  — S 


n — > oo  vn 


n=l  n=l 


1/2 


is  a divergent  p-series 


18.  converges  conditionally  since  y^-^=  > t + y n + 1 > 0 and  nlimo  = 0 =>■  convergence;  but 

CO  OO  OO 

V |a„|  = V — x—r  is  a divergent  series  since  1 r > —4=  and  V -A  is  a divergent  p-series 

n=l  n=l  1 + Vn  1+Vn  n=l  " 


OO  oo 

19.  converges  absolutely  since  Y2,  |an|  = Y2  yqrf  and  y/yy  < yj  which  is  the  nth-term  of  a converging  p-series 

11=1  11=1 


20.  diverges  by  the  nth-Term  Test  since  n lirn^  , if  = 00 

oo 

21.  converges  conditionally  since  n|3  > (n  + })  + 3 > 0 and  ^ hrry  yjy  = 0 =>■  convergence;  but  Y2  lan| 

n=l 

oo  oo 

= Y2  ylpy  diverges  because  n/3  > A and  Y1  y is  a divergent  series 
11=1  n=l 


oo 

22.  converges  absolutely  because  the  series  Y2  | yp5 1 converges  by  the  Direct  Comparison  Test  since  | | < 4 

11=1 


23.  diverges  by  the  nth-Term  Test  since  ^ liny  — 1^0 


24.  converges  absolutely  by  the  Direct  Comparison  Test  since 
of  a convergent  geometric  series 

25.  converges  conditionally  since  f(x)  = yi  + ; f'(x)  = — + 4?)  <0  =>  f(x)  is  decreasing  and  hence 

OO  OO 

un  > un+1  > 0 for  n > 1 and  nljmo  (;p  + 5)  = 0 =>  convergence;  but  Y2  lan|  = Y2  yyr 

11=1  11=1 

OO  OO 

= Y2  i -I  Y2  j is  the  sum  of  a convergent  and  divergent  series,  and  hence  diverges 

n=l  n= 1 


(— 2)n+1 
n+5" 


= AA  < 2 (|) n which  is  the  nth  term 
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26.  diverges  by  the  nth-Term  Test  since  lim  a„  = lim  10l/n  = I 4 0 

° J n — » oo  n — ► oo 


27.  converges  absolutely  by  the  Ratio  Test:  nlim 

28.  converges  conditionally  since  f(x)  = —4—  f'(x)  = 


(SfO  = lim 

r (n+l)2  (|)n+1l 

\ u n J n — > oo 

n2 (5)“ 

x In  x 

U„  > un+1  > 0 for  n > 2 and  n litti^  - ^ n — 0 =>  convergence;  but  by  the  Integral  Test, 


[In  (x)  + 1 
(x  In  x )“ 


< 0 


= 2 < 1 
3^1 


f(x)  is  decreasing 


f xtx  = b ^ £ ( Lx  ) dx  = . lim . [ln  On  *)];  = u lim  [In  (In  b)  - In  (In  2)]  = oo 


b — > oo 


b — > oo 


E I a»  | = E diverges 

n=l  n=l 


29.  converges  absolutely  by  the  Integral  Test  since 


= lim 

b — > oo  L 


(tan  1b)2  — (tan  1 1)^ 


(I)5 


x)  C4*)  dx 

- 37T2 
" 32 


lim 

b — > oo 


b 

1 


30.  converges  conditionally  since  f(x)  = 


= (l)(x  — Inx)  — (lnx)(l  — () 

x ' (x  — In  x)2 


1-  irix  _lnx+  ^ 


1 - ln 

(x  — ln  x)‘ 


34  < 0 =>  un  > un+i  > 0 when  n > e and  lim 


In  n 


(x-lnx)2 

(t) 

= n lim^  - = 0 =>■  convergence;  but  n — ln  n < n 


n— In  n 


> 4 


11111  , 

n —>  00  n - ln  n 

ln.n  > - so  that 

n— In  n n 


^2  | an  | = ^2  diverges  by  the  Direct  Comparison  Test 

n=l  n=l 


31.  diverges  by  the  nth-Term  Test  since  n hm^  = 1^0 


32.  converges  absolutely  since  E lan|  — E (j)"  is  a convergent  geometric  series 


n=l  n=l 


33.  converges  absolutely  by  the  Ratio  Test:  n Hm^  (^)  = n Hn^  -pii=n¥«  SETT  = 0 < 1 


34.  converges  absolutely  by  the  Direct  Comparison  Test  since  ^ |an|  = ^ n2  + ]a  1 and  n,  (n  t ^ which  is  the 
nth-term  of  a convergent  p-series 


n=l  n=l 


n=l  n=l 


35.  converges  absolutely  since  E lan|  — E 0 = ^ ^ is  a convergent  p-series 


36.  converges  conditionally  since  J]  cosmr  = 1 — - is  the  convergent  alternating  harmonic  series,  but 

n=l  n=l 

00  00 

E lan|  = E 5 diverges 

n=l  n=l 


v\  V” 


37.  converges  absolutely  by  the  Root  Test:  nlimo  \/ | a„  = n Mm^  j = nlm_  !1^t  = y < 1 
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38.  converges  absolutely  by  the  Ratio  Test:  nlim<. 


an+l 


((n  + 1)!)2  (2n)l  _ ,•  (n  + 1)2  1 ^ r 

n^Poo  «2n  + 2)!)  (n!)2  n“  co  (2n  + 2)(2n+l)  4 ^ 


= lim 


39.  diverges  by  the  nth-Term  Test  since  lim  |an|  = lim  Y'Y  — lim 

° J n ^ oo  11  n ^ oo  2nn!n  n — > o 


(n  + l)(n  + 2)---(2n) 


oo  2nn 


= lim 

n — > oo 


(n+  l)(n  + 2)---(n  + (n—  1)) 
2n_1 


> lim  (!i±i)n  1 =oo^0 
n^oo  ' 2 / ' 


40.  converges  absolutely  by  the  Ratio  Test:  n bm^ 


an+l 


= lim 


(n+  1)!  (n+  1)!  3n+1  (2n+l)! 


n “oo  (2n  + 3)! 


n!  n!  3n 


= lim 


(n  + 1 r 3 


n 00  (2n  + 2)(2n  + 3)  “ 4 


= 4 < l 


41.  converges  conditionally  since  v/n+l — — • v'/Pl-1  + 2/1l  — 1 — — and  ( , 1 — T X is  a 

& J 1 yn  + l + y5  i/n+l  + v/n  (yn+l  + ySJ 

decreasing  sequence  of  positive  terms  which  converges  to  0 =>  Y J + \ + j~  converges;  but 


Y an  = Y /n  + l + ^/n  diverges  by  the  Liinit  Comparison  Test  (part  1)  with  a divergent  p-series: 


n=l  n=l 


lim  I v'°+1+  '/'n  = lim  , v‘ — T — * . 

n ^ oo  1 -V  n ^ oo  yn  + 1 + ^/n  n— > oo  ,/ixi 


= lim 


l + r +1 


42.  diverges  by  the  nth-Term  Test  since  n lin^  ^y/n2  + n — n j = nlmi0  ^ y6i2  + n — nj  • ^ ) 

= lim  -j-z i — = lim  , 1 — = \ ^ 0 

n-too  n2+n+n  n — > oo  /1+l+1  2 ' 


43.  diverges  by  the  nth-Term  Test  since  n lim^  ^ \J n + y/n  — y/n  j — n Hrn^  ^ ^/n  + y/n  — y^n  j ^ ^ 


lim  —7 - 

n ~ ^ 00  ^ n+^+CH 

conditionally  since  | yii  + ^/n+1 1 is  a decreasing  sequence  of  positive  terms  converging 

^ iNn  ( , A , , ) .a; 


-4-4 = = lim  — 4 = 5^0 

n^°°  v1  + 7s  + 1 2 


44.  converges 

oo  ( i . 

=>  Y ‘-1j  converges;  but  lim  V v/°+  v'°+ 1 )_  _ v^  = lim  — 7—  = 7 

Cl  yn+Vn+l  D n — > oo  n — > 00  yn+yn+1  n — > oo  i+ ./i+l  2 

n_1  VvV  * n 

CXD  OO 

so  that  Y y- ~ y n — - diverges  by  the  Limit  Comparison  Test  with  J]  which  is  a divergent  p-series 


;ing  to  0 


2 — 2e”  < % = 4 which  is  the 


45.  converges  absolutely  by  the  Direct  Comparison  Test  since  sech  (n)  = e„ — g_„  = e2n+ 1 . c_n  e, 
nth  term  of  a convergent  geometric  series 


46.  converges  absolutely  by  the  Limit  Comparison  Test  (part  1):  Y lan|  — Y «~  -n 

n=l  n=l 

Apply  the  Limit  Comparison  Test  with  -3,  the  n-th  term  of  a convergent  geometric  series: 


lim 

n — > 00 


= lim 


2en 


= lim 


111X1  n _n  11111  , 

n ^ oo  en  — e n n ^ oo  1 - e 


= 2 


47.  \ — ^ | — llj  + 12  “ 15  + • • • ~ Z)  2(n  + 1) ; converges  by  Alternating  Series  Test  since:  un  = 2(^r+T)  > ^ f°r  n — ^ 

n=l 

n + 2 > n + 1 =*►  2(n  + 2)  > 2(n  + 1)  =>  2((n+11)  + 1)  < 2(5+1)  =*  un+i  < un;  limun  = = 0. 


Copyright  © 2010  Pearson  Education  Inc.  Publishing  as  Addison-Wesley. 


606  Chapter  10  Infinite  Sequences  and  Series 


AO  | | 1 l J__i j__i j_  J_  1 | 

1 ^ 4 9 16  25  ' 36  49  64  "r 

which  is  a convergent  p- series 
49.  | error | < |(— l)6  (5)  | =0.2 


= ]Pan;  converges  by  the  Absolute  Convergence  Test  sincej^  |an|  = jp 


n=l  n=  1 


50.  | error | < |(— l)6  (w)  | =0.00001 


51.  I errorl  < 


(-D 


6 (Q.oir 

5 


= 2 x 10 


-11 


52.  | error | < |(-l)4t4|  = t4  < 1 


53.  |error|  < 0.001  =>  un+i  < 0.001 


l-T—  < 0.001  =>  (n  + l)2  + 3 > 1000  =>  n > -1  + y/997  « 30.5753  =>  n > 31 

(n+ 1)  +3  v 7 


54.  | error | < 0.001  =►  un+i  < 0.001  =>  (p  °+21_i  < 0.001  =►  (n  + l)2  + 1 > 1000(n  + 1)  =>  n > 998+^998? +4(998). 


998.9999  =)>  n > 999 


55.  |error|  < 0.001  =>  un+i  < 0.001 


1 / , < 0.001  =»  f(n  + 1)  + 3-v/ n + lV  > 1000 

((n  + 1)  + 3\/n+T)3  V ' V j 


n + l)2  + 3 v7  n + l-10>0=t>v/n+1  = = 


2=>n  = 3=t>n>4 


56.  | error | < 0.001  =>  un+1  < 0.001  =>  |n(ln(‘  + 3))  < 0.001  =*►  ln(ln(n  + 3))  > 1000  =>  n > -3  + e6'000  « 5.297  x 10323228467 
which  is  the  maximum  arbitrary-precision  number  represented  by  Mathematica  on  the  particular  computer  solving  this 
problem.. 

57.  (Sb!  < !§«  =>  (2n) ! > ^ = 200,000  =»  n > 5 =►  1 - h + h.  ~il  + gf  ~ 0.54030 

58.  nl<w  =►  f<n!  =>n>9=»  + + + + 0.367881944 

59.  (a)  an  > an+i  fails  since  5 < 

OO  OO  OO  OO 

(b)  Since  lan|  = E [G)n+(i)n]  = E (5)”  + E ( \) ” is  the  sum  of  two  absolutely  convergent 

n=l  n=l  n=l  n=l 

series,  we  can  rearrange  the  terms  of  the  original  series  to  find  its  sum: 

flj.lj.il.  \ fl  + 1 + 4 \ _ _ii) (|)_  — I _ 1 — _ I 

V3^9  = 27  = ''/  V2=4'8='*'/  1 — (4)  1 - (1)  “ 2 4^  2 

60.  s20  = 1 - \ + | - \ + . . . + ^ - A ~ 0.6687714032  =>  s20  + i • i « 0.692580927 

oo 

61.  The  unused  terms  are  J]  (-l^a,  = (-l)n+1  (an+1  - an+2)  + (-l)n+3  (an+3  - an+4)  + . . . 

j=n+l 

= (— 1)“+1  [(an+i  — an+2)  + (an+3  — an+4)  + ...].  Each  grouped  term  is  positive,  so  the  remainder 
has  the  same  sign  as  (— 1)“+1,  which  is  the  sign  of  the  first  unused  term. 


69  s - 2_  + 2_  + 2_  + J 1 — V 1 — V fi 1—1 

u—  sn  1-2  = 2-3  ' 3-4  ' ~ n(n+l)  2^  k(k+l)  2_^  Vk  k+ll 

k=l  k=l 


= (!  - \)  + (l  ~ 5)  + G - ?)  + (?  - 5)  + • • • + (5  “ STl)  which  are  the  first  2n  terms 

of  the  first  series,  hence  the  two  series  are  the  same.  Yes,  for 

Sn  = E (^  - E^r)  = (1  - I)  + (I  - I)  + (I  - J)  + a - I)  +—  + (iT^T  - D + (i-*  h^t)  = 1 - sir 
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=>  lim  sn  = lim  (l f-r)  = I =4-  both  series  converge  to  1.  The  sum  of  the  first  2n  + 1 terms  of  the  first 

n— >oo  n— Joo'-n  + iy  & 

series  is  ( 1 f-r ) H — f-r  = 1 . Their  sum  is  lim  sn  = lim  ( 1 f-r ) = 1 . 

V n + l/'n+l  n ^ oo  moo  \ n + 1 / 


63.  Theorem  16  states  that  E lan|  converges  =4-  E an  converges.  But  this  is  equivalent  to  E an  diverges  =4-  E |an|  diverges 


64.  |ai  + a2  + . . . + an|  < |ai|  + | a2 1 + • • • + |an|  for  all  n;  then  E lan|  converges  =>■  E an  converges  and  these  imply  that 

n=l  n=l 


E an 

n=l 


< E lan  I 

n=l 


oo 

65.  (a)  E lan  + bn|  converges  by  the  Direct  Comparison  Test  since  |an  + bn|  < |an|  + |bn|  and  hence 

n=l 

oo 

E (an  + bn)  converges  absolutely 

n=l 


n=l 

oo  oo  oo 

(b)  E |bn|  converges  =>  E “bn  converges  absolutely;  since  E an  converges  absolutely  and 

n=l  n=l  n=l 

oo  oo  oo 

E- bn  converges  absolutely,  we  have  E [an  + ( — bn)]  = E (an  — bn)  converges  absolutely  by  part  (a) 


n=i  n=i 

oo  oo 

; absolutely,  we  have  E [an  + ( — bn)]  = E (an  — bn)  converges  ; 

ii— ± n=l  n=l 

oo  oo  oo  oo 

(c)  E I an I converges  =4-  |k|  EZIan|  — EZ|kan|  converges  =>•  Ekan  converges  absolutely 

n=l  n=l  n=l  n=l 


66.  If  an  = bn  = (-1)“  , then  E (— l)n  |g  converges,  but  E anbn  = E s diver8es 


67.  si  — — |,S2  — — ^ + 1 — E 
s3  = - \ + 1 

■ 3 


2 1 A 2 ' 

l l l l l l L 

4 6 8 10  12  14  16 


1 1_ 

18  20 


22 


S4  = S3  + 4 « —0.1766, 


1 1 j 1 1 1 1 j 1 1 l 

5,4  24  26  28  30  32  34  36  38  40  42  44 


s6  — s5  + 5 ~ —0.312, 


_ „ l l l l l l l 1 l l L 

*7  46  48  50  52  54  56  58  60  62  64  66 


0.4] 

0.2- 


-0.2' 

-0.4- 


y = 1/2 


-0.5099, 

-0.512, 

-0.51106 


68.  (a)  Since  E lan|  converges,  say  to  M,  for  e > 0 there  is  an  integer  Ni  such  that 


Ni  — 1 

E lan|  -M 

n=l 


< f 


N,  — 1 

/Ni-1  oo  \ 

oo 

E |an|- 

E |an|  + E |a„| 

< f 

-E  lanl 

n=l 

\ n=l  n=N1  J 

n=Ni 

< | E I an  | < | ■ Also,  E an 

n=Nj 


converges  to  L 4=>  for  e > 0 there  is  an  integer  N2  (which  we  can  choose  greater  than  or  equal  to  Ni)  such 

00 

that  |sn2  — L|  < | . Therefore,  E lan | < § and  |sN2  — L|  < | . 

n=N, 


Copyright  © 2010  Pearson  Education  Inc.  Publishing  as  Addison-Wesley. 


608  Chapter  10  Infinite  Sequences  and  Series 


(b)  The  series  Y lan|  converges  absolutely,  say  to  M.  Thus,  there  exists  Ni  such  that 


E lan|  -M 


< e 


whenever  k > Ni.  Now  all  of  the  terms  in  the  sequence  { | bn | } appear  in  { | an | } - Sum  together  all  of  the 
terms  in  { |bn | },  in  order,  until  you  include  all  of  the  terms  {|an|}^p  and  let  N2  be  the  largest  index  in  the 


sum  E | bn  | so  obtained.  Then 

n=l 


n2 

E |b„| 

n=l 


M 


< e as  well 


E|bn|  converges  to  M. 

n=l 


10.7  POWER  SERIES 


OO 

<1  =+  |x|  < 1 =>  — 1 < x < 1;  when  x = — 1 we  have  Y (—1)”,  a divergent 

n=l 

series;  when  x = 1 we  have  Y 1,  a divergent  series 

n=  1 

(a)  the  radius  is  1 ; the  interval  of  convergence  is  — 1 < x < 1 

(b)  the  interval  of  absolute  convergence  is  — 1 < x < 1 

(c)  there  are  no  values  for  which  the  series  converges  conditionally 


1.  lim 

Un+1 

E 

it 

V 

x°+! 

n — > 00 

Un 

n — >00 

xn 

2.  lim 

Un+1 

E 

it 

V 

(x  + 5)°+1 

n — > 00 

Un 

n — >00  | 

(x  + 5)n 

<1  =>  lx  + 51  < 1 =>  —6  < x < —4;  when  x = —6  we  have 


E (—  l)n,  a divergent  series;  when  x = -4  we  have  Y 1 , a divergent  series 
11=1  11=1 


(a)  the  radius  is  1;  the  interval  of  convergence  is  —6  < x < —4 

(b)  the  interval  of  absolute  convergence  is  —6  < x < —4 

(c)  there  are  no  values  for  which  the  series  converges  conditionally 


3.  lim 

Un+1 

E 

it 

V 

(4x+  l)n+1 

n — > 00 

Un 

n — >00  | 

(4x+  l)n 

OO 

OO 

OO 

< 1 =*-  |4x+  1|  < 1 


1 < 4x  + 1 < 1 


\ < x < 0;  when  x = — \ 


have  Y ( — 1 )n( — l)n  = E (—  l)2n  = E ln>  a divergent  series;  when  x = 0 we  have  Y ( — l)n(l)n  = E (“l)"’ 

11=1  n=l  n=l  n=l  n=l 


a divergent  series 

(a)  the  radius  is  \ ; the  interval  of  convergence  is  — I <x<0 

(b)  the  interval  of  absolute  convergence  is  — I <x<0 

(c)  there  are  no  values  for  which  the  series  converges  conditionally 


4. 


<1  =>  |3x-2|nlimo  (^)<1  =*  |3x  — 2|  < 1 

00  n 

— 1 < 3x  — 2 < 1 =>  i <x  < I ; when  x = | we  have  E ^r-  which  is  the  alternating  harmonic  series  and  is 

n=l 

00 

conditionally  convergent;  when  x=lwe  have  E “ • the  divergent  harmonic  series 

n=l 

(a)  the  radius  is  | ; the  interval  of  convergence  is  | < x < 1 

(b)  the  interval  of  absolute  convergence  is  | < x < 1 

(c)  the  series  converges  conditionally  at  x = | 


lim 

1 — > (X) 


Un+1 


< 1 => 


lim 

1 — > OO 


(3x  - 2)I+1 


(3x  — 2)n 


5.  lim 

n — > 00 


Un+1 


< 1 =>  lim 

n — » 00 


(x  - 2)°+1 


10° 


10°+ 1 


(x  — 2)° 


< 1 =>.  <1  =>  |x  — 2|  < 10  =>  -10  < x - 2 < 10 


— 8 < x < 12;  when  x = —8  we  have  Y 1 — 1 )" , a divergent  series;  when  x = 12  we  have  El  • a divergent  series 

n=l  n=l 


(a)  the  radius  is  10;  the  interval  of  convergence  is  —8  < x < 12 

(b)  the  interval  of  absolute  convergence  is  —8  < x < 12 

(c)  there  are  no  values  for  which  the  series  converges  conditionally 


we 
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6. 


lim 

n — > <x) 


< 1 =>  lim 

n — > oo 


(2x)n+1 


(2x)” 


Y ( — 1)",  a divergent  series;  when  x 

n=l 


< 1 =>  lim  |2x|  < 1 =>  |2x|  < 1 =>  — 

n — > OO  1 1 11 

OO 

= i we  have  Y 1 - a divergent  series 

n=l 


(a)  the  radius  is  | ; the  interval  of  convergence  is  — \ <x<  \ 

(b)  the  interval  of  absolute  convergence  is  — I <x<  I 

(c)  there  are  no  values  for  which  the  series  converges  conditionally 


< x < | ; when  x = 


we  have 


7.  lim 

Un+1 

< 1 =>  lim 

(n+l)xn+1  (n  + 2) 

n — > oo 

un 

n — > oo 

(n  + 3)  nxn 

< 1 


Ixl  lim  (°+!x,°+>2)  < 1 =►  Ixl  < 1 

1 1 n — > oo  (n  + 3)(n)  ^ 11 


-1  < x < 1;  when  x = — 1 we  have  Y ( — l)n  pp- , a divergent  series  by  the  nth-term  Test;  when  x = 1 we 

n=l 


oo 

have  Y ppi » a divergent  series 

n=  1 

(a)  the  radius  is  1;  the  interval  of  convergence  is  — 1 < x < 1 

(b)  the  interval  of  absolute  convergence  is  —1  < x < 1 

(c)  there  are  no  values  for  which  the  series  converges  conditionally 


<1  =>•  |x  + 2|  nlirno  ( ^)  < 1 =»  |x  + 2|<l 

OO 

=>  — 1 < x + 2 < 1 =>  — 3 < x < — 1;  when  x = — 3 we  have  Y a divergent  series;  when  x = — 1 we  have 

n=l 

~ Llf 

Y - — — , a convergent  series 

n=l 

(a)  the  radius  is  1;  the  interval  of  convergence  is  — 3 < x < — 1 

(b)  the  interval  of  absolute  convergence  is  — 3 < x < — 1 

(c)  the  series  converges  conditionally  at  x = — 1 


8. 


lim 

n — > <x) 


Un+l 


< 1 => 


lim 

n — » oo 


(x  + 2)n+1 
n+1 


(x  + 2)" 


9. 


lim 

1 — > (X) 


< 1 => 


lim 

1 — > 00 


(n  + 1)V0TT3"+1 


nx/n3“ 


< 1 =»  f 


Gu 


lim 

oo 


I I oo 

=>  '-j-  (1)(1)  <1  =>■  |x|  < 3 =>  — 3 < x < 3;  when  x = — 3 we  have  Y 


OO 

when  x = 3 we  have  Y l'>  > a convergent  p-series 
11=1 

(a)  the  radius  is  3;  the  interval  of  convergence  is  — 3 < x < 3 

(b)  the  interval  of  absolute  convergence  is  — 3 < x < 3 

(c)  there  are  no  values  for  which  the  series  converges  conditionally 


(J  lim 

n+v  \V  n > 00  n + 1/ 


< 1 


/ I \n 

n,/2  , an  absolutely  convergent  series; 


10.  lim 

n — » oo 


< 1 lim 

n — » oo 


(x-1)- 


< 1 


lim  < 1 

n — > oo  n+  1 


H < i 


Vn+  1 (x  — l)n  | 

“ / 1\n 

— 1 < x — 1 < 1 =>  0<x<2;  when  x = 0 we  have  Y —nr-  a conditionally  convergent  series;  when  x = 2 

n=l 

oo 

we  have  Y t/j  . a divergent  series 

n=l 

(a)  the  radius  is  1 ; the  interval  of  convergence  is  0 < x < 2 

(b)  the  interval  of  absolute  convergence  is  0 < x < 2 

(c)  the  series  converges  conditionally  at  x = 0 


11. 


lim 

n — » oo 


< 1 =» 


lim 

n — > oo 


(n  + 1)!  x” 


< 1 


lim  ( — Jtj)  < 1 for  all  x 

n — > oo  Vn+  1/ 


(a)  the  radius  is  oo;  the  series  converges  for  all  x 
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(b)  the  series  converges  absolutely  for  all  x 

(c)  there  are  no  values  for  which  the  series  converges  conditionally 

<1  =>•  3 Ixl  lim  (— C)  < 1 for  all  x 

1 'n— >ooVn+l2 

(a)  the  radius  is  oo;  the  series  converges  for  all  x 

(b)  the  series  converges  absolutely  for  all  x 

(c)  there  are  no  values  for  which  the  series  converges  conditionally 


12.  lim 

n — > oo 


Un+l 


< 1 => 


lim 

n — » oo 


3n+1  xn+1  n! 
(n+  1)!  ‘ 3nx“ 


< 1 =>  x2  lim  (-£r)  = 4x2  < 1 =>  x2  < j 

n — » oo  ^n+  1 / 4 

OO  n OO 

=>  — i < x < f ; when  x = — \ we  have  E (~  5)  =Ei’a  divergent  p-series;  when  x = + we  have 

n=l  n=l 

oo  ~ oo 

E ^(i)“n  = E a divergent  p-series 

n=l  n=l 

(a)  the  radius  is  j ; the  interval  of  convergence  is  <x<  \ 

(b)  the  interval  of  absolute  convergence  is  <x<  \ 

(c)  there  are  no  values  for  which  the  series  converges  conditionally 


13. 


lim 

n — > <x) 


Un+l 


< 1 => 


lim 

n — » oo 


4n+lx2n+2 

n+1 


4“  x2r 


14.  lim 

n — > oo 


un+i 


< 1 =>  lim 

n — ► oo 


(x  - l)n+1  n2  3n 


(n+  l)23n+1  (x-l)n 


< 1 =>  lx  — 1 1 lim 

1 1 n — > oo 


(xn+Tj5)  ~ 1IX  _ *1  < 1 


=>  — 2 < x < 4;  when  x = —2  we  have  ^ , an  absolutely  convergent  series;  when  x = 4we  have 

n=l  n=l 


/"j\n  1 

E piji  — E iE  an  absolutely  convergent  series. 

n=l  n=l 


(a)  the  radius  is  3;  the  interval  of  convergence  is  —2  < x < 4 

(b)  the  interval  of  absolute  convergence  is  —2  < x < 4 

(c)  there  are  no  values  for  which  the  series  converges  conditionally 


15.  lim 

n — > oo 


Un+l 


< 1 =>  lim 

n — * oo 


V <n  I 1?  + 3 


\/n-  + 3 


< 1 =>  Ixl 


lim 

n — > oo  n2  + 2n  + 4 


< 1 


Ixl  < 1 


/ i \n 

=>  — 1 < x < 1;  when  x = — 1 we  have  E y 2^3  > a conditionally  convergent  series;  when  x = 1 we  have 

OO 

E / l , a divergent  series 

n=l  vn  +3 


(a)  the  radius  is  1 ; the  interval  of  convergence  is  — 1 < x < 1 

(b)  the  interval  of  absolute  convergence  is  — 1 < x < 1 

(c)  the  series  converges  conditionally  at  x = — 1 


16.  lim 

n — > <X) 


Un+l 


< 1 =>  lim 

n — > oo 


\/(n  + 1 ]- 


yg  + 3 


< 1 =>  |x| 


ljm  , nL1  + 3 
n — » oo  n2  + 2n  + 4 


< 1 


|x|  < 1 


— 1 < x < 1 ; when  x = — 1 we  have  E 


tx  ^+3 


, a divergent  series;  when  x = 1 we  have  E 


(-Dn 


tx 


a conditionally  convergent  series 

(a)  the  radius  is  1 ; the  interval  of  convergence  is  — 1 < x < 1 

(b)  the  interval  of  absolute  convergence  is  — 1 < x < 1 

(c)  the  series  converges  conditionally  at  x = 1 
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17.  lim 

n — > oo 


< 1 =>  lim 

n — * oo 


(n+l)(x  + 3)n+1 


5"J  1 


5" 


n(x  + 3)n 


< 1 


|x±3| 


lim  ( 11 + 1 ) < 1 

n — > oo  V n / 


lx  + 3| 


< 1 


|x  + 3|  < 5 


-5<x  + 3<5  =>■:  — 8 < x < 2;  when  x = —8  we  have  n(5n5)  = E (—  1)”  n,  a divergent 


OO  OO 

series;  when  x = 2we  have  ^ n,  a divergent  series 

n=  1 n=l 

(a)  the  radius  is  5;  the  interval  of  convergence  is  —8  < x < 2 

(b)  the  interval  of  absolute  convergence  is  —8  < x < 2 

(c)  there  are  no  values  for  which  the  series  converges  conditionally 


18. 


lim 

1 — > oo 


Un+1 

<r"  1 — lim 

(n+  l)xn+1 

4n(n2  + l) 

1 — hi  lim 

(n  4- 1)  fn2  4- 1) 

un 

\ 1 7 11111 

n — > oo 

4”+1(n2  + 2n  + 2) 

nxn 

\ 1 7 A 11111 

4 n — ► oo 

n (n2  + 2n  + 2) 

< 1 


Ixl  <4 


4 < x < 4;  when  x = —4  we  have  % jy  , a conditionally  convergent  series;  when  x = 4 we  have 


n=  1 

a divergent  series 

(a)  the  radius  is  4;  the  interval  of  convergence  is  —4  < x < 4 

(b)  the  interval  of  absolute  convergence  is  —4  < x < 4 

(c)  the  series  converges  conditionally  at  x = —4 


E 


n=l 


n 

n2  + 1 ’ 


19. 


lim 

n — > oo 


Un+l 

1 —v  lim 

7n+  lxn+1 

3“ 

Un 

\ 1 7 11111 

n — > oo 

3n+i 

x/nx” 

< 1 T t/n^oo  (^)  < 1 =*  W < 1 =*  |X|  < 3 


-3  < x < 3;  when  x = — 3 we  have  ^ (— l)nx/n,  a divergent  series;  when  x = 3 we  have  \J n>  a divergent  series 


n=l  n=l 

(a)  the  radius  is  3;  the  interval  of  convergence  is  — 3 < x < 3 

(b)  the  interval  of  absolute  convergence  is  — 3 < x < 3 

(c)  there  are  no  values  for  which  the  series  converges  conditionally 


20.  lim 

n — > oo 


Un+l 


< 1 =>  lim 

n — > oo 


n+yn  + 1 (2x+5)n+1 
t/S(2x+5)n 


I2X  + 5I 


lim  -if\. 


<1  =>  I 2x - 


<1  =>  |2x  + 5|0limo(13fS)<l 
5 1 < 1 =>  — 1<2x4-5<1  =>  — 3 < x < —2;  when  x = — 3 we  have 


OO  OO  

^2  (—1)  Aj/n,  a divergent  series  since  lim  ^/n  = 1;  when  x = —2  we  have  ^/n,  a divergent  series 

n=l  n=l 

(a)  the  radius  is  the  interval  of  convergence  is  — 3 < x < —2 

(b)  the  interval  of  absolute  convergence  is  — 3 < x < —2 

(c)  there  are  no  values  for  which  the  series  converges  conditionally 


21.  First,  rewrite  the  series  as  (2  + ( — 1 )n) (x  4-  l)n  — 2(x  4-  l)n  4-  (—  l)n(x  + 1)”  • For  the  series 

n=l  n=l  n=l 


\n-l 


1 : lim 

Un+l 

< 1 =+  lim 

2(x+l)n 

n — > oo 

Un 

n — > oo 

2(x+l)n~‘ 

< 1 =>  lx  + 1 1 lim  1 = lx  -j-  1 1 < 1 =>  —2  < x < 0;  For  the 

1 'n  — > oo  1 1 


\n—  1 . 


1 : lim 

Un+l 

< 1 =4>  lim 

(-l)n+1(x+l)n 

n — > oo 

Un 

n — > oo 

(_l)n(x+l)»-1 

< 1 =>  |x+  II  lim  1 = lx  + II  < 1 

1 'n  — > oo  1 1 


-2  < x < 0;  when  x = —2  we  have  ^ (2  + ( — 19n) ( — 1 )n  1 , a divergent  series;  when  x = 0 we  have 

n=l 


Y2  (2  4-  (— l)n),  a divergent  series 
11=1 


(a)  the  radius  is  1 ; the  interval  of  convergence  is  —2  < x < 0 

(b)  the  interval  of  absolute  convergence  is  —2  < x < 0 

(c)  there  are  no  values  for  which  the  series  converges  conditionally 
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22. 


lim 

n — > <x) 


< 1 =>  lim 

n — > oo 


(_l)n+l32n+2(x_2)°+l  3n 

3(n  + l)  ' (— 1 )n32n(x  — 2)n 

(— l)n32n  , 


=>  y < x < y ; when  x = '97  we  have  Y = E 


11=1  n=l 

OO  r,  OO 

/ 1 \nozn  / 1 \ n ( 1 V1 

Y 3n — = Y a conditionally  convergent  series. 

n=l  n=l 

(a)  the  radius  is  | ; the  interval  of  convergence  is  17  < x < 17 

(b)  the  interval  of  absolute  convergence  is  y < x < y 

(c)  the  series  converges  conditionally  at  x = y 


< 1 =>  lx  - 21  lim  % = 9|x  - 21  < 1 

1 'n  — > 00  n+ 1 I I 

3'n , a divergent  series;  when  x = |we  have 


23.  lim 

n — » <x) 


Un+l 

< 1 =>  lim 

n — > 00 

(i+^r*"+i 

< 1 =>  M | 

( lim 

1 t — *00 

Un 

(l  + l)Dxn 

l lim 

(1  + n)  / 

\ nJ 

\ n— >00 

V n/  / 

UO  ^ 

— 1 < x < 1;  when  x=  -1  we  have  Y ( — I )"  f l + 7 ) , a divergent  series  by  the  nth-Term  Test  since 


lim  (l  + i)n=e^0;  when  x = 1 we  have  Y (l  + „)  ’ a divergent  series 

n=l 

(a)  the  radius  is  1;  the  interval  of  convergence  is  — 1 < x < 1 

(b)  the  interval  of  absolute  convergence  is  — 1 < x < 1 

(c)  there  are  no  values  for  which  the  series  converges  conditionally 


< 1 =*  W n“Poo  (nil)  < 1 ^ N < 1 

=>  — 1 < x < 1 ; when  x = — 1 we  have  Y (~  l)n  In  n,  a divergent  series  by  the  nth-Term  Test  since  lim  In  n/0; 

n=l 

00 

when  x = 1 we  have  Y In  n,  a divergent  series 
11=1 

(a)  the  radius  is  1 ; the  interval  of  convergence  is  — 1 < x < 1 

(b)  the  interval  of  absolute  convergence  is  — 1 < x < 1 

(c)  there  are  no  values  for  which  the  series  converges  conditionally 


24.  lim 


Un+l 


< 1 =>  lim 


ln(n+  l)xn+1 
xn  In  n 


< 1 => 


lim 

1 — > 00 


25. 


<!  =►  (!  + h)")  („U"!„(n+l))<l 

=>  e |x|  ^ Hrn^  (n  + 1)  < 1 =>  only  x = 0 satisfies  this  inequality 

(a)  the  radius  is  0;  the  series  converges  only  for  x = 0 

(b)  the  series  converges  absolutely  only  for  x = 0 

(c)  there  are  no  values  for  which  the  series  converges  conditionally 


lim 

n — > <x) 


< 1 => 


lim 

n — * 00 


| (n  + 1)- 


26. 


lim 

1 — > (X) 


< 1 => 


lim 

1 — > 00 


(n+l)!(x  — 4)n+1 
n!  (x  — 4)n 


<1  =>  |x  — 4|  lim  (n  + 1)  < 1 =>  only  x 


(a)  the  radius  is  0;  the  series  converges  only  for  x = 4 

(b)  the  series  converges  absolutely  only  for  x = 4 

(c)  there  are  no  values  for  which  the  series  converges  conditionally 


4 satisfies  this  inequality 


< 1 =>  ^ lim  (-fy)  <1  =>  ^ < 1 =>  |x  + 2|  < 2 

2 n — > 00  \n+  1 / 2 1 1 

00  00  n+l 

=>  —2  < x + 2 < 2 =>  —4  < x < 0;  when  x = —4  we  have  Y ~ > a divergent  series;  when  x = 0 we  have  Y — 

n=  1 n=  1 

the  alternating  harmonic  series  which  converges  conditionally 

(a)  the  radius  is  2;  the  interval  of  convergence  is  —4  < x < 0 

(b)  the  interval  of  absolute  convergence  is  —4  < x < 0 

(c)  the  series  converges  conditionally  at  x = 0 
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27. 


lim 

1 — > (X) 


Un+1 

<r"  1 =2>  lim 

(x  + 2)n+1 

n2n 

Un 

N.  1 — 7*  11111 

n — > 00 

(n+l)2n+1 

(x  + 2)" 
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<1=^2  lx -II  lim  (i±|)  < 1 =>  2 lx-  II  < 1 

1 'n— »oo'n+l/  i i 

oo 

=>  |x  — 1 1 < i =>  — | < x — 1 < | =>  \ < x < |;  when  x = | we  have  ^(n  + 1),  a divergent  series;  when  x = | 

n=  1 

oo 

we  have^C-  1 )n(n  + 1),  a divergent  series 

n— 1 

(a)  the  radius  is  \ ; the  interval  of  convergence  is  \ <x<  f 

(b)  the  interval  of  absolute  convergence  is  I <x<  I 

(c)  there  are  no  values  for  which  the  series  converges  conditionally 

< 1 =>  Ixl  ( lim  — jO  ( lim  . ln"  ) < 1 

1 1 \n  — > oo  n+1  J yn  — > oo  ln(n+l)y 

=+  |x|  (1)  ^lim^  ^ < 1 =>  |x|  (^lirn^  n + <1  =>  |x|  < 1 =>  — 1 < x < 1;  when  x = — 1 we  have 

2^  n(ln ^ which  converges  absolutely;  when  x = 1 we  have  2_^  n(lnn)2  which  converges 

n=l  n=l 

(a)  the  radius  is  1;  the  interval  of  convergence  is  — 1 < x < 1 

(b)  the  interval  of  absolute  convergence  is  — 1 < x < 1 

(c)  there  are  no  values  for  which  the  series  converges  conditionally 

< 1 =>  Ixl  ( lim  ( lim  < 1 

1 1 yn  — > oo  n+ly  yn  — ► oo  ln(n+l)y 

oo  n 

=>  |x|  (1)(1)  <1  =>  |x|  < 1 =>  — 1 < x < 1;  when  x = — 1 we  have  ^ , a convergent  alternating  series; 

n=2 

oo 

when  x = 1 we  have  Y1  which  diverges  by  Exercise  38,  Section  9.3 

11=2 

(a)  the  radius  is  1;  the  interval  of  convergence  is  — 1 < x < 1 

(b)  the  interval  of  absolute  convergence  is  1 < x < 1 

(c)  the  series  converges  conditionally  at  x = — 1 


30. 


lim 

1 — > oo 


Un+1 


< 1 => 


lim 

1 — > 00 


n In  (n) 


(n+l)ln(n+l) 


29. 


lim 

1 — > oo 


Un+1 


< 1 => 


lim 

1 — > 00 


n(ln  n)2 


(n  + 1)  (In  (n  + 1))2 


28.  lim 

n — > oo 


< 1 => 


lim 

n — » oo 


(— 2)n+1(n  + 2)(x  — l)n+1 


(— 2)n(n  + l)(x  — l)n 


31. 


lim 

n — i oo 


Un+1 


< 1 


lim 

n — * oo 


(4x  - 5)2n+3  n3/2 

(n  + 1)3/2  ' (4x-5)2"+> 


<1  =>  (4x  — 5)2  (nlim^ 


3/2 


=+  |4x  — 5 1 < 1 =>  — 1 < 4x  — 5 < 1 =4>  1 < x < | ; when  x = 1 we  have  ( 


n=l 

3 V-r  (l)2n+1 

absolutely  convergent;  when  x = | we  have  2^  3/2  , a convergent  p-series 

11=1 

(a)  the  radius  is  1 ; the  interval  of  convergence  is  1 < x < | 

(b)  the  interval  of  absolute  convergence  is  1 < x < | 

(c)  there  are  no  values  for  which  the  series  converges  conditionally 


< 1 => 
OO 

= E 


(4x  - 5)2  < 1 
which  is 


32. 


„%o  (in+l)<1  =*  |3x  + 1 1 < 1 

/■ 1 \n+l 

0[1  + ! , a conditionally  convergent  series; 

when  x = 0 we  have  sr+T  = X,  2n  + l > a divergent  series 

n=l  n=l 

(a)  the  radius  is  | ; the  interval  of  convergence  is  — | < x < 0 

(b)  the  interval  of  absolute  convergence  is  — | < x < 0 

(c)  the  series  converges  conditionally  at  x = — | 


lim 

n — > oo 


< 1 =>  lim 

n — > oo 


(3x+  l)n+2  2n  + 2 


2n  + 4 (3.\  1): 


< 1 =>•  |3x  + 1| 


=+■  — 1<3x+1<1  =>■ 


| < x < 0;  when  x = — | we  have  ^ 


Copyright  © 2010  Pearson  Education  Inc.  Publishing  as  Addison-Wesley. 


614  Chapter  10  Infinite  Sequences  and  Series 


< 1 =>  Ixl  lim  ( q A < 1 for  all  x 

1 1 n^oo  V 2n  + 2 / 

(a)  the  radius  is  oo;  the  series  converges  for  all  x 

(b)  the  series  converges  absolutely  for  all  x 

(c)  there  are  no  values  for  which  the  series  converges  conditionally 


33.  lim 

n — > oo 


< 1 =>  lim 

n — > oo 


2-4'6---(2n)(2(n+l)) 


24-6---(2n) 


< 1 =>  |x|  lim  f ^n  + 3|)n22)  < 1 =>  only 

x = 0 satisfies  this  inequality 

(a)  the  radius  is  0;  the  series  converges  only  for  x = 0 

(b)  the  series  converges  absolutely  only  for  x = 0 

(c)  there  are  no  values  for  which  the  series  converges  conditionally 


34.  lim 

n — > oo 


< 1 => 


lim 

n — > oo 


3-5-7---(2n  + l)(2(n+l)  + l)xI- 


n22" 


(n  + l)22n+1 


3-5-7---(2n-f-  l)xn+1 


35.  For  the  series  Y recall  1 + 2 + b n = 11111 0'  and  l2  + 22  + • • • + n2  = n(n+  1^2n  + 11  So  that  ■ 


2 + 22  + 

OO  / n(n+ 1) 

E 

n=l 


< 1 =>  lim 

n — > oo 


3xn+1  (2n+ 1) 

(2(n+l)  + l)  ' 3xn 


rewrite  the  series  as  Y n,p+i)i2n+1)  lx11  = E (sA)5^  then  ^hn^ 

' \ 6 J n=l 

< 1 =>  |x|  < 1 =>  — 1 < x < 1;  when  x = -1  we  have  Y (9n3|_1)  (— l)n,  a conditionally 

n=l 

oo 

convergent  series;  when  x = 1 we  have  Y (ijyy)  ’ a divergent  series. 


< 1 


Ixl  lim 

1 1 n —>  oo 


(2n+l) 
(2n  + 3) 


(a)  the  radius  is  1 ; the  interval  of  convergence  is  — 1 < x < 1 

(b)  the  interval  of  absolute  convergence  is  — 1 < x < 1 

(c)  the  series  converges  conditionally  at  x = — 1 


36.  For  the  series  ^y/n  + 1 — ydij  (x  — 3)n,  note  that  y/n  + 1 — ^/n  = v/n  + j — • '^j'++\++^j=  = yn  + 1 + y so  that  we 


can  rewrite  the  series  as  Y 


(x-3)°  . 


n+  l + \/n 


; then  lim 

n — > oo 


< 1 =>•  lim 

n — » oo 


(x  — 3)n+1  _ y/n+l  + yS 

y/n  + 2 + ^/n  + 1 (x  — 3)” 


< 1 


|x  — 3 1 lim  /nt 1 + )^—  < 1 |x  — 3|<l=>2<x<4;  when  x = 2 we  have  V , 1 ^ — r,  a conditionally 

1 'n  — » oo  v/n  + 2+v/n+l  11  ’ 4g  v/n+l  + ^n’  J 

OO 

convergent  series;  when  x = 4 we  have  J]  y + 1 + y » a divergent  series; 


(a)  the  radius  is  1 ; the  interval  of  convergence  is  2 < x < 4 

(b)  the  interval  of  absolute  convergence  is  2 < x < 4 

(c)  the  series  converges  conditionally  at  x = 2 


37. 

lim 

un+i 

< 1 

=> 

lim 

n — > oo 

Un 

n 

— > oo 

38. 

lim 

Un+1 

< 1 

lim 

n — ► oo 

un 

n 

— > oo 

4 

A 

-MxO 

=>  R 

9 

— 4 

39. 

lim 

Un+1 

< 1 

=> 

lim 

n — > oo 

Un 

n 

— > oo 

40. 

lim 

n — ► oo 

n/ii 
V Un 

< 1 

=>  . 

n 

lim  \ 

— > 00  \ 

(n  + l)!xn+1 


3-6-9-(3n) 
3-6-9-  ■ -(3n)(3(n+ 1))  ' n!x" 


< 1 


|x|  lim 

1 'n  — > oo 


(n  + D 


3(n  + l) 


<l=^2r<l=^|x|<3=>R  = 3 


(2-4-6- ■ •(2n)(2(n  + l)))2xn+1  _ (2-5-8- ■ -(3n - 1 ))2 

(2-5-8- - -(3n  — l)(3(n+  1)  — l))2  ' (2-4-6-  • -(2n))2x" 


< 1 =>  x lim 

1 'n  — » oo 


(2n  + 2f 

(3n  + 2)2 


< i =>  1M  < i 


( (n  + l)!)2xD+1  _ 2°(2n)! 
2n+1(2(n+  1))!  ’ (ni)2xn 


< 1 => 


x|  lim 

n — > oo 


(n+l) 


2(2n  + 2)(2n+l) 


<l=>^r<l=>|x|<8=>R  = 


e =>  R = e 
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41.  lim  Un+I  < 1 =>  lim  3"11X”11  < 1 =>  Ixl  lim  3<1  =>  Ixl  < 4 =>  — i < x < 1;  at  x = — 1 we  have 

n — > oo  un  n — > oo  -3“  xn  1 'n->oo  1 1 -3  -3  -3 7 -3 

oo  oo  oo  oo  oo 

J2  3n  (—  |)n  = Y2(~ !)”>  which  diverges;  at  x = | we  have  3“  (|)n  = J]1  , which  diverges.  The  series  J2  3"  xn 

n=0  n=0  n=0  n=0  n=0 

oo 

= ^2  (3x)n  is  a convergent  geometric  series  when  — | < x < | and  the  sum  is  t 1 3x . 


42.  lim  < 1 ^ lim 

n — > oo  un  n — > oo  (ex  — 4) 


< 1 =>  |ex  — 41  lim  1 < 1 =>  |ex  - 41  < 1 =>  3 < ex  < 5 =>  In 3 < x < ln5; 

1 1 n — > oo  11 


at  x = In  3 we  have  (eln3— 4)n  = l)n,  which  diverges;  at  x = In  5 we  have  (eln5— 4)n=  J^l, which 

n=0  n=0  n=0  n=0 

oo 

diverges.  The  series  (eX  — 4)n  is  a convergent  geometric  series  when  In  3 < x < In  5 and  the  sum  is  t _ ^x_4j  = Ze 

n=0 

43.  lim  Hat!  < 1 =>  lim  < 1 =►  lim  |1|  < 1 =>  (x  - l)2  <4  =►  |x  - 1|  <2 

n — > oo  un  n — > oo  4n+i  (x-l)/n  4 n — ► oo  1 1 v y 1 1 

°°  2n  00  00 

=>  —2  < x — 1 < 2 =>■  — l<x<3;atx  = — 1 we  have  = which  diverges;  at  x = 3 

n=0  n=0  n=0 

00  . 00  oo 

we  have  ^ = zE  = S 1,  a divergent  series;  the  interval  of  convergence  is  —1  < x < 3;  the  series 

n=0  n=0  n=0 


oo  / 2\ n 

^2  ( (*-=^)  j is  a convergent  geometric  series  when — 

n=0  x ' 


1 < x < 3 and  the  sum  is 


1 _ 4 _ 4_ 

\2  r 4 — (x  — 1 12 1 4 — x2  + 2x  — 1 3 + 2x- 


44.  lim  < i =>  lim  (x+JHf'2  • < 1 =*  lim  |1|  < 1 =►  (x  + l)2  < 9 =►  |x+  1|  < 3 

n — > oo  un  n — ► oo  * + (*  + 1 rn  9 n — > oo  1 1 1 1 

oo  2n  oo 

=4>  — 3 < x + 1 < 3 =>  —4  < x < 2;  when  x = — 4 we  have  %n  = J2  1 which  diverges;  at  x = 2 we  have 


oo  oo 

J2  w ~ S 1 which  also  diverges;  the  interval  of  convergence  is  —4  < x < 2;  the  series 


n=0  n=0 

OO 

Xy  (x+l)2n  _ 
Z-/  9n 


OO  , 2\ n 

Y2  ( (^r^)  ) is  a convergent  geometric  series  when  —4  < 

n=0  x ' 


x < 2 and  the  sum  is 


/x+n2  — ro-(x  + i)2l  — 9 — x2  — 2x  — 1 — 8 — 2x  — x2 


45.  lim  Sat!  < i =>  lim  (^,n+4°+‘  • , 2" 

n — > oo  Un  n — > oo  2n+1  (v^-2) 


^n_0\n  < 1 =>  | y/x  - 2 1 < 2 =>  — 2 < y/x  -2  <2  =>  0 < y/x  < 4 


=>  0 < x < 16;  when  x = 0 we  have  (—  l)n,  a divergent  series;  when  x = 16  we  have  /2  (l)n,  a divergent 

n=0  n=0 

oo  / n _ 2 \ n 

series;  the  interval  of  convergence  is  0 < x < 16;  the  series  Y2  ( , ) is  a convergent  geometric  series  when 


0 < x < 16  and  its  sum  is  — j4= — v = / — v = , 2 r 

^±1)  4-/X 


46.  lim  < 1 =>  lim  <1  =$■  lln  x|  < 1 =>  — 1 < In  x < 1 =>  e 1 < x < e;  when  x = e 1 or  e we 

n->oo  | un  | n — > oo  | (An  x)  | 1 1 

OO  OO  OO 

obtain  the  series  ^ ln  and  Y2  ( — 1)"  which  both  diverge;  the  interval  of  convergence  is  e 1 < x < e;  Y1  On  x)“  = ] — ] 


n=0  n=0 


when  e 1 < x < e 
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47.  lim 

n — ► oo 


< 1 =>  lim 

n — > oo 


W • (A)- 


< t 


lim  |1|  < 1 

j n — > oo  1 


’Lil  <1  =>  x2  < 2 


=>  |x|  < \p2  +>  —\/2  < x < \pl ; at  x = ± \/2  we  have  (l)n  which  diverges;  the  interval  of  convergence  is 

n=0 

- \fl  < x < \fl ; the  series  Y1  ( ^-y-O  is  a convergent  geometric  series  when  — \J 2 < x < \J~2  and  its  sum  is 

n=0  ' ' 


( x2  + n 
l 3 ) 


l 3 ) 


3 

2 — x2 


48.  lim 

n — > <x) 


Un+1 

1 —v  lim 

(x2  - l)n+1 

2n 

Un 

\ i — + mil 

n — > oo 

2n+1 

(x2  + 1)” 

<1  =>  |x2  — 1 1 <2  =>  - a/3  < x < \/3  ; when  x = ± \f?>  - 


have  ^3  1”,  a divergent  series;  the  interval  of  convergence  is  — a/3  < x < \/3  ; the  series  Y1  ( x"  a 1 ) 

n=0  n=0  3-  - ) 


is  a 


convergent  geometric  series  when  — a/3  < x < a/3  and  its  sum  is  — /2  in  = 


2 — [ x2  — 1 


2 

3 - x2 


49. 


<1  =>■  | x — 3 1 <2  =>  l<x<5;  when  x = 1 we  have  ^ (l)n  which  diverges; 

n=l 

when  x = 5 we  have  ]C(—  l)n  which  also  diverges;  the  interval  of  convergence  is  1 < x < 5;  the  sum  of  this 
11=1 


lim 

n — > <x) 


(x  - 3)n+1 


2" 


2n+1 


(x  — 3)n 


convergent  geometric  series  is  — /_3x  = x/  . If  f(x)  = 1 — | (x  — 3)  + \ (x  — 3)2  + . . . + (—  |)n  (x  — 3)n  + . . . 

1 + (VJ 

= ^/-j-  then  f'(x)  = — f + l(x  — 3)  + ...  + (—  ^)"n(x  — 3)n^'  + . . . is  convergent  when  1 < x < 5,  and  diverges 
when  x = 1 or  5.  The  sum  for  f'(x)  is  (x~/2  , the  derivative  of  - 2 ( . 


50.  If  f(x)  = 1 — ^ (x  — 3)  + | (x  — 3)2  + . . . + (-  i)nfx  - 3)n  + . . . = //  then  f f(x)  dx 

= x — (x~3)  + (x  ~,3)  + . . . + (-  i)"  (x~/ f . . . . At  x = 1 the  series  y/  diverges;  at  x = 5 

n=  1 

rc/  /_  ixn  2 

the  series  }_ x n+1  - converges.  Therefore  the  interval  of  convergence  is  1 < x < 5 and  the  sum  is 

n=l 

2 In  |x  — 1 1 + (3  — In  4),  since  J j/j  dx  = 2 In  |x  — 1 1 + C,  where  C = 3 — In  4 when  x = 3. 


51.  (a)  Differentiate  the  series  for  sin  x to  get  cos  x = 1 — ^-  + — y-  + y-  — /fr  + 

= 1 — + / — / + |j  — y/  + ...  . The  series  converges  for  all  values  of  x since 

2n+2 


lim 

n — > oo 


(2n)! 


(2n  + 2)! 


(b) 

(c) 


sin  2x  = 2x  — /y-  + 
2 sin  x cos  \ — 2 [(0 
+ (0  • / + 1 - 0 - 0 
+ (0  • i + 1 • 0 + 0 


10! 

= X' 

25x5  _ 
5! 


lint 

n — > oo 


27x7 

7! 


( (2n+  l)(2n  + 2)  ) 

29x9  _ 211x11 
11! 


= 0 < 1 for  all  x. 


l)  + (0 

•i-0- 


32x5 

5! 

2 


h+°- 


I * X Z,  A O y OX  . 

' 9!  11!  ' **  * 3!  ' 

0+  1 - l)x+  (0-  ^ + 1 -0  + 0-  l)x 
b+0-l)x4+(0-0+l-/+0-0+| 

y + 0 • \ + 0-  j,  + 0 • l)xG  + ...]  = 2 


(0 

JL 
' 3! 


128xT  , 

7! 

0-  1 


512x9 

9! 


2048X11 


+ 0 


11! 

•0 


+ 0-0  + 1 - ^x1 

4x3  , 16x5 


o y 2 x | 2 x 2 x | 2 x 

3!  ' 5!  7!  ' 9! 


211x11 

11! 


52.  (a)  4 (ex)  = 1 + ^ + ^-  + ^ + ^“  + ...  = l+  x+  / + ||  + / + ...  = ex;  thus  the  derivative  of  ex  is  ex  itself 

(b)  J"exdx  = ex+C  = x+  ^ + |[  + / + ^ + ...+C,  which  is  the  general  antiderivative  of  ex 

(c)  e-x  = 1 — x+^j  — §T  + 4T  — §T+---  ; e-x  • ex  = 1 • 1 + (1  - 1 - 1 • l)x  + (l  • ^ - 1 . 1 + 1 . l)  x2 

+ (1'j!_1'2!  + 2!'1_j!'1)x3  + (1'ii“1'j!+^!'^!_l!'1  + i!'1)x4 

+ (l-/  — l-/  + ^T-|i  — / -^T  + /-  l — / -l)x°  + ...  =l+0  + 0 + 0 + 0 + 0+... 
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53 


. (a)  In  |sec  x|  + C = J tan  x dx  = J ^x  + y + 


2x5  , 17+  , 62+ 
15  'r  315  ' 2835 


-) 


dx 


A A I A 

— 2 "1"  12  45 


llK.  _j_  31xlu 
2520  14,175 


31x11 


•••  +C;x  = 0 =*  C = 0 =>  10  1860X1  = ^ + ^ + ^ + ^ ' 14,175 


+ 


converges  when  — | < x < 


dx 


(- 


(b)  sec2 x = = A(x+^  + ^ + P£  + 62x’ 


15 


315 


2835 


A — 1 | „2  | 2x4  | 17x6  | 62xs 
■ J — 1 + X -+■  3 -t  45  + 315 


when  - | < x < | 


(c)  sec2 x = (sec  x)(sec  x)=  (l  + y + f£  + ^£  + ...)  (l  + y + 

= 1 + (\  + \) x2  + (h  + \ + If) x4  + im  + s 4 + m)  x° 


a | 5x4  | 61x6  | 
9 “T  24  720 


= l+x2  + ^ + ^ + ^ + ... 


17x6  , 62x8 


45 


315 


2 < X < 2 


converges 


54.  (a)  In  |sec  x + tan  x|  + C = J sec  x dx  = J ^1  + y + ^ ^ + . . . ^ dx 

277x3  + ...+C;x  = 0 =+  C = 0 =>  In  |sec  x + tan  x| 
. . . , converges  when  — | < x < | 


= Y 4-  — 4-  — 4-  61x7 
A “T  6 ~ 24  ~ 5040 


72.576 
6 lx7  , 277x9 

5040  72.576 


(b)  Secxtanx=  ^ = A (l  + f + tr  + W + -")  =x  + 


5x3  , 61+  , 277xT 
6 ^ 120  ^ 1008 


when  - | < x < | 


(c)  (sec  x)(tan  x)=(l  + y + fr  + w + --  -)  (x+y  + ++  + y+  + ...) 

= x + (5  + \) x3  + (b  + § + h)  x5  + (tb  + TS  + 4 + m)  x‘  + • • • = x + +“ 


f <x<  I 


, converges 


6 lx5  , 277xT  , 
120  "*■  1008 


55.  (a)  If  f(x)  = Y anxn,  then  Tk)(x)  = Y n(n  — l)(n  — 2)-  • -(n  — (k  — 1))  anxn  k and  f(k)(0)  = kla^ 


ak  = ; likewise  if  f(x)  = Y bnxn,  then  1+  = =>  ak  = 1+  for  every  nonnegative  integer  k 


n=0 


(b)  If  f(x)  = Y anXn  = 0 for  all  x,  then  f 1 k l f x ) = 0 for  all  x =>•  from  part  (a)  that  a^  = 0 for  every  nonnegative  integer  k 

n=0 


10.8  TAYLOR  AND  MACLAURIN  SERIES 

1.  f(x)  = e2x,  f'(x)  = 2e2x , f"(x)  = 4e2x  , f"'(x)  = 8e2x;  f(0)  = e2<0)  = 1,  f'(0)  = 2,  f"(0)  = 4,  f"'(0)  = 8 =>  P0(x)  = 1, 

Pj(x)  = 1 + 2x,  P2(x)  = 1 + x + 2x2,  P3(x)  = 1 + x + 2x2  + ^x3 

2.  f(x)  = sinx,  f'(x)  = cos  x , f"(x)  = — sinx,  f'"(x)  = — cosx;  f(0)  = sinO  = 0,  f'(0)  = 1,  f"(0)  = 0,  f'"(0)  = —1 

=>  Po(x)  = o,  P,(x)  = x,  P2(x)  = X,  P3(x)  = x - ix3 

3.  f(x)  = In  x,  f'(x)  = i , f"(x)  = - £ , f"'(x)  = f(l)  = In  1 = 0.  f'(l)  = 1,  f"(l)  = -1,  f'"(l)  = 2 =>  P0(x)  = 0, 

Pi(x)  = (x  - 1).  P2(x)  = (x  - 1)  - 1 (x  - l)2,  P3(x)  = (x  - 1)  - i (x  - l)2  + | (x  - l)3 

4.  f(x)  = In  (1  + x),  f'(x)  = = (1  + x)-1,  f "(x)  = -(1  + x)-2,  f"'(x)  = 2(1  + x)~3;  f(0)  = In  1 = 0, 

f'(0)  = x = l,  f"(0)  = -(I)"2  = -1,  f"'(0)  = 2(1)-3  = 2 =+  P0(x)  = 0,  Pi(x)  = x,  P2(x)  = x - f , P3(x)  = x - f + f 

5.  f(x)  = i = x-1,  f'(x)  = — x— 2,  f"(x)  = 2x~3,  f'"(x)  = -6x-4;  f(2)  = i , f'(2)  = - f"(2)  = f'"(x)  = - | 

=>  P0(x)  = i , Pdx)  = i - 1 (x  - 2),  P2(x)  = i - i (x  - 2)  + | (x  - 2)2, 

P3(x)  = 1 - \ (x  - 2)  + | (x  - 2)2  - i (x  - 2)3 
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6.  f(x)  = (x  + 2)~\  f'(x)  = -(x  + 2)-2,  f"(x)  = 2(x  + 2)~3,  f'"(x)  = -6(x  + 2)“4;  f(0)  = (2)”1  = ± , f'(0)  = -(2)~2 
= - \ , f"(0)  = 2(2)-3  = | , f'"(0)  = — 6(2)— 4 = - | =►  P0(x)  =i,P1(x)=i-|,  P2(x)  = 1 - f + f , 

P3(x)  = H-?  + T - re 


7.  f(x)  = sin  x,  f'(x)  = cos  x,  f"(x)  = — sin  x,  f"'(x)  = — cos  x;  f (|)  = s 

f"(s)  = ~ «n  f = - = -cos  | = - # =*  P0  = f .Pdx)  = # (x-  |)  , 

p2(x)  = f f (x-  1)  - f (x-|)2,p3(x)  = f + # (X-  f)  - # (x-  l)2  - 4 (x-  |) 


_ VI 
2 - 


8.  f(x)  = tan  x,  f'(x)  = sec2  x,  f"(x)  = 2sec2  xtan  x,  f'"(x)  = 2sec4  x + 4sec2  xtan2  x;  f (|)  = tan  | = 1 , 

f'  (f)  = sec2(|)  = 2,f"(f)  = 2sec2(|)  tan  (|)  = 4,f"'(f)  = 2sec4  (f)  + 4sec2  (f)  tan2(|)  = 16  =*•  P0(x)  = 1 . 
Pdx)  = 1 + 2 (x  - f ) , P2(x)  = 1 + 2 (x  - |)  + 2 (x  - |)2,  P3(x)  = 1 + 2 (x  - f ) + 2 (x  - f )2  + § (x  - f )3 


9.  f(x)  = a/x  = x1/2,  f'(x)  = (i)  x”1/2,  f"(x)  = (-  i)  x“3/2,  f"'(x)  = (|)  x-5/2;  f(4)  = y/4  = 2, 

f'(4)  = (I)  4-1/2  = i , f"(4)  = (-  i)  4-3/2  = - i ,f'"(4)  = (|)  4~5/2  = jfg  =►  P0(x)  = 2,  Pi(x)  = 2 + ± (x  - 4), 

P2(x)  = 2 + i (x  - 4)  - i (x  - 4)2,  P3(x)  = 2 + \ (x  - 4)  - i (x  - 4)2  + ^ (x  - 4)3 

10.  f(x)  = (1  - x)1/2,  f'(x)  = -1  (1  - x)-1/2,  f"(x)  = - 1 (1  - x)“3/2,  f'"(x)  = -§(1  - x)-5/2;  f(0)  = (l)1/2  = 1, 

f'to)  = -i  (i  y1'2  = -i , f"(0)  = - i ur3/2  = -\,  fw(0)  = -f  dr5/2  = -§  =►  p0(x)  = 1, 

Pi(x)  = 1 - \ x,  P2(x)  = 1 - i x - i x2,  P3(x)  = 1 - \ x - i x2  - i x3 


11.  f(x)  = e~x,  f'(x)  = — e~x , f"(x)  = e~x , f'"(x)  = -e~x  =>  ...  f(k>(x)  = (-1)VX;  f(0)  = e-(°)  = 1,  f'(0)  = -1, 

OO 

f"(0)  = 1,  f"'(0)  = -1, ...  ,f(k)(0)  = (-l)k  =>  e'x  = 1 -x  + ix2  - ix3  + ...  = £ ^xn 

n=0 


12.  f(x)  = xe\f'(x)  = xex  + ex  , f"(x)  = xex  + 2ex  , f"'(x)  = xex  + 3ex  ^ ...  f(k)(x)  = xex  + kex;f(0)  = (0)e(0)  = 0, 

OO 

f'(0)  = 1,  f"(0)  = 2,  f'"(0)  = 3,  . . . , f«(0)  = k =*►  x + x2  + ±x3  + . . . = £ ^2_xn 

n=0 


13.  f(x)  = (1  + x)-1  =>  f'(x)  = -(1  + x)-2,  f"(x)  = 2(1  + x)~3,  f'"(x)  = -3!(1+  x)~4  =>  . . . f«(x) 
= (— l)kk!(l  + x)_k_1;  f(0)  = l,f'(0)  = -l,f"(0)  = 2,  f"'(0)  = -3!, ...  , f(k)(0)  = (— l)kk! 

OO  OO 

=>  l-x  + x2-x3  + ...  = E (-x)n  = E ( l)nxn 

n=0  n=0 


14.  f(x)  = =>  f'(x)  = n-r7)T,  f"(x)  = 6(1  - x)’3,  f"'(x)  = 18(1  - x)“4  =>  ...  f(k>(x)  = 3(k!)(l  - x)-^1;  f(0)  = 2, 

OO 

f'(0)  = 3.  f"(0)  = 6,  f'"(0)  = 18.  . . . , f (k) (0)  = 3(k!)  =>  2 + 3x  + 3x2  + 3x3  + . . . = 2 + E 3xn 

n=l 


15.  sin  x = 


E 


n=0 


(-l)nx2n+1 

(2n+l)! 


=>  sin  3x  = 


E 


n=0 


(— l)n(3x)2n+1 
(2n+l)! 


(_1)n32n+lx2n+l  _ 3^3  3^5 

2^  (2n+l)!  J 3!  ' 5! 

n=0 


16.  sin  x = 


OO 


E 

n=0 


(-l)nx2n+1 

(2n+l)! 


=>  sin  | 


OO 


E 

n=0 


(~i)c  (I) 

(2n+l)! 


V (-l)nx2n+1  _ X 

2^  22ni*l(2n  I I)!  2 

n=0 


x I x 

Wm  ' 2G-5! 


+ ... 


17.  7 cos  (— x)  = 7 cos  x = 7 E ( (E*  =7  — + — + . . . , since  the  cosine  is  an  even  function 

n=0  “n  ' 


Copyright  © 2010  Pearson  Education  Inc.  Publishing  as  Addison-Wesley. 


Section  10.8  Taylor  and  Maclaurin  Series  619 


18. 


COS  X = 


OO 


E 

n=0 


( — 1 )"x“Q 
(2n)! 


=$■  5 COS  7TX  = 


OO 


5E 

n=0 


(—  1 )n(7TX)2D 

(2n)! 


c _ 5tt  -x  - 
J 2! 


5tt4x4 

4! 


57T6X6 

6! 


19.  cosh  x = 


ex  + e 
2 


Ex2n 
(2n)! 


(1  + 


x2  + 


■M'- 


Y ^ E 

A ' 2!  3!  ' 4! 


-...) 


= l + 


+ ... 


20.  sinh  x = 


(l  +x  + 


— 4-  — 4-  — 4— 
2!  ' 3!  ' 4!  ^ ' 


■)-(>- 


v _L  E _ E E 

A ' 2!  3!  ' 4! 


-•) 


— a ^ 3!  -1-  5!  6! 


= E 


(2n+l)! 


21.  f(x)  = x4  - 2x3  - 5x  + 4 =>  f'(x)  = 4x3  - 6x2  - 5,  f"(x)  = 12x2  - 12x,  f'"(x)  = 24x  - 12,  T4)(x)  = 24 
=>  Tn)(x)  = 0 if  n > 5;  f(0)  = 4,  f'(0)  = -5,  f"(0)  = 0,  f"'(0)  = -12,  T4)(0)  = 24,  f<n)(0)  = 0 if  n > 5 

=>  x4  - 2x3  - 5x  + 4 = 4 - 5x  - f x3  + ff  x4  = x4  - 2x3  - 5x  + 4 


f'(x)=^;f"(x)=(x+1) 


2 ■ f'"(x)  — ~6 

3’  1 W ~ (x+1)4 


22.  f(x)  = 

f"'(0)  = -6,  f(n>(0)  = (— l)nn!  if  n > 2 =>  x2  - x3  + x4  - x5  + . . . = £ (-1) 


f(n,(x)  = f(0)  = °>  f,w  = °>  f"(°)  = 2’ 


23.  f(x)  = x3  - 2x  + 4 =>  f'(x)  = 3x2  - 2,  f"(x)  = 6x,  f"'(x)  = 6 =>  f(n)(x)  = 0 if  n > 4;  f(2)  = 8,  f'(2)  = 10, 
f"(2)  = 12,  f'"(2)  = 6,  f (n)(2)  = 0 if  n > 4 x3  - 2x  + 4 = 8 + 10(x  - 2)  + ^ (x  - 2)2  + £ (x  - 2)3 

= 8 + 10(x  - 2)  + 6(x  - 2)2  + (x  - 2)3 

24.  f(x)  = 2x3  + x2  + 3x  - 8 f'(x)  = 6x2  + 2x  + 3,  f"(x)  = 12x  + 2,  f'"(x)  = 12  =>  f(n)(x)  = 0 if  n > 4;  f(l)  = -2, 

f'(l)  = 11,  f"(l)  = 14,f"'(l)  = 12,  f(n>(l)  = Oifn  > 4 =>  2x3  + x2  + 3x  - 8 

= -2  + ll(x  - 1)  + f (x  - l)2  + if  (x  - l)3  = -2  + ll(x  - 1)  + 7(x  - l)2  + 2(x  - l)3 

25.  f(x)  = x4  + x2  + 1 =>  f'(x)  = 4x3  + 2x,  f"(x)  = 12x2  + 2,  f"'(x)  = 24x,  T4)(x)  = 24,  &\x)  = 0 if  n > 5; 

f( — 2)  = 21,  f'(— 2)  = -36,  f"(— 2)  = 50,  f"'(-2)  = -48,  f<4)(— 2)  = 24,  fCn>(— 2)  = 0 if  n > 5 =>  x4  + x2  + 1 
= 21  - 36(x  + 2)  + § (x  + 2)2  - |f  (x  + 2)3  + ff  (x  + 2)4  = 21  - 36(x  + 2)  + 25(x  + 2)2  - 8(x  + 2)3  + (x  + 2)4 

26.  f(x)  = 3x5  - x4  + 2x3  + x2  - 2 =>  f'(x)  = 15x4  - 4x3  + 6x2  + 2x,  f"(x)  = 60x3  - 12x2  + 12x  + 2, 

f'"(x)  = 18 Ox2  - 24x  + 12,  fW(x)  = 360x  - 24,  T5)(x)  = 360,  fM(x)  = 0 if  n > 6;  f(— 1)  = -7, 
f'(-l)  = 23,  f"( — 1)  = -82,  f"'(-l)  = 216,  fO)(-l)  = -384,  T5)(-l)  = 360,  fW(-l)  = Oifn  > 6 

=>  3x5  - x4  + 2x3  + x2  - 2 = -7  + 23 (x  + 1)  - § (x  + l)2  + f5  (x  + l)3  - ^ (x  + l)4  + (x  + l)5 
= -7  + 23(x  + 1)  - 41(x  + l)2  + 36(x  + l)3  - 16(x  + l)4  + 3(x  + l)5 

27.  f(x)  = x— 2 =>  f'(x)  = — 2x-3,  f"(x)  = 3!  x”4,  f'"(x)  = -4!  x“5  =>  f(n)(x)  = (— l)n(n  + 1)!  x"11”2; 

f(l)  = 1,  f'(l)  = —2,  f"(l)  = 3!,  f'"(l)  = —4!,  fW(l)  = ( — 1 )n(n  + 1)!  =>  4 

OO 

= 1 -2(x-  1)  + 3(x  — l)2  -4(X-  l)3  + ...  = £ (— l)n(n+  l)(x  - l)n 

n=0 


28.  f(x)  = -T-j  =>.  f'(x)  = 3(1  - x)-4,  f"(x)  = 12(1  - x)~5,  f"'(x)  = 60(1  - x)’6  =>  fW(x)  = (1  - x)-n“3 

(1  x) 

f(0)  = 1,  f'(0)  = 3,  f"(0)  = 12,  f"'(0)  = 60, . . . , f(n)(0)  = —L,  = l + 3x  + 6x2  + 10x3  + . . . 

_ y'  (n  + 2)(n+l)xn 
n=0 
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29.  f(x)  = ex  =>  f'(x)  = ex,  f"(x)  = ex  =>■  f(l2(x)  = ex;  f(2)  = e2,  f'(2)  = e2,  . . . f(n>(2)  = e2 

2 S 2 

=>  ex  = e2  + e2(x  - 2)  + | (x  - 2)2  + §j  (x  - 2)3  + . . . = £ |r  (x  - 2)n 

n=0 


30.  f(x)  = 2X  f'(x)  = 2X  In  2,  f"(x)  = 2x(ln  2)2,  f"'(x)  = 2x(ln  2)3  =>  fW(x)  = 2x(ln  2)n;  f(l)  = 2,  f'(l)  = 2 In  2, 
f"(l)  = 2(ln  2)2,  f"'(l)  = 2 (In  2)3,  . . . , fW(l)  = 2(ln  2)n 

2X  = 2 + (2  In  2)(x  - 1)  + (x  - l)2  + (x  - l)3  + . . . = E 2<ln2)"[x~1)° 

n=0 


31.  f(x)  = cos(2x  + f ),  f'(x)  = — 2sin(2x  + | ),  f"(x)  = — 4cos(2x  + |),  f"'(x)  = 8 sin(2x  + f ), 

f(4)(x)  = 24cos(2x+  I),  f(5>(x)  = -25sin(2x+  f),  . . ;f(|)  = — 1,  f'(f ) = 0,  f"(f)  = 4,f,"(77)  = 0,  f(4)(^)  = 24, 
fO)(|)  =0.  ...,C2n>(f)  = (— l)n22n  =>  cos(2x+f)  = -l+2(x-  |)2-  =(x-  f )4  + . . . 


32.  f(x)  = y/x+1,  f'(x)  = i(x+  l)_1/2,f"(x)  = -i(x+l)'3/2,  f"'(x)  = |(x+  1)~5/2,  f(4)(x)  = -{f(x+ir7/2,  • • •; 

f(0)  = 1,  f'(0)  = i,  f"(0)  = f"'(0)  = |,  fW(0)  = —if,  ...=>■  \/x  + 1 = 1 + ix  - |x2  + ix3  - jfgX4  + . . . 

33.  The  Maclaurin  series  generated  by  cosx  is  E ^y,-x2n  which  converges  on  (— oo,  oo)  and  the  Maclaurin  series  generated 

n=0 

oo 

by  is  2E  x"  which  converges  on  (—  1,  1).  Thus  the  Maclaurin  series  generated  by  f(x)  — cos  x — t 2 x is  given  by 

n=0 

oo  n 00 

E x2n  — 2E  x11  = — 1 — 2x  — fx2  — . . . . which  converges  on  the  intersection  of  (— oo,  oo)  and  (—1,  1),  so  the 
interval  of  convergence  is  (—1,  1). 


34.  The  Maclaurin  series  generated  by  ex  is  E which  converges  on  (— oo,  oo).  The  Maclaurin  series  generated  by 

n=0 

oo  a 

f(x)  = (1  — x + x2)ex  is  given  by  (1  — x + x2)  E = 1 + ^x2  + =x3. . . . which  converges  on  (— oo,  oo). 

n=0 


35.  The  Maclaurin  series  generated  by  sinx  is  E (2n+\)!x2n+1  which  converges  on  (— oo,  oo)  and  the  Maclaurin  series 


generated  by  ln(l  + x)  is  E 223 — x"  which  converges  on  (—1,  1).  Thus  the  Maclaurin  series  genereated  by 


f(x)  = sinx  • ln(l  + x)  is  given  by  ^E  ,2n.Pi;!x2n ' ^E  xn^  = x2  “ |x3  + 

the  intersection  of  (—00,  00)  and  (—1,  1),  so  the  interval  of  convergence  is  (—1,  1). 


x4  — . . . . which  converges  on 


0°^  / j\n 

36.  The  Maclaurin  series  generated  by  sinx  is  E (2n  + i)!x~n+  which  converges  on  (—00,  00).  The  Maclaurin  series 


genereated  by  f(x)  = x sin2  x is  given  by  x ( E (STT)! x2n+1  ) = x ( E (STT)I x2"+1  ) ( E (S 

\n=0  / \n=0 

= x3  — |x5  + ^x7  + . . . which  converges  on  (—00,  00). 


1)°  „2n+l 
(2n+l)!A 


37.  If  ex  = E (x  — a)n  and  f(x)  = ex,  we  have  f^n^(a)  = ea  f or  all  n = 0,  1,  2,  3,  . . . 


_ g fW(a) 
n=0 

(X  - a)°  , (x  - a)1  , (X  - a)' 


=>  eA  = e 


I ~ aJ  I ~ a)  I 

0!  ' 1!  ' 2!  ' * • • 


= e 


1 + (x  - a)  + + . . . 


at  x = a 
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38.  f(x)  = ex 


fM(x)  = ex  for  all  n =>  f<n)(l)  = e for  all  n = 0,  1,  2,  . . . 


=4-  ex  = e + e(x  - 1)  + |,  (x  - l)2  + ^ (x  - l)3  + . . . = e 


l+(x-l)+^#  + ^#  + ... 


39.  f(x)  = f(a)  + f'(a)(x  - a)  + ^ (x  - a f + (x  - a)3  + . . . =>  f'(x) 

= f'(a)  + f"(a)(x  - a)  + 3(x  - a)2  + . . . =4  f"(x)  = f"(a)  + f'"(a)(x  - a)  + 4 • 3(x  - a)2  + . . . 

=4  f (n)(x)  = fM(a)  + f (n+1)(a)(x  - a)  + (x  - a)2  + . . . 

=4  f(a)  = f(a)  + 0,  f'(a)  = f'(a)  + 0. . . . , 0n)(a)  = f<n>(a)  + 0 


40.  E(x)  = f(x)  — b0  — bi(x  - a)  - b2(x  — a)2  - b3(x  - a)3  - . . . - bn(x  — a)n 
=4  0 = E(a)  = f(a)  — bo  =4  bo  = f(a);  from  condition  (b), 

f(x)  - f(a)  - bi(x  - a)  - b2(x  - a)2  - b3(x  - a)3  - . . . - bn(x  - a)1  _ q 


lim 

x — > a 

bi  = f'(a) 


(x  — a)n 

f'(x)  — bi  — 2b2(x  — a)  — 3bs(x  — a)2  — ...  — nbn(x  — a)n‘ 
n(x  — a)n_1 

f"(x)  — 2b2  — 3 ! b3(x  — a) 


lim 

x — > a 


= o 

- n(n  - l)b„(x  - a)° 


n(n  — l)(x  — ajn  2 
f"'(x)  - 3!b3-  ...  - n(n  - l)(n  - 2)bn(x  - a)”-3 


n(n  — 1 )(n  — 2)(x  — a)n~3 


- =0 
= 0 


=4  b2  = \ f"(a)  =4  xlima 

= b3  = 3!  f'"(a)  =4  xlima  n,  - - -r  - n! 

g(x)  = f(a)  + f'(a)(x  - a)  + ^ (x  - a)2  + . . . + ^ (x  - a)n  = Pn(x) 


f(n>(x)-n!b„ 


= 0 


bn  = T f(n^(a);  therefore, 


41.  f(x)  = In  (cos  x)  =4  f'(x)  = — tan  x and  f"(x)  = — sec2  x;  f(0)  = 0,  f ' (0)  = 0,  f "(0)  = — 1 =4  L(x)  = 0 and  Q(x)  = 


42.  f(x)  = esinx  =4  f'(x)  = (cos  x)esinx  and  f"(x)  = (-  sin  x)esinx  + (cos  x)2esinx;  f(0)  = 1,  f'(0)  = 1,  f"(0)  = 1 
=4  L(x)  = 1 + x and  Q(x)  = 1 + x + ^ 

43.  f(x)  = (1  - x2)“1/2  =4  f'(x)  = x(l  - x2)_3/2  and  f"(x)  = (1  - x2)_3/2  + 3x2  (1  - x2)_5/2;  f(0)  = 1,  f'(0)  = 0, 
f"(0)  = 1 =4  L(x)  = 1 and  Q(x)  = 1 + f 

44.  f(x)  = cosh  x =4  f'(x)  = sinh  x and  f"(x)  = cosh  x;  f(0)  = 1,  f'(0)  = 0,  f"(0)  = 1 =4  L(x)  = 1 and  Q(x)  = 1 + y 

45.  f(x)  = sin  x =4  f'(x)  = cos  x and  f"(x)  = — sin  x;  f(0)  = 0,  f'(0)  = 1,  f"(0)  = 0 =4  L(x)  = x and  Q(x)  = x 

46.  f(x)  = tan  x =4-  f'(x)  = sec2  x and  f"(x)  = 2 sec2  x tan  x;  f(0)  = 0,  f'(0)  = 1,  f"  = 0 =4  L(x)  = x and  Q(x)  = x 

10.9  CONVERGENCE  OF  TAYLOR  SERIES 


1.  ex  = l+x+^  + ... 


OO 

E s =*  e-5x=l  + (-5x)  + C|^ 

n=0 


l-5x+^^^  + ...=E  ^ 

n=0 


2.  ex=l+x+^  + ...=Es^  e-x/2  = l + (f)  + 


_ — 1 _ x I JC i 

I * * * 1 9 I 9291  939!  ' 


OO 


E 

n=0 


(-l)nxn 

2nn! 


— * y** 

3.  sin  x = x — — 


_ ~ (_l)nx2n+l 

I-'  (2n+l)! 

n=0 


5 sin(— x)  = 5 


_ (z*£  4-  (~x>5 
3!  ' 5! 


_ 5(— l)n+1x2n+1 

^ (2n+l)! 

n=0 


4.  sin  X = X — |y  + |y  - 


(_l)”x2n+1 
2^  (2n+l)! 

n=0 


sin  f 


/7rx\3  /7rx\5  /ttx\7 

2 [X  _ V 2 ) I \ 2 ) _ \ 2 ) 

2 3!  ‘ 5!  7! 


_ ^ (_i)V»+ix&h-i 
22n+1(2n+n! 

n=0 
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5.  cos  x = £ 4^Tr“  ^ cos  5x2  = E 


(2n)! 


2 _ (— I)”  [ 5X2]2”  _ A (_1)n52nx4n  _ 25x4  625x8  15625x12 

(2n)!  — ^ (2n)!  — 1 2!  4!  6! 

n=0  n=0 


°°  / i \n  2n 

6.  cos  x = E 


2n(2n) ! 


— 1 X L X |_ 

2-2!  “ 22 -4!  23 -6!  ' ' 


CO  . , n — | n 

7.  ln(l  + x)  = E ^ =>  Ml  + x2)  - E k~1J  n ^ - E 


ln(  1 + x2)  = £ (~irn1(xT  = E l-=^  = x2  - ^ ^ ^ 

n=l  n=l 


3.  tan  lx  = 


2n+  1 


tan-1  (3x4)  = £ ("1)2°f+x41)2n+1  = £ (-1)n32;+lx8"+4  = 3x4  - 9x12  + ^x20 

n=0  n=0 


oo  oo  oo 

9.  £7  = e (-i)v  =>  =e  (-i)n(^3)n  = e (-ira)V"  = t - 1*3 + ^ gx® + 


10-  rb  = Exn=^  231  = 5T3U  = sE  (5x)"  = E (Dn+‘xn  = 5 + ?x+5x2  + rx3 


11-  ex  = E £ 

n=0 


xe"  = x I E nT 

\n— 0 


= E V=x  + x2+ir  + tT  + iT 

n=0 


12.  sin  x = E 


n=0 


(-l)nx2n+1 

(2n+l)! 


x2  sin  x = x2  f ^ 

\n=0 


= E 


yo_x__|_E x_ 

(2n+l)!  3!  ' 5!  7!  ^ ' 


( i \nv2n  2 9 ,oc.  / i \nv2n 

13.  COS  X = E Sn )T  =*  y-l+cosx=^-l  + E Sn )T 


X 111  X I X X I X 

2 1 ' 1 2 ' 4\  6!  8! 


_ jr  x_  _L  x_  _ 2L_  _i_  ( 

— 4!  6!  8!  10!  ' ‘ ‘ ‘ ^ 


(2n)! 


14.  sin  x = E (2„+i)i 

n=0 


=>  sin  x — x + |y  = ( E 


n=0 


(-l)nx2n+I 

(2n+l)! 


x+ 


M 


X_  _i_  X_  X I X X I 

~1~  5!  7!  ' 9!  11!  ' ’ 


\ v3  x5  x7  x9  x11  J2. 

•J^x+jy  — 5y  — 7T  + 9T^TIT  + --  - — E 


(-l)nx2n+1 

(2n+l)! 


15.  cosx  = E (-=^ 


(2n) ! 


X COS  7TX  = X E 


(~  l)n(x~x)2n  _ (-1)%2°X2°+1  _ v A3  , 7T4X! 


(2n)! 


= E 

n=0 


.2  v3  _4V5  _6„7 


(2n)! 


= X 


2!  ' 4! 


+ 


16.  COS  X = E ( =$■  X2  COS  (x2)  = X2  £ 


(-1)°  (x2)2°  _ vv  (~l)°x4"+2  _ 2 


(2n) ! 


= E 


v10  v 14 


(2n)! 


+ . 


1 7 ms2  Y _ 1 , cos  2x  _ I , 1 V (-D°(2x)  _ 1 , 1 
I / . LUS  A—  2t  2 — 2 T 2 ^ (2n)!  — 2 ”r  2 


| (2x)2  . (2x)4  (2x)6  , (2x)s 

1 2!  4!  6!  ' 8! 


-=1_<M  + (^^(^_l(2x/_  _ 1 i V ^1^2x)2"  - 1 i V (~l)n  22"-'x2° 

1 2-2!  _r  2-4!  2-6!  “r  2-8!  1 2-(2n)!  1 ' (2n)! 


18.  sin2x=  (i^t2*)  = \ - \ cos2x=  \ - ± (l 

_ 4^  (— l)D+1(2x)2n  _ ^ (-1)°22--1  x2n 


(2x)2  , (2x)4  (2x)6 

2!  ' 4!  6!  ' 


...) 


_ (2 x)2  (2x)4  ■ (2x)6 

— 2-2!  2-4!  ^ 2-6! 


= E 

n=l 


= E 

n=l 
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19.  J ^ = X2  = x2  (2x)n  = E 2nxn+2  = X2  + 2x3  + 22x4  + 23x5  + 


n=0  n=0 


20.  x In  (1  + 2x)  = x 

n=l 


(— l)n~1(2x)n  _ ^ (~l)a-l2axQ+1  _ 0,r2  22x3  , 23x4  24x5  , 

n ~ 2^  n — ZX  2 ' 4 5 

n=  1 


21.  = J]  xn  = 1 + x + x2  + x3  + . 

n=0 


=*  £( Til)  = 7TiF  = l+2x  + 3x2  + ...  =E  nx-^E  (n+l)x“ 


n=0 


22. 


(l-x) 


2 / \ °° 

= S*(l=i)  = s((T=Jf)  =s(1+2x  + 3x2  + ...)=2  + 6x+12x2  + ...  = E n(n  - l)x"-2 


= E (n  + 2)(n  + l)xn 

n=0 


23.  tan  'x  = x 


yX3  + yX5  — 2x7 


= x3 


t „n 

5 x 


1„15 
7 X 


=>  xtan  'x2  = x(  x2 


_ ^ (:-i)V 


(xJ-l(x=)!  + t(x2)5-l(xJ)’  + ...) 


= E 


2n  — 1 


24.  sinx  = x-  |T  + |T-|T  + . 


„ 4x3  | 16  x3  64  x | 

— A 3!  ' 5!  7!  ' • 


sin  x • cos  x = 2 sin  2x  = 2 ^2x 


(2xf 

3! 


+ 


(2x)5 


(2xf 

7! 


...) 


= X 


2xJ  | 2x3  4x' 

3 “T"  15  315 


_ (_D»22nx2«-l 

~ (2n+l)! 


25.  ex  = 1 + x + |y  + fy  + 


and  yE  = 1 — x + x2  — x3 


= (i+x+^  + ^ + . ..)+(!  - x + x2-x3  + ...)=2  + 


^eX  + TTii 

OO 

= 2 + §x2  - fx3  + |x4  + ...  = £(1  + (-l)n)x“ 


26.  sinx  = x— |y  + |y  — |y  + ...  and  cos  x=l  — + — §[■  + ...  =>•  cos  x — sin  x 


X | X X I 

2!  ' 4!  6!  ' 


— ST'f  (-l)°x21  ( — l)nx2n+1 


(2n)! 


(2n+l)! 


) 


5!  7! 


'\_1_y_x2iX3iX4_x5_x6|X7, 

■ • • J ~ 1 A 2!  T 3!  4!  5!  6!  7!  ' * * 


27.  ln(  1 + x)  = x-  |x2  + |x3  - ix4  + ...  =>  f ln(l  + x2)  = f(x2  - 2(x2)2  + |(x2)3  - i(x2)4  + ...) 


1y3  _ 1 y5  i 1 y7  _ J_y9 
3 A 6 A ' 9 12 A 


= E 


(-ir'x2n+1 


3n 


28.  ln(l  + x)  = x — yX2  + yX3  — t x4  + . . . and  ln(l  — x)  = — x — 2x 


1 v2  _ 1_3  _ 1 y4 
3 X 4X 


+ ...  =>  ln(  1 + x)  — ln(  1 — x) 


= ( 


1V2X1,3  1y4 

4X 


X — ^X“  + yX 


+ -)-(- 


X — ^X"  — ixj  — lx’  + . . . ) = 2x  + |x3  + |x5  + . . . =J2  ^tttX 


I„2  _ 1„3  _ Iy4 
2 X 3X  4 2 


2 y2n+l 
2n  + l 


29.  ex  = 1 + x + + |y  + . . . and  sin  x = x — |y  + |y  — yy  + . . . =>■  ex  • sin  x 


- (l+x+§T  + fT  + ...)( 


-y  A I A A |_ 

A 3!  ' 5!  7!  ' 


•••) 


= x + X2  + yX3  - yyX5 


30.  ln(l  + x)  = x — |x2  + |x3  - yx4  + . . . and  yE  = 1 + x + x2  + x3  + . . . 


ln(  l+x) 


= ln(l  + x)  • yE 


= (x  - 2X2  + |x3  - 3X4  + . . . ) (!  + X + X2  + X3  + . . . ) = x + \x2  + |x3  + ^x4  + . . 
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31.  tan  'x  = x 


lx5  + ix5  - ix7 


(tan  xx)  = (tan  1x)(tan  1 x) 


= (x  - |x3  + 


lx5 


ix7  + . . .)  (x  - ix3  + ix5  - ix7  + . . .)  = X2  - fx4-|x6* 


44  8 , 

105  A ^ ' 


32.  sinx  = x — |y  + |y  — |y+...  and  cos  x = 1 — fr  + fr  — fr  + • 


cos"x  • sin  x = cos  x • cos  x • sin  x 


— cos  x • ^ sin  2x=i(l-^  + fJ-^  + ...)(: 


2x 


(2xf 

3! 


+ 


(2x)5 


(2xf 

7! 


+ 


-) 


= X 


Zx3 

6X 


_6J_y5  _ 1247  7 
120  A 5040  A 


33.  sin  X = X - £ + (2  _ * + . 
^ esinx  = 1 + (x  - 
= 1 + x + ix2  - |x4  + . . . 


7X?  + • • •) 

)?  + - 


34.  sin  x = x — y + y — y + . . . and  tan  *x  = x yX3 


ix3 
3 A 


lv5 


ix7  + ...)  + yo(* 


— y J_  v3  1 3 y5  _5_  y7  1 

— A 2a  T gA  16A  . 


|x5  — IfX1  + 


sin(tan  'x)  = (x  — |x3  + yX5  — 


lx3  ■ 
3 X 


+ ±xs-ix7  + ...)  -5^(x-ix3  + 


1 y5  _ 1 y7 
5 A 7 X 


and  ex  = l+  x+  ^ + fr 


_ 51  4. 

7!  ^ ' 


)+z(x_f!+t!^fl  + --  -)  + g(x~5T  + t!^7!+'--)  + 


35.  Since  n = 3,  then  04)(x)  = sinx,  |C4)(x)|  < M on  [0,  0.1]  =>  | sin x|  < 1 on  [0,  0.1]  =>  M = 1.  Then  IR3 (0.1) | < 1 ^al4, 
= 4.2  x 10~6  =>  error  < 4.2  x 10~6 


36.  Since  n = 4,  then  05)(x)  = ex,  |05)(x)|  < M on  [0,  0.5]  =>  |ex|  < ^/e  on  [0,  0.5]  =>  M = 2.7.  Then 
|R4(0.5)|  < 2.7|a5s7°|5  = 7.03  x 10"4  =>-  error  < 7.03  x 10~4 

37.  By  the  Alternating  Series  Estimation  Theorem,  the  error  is  less  than  y-  =>  |x|5  < (5!)  (5  x 10“  4)  =*  lx|5  < 600  x 10~4 

=>  | x | < y/ 6 x 10-2  « 0.56968 


f-5)4 


24 


38.  If  cos  x = 1 — y and  |x|  < 0.5,  then  the  error  is  less  than 

since  the  next  term  in  the  series  is  positive,  the  approximation  1 
Theorem 


0.0026,  by  Alternating  Series  Estimation  Theorem; 
y is  too  small,  by  the  Alternating  Series  Estimation 


39.  If  sin  x = x and  |x|  < 1 0 3,  then  the  error  is  less  than  (1°3,  - w 1.67  x 1 0 “ 10 , by  Alternating  Series  Estimation  Theorem; 
The  Alternating  Series  Estimation  Theorem  says  R2(x)  has  the  same  sign  as  (] . Moreover,  x < sin  x 

=>  0 < sin  x - x = R2(x)  =>■  x < 0 =$■  -10”3  < x < 0. 


40.  a/T 


X^1+X_1L  + X 

A 1 ‘ 2 8 ^ 16 


= 1.25  x 10 


-5 


By  the  Alternating  Series  Estimation  Theorem  the  |error|  < 


< 


(0.01)2 

8 


41.  |R2(x)|  = 


< — — < 1.87  x 10  4,  where  c is  between  0 and  x 


42.  |R2(x)|  = 


< yy-  = 1.67  x 10  4,  where  c is  between  0 and  x 


43.  stf  x = (iyiS)  = j - 1 C0S2x  = 1-  1 (l  - + !|£  _ « + ...) 

(rfx)  = i(f-^  + ^-...) 


6_ 

dx 


_ 9y  _ (2xT  , (2 xf  _ (2x£  , 

Z"A  3!  ' 5!  7!  ' ' 


= 2x  — yy-  + yy — yy  + . . . = sin  2x,  which  checks 


2x2  _ 2V  , 2 V 

2!  4!  f 6! 

=>  2 sin  x cos  x 
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44.  cos-  x = cos  2x  + sin2  x = 1 


(2x)2  , (2x)4  (2x)6  , (2x): 


2!  ' 4! 


I I 

6!  ^ 8!  ^ ‘ • 


Ms- 


23x4  ■ 25x6  27: 

4!  6!  8 


= 1 - 2x!  + 2: 

A 0(1 


3 v4  ^5y6 


2uxu  | i Y2  _i_  1 Y4  _2_  y6  I 1 y8  

4!  6!  ' •••  1 X ' 3X  45  X ' 315  X 


45.  A special  case  of  Taylor's  Theorem  is  f(b)  = f(a)  + f'(c)(b  — a),  where  c is  between  a and  b =>■  f(b)  — f(a)  = f'(c)(b  — a), 
the  Mean  Value  Theorem. 


46.  If  f(x)  is  twice  differentiable  and  at  x — a there  is  a point  of  inflection,  then  f"(a)  = 0.  Therefore, 

L(x)  = Q(x)  = f(a)  + f'(a)(x  — a). 

47.  (a)  f"  < 0,  f'(a)  = 0 and  x = a interior  to  the  interval  I =>  f(x)  — f(a)  = 1 {^l}  (x  — a)2  < 0 throughout  I 

=>  f(x)  < f(a)  throughout  I =>  f has  a local  maximum  at  x = a 
(b)  similar  reasoning  gives  f(x)  — f(a)  = 1 („C2j  (x  — a)2  > 0 throughout  I =>  f(x)  > f(a)  throughout  I =>  f has  a 
local  minimum  at  x = a 


48.  f(x)  = (1  - x)"1  =>  f'(x)  = (1  - x)-2 
=>  T4)(x)  = 24(1  — x)-5;  therefore  1 

<x4(f)5 


(l-x)5 


1 — x 

the  error  e3  < 


f"(x)  = 2(1  - x)“3  f(3)(x)  = 6(1  - x) 

1 + x + x2  + x3.  |x|  < 0.1 

I max  f(4)(x)x4  I . ^ / in\5 


10  ^ ^ 10 
11  ^ l-x  ^ 9 


(l-x)5 


<(f)5 


4! 


< (0.1)4  (f ) = 0.00016935  < 0.00017,  since 


f(4>(x) 

1 

4! 

(1-X)! 

49.  (a)  f(x)  = (1  + x)k  =>  f'(x)  = k(l  + x)k”‘  f"(x)  = k(k  - 1)(1  + x)k“2;  f(0)  = 1,  f'(0)  = k,  and  f"(0)  = k(k  - 1) 

=>  Q(x)  = 1 + kx  + x2 

(b)  |R2(x)|  = j^x3!  < =4>  |x3|  < jig  =>  0 < x < orO  < x < .21544 


50.  (a)  Let  P = x + 7r  =>  |x|  = |P  — 7r|  < .5  x 10  n since  P approximates  7r  accurate  to  n decimals.  Then, 

P + sin  P = (tt  + x)  + sin  (7 r + x)  = (tt  + x)  — sin  x = 7r  + (x  — sin  x)  =>  | (P  + sin  P)  — 7r| 

= | sin  x — x|  < < 2225  x io~3n  < .5  x 10~3n  =>■  P + sin  P gives  an  approximation  to  7r  correct  to  3n  decimals. 

OO  OO 

51.  If  f(x)  = anxn,  then  f(k^(x)  = n(n  — l)(n  — 2)-  • -(n  — k + l)anxn~k  and  fW(0)  = k!  a^ 

n=0  n=k 

=>  ak  = k,  for  k a nonnegative  integer.  Therefore,  the  coefficients  of  f(x)  are  identical  with  the  corresponding 
coefficients  in  the  Maclaurin  series  of  f(x)  and  the  statement  follows. 


52.  Note:  f even  =)>  f(— x)  = f(x)  — f'(— x)  = f'(x)  =>  f'(— x)  = — f'(x)  =>  f'  odd; 

fodd  =>  f(-x)  = -f(x)  =>  -f'(-x)  = -f'(x)  =>•  f'(-x)  = f'(x)  =>  f'  even; 
also,  f odd  =>•  f(-0)  = f(0)  =>  2f(0)  = 0 =>  f(0)  = 0 

(a)  If  f(x)  is  even,  then  any  odd-order  derivative  is  odd  and  equal  to  0 at  x = 0.  Therefore, 
ai  — a.3  = a.-,  — . . . =0;  that  is,  the  Maclaurin  series  for  f contains  only  even  powers. 

(b)  If  f(x)  is  odd,  then  any  even-order  derivative  is  odd  and  equal  to  0 at  x = 0.  Therefore, 
ao  = a-_>  = a i = . . . =0;  that  is,  the  Maclaurin  series  for  f contains  only  odd  powers. 


53-58.  Example  CAS  commands: 

Maple: 

f :=  x ->  l/sqrt(l+x); 
xO  :=  -3/4; 
xl  :=  3/4; 

# Step  1 : 

plot(  f(x),  x=x0..xl,  title="Step  1:  #53  (Section  10.9)" ); 
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# Step  2: 

PI  :=  unapply(  TaylorApproximation(f(x),  x = 0,  order=l),  x ); 

P2  :=  unapply(  TaylorApproximation(f(x),  x = 0,  order=2),  x ); 

P3  :=  unapply(  TaylorApproximation(f(x),  x = 0,  order=3),  x ); 

# Step  3: 

D2f  :=  D(D(f)); 

D3f  :=  D(D(D(f))); 

D4f  :=  D(D(D(D(f)))); 

plot(  [D2f(x),D3f(x),D4f(x)],  x=x0..xl,  thickness=[0,2,4],  color=  [red, blue, green],  title="Step  3:  #57  (Section  9.9)" ); 
cl  :=  xO; 

Ml  :=  abs(  D2f(cl) ); 
c2  :=  xO; 

M2  :=  abs(  D3f(c2) ); 
c3  :=  xO; 

M3  :=  abs(  D4f(c3) ); 

# Step  4: 

R1  :=  unapplyt  abs(Ml/2!*(x-0)A2),  x ); 

R2  :=  unapplyt  abs(M2/3!*(x-0)A3),  x ); 

R3  :=  unapplyt  abs(M3/4!*(x-0)A4),  x ); 

plot(  [Rl(x),R2(x),R3(x)],  x=x0..xl,  thickness=[0,2,4],  color=[red, blue, green],  title="Step  4:  #53  (Section  10.9)" ); 

# Step  5: 

El  :=  unapply(  abs(f(x)-Pl(x)),  x ); 

E2  :=  unapply(  abs(f(x)-P2(x)),  x ); 

E3  :=  unapply(  abs(f(x)-P3(x)),  x ); 

plot(  [El(x),E2(x),E3(x),Rl(x),R2(x),R3(x)],  x=x0..xl,  thickness=[0,2,4],  color=[red, blue, green], 
linestyle=[l,l,l,3,3,3],  title="Step  5:  #53  (Section  10.9)" ); 

# Step  6: 

TaylorApproximation(  f(x),  view=[x0..xl, DEFAULT],  x=0,  output=animation,  order=1..3  ); 

LI  :=  fsolve(  abs(f(x)-Pl(x))=0.01,  x=x0/2  );  # (a) 

R1  :=  fsolvef  abs(f(x)-Pl(x))=0.01,  x=xl/2  ); 

L2  :=  fsolve(  abs(f(x)-P2(x))=0.01,  x=x0/2  ); 

R2  :=  fsolvef  abs(f(x)-P2(x))=0.01,  x=xl/2  ); 

L3  :=  fsolve(  abs(f(x)-P3(x))=0.01,  x=x0/2  ); 

R3  :=  fsolve(  abs(f(x)-P3(x))=0.01,  x=xl/2  ); 

plot(  [El(x),E2(x),E3(x),0.01],  x=min(Ll,L2,L3)..max(Rl,R2,R3),  thickness=[0,2,4,0],  linestyle=]0,0,0,2], 
color=[red,blue,green, black],  view=[DEFAULT,0..0.01],  title="#53(a)  (Section  10.9)" ); 
abs('f(x)'-'P'[l](x) ) <=  evalf(  El(x0) );  # (b) 

abs('f(x)'-'P'L2](x) ) <=  evalf(  E2(x0) ); 
abs(' f(x)' P'  [3](x) ) <=  evalf(  E3(x0) ); 

Mathematica:  (assigned  function  and  values  for  a,  b,  c,  and  n may  vary) 

Clear[x,  f,  c] 

f|x_]=  (1  + x)3/2 

{a,  b}=  {-1/2,2}; 

pf=Plot[  f[x],  { x,  a,  b}]; 

polylLx_]=Series[fLx],  {x,0,l }]//Normal 

poly2Lx_]=Series[fLx] , { x,0,2 } ]//Normal 

poly3Lx_]=Series[f[x],  {x,0,3 }]//Normal 

Plot  [ { f [x] , poly  1 [x] , poly 2 [x] , poly 3 [x] } , { x,  a,  b } , 

PlotStyle  ]RGBColor[  1,0,0], RGBColor[0,l,0], RGBColor[0,0,l], RGBColor[0,.5,.5] }]; 
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The  above  defines  the  approximations.  The  following  analyzes  the  derivatives  to  determine  their  maximum  values. 
f'[c] 

Plot[f'[x],  {x,  a,  b } ] ; 
f"[c] 

Plotlf’Lx],  {x,  a, b } ] ; 
f'"[c] 

Plot[f"'[x],  {x, a, b}]; 

Noting  the  upper  bound  for  each  of  the  above  derivatives  occurs  at  x = a,  the  upper  bounds  ml,  m2,  and  m3  can  be  defined 
and  bounds  for  remainders  viewed  as  functions  of  x. 
ml=f'[a] 
m2=-f"[a] 
m3=f"'[a] 
rl  [x_]=ml  x2  /2! 

Plot[rl[x],  { x,  a,  b } J ; 
r2[x_]=m2  x3  /3! 

Plot[r2[x],  { x,  a,  b } J ; 
r3[x_]=m3  x4  /4! 

Plot[r3[x],  { x,  a,  b } J ; 

A three  dimensional  look  at  the  error  functions,  allowing  both  c and  x to  vary  can  also  be  viewed.  Recall  that  c must  be  a 
value  between  0 and  x,  so  some  points  on  the  surfaces  where  c is  not  in  that  interval  are  meaningless. 

Plot3D|f'[c]  x2  /2!,  {x,  a, b},  {c,a,b},  PlotRange  ->  All] 

Plot3D[f"[c]  x3  /3!,  {x,  a, b},  {c, a, b},  PlotRange  ->  All] 

Plot3D[f"'[c]  x4  /4!,  {x,  a,  b},  {c,a,b},  PlotRange  -►  All] 

10.10  THE  BINOMIAL  SERIES 


1.  (1+x)1/2^  l + |x+  (s)(2,s)x2  + ^)(  111  H +...  =1  + IX_1X2+_^X3_1 

2.  (1  +x)!/3  = i + ix+  (ilHM  + (DHHHI)-3  + = i + ix  - ix2  + ax3  - 


3.  (1  -x)-1/2  = 1 - l(-x)  + 


Ot  ' 'll 


+ ...  = l + ix+|x2  + ^x3  + ... 


4.  (1  - 2X)1/2  = 1 + 1 (— 2x)  + 


+ ...  =1—  x-]x2-  jX3 


5.  (1  + l)-2  = 1 - 2 (!)  + + ...  = 1 - X+  lx2  - 1 X» 

6.  (!  - j )4  = 1 + 4 (-  f ) + mjplt  + t)3  + (-|)4+0  + ...=1-4x+|x2-4x3  + ^x4 

7.  (1  + X3)“1/2  = 1 - \ X3  + HIH  + (-  g)  (-  IH- S)  (x'3)  + . . . = 1 - I X3  + 3 x6  _ 5_  x9  + _ 

8.  (1  +x2)“1/3  = 1 - |x2  + H)  Izil  (x2)~  + HI  1Hz  11  H + ...  = 1 - |x2  + |x4  - X6  + ... 


9 (]  | n1/2  _ i | i | (*)(-*)  Q)2  | (iHHHzlHil!  , -i  + a_^  + ^ + 

y-Vi  + xl  — i + 2lxl+  2!  + 3!  +•••—  1 + 2x  8x2  + 16x3  ’ • ’ 
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10. 


yfe  = x(l  + x)-/3  = , (.  - (-  1)X  + + H)  (-  j)  (-  i>*  + . . . ) 


= x - fx2  + |x3  - if  X4  + 


n.  ( 1 + x)4  = 1 + 4x  + _|_  (4X^2)x^  _ i -).  4x  + 6x2  + 4x3  + x4 

12.  ( 1 + x2)3  = 1 + 3x2  + = 1 + 3x2  + 3x4  + x6 

13.  (1  - 2x)3  = 1 + 3(— 2x)  + (3)(2)2(~2x)2  + l3X2Xl)l-2x)3  = : _ 6x  + 12x2  _ 8x3 

14.  (1  - |)‘  = 1 + 4 (-  |)  + SSjJpl!  + «X«2)(-  j)-  + MX3X2XI)  t !)'  = 1 _ 2x  + | _ 1 x»  + .1  X4 


r0-2  r° 2 / fi 

15.  fo  sinx2dx  = /o  (x2-|f  + ^ 
|E|  < % « 0.0000003 


•••) 


dx  = 


X X 

3 7-3!  “t"  ‘ ‘ * 


0.2 

„3 " 

X 

0 

3 

0.2 


0.00267  with  error 


J o 


n0.2  v 

16.  f 

Jo  x 


dx  = 


CK'-^+a-S  + a 


o—n- 


1 + x_xf  , xf 
1 ^ 2 6 ^ 24 


•••) 


dx 


18 


+ ... 


0.2 


-0.19044  with  error  |E|  < ^ « 0.00002 


17-  /o°17TT7dx=X°1(1-T  + f -•••) 


dx  = 


■ o.i 
- 0 


[xJn'1  « 0.1  with  error 


|E|  < ^ = 0.000001 


.8.  r-vr+^r  (■  + *-*  + -) 


dx  = 


, x:  _ jr 

X + 9 45 


0.25 


J 0 


X + 


0.25 


0.25174  with  error 


J o 


|E|  < w 0.0000217 


p01  ■ p0  1 / 2 4 6 

\ 

„3  „5  „7 

0.1 

„3  „5 

Ly-  Jo  x UX  - Jo  C 3!  + 5!  7!  ' * ' 

. J dx  = 

X°  , X°  X 1 _i_ 

A 3-3!  5-5!  7-7!  ^ * 1 

0 

X * L — 

A 3-3!  ^ 5-5! 

0.1 

0 


0.0999444611,  |E|  < ^ ~ 2.8  x 10 


-12 


1 f0'1  / 

exp  (—x2)  dx  = Jo  p - 

0.0996676643,  |E|  < ^ 


x2  + 


_ _ 

2!  3!  "r  4! 

4.6  x 10~12 


■) 


dx  = 


o.i 

0 


21.  (1  + X4)1/2  = (l)1/2  + Ifl  (ir1/2  (x4)  + (1)_3/2  (x4)2  + ^ ( j)  ( ^ (I)-5/2  (x4)3 

+ G)  (- 1)  iz  I)  (-  I)  (D-7/2  (X4)4  + ...=l  + ^-  g + ^ 


5x16 

128 


1 + - - 
1 ^ 2 


16 


5xlb 

128 


+ . 


■) 


dx  : 


X + 


10 


0.1 
J 0 


0.100001,  |E|  < « 1.39  x 10~n 


22.  £(*#*)*.£( 


A 1 A A A 

4\  ' 6\  8!  TO! 


dx  : 


A A 

3-4l  ' 5-6T 


7-8! 


9-10! 


- 1 
- 0 


: 0.4863853764,  |E|  < ^ 


23.  f1 
Jo 


cos  t2  dt  = 


1.9  x 10"10 

/.‘(■-{  + S-S  + -) 


dt  = 


l“  TO 


r 

9-4! 


13-6! 


+ 


10 


42 


0.1 

0 


error  < 


13-6! 


.00011 
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24-  /01cosv/tdt=/o1(l-|  + ^-^  + ^-...) 


dt  = 


|error|  < ~ 0.000004960 


t-  t i J£_  - JL 

1 4 ~ 3-4!  4-6! 


t° 

5-8! 


25 


FW  - fo  (t2  ~ h + JT  - 7T  + ■■■) 

lerrorl  < jy£y  « 0.000013 


dt  = 


7-3! 


t11  _ _4_ 

11-5!  15-7! 


X X I X 

3 7-3!  11*5! 


26.  F(X)  -/0(t2-t4+^y-^y  + ^--^-+...) 


X X~_  I X X 

3 5 ' 7-2!  9-3! 


114! 


error  < 


dt  = 

i ~ 


f3  <.5  4.7  +9  tll  t13 

1 1 L J 1 L _i 1 U 

3 5 ' 7-2!  9-3!  ~ 114!  13-5!  “ **• 


13-5! 


0.00064 


dt  = 


1 _ £ I f_ 

2 12  30 


/o(t-V  + V-  7 + -") 

(b)  | error  | < ^ « .00089  when  F(x)  + - + (~1)15  53(33 


27.  (a) 

F(x)  = 

= JT(<- 

(b) 

| error  | 

< -J— 
^ 33-34 

28.  (a) 

F(x)  = 

= K1 

=> 

| error  | 

^ (0.5)6 
^ 62 

(b) 

| error  | 

< -2-  = 
^ 322 

error  < 


(05)! 

30 


Jo  (!-|  + f -7  + ••■) 


dt  = 


t t2 .j3 t4  . t5 

1 2-2  "T-  3-3  4-4  5-5 


.00052 


.00043 


29 


(b)  | error  | < 332  ~ -00097  when  F(x)  «x  - j + | - ^ + ...  + (-1)31 

'•  ?(ex-d+x))  = i((l+x+f  + £ + ...)-l-x)  = 

(l  + A + ?!  + \ _ 1 

y 2 ~ 3!  4 4!  ~ ‘ ' y 2 


= Ui  + 5:4. 

2 ~ 3!  ~ 4!  ~ ' 


= lim„  ( I 


r 1 r r 1 r 

- X 22  ^ 32  42  + 52 


lim 

x — ♦ 0 


ex  — (1  + x) 


30. 


(ex  - e x)  = i ( 


l+x+|T  + |T  + jT  + 


•••)-(' 


Y 4 L _ L -L  £ 

A "r"  2!  3!  ' 4! 


9 1 2x2  I 2x4  I 2x6  I 

-‘-'I  'i  | "1  c»  1 71  1 


lim  = lim 

x — > 0 x x > 00 


( 


-)]  =;(2x  + ¥ + ¥ + ¥ + -) 


2x2  , 2x4  , 2x6  j _ 2 


9 _i_  2x2  I 2x4  I 2x°  I 

^ ' si  ' si  ' 7!  1 


31.  £ 


(l-cost-f)  = |;.[l  - f - (l  - f + £“£  + •••) 
41™0  (~5T  + ^^  + ---) 


41 

4!  “ 6! 


£ 

8! 


24 


lim 

t->0 


1 — cos  t 


-(f) 


t4 


32.  (-0  + ^+  sin«j  - ^ (-0  + ^+  0-  5T  + !l----)  5T  §T 

/ j_ 1 \ _ 1 

Y 5!  7!  4 9!  ’ ’ • J — 120 


4-  - - 
-1-  9! 


= lim  i _ + r 

11111  l <1  H I I Ot 

7 — > 0 


lim 


9~<>+{t) 


33.  ^ (y  - tan  1 y)  = ^ 


_ 1 _ r 

3 5 


lim  y~la!  'y  = lim  ( 1 - £ + tr  - . . .) 
y — > 0 y y->0  V3  5 7 J 


34. 


tan  y — sin  y 
y3  cos  y 


y3  y5 

y-T  + y-- 


v3  y5 
l y 3!  5! 


yJ  cos  y 


lim  tan~,y~siny  = lim 


23yz 

5! 


‘0 


y6  cos  y 


• 0 


cos  y 


£ , 23£ 
6 ' 5! 


y°  cos  y 


cos  y 


e-1/£  = x2  (-1  + 1 


(_1  + w 


I + i 

x2  + 2x4 


' 6j?  + 1 


1 


lim  x2  ( e~1//x 


(e"1/*2  - l) 
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36.  (X  + 1)  sin  (x+  J ) (X+I)(x  + 1 3!(x+  l)3  5!(x+l)5  •••)  1 3!(x+l)2  5!(x+l)4 

=*  x^oo  ^X+1)sin(^Tl)  =x1imoo  O-SisW  + SisW--")  = 1 


In  (1  +x2; 


x2-d  + x«_. 


„2  „4 

l- V + V-- 


lim  ^ 1 + x -1  = lim 

x^O  i-cosx  x _>  0 


38- 


(x  — 2)(x  + 2) 

[(x-2,-<^  + <^ 


x -|~  2 

' i x — 2 , (x-2)2 
1 2 3 


— — 

x_>  2 In(x-l) 


— lirn  x+2 — 4 

x™ 


39.  sin3x2  = 3x2  — |x6  + §gX10  — . . . and  1 — cos2x  = 2x2  — lx4  + Ax6 


3x2  _ 5X6  . 8U10  _ 
JA  2 A ^ 40  A 

0 2x2  - |x4  + ^x6  - . 


= lim 


3-ix4  + ix8-...  _ 3 


0 2-^  + ^-. 


40.  ln(l  + x3)  = x3  — y + j — A1  + . . . and  xsinx2  = x3  - gX7  + j^x11  - g^x15 


"n  X3_IX7,J_X11 i_x15  , 

. y a 6 A ' 120  A 5040  A ' ‘ 


1 _ xi  + xi  _ xi  + 

— lim  2 ^ 3 4 ' ' ' ' _ 1 

— A1111rv  1_lv4  I J_v8 l Y 12  — 1 

X — > U 1 6X  ' 120  X 5040 X ^ • 


41.  1 + 1 + j,  + + j,  + . . . — e1  — e 


42.  u)3+a)4+u)s+- 


1 1 _ J_4  _ J_ 

64  1 - 1/4  — 64  3 — 48 


43.  1-^  + ^-^  + ...  =l-^(|)2  + i(|)4-^(|)6+  ...  =cos( 


44.  \ - 5^1  + 3^3  - + .. . - Q)  - 5(5)  +5(5)  - HI)  + • ■ • - ln(l  + 2)  - ln(i) 


3 333!  "r  355!  377! 


A+...=f-i!(f)3+>(|)5-i!(f)7+...=sin(f)  = 


46-  |~?3  + ^-^7  + ...  =(I)-HI)3  + HI)5-HI)7  + -"  =tan_1(l) 

47.  x3  + x4  + x5  + x6  + . . . = x3(l  + x + x2  + x3  + . . . ) = x3(yH;)  = iH/ 


as  1 32x2  , 34x4  36x6 

48.  1 2l  ' “4! §r 


+ . . . = 1 - H3x)2  + ?l(3x)4  - 51  (3x)6  + • ■ - = cos(3x) 


49.  x3  — x5  + x7  — x9  + . . . = x3  ^1  — x2  + (x2)“  — (x2)3  + . . . j = x3(yH?)  = H 
so.  x^2x’  + "-«  + «_  ...=x2(i— 2x+!^_l|i!  + i^_.„) 


51.  — 1 + 2x  — 3x2  + 4x3  — 5x4  + . . . = ^(1  — x + x2  — x3  + x4  — x5  + . . . ) = ^ ( H_)  = q — // 


52.  i + ^ + i + 4 + 4 
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53.  In 


(|^)=ln(l+x)  — ind  — x)=(x— f + f^^  + ...)-(-x-f-f-f_...)=2(x+f + f + ...) 


2 3 4 ( i \n—  l„n 

54.  ln(l+x)  = x— y + y — y + ...  + <=$-*-+... 
ri|10„  < yjs  =>  n!0n  > 108  when  n > 8 =>  7 terms 


error  = 


(-i  f-y 


= ^ when  X = °-1; 


__  y3  y5  y7  y9  r-nn_1x2n_1 

55.  tan  1 X = X — y + y — y + y — . . . + T 


( — l)n-1x2' 


= when  x = 1 ; 

2n— 1 ’ 


2n— 1 ^ 103 


n > yp-  = 500.5  =>  the  first  term  not  used  is  the  501s' 


2n—  1 

we  must  use  500  terms 


56.  tan-1x  = x-f + f&4  + f-«... 


2n—  1 


. . . and  lim 

n — > oo 


x2»+i  2n  - 1 

2n+l  x2"-1 


= x"  lim 


2n  — 1 | __  x2 


OO  I 2n  + 1 

tan-1  x converges  for  |x|  < 1;  when  x = — 1 we  have  ]C  44  which  is  a convergent  series;  when  x = 1 


we  have  ^ 44r  which  is  a convergent  series  =>  the  series  representing  tan  1 x diverges  for  |x|  > 1 

n=l 


57.  tan  1 x = x 


X^  I x^  x^ 

3^5  7 


- ...  + 


(-ly'-V 

2n  — 1 


. . . and  when  the  series  representing  48  tan  1 (4)  has  an 


error  less  than  | • 10  6,  then  the  series  representing  the  sum 

48  tan-1  (4)  + 32  tan-1  (4)  — 20  tan-1  (40  also  has  an  error  of  magnitude  less  than  10-6;  thus 
|error|  = 48  x < yUy  =>  n > 4 using  a calculator  =>■  4 terms 


58.  In 


(sec  x)  = fg  tan  t dt  = fg  (t+f  + ^ + -..)dt«f  + f^  + ^ + ... 


59.  (a)  (1  - x2)“1/2  «l  + f + ¥ + t£  =►  sin_1  x 


lim 

n — > oo 


2 1 8 1 16 

1- 3-5- - -(2n  - l)(2n  + l)x2n+3  2-4-6-  ■ -(2n)(2n  + 1) 

2- 4-6-  ■ -(2n)(2n  + 2)(2n  + 3)  ' 1-3-5-  ■ -(2n  - l)x2n'  1 


x + y + ^ + ffi  ; Using  the  Ratio  Test: 


< 1 


x2  lim 

n — > oo 


(2n  + 1 )(2n+ 1 ) 


|x|  < 1 =>  the  radius  of  convergence  is  1.  See  Exercise  69. 


(b)  £ (cos  1 x)  = — ( 1 — x2)  1/2 


=>  cos  1 x = | — sin  1 x « | 


( 


(2n  + 2)(2n  + 3) 


Y I X_  I 3X2  I JA 

A ' 6 ' 40  ~ ' 1 -1 


< 1 


5x2  \ 

112  J 


X"  6 


3x2 

40 


5x2 

112 


60.  (a)  (1  + 12)  1/2  « (1  r1/2  + (-  i)  (1)  3/2  (t2)  + ( ^)(  4(ir5/2  (*2)2  + ( s)(  l)(3f)o^"2(t2)3 

= 1^l  + 2&-|f  =►  Sinh_1  XR8/0X(1^I  + X_ir)  dt  = x^f  + w^fl2 

(b)  sinh^Q) 

term,  4 , evaluated  at  t = 1 since  the  series  is  alternating  =>  |error|  < ^ 


| — 4 + 4Qg60  = 0.24746908;  the  error  is  less  than  the  absolute  value  of  the  first  unused 


112 


2.725  x 10-6 


«■  tO 


i 


= -1  + x - x2 


1 - (-x) 

= 1 - 2x  + 3x2  - 4x3  + . . . 


=►  £(lTi)  = TTi?  = 4(-l+x-x2+x3-...) 


62.  4^  = l+x2+x4+xc  + ...  =►  £(r4i)  = = £(l+x2+x4  + x6  + ...)  =2x  + 4x3  + 6x5  + ... 
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63.  Wallis'  formula  gives  the  approximation  7r 


4 


2-4-4-6-6-8-  • -(2n  — 2)-(2n) 
3-3-5-5-7-7---(2n  — l)-(2n—  1) 


to  produce  the  table 


n ~ 7T 


10 

3.221088998 

20 

3.181104886 

30 

3.167880758 

80 

3.151425420 

90 

3.150331383 

93 

3.150049112 

94 

3.149959030 

95 

3.149870848 

100 

3.149456425 

At  n = 1929  we  obtain  the  first  approximation  accurate  to  3 decimals:  3.141999845.  At  n = 30,000  we  still  do 
not  obtain  accuracy  to  4 decimals:  3.141617732,  so  the  convergence  to  it  is  very  slow.  Here  is  a Maple  CAS 
procedure  to  produce  these  approximations: 
pie  := 
proc(n) 
local  i,j; 

a(2)  :=  evalf(8/9); 

for  i from  3 to  n do  a(i)  :=  evalf(2*(2*i— 2)*i/(2*i— l)A2*a(i— 1))  od; 

L[j,4*a(j)]  $ 6 = n-5  ..  n)] 


64.  (a)  f(x)  = 1 + E(k)xk=>f'(x)  = E(”)kxk"1  =*►  (l  + x)-f'(x)  = (l+x)E(^)kxk-1 

k=l  k=l  k=l 

oo  oo  oo  oo  oo  oo 

= E(”)kxk-'  + X • E(”)kxk-‘  = E ( k ) k xk “ 1 + E(k)kxk  = (?)  (1)  x°  + E(?)kxk-'  + E(?)kxk 

k=l  k=l  k=l  k=l  k=2  k=l 

oo  oo  oo  oo 

= m + E (™ )kxk” 1 + E ( k ) k xk  Note  that:  E (?)kxk_1  = E (k"i)(k+1)!sk 

k=2  k=l  k=2  k=l 

oo  oo  oo  oo 

Thus,(l+x).f'(x)=m  + E(?)kxk-1+E(?)kxk  = m+E(k?1)(k+l)xk  + E(?)kxk 

k=2  k=l  k=l  k=l 

OO  -I  OO  r 

= ™ + E (t  + ,)(k+  D>=k  + (i)kxk  = m + £ ((t+i)(k+  1)  + (f)k)xk  ■ 

k=l  J k=l  J 

Note  that:  (k?j)(k+l)  + (?)k  = m'(m~  1)-(<?-(k+ 1)  + 11  (k  + 1)  + °-(°»-i)-Hm-k+i)k 

_ m-(m-f)---(m-k)  m-(m- l)  — (m  - k+  1)  ^ _ m-(m-l)--(m-k+ 1)  _j_  _ mm-(m-l)--(m-k+l)  _ 

OO  -I  OO  r 1 OO 

Thus,(l+x).f'(x)=m+£  ((k?i)(k+  1)  + (?)k)xk  = m+E  (m(")  )xk  = m + mE(?)xk 

k=l  J k=l  J k=l 

= mf  1 + E(?)xk)  = m • f(x)  =*  f'(x)  = ^ if  -1  < x < 1. 


(b)  Let  g(x)  = (1  + x)  mf(x)  =>  g'(x)  = — m(l  + x)  m f(x)  + (1  + x)  mf'(x) 

= — m(l  + x)-m-1f(x)  + (1  + x)'m  • = — m(l  + x)'m_1f(x)  + (1  + x)^™"1  • m • f(x)  = 0. 

OO 

(c)  g'(x)  = 0 =>  g(x)  = c =>  (1  +x)_mf(x)  = c =>  f(x)  = °r-  = c(l  +x)m.  Since  f(x)  = 1 + E(?)xk 

V ’ k=l 

oo 

=>  f(0)  = 1 + E(”)(°)  = 1 + 0=  1 =*c(l  +0)m  = 1 =►  c = 1 ^f(x)  = (1  +x)m. 


65.  (1-x2)  1/2  = (1  + (-x2))  1/2  = (l)-1/2  + (—  \)  (I)- 3/2  (— x: 
(-8  (~l)  (-l)<tr7/2  (-x2)3 


M)  (-i),ir^(-C)2 

2! 


+ 


= 1 + - 
i -r  2 


l-3x'  , l-3-5x6  , i i x ' 

22 -2!  ^ 23 -3 ! — 1 


1-3-5- - (2n-l)x21 
2”-n! 
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=>  sin  1 x = 


-1/2 


dt  = 


1 + E 


1-3-5-  ■ -(2n  — l)x21 
2“-n! 


Ht  — x + V 1'3'5' ■"(2n-1)x2n+1 
Ul  — A ~ 4^  2-4- - -(2n)(2n  + 1) 


where  Ixl  <1 


J»oo  p ex 

x T TW  = fx 


It L 

+(?) 


J»cso 

X ? (!  - F + lt4  - ? + •••)  dt 


~ fx  it  ? + P _ F + ■••)  dt  “ b1^,  [_t  + 3F^5F  + ^_---]!-x_3?  + 5^_77  + --- 

=►  tan_lx  = f-^  + 3?-5?  + ---’x>1:  [ta^C*  = tan-1x  + | = /‘x  ^ 

- lin,  [_  I + i,_.  1 + J_  _ 

— . 11111  I t r Jt3  5t=  ^ nfl 


b — ► —oo 

X < -1 


X ~ 3i?  5x5  ~ 7x7 


tan  1 x = - | - \ + gip-  ^ + - 


67.  (a)  e 17r  = cos  (— 7r)  + i sin  (— 7r)  = — 1 + i(0)  = — 1 

(b)  e-/4  = cos  (|)  + i sin  (f)  = ^ ^ = (^)  (1  + i) 

(c)  e~17r/2  = cos  (—  |)  + i sin  (—  |)  = 0 + i( — 1)  = — i 


68.  e10  = cos  9 + i sin  9 =>  e 10  = e1(  = cos  (— 9 ) + i sin  (— 9 ) = cos  9 — i sin  9\ 


s'0  + e 10  = cos  9 + i sin  9 + cos  9 — i sin  9 — 2 cos  9 
e10  — e~10  — cos  9 + i sin  9 — (cos  9 — i sin  9)  = 2i  sin  ( 


n e‘“  + e~" 

cos  8 = T, 

» sin  9 — 


69.  ex  = l+x+§T  + fT  + t[  + --  - =>  ei9  = l+i0+^  + ^ + ^ff  + .. 

e-M  = l-i0+^  + ^ + ^ + ...  =l-W+¥  + 


and 


e1(*  + e 
2 

£ 

2! 


_ (l+i0  + ^ + ^ + ^ + ...)  + (l-i0  + ®2-®3+^-...) 


= l-£  + £-£  + ...=cos* 


= 6*  — fr  + fT  — — - = sin  ^ 


70.  elfl  = cos  9 + i sin  8 =>  e 10  = e1(^  = cos  (—9)  + i sin  (—0)  = cos  9 — i sin  8 


(a)  elfl  + e 10  = (cos  9 + i sin  8)  + (cos  9 — i sin  9)  = 2 cos  0 

(b)  elfl  — e~10  = (cos  9 + i sin  9)  — (cos  9 — i sin  9)  — 2i  sin  8 


cos  9 = e‘  + e ‘ = cosh  W 


i sin  9 — - — 


= sinh  id 


71.  ex  sin  x — ^1  4-  x + |y  + |y  + |y  + . . . j (^x  — ft  + ft  — ft  + • • • ) 


- (l)x  + (l)x2  + (ft  + l)  x3  + (-  g + g)  x4  + (yig  - i + T)  x5  + ...  - x + x2  + |x3  - |x5  + ...  ; 
ex  - elx  = e(1+1-|x  = ex  (cos  x + i sin  x)  = ex  cos  x + i (ex  sin  x)  =>  ex  sin  x is  the  series  of  the  imaginary  part 

of  e^1+1^x  which  we  calculate  next;  e^1+1)x  = (x~^x)  = 1 + (x  + ix)  + (xt,|lx)  + (x^|lx)  + (x^,lx)  + . . . 

n=0 

= 1 + x + ix  + y\  (2ix2)  + T (2ix3  — 2x3)  + T (— 4x4)  + i (— 4x5  — 4ix5)  + T (— 8ix6)  + . . . =>  the  imaginary  part 


of  e(1+i)x  is  x + ^ x2  + |i  x3  - ^ x5  - |f  x6  + ...=  x + x2  + 1 x°  - ^ x' 

product  calculation.  The  series  for  exsin  x converges  for  all  values  of  x. 


30  ■ 


^ x6  + . . . in  agreement  with  our 


72.  ^ (e(a+lb))  = ^ [eax(cos  bx  + i sin  bx)]  = aeax(cos  bx  + i sin  bx)  + eax(— b sin  bx  + bi  cos  bx) 
= aeax(cos  bx  + i sin  bx)  + bie^cos  bx  + i sin  bx)  = ae(a+lb)x  + jbe(a+lb)x  = (a  + ib)e^a+lb^x 
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73.  (a)  e101^102  = (cos  9\  + i sin  0i)(cos  02  + i sin  62)  — (cos  0icos  02  — sin  0isin  62)  + i(sin  0icos  62  + sin  02cos  0i) 

— cos(0i  + 62)  + i sin(0i  + 02)  = e‘^1+e4 

(b)  e~ie  = cos(-0)  + i sin(— 0)  = cos  0 - i sin  0 = (cos  0 - i sin  0)  (^g+jgg)  = cose  + isin9  = £ 

74.  e(a+bi)x  + Ci  + iC2  = (£§)  eax(cos  bx  + i sin  bx)  + Ci  + iC2 
= (a  cos  bx  + ia  sin  bx  — ib  cos  bx  + b sin  bx)  + Ci  + iC2 

= a2e"b,  [(a  cos  bx  + b sin  bx)  + (a  sin  bx  — b cos  bx)i]  + Ci  + iC2 

_ e“(a  cos  bx  + b sin  bx)  , ^ , ie“(a  sin  bx  — b cos  bx)  , • . 

- +TF + Cl  H h 1C2, 

e(a+bi)x  _ gaxgibx  _ eax(cos  ^x  _|_  j sjn  bx)  = gax  cos  [jx  jgax  sjn  SQ  jjjat  gjven 

f e(a+bi)x  dx  =n  g(a+bi)x  + Cl  + iC2  we  conclude  that  Jeax  cos  bx  dx  = eaX(a  + b sin  bx>  + q 

and  f eax  sin  bx  dx  = gm(a sinabx+~b cos bx)  + C2 


CHAPTER  10  PRACTICE  EXERCISES 

1.  converges  to  1,  since  n hrn^  an  = n hrn^  ^1  + ^ir-)  = ^ 

2.  converges  to  0,  since  0 < an  < , n lirn^  0 = 0,  n lirn^  = 0 using  the  Sandwich  Theorem  for  Sequences 

3.  converges  to —1,  since  lim  an  = lim  ( 1 I2" ) = lim  — l)  = — 1 

4.  converges  to  1,  since  n hrn^  an  = ^ Hrn^  [1  + (0.9)”]  = 1 + 0 = 1 

5.  diverges,  since  {sin  y}  = {0, 1,0,  —1,0, 1, . . . } 

6.  converges  to  0,  since  { sin  n7r } = {0,0,0,...  } 


7.  converges  to  0,  since  n I i a, 

8.  converges  to  0,  since  ^ lim^  a, 

9.  converges  to  1 , since  n lirn^  a, 

10.  converges  to  0,  since  n Ifm^  a, 

11.  converges  to  e~5,  since  lim  an  = lim  (?icA)n  = lim  ( 1 + ) = e~5  by  Theorem  5 

0 n-100  n^oo'-n/  n^oo  \ n J J 

12.  converges  to  - , since  lim  an  = lim  ( 1 + — ) = lim  - — = - by  Theorem  5 

13.  converges  to  3,  since  lim  an  = lim  /TA1/1’—  lim  3 = | — 3 by  Theorem  5 

0 n^oo  n^oo'-n/  n ^ 00  n1/"  1 

(o  \ 1 /n  . ol/n  1 

1 ) = lim  Arr  = j = 1 by  Theorem  5 

n/  n — > 00  n+n  1 J 


= lim  ^ = 2 lim  = 0 

n — > oo  n n — > oo  i 


lim  ln(2n+1)  = lim  = 0 

n — > 00  n n — 00  1 


1+1 


= lim  ( I!±^)  = lim  — = 1 

n — > 00  ' n ' n — > 00  1 


= lint 


In  (2n3  + 1 ) _ V 2n3  + 1 


= lint  l2"  = lim 


mil  — iiiii  , — iiiii  -7—0-  — mil  — 

n — >00  n n — » oo  1 n^oo  n ^ oo  n 


= 0 


Copyright  © 2010  Pearson  Education  Inc.  Publishing  as  Addison-Wesley. 


Chapter  10  Practice  Exercises  635 


(-2Vni 


15.  converges  to  In  2,  since  lim  an  = lim  n(21/n—  1)  = lim 

° n— >oo  n— >oo  v ' n — > oc 

= 2°  - In  2 = In  2 


21/”  - 1 


= lim 

n — > oo 


4) 


lim  21/n  In  2 

n — > oo 


16.  converges  to  1,  since  lim  an  = lim  \/2n  + 1 = lim  exp  ( ln(2n  + 1)N)  — lim  eXp  ( ) = e°  = 1 

° n — > oo  n^oov  n — > oo  r \ n ) n — > oo  r \ 1 J 

17.  diverges,  since  lim  an  = lim  (n  +.l)!  = lim  (n+l)  = oo 

° n ^ oo  n ^ oo  n!  n oo 

18.  converges  to  0,  since  lim  an  = lim  ^P-  = 0 by  Theorem  5 

° n — > oo  n — > oo  n!  J 


(TT  ( if 

( If  ('ll 

( iT  ( IT 

( IT  ( IT 

( IT  ( 

1 _ 14  14  „ _ 

1,4  v4 

_1_ 

14  14 

_1_  _1_ 

v4  14 

_ 14  4 

(2n  — 3)(2n  — 1)  — 2n-3  2n-l  !>n  — 

3 5 

1 

5 7 

T ...  ~T 

2n  - 3 2n  - 1 

— 3 2n 

=>  lim  Sn 
n — ► oo  11 


lim 

n — > oo 


1 

6 


2n  — 1 


1 

6 


20. 


n(n+T)  - IT  + XT  =*  sn  - (^  + I)  + (x  + I)  + •••  + (v  + Xt)  “ - f + XT  n^iPoo  Sn 
= n1lmo0  (~1  + Xt)  =-! 


21. 


_ 3 


(3n— l)(3n  + 2)  3n  — 1 3n  + 2 

— - — — - — =x  lim  s — lim  ( — — — - — ^ — - 

2 3n+2  ^ iwoo  Sn  n-Poo  V2  3n  + 2>  2 


* = (§-!)  + (§-§)  + (§-£)  + ■■■  + ( 


3n  — 1 3n  + 2 


) 


2?  =8 = _X  , ^ s = (=2  , 2\  , (=2  , A)  + (=2  , 2_T  , .(^.XT 

(4n  — 3)(4n  + 1)  4n-3  ^ 4n+l  ^ V 9 ^ 13  J ^ \ 13  ^ 17 ) ^ V 17  ^ 21 ) ^ ^ V4n-3  ^ 4n+  1/ 


— — -4-  — - — =4  lim  s — lim  ( — — 4-  — - — ^ = — ~ 
9 ^ 4n+l  ^ n “ oo  n n “oc  V 9 ^ 4n+l)  9 


23.  X e n = S ^ , a convergent  geometric  series  with  r = ^ and  a = 1 =>  the  sum  is  — \ , . = (Xj 

n— n n— n 1 — ( x 1 


oo  oo 

24.  X (—  l)n  J;  = X (—  |)  (“t)”  a convergent  geometric  series  with  r = — | and  a = P =>•  the  sum  is 

n=l  n=0 


25.  diverges,  a p-series  with  p = \ 

OO  OO 

26.  X)  — = — 5 X 4 diverges  since  it  is  a nonzero  multiple  of  the  divergent  harmonic  series 

n=l  n=l 

27.  Since  f(x)  = =>  f'(x)  = — P^  < 0 =>  f(x)  is  decreasing  =>  an+i  < an,  and  ^ lim^^  an  = n Mm^  -f=  = 0,  the 

OO  n OO 

series  X) ' 4 converges  by  the  Alternating  Series  Test.  Since  X / diverges,  the  given  series  converges  conditionally. 

n=l  v n=l v 

28.  converges  absolutely  by  the  Direct  Comparison  Test  since  ^3  < p for  n > 1,  which  is  the  nth  term  of  a convergent 
p-series 
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29.  The  given  series  does  not  converge  absolutely  by  the  Direct  Comparison  Test  since  ^ 7n+T)  > ^j-j- , which  is 
the  nth  term  of  a divergent  series.  Since  f(x)  = t)  =>■  f'(x)  = — (ln(x  + 11))2(X+  p < 0 f(x)  is  decreasing 
=>  an+i  < an,  and  ^ Mrn^  an  = ^ I i nix  ln 1 > = 0,  the  given  series  converges  conditionally  by  the  Alternating 
Series  Test. 


3°-  /; 


x2  dx  = lim 

x(ln  x)2  b ->  oo 


/; 


,, 1 B dx  — lim  [— (lnx)  0 

x(lnx)3  1 ' J 


converges  absolutely  by  the  Integral  Test 


ipj  =>-  the  series 


31.  converges  absolutely  by  the  Direct  Comparison  Test  since  ^ ^ > the  nth  term  of  a convergent  p-series 

32.  diverges  by  the  Direct  Comparison  Test  for  en°  > n =>  In  (e"”)  > ln  n =>  n”  > ln  n =>  ln  n11  > ln  (ln  n) 

=>  n ln  n > ln  (ln  n)  =>  ln^nnn)  > ^ , the  nth  term  of  the  divergent  harmonic  series 


33.  nhmx  v°vn2  + C _ / ^ lim^  = y/T  = 1 =>■  converges  absolutely  by  the  Limit  Comparison  Test 


34.  Since  f(x)  = ++  =>•  f'(x)  = — + < 0 when  x > 2 =>■  an+i  < an  for  n > 2 and  lim  ++  — O'  the 

series  converges  by  the  Alternating  Series  Test.  The  series  does  not  converge  absolutely:  By  the  Limit 

(ir2-) 

Comparison  Test,  n lirn^  = nlimo  = 3.  Therefore  the  convergence  is  conditional. 


35.  converges  absolutely  by  the  Ratio  Test  since  n lim^ 


n+2  n! 


(n+1)!  n+1 


= lim  , 3 „ = 0 < 1 

n -I  oo  (n  + 1)2 


36.  diverges  since  lim  an  = lim  ( + ,^n  + 1'1  does  not  exist 

° n — > oo  n-^oo  2i+  + n - 1 


37.  converges  absolutely  by  the  Ratio  Test  since  n lim^ 


3 11+1  n! 


(n  + 1)!  3- 


= lim  -^-r  = 0 < 1 
n — > oo  n+l 


38.  converges  absolutely  by  the  Root  Test  since  ^lirn^  = nhmo  y = ^^m^  = 0 < 1 


39.  converges  absolutely  by  the  Limit  Comparison  Test  since  n Um^ 


40.  converges  absolutely  by  the  Limit  Comparison  Test  since  lirn 


f i i 
KnVlj 


K y/n(n  + l)(n  + 2) 

(±) 


= J lim  n(n  + 1f + 2)  = 1 

' 7 n — > oo  n3 


n — > oo  ( i ' 
nv  x?  — 1 ) 


= J lim  = 1 


n — » oo  n 


41.  lim 

n — » <oo 


Un+1 

<r"  1 -+>  lim 

(x  + 4)n+1 

n3n 

Un 

\ 1 — r 11111 

n — > oo 

(n  + l)3n+1 

(x  + 4)” 

< 1 


l*  + 4| 
3 


|x  + 4| 


< 1 


lim  (-L)  < 1 ^ , 

HCO  Vn+1'  3 

(— l)n3n  _ ^(-1)" 


harmonic  series,  which  converges  conditionally;  at  x = — 1 we  have+  rJ’n  — + 2 , the  divergent  harmonic  series 


=>  | x — L 4 1 <3  =>•  —3  < x + 4 < 3 =>  —7  <x<  — 1;  at  x = —7  we  have  n3’n  = ]CL_  > the  alternating 

n=l  n=l 

oo 

= V 1 

n3n  2-^ 

n=  1 n=  1 

(a)  the  radius  is  3;  the  interval  of  convergence  is  —7  < x < — 1 

(b)  the  interval  of  absolute  convergence  is  —7  < x < 1 

(c)  the  series  converges  conditionally  at  x = — 7 
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42.  lim  < 1 =>  lim  / • /"I/  <1  =>  (x  - l)2  lim  ] = 0 < 1,  which  holds  for  all  x 

n — > oo  u„  n — > oo  (2n+l)!  (x-1)2"-2  2 n — oo  (2n)(2n+l)  ’ 


(a)  the  radius  is  oo;  the  series  converges  for  all  x 

(b)  the  series  converges  absolutely  for  all  x 

(c)  there  are  no  values  for  which  the  series  converges  conditionally 


43.  lim  Sal  < 1 =>  lim _ 


n — > oo  un 


n — > oo  (n+1)2  (3x  — l)1 


< 1 =>  |3x  — 1|  nlimo  <1  =>  |3x  1 1 < 1 


=>  — l<3x— 1<1  =4>  0<3x<2  =>•  0<x<|;atx  = 0we  have  ^ — 

n=l  n=l 

00 

= — i . a nonzero  constant  multiple  of  a convergent  p-series,  which  is  absolutely  convergent;  at  x = | we 


have 


(-p-Jiy  _ (-D1 


= ^2  ^—4 — , which  converges  absolutely 


(a)  the  radius  is  ^ ; the  interval  of  convergence  is  0 < x < | 

(b)  the  interval  of  absolute  convergence  is  0 < x < | 

(c)  there  are  no  values  for  which  the  series  converges  conditionally 

44.  _lim.  M < t =►  Jim.  . 2n+_i  . _22_|  < : ^ U+Il  ^ | n±^_  . %±1\  < 1 


n — > oo  un 


2n  + 3 2n+1  n+1  (2x+l)' 


=>  (1)<1  =>■  |2x+l|<2  =>■  — 2 < 2x  + 1 < 2 =>  — 3 < 2x  < 1 — |<x<|;atx=  — |we  have 

CO  CO 

S 2n+\  * = S (~2n  + t ^ which  diverges  by  the  nth-Term  Test  for  Divergence  since 

n=l  n=l 

CO  oo 

lim  ( 4ppr)  = \ i1  0;  at  x = | we  have  4/ry  ' f;  = 2 ++T  > which  diverges  by  the  nth-Term  Test 

n=l  n=l 

(a)  the  radius  is  1 ; the  interval  of  convergence  is  — I <x<  I 

(b)  the  interval  of  absolute  convergence  is  — I <x<  5 

(c)  there  are  no  values  for  which  the  series  converges  conditionally 

45.  lim  ^ <1  =>  lim  . +1+1  ' < 1 =>  Ixl  lim  I ( JJ)n  (+t)  I < 1 — lim  (— /r)  < 1 

n ^ oo  Un  n-^oo  (n+l)nl  xn  1 n^oo  ltn+1/  U+l/  e n-tco  tn+1/ 

=>  — • 0 < 1 , which  holds  for  all  x 

(a)  the  radius  is  oo;  the  series  converges  for  all  x 

(b)  the  series  converges  absolutely  for  all  x 

(c)  there  are  no  values  for  which  the  series  converges  conditionally 

46.  lim  — < 1 =>  lim  f ’ • < 1 =>  Ixl  lim  A/+ 7 <1  =>  Ixl  < 1;  when  x = — 1 we  have 

n ^ oo  u„  n — » oo  v/n  + 1 x 1 1 n ^ oo  y n + 1 11 

oo  n oo 

, which  converges  by  the  Alternating  Series  Test;  when  x = 1 we  have  , a divergent  p-series 

(a)  the  radius  is  1 ; the  interval  of  convergence  is  — 1 < x < 1 

(b)  the  interval  of  absolute  convergence  is  — 1 < x < 1 

(c)  the  series  converges  conditionally  at  x = — 1 


47.  lim  < 1 =>  lim 

n — » oo  u„  n — » oo 


(n  + 2)x2n+1  3n 

3n+l  ’ (n+l)x: 


=T  < 1 =►  T n 'iToo  (i+l)  < 1 =»  ~v/3  < x < a/3; 


LXJ  LXJ 

the  series  ^ — 2/3  and  £2  > obtained  with  x = ± y 3,  both  diverge 

(a)  the  radius  is  y/3;  the  interval  of  convergence  is  -a/3  < x < sj3 

(b)  the  interval  of  absolute  convergence  is  — y/.3  < x < a/3 

(c)  there  are  no  values  for  which  the  series  converges  conditionally 
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48.  lim 

n — > oo 


Un+1 

<r^  1 — +>  lim 

(x-  l)x2n+3 

2n+  1 

Un 

\ 1 — r 11111 

n — > 00 

2n  + 3 

(x  - l)2n+1 

(x  — l)2  < 1 


< 1 =*►  (X  - l)2  n ] UT^  (|±1)  < 1 =>  (x  - 1)2(1)  < 1 

~ (-!)"(- l)2n+1 


1 1 < 1 =>  -1  < x - 1 < 1 =>  0 < x < 2;  at  x = 0 we  have  J2 

11=1 


2n+  1 


/ i \3n+l  / i \n-l 

= ■>„  + 1 = 2^  2n  + 1 which  converges  conditionally  by  the  Alternating  Series  Test  and  the  fact 

n=l  n=l 

•.  / i\n/i  \2n+l  ( i \n 

that  2^  + | diverges;  at  x = 2 we  have  - — 2n  + | — = , which  also  converges  conditionally 

11=1  11=1  11=1 

(a)  the  radius  is  1 ; the  interval  of  convergence  is  0 < x < 2 

(b)  the  interval  of  absolute  convergence  is  0 < x < 2 

(c)  the  series  converges  conditionally  at  x = 0 and  x = 2 


49. 


lim 

1 — > (X) 


1 

/ 2 > 

i 

Un+1 

< 1 =>  lim 

n — > 00 

csch  (n+  l)xn+1 

<1  =>  Ixl  lim 

1 1 n — >00 

^ en+  * — e n ^ ) 

1 Un 

csch  (n)xn 

(en_e-n) 

< 1 


Ixl  lim 

1 1 n — > oo 


<1  =>—  <1=>— e<x<e;  the  series  ]0(  ± e)n  csch  n,  obtained  with  x = ± e. 


both  diverge  since  n Ibn^  ( ± e)n  csch  n^O 

(a)  the  radius  is  e;  the  interval  of  convergence  is  — e < x < e 

(b)  the  interval  of  absolute  convergence  is  — e < x < e 

(c)  there  are  no  values  for  which  the  series  converges  conditionally 


50. 


lim 

un+i 

< 1 =>  lim 

xn+1  coth(n+  1) 

< 1 =>  Ixl  lim 

n — ► 00 

Un 

n — > 00 

xn  coth  (n) 

1 n — » 00 

OO 

=>  — 1 < x < 1;  the  series  ± l)n  coth  n,  obtained  with  x = 

n=l 


1 +e 


1 — e 
1 + e- 


< l 


Ixl  < 1 


± 1,  both  diverge  since 


lim  ( ± l)n  coth  n^O 

1 — > OO  V ' ' 


(a)  the  radius  is  1 ; the  interval  of  convergence  is  — 1 < x < 1 

(b)  the  interval  of  absolute  convergence  is  — 1 < x < 1 

(c)  there  are  no  values  for  which  the  series  converges  conditionally 


51.  The  given  series  has  the  form  1 — x + x2  — x3  + . . . + (— x)n  + . . . = , where  x = | ; the  sum  is  y^iy  = f 


52.  The  given  series  has  the  form  x — y + y — ...+(—  l)n  1 ^ + . . . = In  (1  + x),  where  x = | ; the  sum  is 
In  (|)  « 0.510825624 

53.  The  given  series  has  the  form  x — ^ ^ — . . . + (— l)n  + . . . = sin  x,  where  x = 7r;  the  sum  is  sin  ir  = 0 

54.  The  given  series  has  the  form  1 — ^ — . . . + (—  l)n  + . . . = cos  x,  where  x = |;  the  sum  is  cos  | = y 


55.  The  given  series  has  the  form  l+x+l£  + ^ + ...  + ^ + . . . =ex,  where  x = In  2;  the  sum  is  eln(2)  = 2 

56.  The  given  series  has  the  form  x — y + y — . . . + (— l)n  ( xn2°_ ( + . . . = tan-1  x,  where  x = ; the  sum  is 

tan_1  (73)  = 1 

57.  Consider  { _7x  as  the  sum  of  a convergent  geometric  series  with  a = 1 and  r = 2x  =>■  t _22x 

CO  OO 

= 1 + (2x)  + (2x)2  + (2x)3  + . . . (2x)n  = 7]  2nxn  where  |2x|  < 1 =>  |x|  < \ 

n=0  n=0 
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58.  Consider  yy_j  as  the  sum  of  a convergent  geometric  series  with  a = 1 and  r = — x3  =7  y/yj  = t _ *_x3 

_ 9 o OO 

= 1 + (—x3)  + (— x3£  + (— . x3j  + . . . = (— l)nx3n  where  | — x3 1 <1  =$■  | x3 1 < 1 =>  | x | < 1 

n=0 


„ ( 1 \nv2n+l 

59.  sinx  = E WlF 

n=0 


sin  -tty  _ V (-1)n(?rx)2°+1  _ ^ (-lyyn+l^n+l 
sni7TX  2^  (2n+ 1)!  (2n  + l)! 

n=0  n=0 


60.  sin  x = 


(—  1)"  ( y ) 


(2n+l)! 


S3n  3 5Z  (2n  + 1)! 


y'  (— l)n22n+1x2n+1 

32n+1(2n+l)! 

n=0 


61.  cos*  = £ tg?  =6  c„s(xV3)  = £ IzllgiC  = £ t!g“2 


62.  cos  x = £] 


( — l)nx2n 
(2n)! 


COS 


/ 3 \ 2n 

_ v (~1)n(7;)  - v 
\^J  to  (2n)!  „=0  5”<2n)! 


oo  oo  / 'jyx  \ n oo 

63.ex  = E^  e(W2)  = £ M-  = £ ^ 


n=0 


2nn! 


64.  ex  = £ s =>  e 


-x2  _ v - V i=iy 

n!  n! 

n=0  n=0 


65.  f(x)  = a/3  + x2  = (3  + x2)1/2  =>•  f'(x)  = x (3  + x2)“1/2  =>■  f"(x)  = -x2  (3  + x2)_3/2  + (3  + x2)”1/2 
=►  f"'(x)  = 3x3  (3  + x2)_5/2  - 3x  (3  + x2)“3/2;  f(-l)  = 2,  f'(-l)  = - 1 , f"(— 1)  = — | + | = | , 
f'"(-l)  = - ^ + | = £ =►  \/3  + x2  = 2 - 


25-3! 


66.  f(x)  = yL-  = (1  - x)-1  =>•  f'(x)  = (1  - x)-2  =>  f"(x)  = 2(1  - x)-3  f"'(x)  = 6(1  - x)'4;  f(2)  = -1 

f"(2)  = -2,  f'"(2)  = 6 =>  = “I  + (x  - 2)  - (x  - 2)2  + (x  - 2)3  - . . . 

67.  f(x)  = = (x  + lr1  =7  f'(x)  = -(x  + tr2  =>  f"(x)  = 2(x  + l)-3  =>•  f"'(x)  = — 6(x  + l)”4;  f(3)  = 

f'(3)  = - i , f "(3)  = | , f,,,(2)  = =«  =►  ^ = i - i (x  - 3)  + J,  (x  - 3)2  - i (x  - 3)3  + ... 


68.  f(x)  = 4 = x 1 =>  f'(x)  = — x 2 =>■  f"(x)  = 2x  3 =>  f'"(x)  = — 6x  4;  f(a)  = 1 , f'(a)  = — ^ , f"(a)  = 
f"'(a)  = =r  =>  4 = j - j?  (x  - a)  + If  (x  - a)2  - ^ (x  - a)3  + . . . 


69 


. /o‘/2exp  (-x3)  dx  = £/2  (l-x3  + |-  f“  + £ + ...) 


1 + 1 


2 24-4  ^ 27-7-2!  210-10-3!  ^ 213-13-4!  216-16-5! 


dx  = 

0.484917143 


Y _ £ I _£ X“  . X~" 

A 4 ' 7-2!  10-3!  13-4! 


1/2 

0 


70.  fo  x sin (x3)  dx  = fg  x (x3  - ^ + £ - £ + + 


5 

11-3!  17-5! 

23-7!  4"  29-9! 

5!  7!  1 9! 

1 « 0.185330149 

o 


\ 1 r1  / A Y10  Y16  Y22  Y28 

••■)dX  = J 0 (x4-^  + ^-W  + W 


-■) 


dx 


7L  X 


1/2  dx  = r‘/2 


/'l'2  f 1 Y2  Y4  Y6  Y8  Y10  \ 

, (1-y  + 7-T  + T-TT  + ---J 


dx  = 


y3  y5  y7  y9  y11 

Y A | A A | A A 

_ “9  25  49  ^ 8l  l2l  ' 


1/2 


0 


1 


1 


1  l_  _i 1 1 1 1 1 1 1 

2 9-23  ' 52-25  72-27  “r  92-29  ll2-2n  ~r  132-213  152-215  “r  172-217  192-219  ^ 212-221 


1 + 1 


0.4872223583 


,f'(2)=  1, 


1 

4 ’ 


2 
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81.  lim 

n — > oo 


2-5-8-  • (3n  - l)(3n  + 2)xn+1  2-4-6  - (2n) 


2-4-6---(2n)(2n  + 2) 


2-5-8- -(3n-  l)xn 


< 1 => 


lx  lim 

1 1 n — > oo 


3n  + 2 
2n  + 2 


< 1 =>  Ixl  < 


the  radius  of  convergence  is  | 


82.  lim 


3-5-7-  - -(2n+l)(2n+3)(x—  l)n+1  4-9-14---(5n-l) 


4-9- 14-  • -(5n—  l)(5n+4) 


3-5-7- --(2n+l)x" 


< 1 => 


lim  < 1 

1 — > 00  5n  + 4 


|X|  < | 


the  radius  of  convergence  is  f 


83.  £ ln(l~£)=£  [ln(l  + i)+ln(l-i)]  = £ [In  (k  + 1)  - In  k + ln(k  - 1)  - In  k] 

k=2  k=2  k=2 

= [In  3 - In  2 + In  1 - In  2]  + [In  4 - In  3 + In  2 - In  3]  + [In  5 - In  4 + In  3 - In  4]  + [In  6 - In  5 + In  4 - In  5] 
+ . . . + [ln  (n  + 1)  — In  n + In  (n  — 1)  — In  n]  = [In  1 — In  2]  + [In  (n  + 1)  — In  n]  after  cancellation 

n oo 

=*  £ ln  (!  - i?)  = ln  (tt)  =*  E ln  (1  - i?)  = In  (^)  = In  i is  the  sum 


84.  £i^T-=i£(^T-kiT)  = H(!-D+a-D+G-D+a-D+-+(^-D 

k=2  k=2 

+ m Ml  = + _m  = I a - i _ 1 

' Vn-l  n+l/J  2 V 1 ' 2 n n+1/  2V2  n n+1/  2 

oo 

=>  £ = lim  — 4-r)  = j 

k — 1 n — » oo  2 V 2 n n+1/  4 


3n(n  + 1)  — 2(n  + 1)  — 2n 
2n(n+  1) 


3n2  - n - 2 
4n(n+  1) 


85.  (a)  lim 

n — > oo 


1-4-7- ■■  (3n  — 2)(3n+l)x3n+3 


(3n)! 


(3n  + 3)! 


1-4-7-  ■ -(3n  — 2)x3n 


< 1 =>  | x3 1 lim 


(3n  + 1) 


n 2foo  (3n  + l)(3n  + 2)(3n  + 3) 


= | x3 1 - 0 < 1 =>-  the  radius  of  convergence  is  oo 


(b)  y = 1 + £ 


1-4-7-  • -13n  — 2)  3n 


dy  _ 1 -4-7- - -(3n  — 2)  3n-l 


(3n)! 


*3n  =►  1 = £ 


dx  ' (3n  — 1)! 

n=l 


, co 

1+  _ Vs  l~4-7-  ■ -(3n  — 2)  3n— 2 __  „ I V-i  1-4-/-- 

^ dx2  2^  (3n  — 2)!  A A (3n— 3) 


1-4-7- ■■  (3n-5)  x3„-2 


= x ( 1 + £ 14'7[3'n)3°  2>  x3n ) = xy  + 0 =>  a = 1 and  b = 0 


86.  (a)  = T _£x)  = x2  + x2(  x)  + x2(-x)2  + x2(-x)3  + 

converges  absolutely  for  |x|  < 1 

OO  OO 

(b)  x=l  =>  £ (— l)nxn  = £ (— l)n  which  diverges 

n=2  n=2 


= X2  - X3 


— x5  + . . . = £ ( — l)nxn  which 


87.  Yes,  the  series£  anbn  converges  as  we  now  show.  Since  £ an  converges  it  follows  that  a„  — > 0 =>•  a„  < 1 


for  n > some  index  N =4-  anbn  < bn  for  n > N =>  £ anbn  converges  by  the  Direct  Comparison  Test  with  £ bn 

n=  1 n=l 


oo 

88.  No,  the  series  £ anbn  might  diverge  (as  it  would  if  a n and  bn  both  equaled  n)  or  it  might  converge  (as  it  would  if 

n=  1 

an  and  bn  both  equaled  3 ). 

OO  OO 

89.  £ (xn+1  - x„)  = lim  £(xk+i  - xk)  = lim  (xn+i  - xi)  = lim  (xn+i)  - xi  =4  both  the  series  and 

II  ' OO  . II  ' OO  II  ' OO 

n=l  k=l 

sequence  must  either  converge  or  diverge. 
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f an  ^ 
^ 1 + an  ) 


90.  It  converges  by  the  Limit  Comparison  Test  since  n lin^  a — ^ t+a 
and  so  an  — > 0. 


= lirn^  = 1 because  an  converges 

n=l 


91-  E T - al  + f + y + T + ^ ai  + (5)  a2  + (5  + i)  a4  + (5  + S + 1 + I)  a» 

n=l 

+ ( \ + To  + II  + • • • + jy)  ai6  + • • • > l (a2  + a4  + a8  + ai6  + • ■ • ) which  is  a divergent  series 

92-  an=nn;forn>2  =>  a2  > a3  > a4  > . . . , and  ^ + ^ + . . . = 1^2  + 21L2  + 3^  + • • 

OO 

= YY?(l  + i + Y + ...)  which  diverges  so  that  1 + X)  STFn  diverges  by  the  Integral  Test. 

n=2 

CHAPTER  10  ADDITIONAL  AND  ADVANCED  EXERCISES 


1.  converges  since 


(3n  — 2)<2n+1>/2  ' (3n  — 2)3/2 


< (3n_x 2.3/2  and  (3n  converges  by  the  Limit  Comparison  Test: 


lim 

n — * <x) 


7-^)=  lim  (In^2)3/2  = 33/2 
( 1 \ n — » 00  ' n / 

\(3n-2)3/2/ 


r°°  2 r\ 

2.  converges  by  the  Integral  Test:  J (tan-1  x) 

_ fw3  _ n3^) 

^ 24  192  J 


lim 

' (tan-1  x)3 ' 

b r 

= lim 

b — >oo 

3 

i b — t oo 

(tan  *b)  _ j4_ 

3 192 


lir 

192 


3.  diverges  by  the  nth-Term  Test  since  lim  an  = lim  (— l)ntanhn=  lim  (— l)n  ( ! - eJ°  | = lim  ( — 1 )n 

0 J n — > 00  n n — > oo  v ' b^oo  ' V 1 + e / n oo  v ’ 

does  not  exist 


4.  converges  by  the  Direct  Comparison  Test:  n!  < n”  =>  ln(n!)  < n ln(n)  => 

=>-  logn  (n!)  < n =>•  los"3(n!)  < dj  , which  is  the  nth-term  of  a convergent  p-series 


< n 


5.  converges  by  the  Direct  Comparison  Test:  ai  = 1 = > a2  = yf  = (2)(4)(3)2  > a3  = (53)  (yf) 

OO 

= (SXW ’a4  = (W  (|i|)  (t!)  = (ixisT’-'-  =►  1 + S fn  + l)(n  +~3 )(n  + 2)2  rePreSentS  the 

n=l 

given  series  and  (11  + 1)(n|23)(n  + ->/2  < y , which  is  the  nth-term  of  a convergent  p-series 

= 0 < 1 


6.  converges  by  the  Ratio  Test:  n lim^  = n lim 


OO  (n—  l)(n+  1) 


7.  diverges  by  the  nth-Term  Test  since  if  an  — ► L as  n — *■  oo,  then  L = ( 1 ( =i>  L2  + L — 1=0  =>  L = 


-l±y/5 

2 


8.  Split  the  given  series  into  ^ 32J+,  and  (C  2",  ; the  first  subseries  is  a convergent  geometric  series  and  the 

n=l  n=l 


second  converges  by  the  Root  Test:  n hrri^  d ^ = n = id  = 1 < 1 


9.  f(x)  = cos  x with  a = | =>  f (|)  = 0.5,  f'  (f)  = - ^ , f"  (f)  = -0.5,  f"  (f)  = ^ , f<4>  (f)  = 0.5; 
COsx=  1 - & (x_  |)  _ I (x-  f)2  + #(x-  f)3  + ... 
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10.  f(x)  = sin  x with  a = 2tt  =>  f(2?r)  = 0,  f'(27r)  = 1,  f"(27r)  = 0,  f'"(2w)  = -1,  f(4)(27r)  = 0,  f(5)(27r)  = 1, 
f^(2n)  = 0,  f(7>(27r)  = -1;  sin  x = (x  - 2tt)  - - ^4  + . . . 


11.  ex  = l+  x+  |y  + |y  + ...  with  a = 0 


12.  f(x)  = In  x with  a = 1 =>  f(l)  = 0,  f'(l)  = 1,  f"(l)  = -l,f"'(l)  = 2,  f(4>(l)  = -6; 


lnx  = (x-  1)  - 


(x-l)2  , (x-1)3  (x~l)4 


+ 


3 


+ 


13.  f(x)  = cos  x with  a = 22tt  =>  f(227r)  = 1,  f'(227r)  = 0,  f"(227r)  = -1,  f"'(22?r)  = 0,  f(4>(227r)  = 1, 
f(5)(227T)  = 0.  f(6)(227r)  = -1;  cos  x = 1 - \ (x  - 22t r)2  + i (x  - 22tt)4  - i (x  - 22tt)6  + . . . 


14.  f(x)  = tan"1  x with  a = 1 =>  f(l)  = f , f'(l)  = \ , f"(l)  = -h,  f"'(l)  = i ; 


tan-1  x=|  + E^ii_  E_ir  + 


15.  Yes,  the  sequence  converges:  cn  — (an  + b11) 


np/n 


Cn  = b ( ( r 


((r)n  + 1)1/n^  lim  cn  = In  b + lim 

Wb/  ) n ^ oo  n— >oo  n 


= In  b + lim  V = In  b + 0,*.nJP  = In  b since  0 < a < b.  Thus,  lim  cn  = eln b = b. 

n— >oo  (5)  +1  0+1  n ->  oo 


16.  1 + TO  + 102  + 1^3  + 104  + + 1^6  + •••  - 1 +E  10®=I  +E  10®=T  + H 

n=l  n=l  n=l 

(ft)  I (io2)  I (ii?) 
‘(lb)3  1-(A)3  1 - ( TO ) 3 


-1  i V 2 , y^  3 , y^  7 _ i , (ro)  i Uo2 J i MQ3  j 

1 ’ Z-/  l03n+1  ' Z-/  103n+2  ' Z-/  io3n+3  1 ' i / 1 \ 3 ' i _ / 1 \3  ' i f n 

n=0  n=0  n=0  1 1 1 ' in  1 


i | 200  | 30  I 7 _ 999+237  _ 412 

1 ~r  999  ~r  999  ~r  999  999  333 


n— 1 pk+1 


dx 


■ fro 

1 + X3 

=>  lim  ! 

3n  = lim 

n — 

■»  oo 

n — > oo 

lim 

Un+l 

= lim 

n — ► cxD 

un 

n — ► oo 

s“-/oZ  + I 143?  + •••  + L ,TT?  =►  s"  - fo 


dx 

1+x3 


(n  + 1 )xn+1  (n+l)(2x  + l)n 

(n  + 2)(2x+  l)n^ 1 ’ nxn 


= lim 

n — > oo 


x _ (n+  l)2 
2x  + 1 n(n  + 2) 


I 2x+  1 


< l 


=>  |x|  < |2x  + 1|  ; if  x > 0,  |x|  < |2x  + 1|  =>  x < 2x  + 1 =>  x > — 1;  if  — \ < x < 0,  |x|  < |2x  + 1| 

=>  — x < 2x  + 1 =>  3x  > — 1 =>  x > — j ; if  x < — | , |x|  < |2x  + lj  — x < — 2x  — 1 =>  x < —1.  Therefore, 

the  series  converges  absolutely  for  x < — 1 and  x > — l . 


19.  (a)  No,  the  limit  does  not  appear  to  depend  on  the  value  of  the  constant  a 
(b)  Yes,  the  limit  depends  on  the  value  of  b 


(c)  s=(i-^)’ 


In  1 


In  s = 


G) 


lim  In  s = 

n — » oo 


— £ sin  I £ ) + cos 


= ..  lim  . " Sm  ^ = ^ = -1  =>  nlirnc  s = e-1  « 0.3678794412;  similarly. 


n — > oo  i _ ! 


lim 

n — ► oo 


-i/b 


20.  Y]  an  converges  =>■  lim  an  = 0;  lim 

° n ^ oo  n ^ oo 


(typ)T'-  = ^ 


1+sin  0 
2 


the  series  converges  by  the  nth-Root  Test 
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2 1 . lim 

n — > <x) 


< 1 => 


lim 

n — » oo 


bn+1xn+1 


ln(n+l) 


In  n 
bnxn 


< 1 =>  |bx|  < 1 


-E  <x<  5=5  =*  b = ±i 


22.  A polynomial  has  only  a finite  number  of  nonzero  terms  in  its  Taylor  series,  but  the  functions  sin  x,  In  x and 
ex  have  infinitely  many  nonzero  terms  in  their  Taylor  expansions. 


23.  lim  sin(ax)~sinx— x = lim 


x -+  0 


x^O 


is  finite  if  a — 2 = 0 =>  a=2;  lim  — 

x — > 0 


2x  — sin  x - 


- = lim  , 

x^O  1 

, J_  __  _ 7 
3!  'r  3!  — 6 


a — 2 ax 


T + 5T  - (§T  5t)x2  + 


24.  lim  C0s9axrb  = -1  =► 

x — » 0 a 

=4>  b = 1 and  a = ± 2 


lim 

x^O 


+ M . 


— b 


2x2 


lim 

x^O 


1 — b 
2x2 


,2  ii2Y2  \ 

— + — I = — 1 

4 T 48  ■■■  ) 1 


25.  = 1 + g + gi  =>  C = 2 > 1 and  E converges 


(b)  -5*-  = ^±1  = 1 

v 2 Un+l  n 


I + 0. 

n + n2 


C = 1 < 1 and  E 1 diverges 


un  2n(2n+l)  4n2+2n  1 

1\2  /In2  /In  I i — 1 


+ 


5n2 

til  1 _ 

(at?  — 4n+  1^ 

after  long  division 


C = I > 1 and  |f(n)|  = 5"2 


4n2  -4n+  1 


4-?  + 


yx  < 5 =>  E un  converges  by  Raabe's  Test 


27.  (a)  E an  = L =>  £ < an  E an  = anL  =>  E aii  converges  by  the  Direct  Comparison  Test 

n=l  n=l  n=l 

( an ^ oo 

(b)  converges  by  the  Limit  Comparison  Test:  lim  x 1 - a" ' — lim  y4y~  = 1 since  E an  converges  and 

n n n=l 

therefore  lim  an  = 0 

X — > 00 

28.  If  0 < an  < 1 then  |ln  (1  - an)|  = - In  (1  - a„)  = a„  + ^ + ^ + . . . < an  + a^  + aj|  + . . . = , a"an  . 
a positive  term  of  a convergent  series,  by  the  Limit  Comparison  Test  and  Exercise  27b 


29.  (1  — x)  1 = 1 f E"  where  |x|  < 1 =4>  * ,2  = j-  (1  — x)  1 = E nx"  1 and  when  x = y we  have 


(1— x)2  dx 

n— 1 


4=l  + 2(i)+3Gr  + 4Gr  + ...+n(i)n-1  + ... 


00.00  . OO  OO 

30.  (a)  E xn+1  = LT  =*  E (n  + Dxn  = ^ =►  E n(n  + l)xn-‘  = =►  E n(n  + l)x"  = ^ 


E 


n(n  + 1)  . 


n=l 

2 


(b)  x = E 

n=l 


n=l 

oo 

n(n  + 1) 


2x2 

(x  - 1): 


, |X|  > 1 


=4>  X = 


2x2 


(x  - 1 )3 

2.769292,  using  a CAS  or  calculator 


=>  xa  — 3x2  + x — 1 = 0 =>  x = 1 + 1 + 


0 + #f + ( 


+ ii-#) 


1/3 


31.  (a)  /fzyy  = gj  ( yzj)  = gb(l  + x + x2+x3  + ...)  = l+2x  + 3x2  + 4x3  + . . . = E nx1^1 


(b)  from  part  (a)  we  have  En(|)n  ' (g)  = (g) 


1 2 


LMiiJ 


= 6 
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(c)  from  part  (a)  we  have  E npn  ^ ^ 


OO  OO  / 1 \ oo  oo  oo 

32.  (a)  E Pk  = E 2"k  = Mr  = 1 and  E(x)  = E kpk  = E k2~k  = \ E k2^k  = (i)  = 2 

k=l  k=l  '■2'  k=l  k=l  k=l  L*  taJJ 

by  Exercise  31(a) 

<t»  Eft  =E  ¥ = 1E  (!)  =())  tAt  =landE(x)  = E kft  = E k^  = |Ek(i) 

k=l  k=l  k=l  L k=l  k=l  k=l 

= ^ Mlf  =6 

OO  OO  OO  OO  OO  / \ 

(C)  E Pk  = E kfkTT)  = E (e  - kil)  = , lim  (!  - kTl)  = 1 and  E«  = E kPk  = E k (^eVt)) 

k=l  k=l  k=l  K > OO  k=l  k=l  x ' 

oo 

= ^2  — j-|-  , a divergent  series  so  that  E(x)  does  not  exist 

k=l 


oo  , , 

5 E k(|) 


33.  (a)  Rn  = C0e~kt°  + C0e~ 


+ Cne“nkt°  — C°e  kl°  il e ntl°)  R — lim  R — Cue  kl°  _ _Co 

^ K — n UPoo  Kn  — 1 - ek,o  — e1^  - 1 


(b)  Rn  = =>  Ri  = e-1  « 0.36787944  and  Ri0  = ~ 0-58195028; 


R = ^ « 0.58197671;  R - Ri0  « 0.00002643 


< 0.0001 


(0  R„  = t4kzAt.|  = )(?rT)» «541659; Rn  > f =>  k^|>(l)(ptT) 

=►  1 - e-n/,1°  > | =>  e^n/io  < I =*  - a < In  (1)  =►  ^ > -In  Q)  =*•  n > 6.93  =>  n = 7 


34.  (a)  R = 4l  =»  Rekt»  = R + C0  = CH  =>  ekt»  = g =*  t0  = 1 In  (g) 

(b)  t0  = 0 [)5  In  e = 20  hrs 

(c)  Give  an  initial  dose  that  produces  a concentration  of  2 mg/ml  followed  every  to  = In  (^)  « 69.31  hrs 
by  a dose  that  raises  the  concentration  by  1.5  mg/ml 

(d)  t0  = ^5  In  (|A)  = 5 In  (y)  « 6 hrs 
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CHAPTER  1 1 PARAMETRIC  EQUATIONS  AND 
POLAR  COORDINATES 


11.1  PARAMETRIZATIONS  OF  PLANE  CURVES 

1.  x = 3t,  y = 9t2,  —oo  < t < oo  =>  y = x2  2.  x = — y/t,  y = t,  t > 0 =>  x = — y/y 

or  y = x2,  x < 0 


3.  x = 2t  — 5,  y = 4t  — 7,  — oo  < t < oo 
=>  x + 5 = 2t  =>  2(x  + 5)  = 4t 
=>  y = 2(x  + 5)  - 7 =>  y = 2x  + 3 


4.  x = 3 - 3t,  y = 2t,  0 < t < 1 =>  \ = t 
=>  x = 3 — 3 (|)  =>  2x  = 6 — 3y 
=>  y = 2—  | x,  0 < x < 3 


y 


5.  x = cos  2t,  y = sin  2t,  0 < t < tt 

=>  cos2  2t  + sin2  2t  = 1 =>  x2  + y2  = 1 


6.  x = cos  (tt  — t),  y = sin  (tt  — t),  0 < t < tt 
=>  cos2  (tt  — t)  + sin2  (tt  — t)  — 1 
=>  x2  + y2  = 1 , y > 0 


y 
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7. 


x = 4 cos  t,  y = 2 sin  t,  0 < t < 2tt 


16  cos2 1 | 4 sin2 1 
16  ■+'  4 


= 1 


y 


9.  x = sin  t,  y = cos  2t,  -§  < t < \ 

=>  y = cos  2t  = 1 — 2sin2 1 =>  y = 1 — 2x2 


y 


11.  x = t2,  y = t6  — 2t4,  — oo  < t < oo 
=>  y = (t2)3  - 2(t2)2  =>  y = x3  - 2x2 


8.  x = 4 sin  t,  y = 5 cos  t,  0 < t < 2n 


16  sin2  t . 25  cos2  t i 

I oc  A 


16 


25 


y 


10.  x = 1 + sin  t,  y = cos  t — 2,  0 < t < 7r 

=>  sin2 1 + cos2 1 = 1 =>  (x- l)2  + (y  + 2)2 


12.x=^T,y=^f)-Kt<l 


^ t=^i  =^y  = I^T 

y 2-x 


13.  x = t,  y = VT^P,  — 1 < t < 0 
=>  y = \J 1 — x2 

y 


X 


14.  x = y/t  + 1,  y = y/t,  t > 0 

=>  y2  = t =>■  x = ->/y2  + 1,  y > 0 
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15.  x = sec2 1 — 1,  y = tan  t,  — | < t < | 
=>  sec2 1 — ' 1 tan2  t =>  x = y2 
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16.  x = — sec  t,  y = tan  t,  — | < t < | 

=>  sec2 1 — tan2 t = 1 =>  x2  - y2  = 1 


17.  x = — cosh  t,  y = sinh  t,  — oo  < 1 < oo 
=>  cosh2  t — sinh2  t=l  =>•  x2  — y2  = 1 


18.  x = 2 sinh  t,  y = 2 cosh  t,  — oo  < t < oo 

=>  4 cosh2 1 — 4 sinh2 1 = 4 =>  y2  — x2  = 4 


19.  (a)  x = a cos  t,  y = — a sin  t, 

(b)  x = a cos  t,  y = a sin  t,  0 

(c)  x = a cos  t,  y = — a sin  t, 

(d)  x = a cos  t,  y = a sin  t,  0 


0 < t < 27t 

20.  (a) 

< t < 27T 

(b) 

0 < t < 47t 

(c) 

< t < 4n 

(d) 

x = a sin  t,  y = b cos  t,  | < t < 

x = a cos  t,  y = b sin  t,  0 < t < 27r 

x = a sin  t,  y = b cos  t,  | < t < ^ 

x = a cos  t,  y = b sin  t,  0 < t < 47r 


21.  Using  (—1,  —3)  we  create  the  parametric  equations  x = — 1 + at  and  y = —3  + bt,  representing  a line  which  goes 
through  (—1,  —3)  at  t = 0.  We  determine  a and  b so  that  the  line  goes  through  (4,  1)  when  t = 1. 

Since  4 = — l + a=^a  = 5.  Since  1 = —3  + b =>  b — 1.  Therefore,  one  possible  parameterization  is  x = - 1 + 5t, 
y = -3  + 4t,  0 < t < 1. 


22.  Using  (—1,  3)  we  create  the  parametric  equations  x = — 1 + at  and  y = 3 + bt,  representing  a line  which  goes  through 
(—1,  3)  at  t = 0.  We  determine  a and  b so  that  the  line  goes  through  (3,  —2)  when  t = 1.  Since  3 = — l + a=>a  = 4. 
Since  —2  = 3 + b =>  b — —5.  Therefore,  one  possible  parameterization  is  x — — 1 + It,  y = 3 — 5t,  0 < t < 1. 

23.  The  lower  half  of  the  parabola  is  given  by  x = y2  + 1 for  y < 0.  Substituting  t for  y,  we  obtain  one  possible 
parameterization  x = t2  + l,y  = t,  t<0. 

24.  The  vertex  of  the  parabola  is  at  (—1,  —1),  so  the  left  half  of  the  parabola  is  given  by  y = x2  + 2x  for  x < —1.  Substituting 
t for  x,  we  obtain  one  possible  parametrization:  x = t,  y = t2  + 2t,  t < — 1. 


25.  For  simplicity,  we  assume  that  x and  y are  linear  functions  of  t and  that  the  point(x,  y)  starts  at  (2,  3)  for  t = 0 and  passes 
through  (—1,  —1)  at  t = 1.  Then  x = f(t),  where  f(0)  = 2 and  f(l)  = — 1. 

Since  slope  = ^ = = —3,  x = f(t)  = — 3t  + 2 = 2 — 3t.  Also,  y = g(t),  where  g(0)  = 3 and  g(l)  = —1. 

Since  slope  = ^ = = —4.  y = g(t)  = -4t  + 3 = 3 — 4t. 

One  possible  parameterization  is:  x = 2 — 3t,  y = 3 — 4t,  t > 0. 
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26.  For  simplicity,  we  assume  that  x and  y are  linear  functions  of  t and  that  the  point(x,  y)  starts  at  (—1,  2)  for  t = 0 and 

passes  through  (0,  0)  at  t = 1.  Then  x = f(t),  where  f(0)  = —1  and  f(l)  = 0. 

Since  slope  — ^ — °^l1q1)  = 1,  x = f(t)  = It  + (—1)  = — 1 + t.  Also,  y = g(t),  where  g(0)  = 2 and  g(l)  = 0. 

Since  slope  = ^ = — — 2.  y = g(t)  = — 2t  + 2 = 2 — 2t. 

One  possible  parameterization  is:  x = — 1 + t,  y = 2 — 2t,  t > 0. 

27.  Since  we  only  want  the  top  half  of  a circle,  y > 0,  so  let  x = 2cos  t,  y — 2|sin  t|,  0 < t < 4tt 

28.  Since  we  want  x to  stay  between  —3  and  3,  let  x = 3 sin  t,  then  y = (3  sin  t)2  = 9sin2 1,  thus  x = 3 sin  t,  y = 9sin2 1, 

0 < t < oo 

29.  x2  + y2  = a2  =>  2x  + 2y  ^ = 0 =>  ^ ^ ; let  t = ^ =>  — p = t =>  x = — yt.  Substitution  yields 

y2t2  + y2  = a2  =>•  y — and  x = , -oo  < t < oo 

30.  In  terms  of  9,  parametric  equations  for  the  circle  are  x = a cos  9,  y = a sin  9,  0 < 9 < 2tt.  Since  0 — | , the  arc 
length  parametrizations  are:  x = a cos  | , y = a sin  | , and  0 < ^ <2~  =>  0 < s < 27ra  is  the  interval  for  s. 

31.  Drop  a vertical  line  from  the  point  (x,  y)  to  the  x-axis,  then  9 is  an  angle  in  a right  triangle,  and  from  trigonometry  we 

know  that  tan  9 = | =>■  y = x tan  9.  The  equation  of  the  line  through  (0,  2)  and  (4,  0)  is  given  by  y = - x + 2.  Thus 
xtanf?  = -Ix  + 2 x = and  y = where  0 < 9 < f . 

32.  Drop  a vertical  line  from  the  point  (x,  y)  to  the  x-axis,  then  9 is  an  angle  in  a right  triangle,  and  from  trigonometry  we 

know  that  tan  9 — | =>  y = x tan  9.  Since  y = =>  y2  = x =>  (x  tan  9)1  = x =>  x = cot2$  =>  y = cot  9 where 

0 < 9 < f. 

33.  The  equation  of  the  circle  is  given  by  (x  — 2)2  + y2  = 1.  Drop  a vertical  line  from  the  point  (x,  y)  on  the  circle  to  the 
x-axis,  then  9 is  an  angle  in  a right  triangle.  So  that  we  can  start  at  (1,  0)  and  rotate  in  a clockwise  direction,  let 

x = 2 — cos  9,  y = sin  9,  0 < 9 < 27t. 

34.  Drop  a vertical  line  from  the  point  (x,  y)  to  the  x-axis,  then  9 is  an  angle  in  a right  triangle,  whose  height  is  y and  whose 

base  is  x + 2.  By  trigonometry  we  have  tan  9 — =>•  y = (x  + 2)  tan  9.  The  equation  of  the  circle  is  given  by 

x2  + y2  = 1 x2  + ((x  + 2)tan0)2  = 1 =>  x2sec 29  + 4xtan2#  + 4tan2#  —1=0.  Solving  for  x we  obtain 

x = = -W9±2VTT3^  = — 2sin2d  ± costVcos20-3sin20 

= —2  + 2cos 29  ± cos  9y/ 4cos2  9 — 3 and  y = ^—2  + 2cos2$  ± cos  9y/ 4cos2  9 — 3 + 2 ^ tan  9 

= 2sin(9cos0  ± sin 9y/ 4cos2  9 — 3.  Since  we  only  need  to  go  from  (1,  0)  to  (0,  1),  let 
x = — 2 + 2cos 2 9 + cos0\/4cos2  9 — 3,  y = 2sin$cos0  + sin 9yJ 4cos2  9 — 3,  0 < 9 < tan-1  (^). 

To  obtain  the  upper  limit  for  9,  note  that  x = 0 and  y = 1,  using  y = (x  + 2)  tan  9 =>•  1 = 2 tan  9^9  — tan-1  Q) . 

35.  Extend  the  vertical  line  through  A to  the  x-axis  and  let  C be  the  point  of  intersection.  Then  OC  = AQ  = x 

and  tan  t = ^ = j =*  x = ^ = 2 cot  t;  sin  t = ± =*  OA  = ^ ; and  (AB)(OA)  = (AQ)2  =*  AB(^)=x2 

=*  AB  (^)  = (^)2  =*  AB  = |^.  Next y = 2 — AB  sin t =►  y = 2-(^i)  sint  = 

2 — 2^;(  =2  — 2 cos2 1 = 2 sin2 1.  Therefore  let  x = 2 cot  t and  y — 2 sin2 1,  0 < t < 7r. 
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36.  Arc  PF  = Arc  AF  since  each  is  the  distance  rolled  and 
= ZFCP  +>  Arc  PF  = b(ZFCP);  ^af  = 0 
+>  Arc  AF  = ad  =>  a0  = b(ZFCP)  +>  ZFCP  = 3 0; 
ZOCG  = ! - 0;  ZOCG  = ZOCP  + ZPCE 
= ZOCP  + (f  - a)  . Now  ZOCP  = tt  - ZFCP 
= 7T  - ^ 0.  Thus  ZOCG  = 7T-5<9+!-a  +>  § - 0 

= 7T—  g0+|—  a =>  a = 7T—  g0  + 0 = 7r—  ( 0) 


y 


Then  x = OG  — BG  = OG  — PE  = (a  — b)  cos  9 — b cos  a = (a  — b)  cos  9 — b cos  (jr  — 0) 

= (a  — b)  cos  9 + b cos  ( 0)  . Also  y = EG  = CG  — CE  = (a  — b)  sin  0 — b sin  a 
= (a  — b)  sin  0 — b sin  (7T  — 0)  = (a  — b)  sin  0 — b sin  0)  . Therefore 

x = (a  — b)  cos  0 + b cos  ( 3-=-^  0)  and  y = (a  — b)  sin  0 — b sin  ( 5-=-^  0)  . 

If  b = then  x = (a  - |)  cos  0 + | cos  0^ 

= ^ cos  0+|  cos  30  = ^ cos  0+|  (cos  0 cos  20  — sin  0 sin  20) 

= ^ cos  0+|  ((cos  0)  (cos2  0 — sin2  0)  — (sin  0)( 2 sin  0 cos  0)) 

= ^ cos  0+|  cos3  0 — | cos  0 sin2  0 — ^ sin2  0 cos  0 

= ^ cos  0+|  cos3  0 — ^ (cos  0)  (1  — cos2  0)  = a cos3  0; 

y = (a  - |)  sin0  - | sin  ( ' — t s^n  $ ~ | sin  30  = sin  0 — | (sin  0 cos  20  + cos  0 sin  20) 

= ^ sin  0 — | ((sin  0)  (cos2  0 — sin2  0)  + (cos  0)( 2 sin  0 cos  0)) 

= ^ sin  0 — | sin  0 cos2  0 + | sin3  0 — ^ cos2  0 sin  0 

= 34a  sin  0 — 34a  sin  0 cos2  0 + | sin3  0 

= ^ sin  0 — ^ (sin  0)  (1  — sin2  0)  + | sin3  0 = a sin3  0. 


37.  Draw  line  AM  in  the  figure  and  note  that  ZAMO  is  a right 
angle  since  it  is  an  inscribed  angle  which  spans  the  diameter 
of  a circle.  Then  AN2  = MN2  + AM2.  Now,  OA  = a, 

— — tan  t,  and  — = sin  t.  Next  MN  = OP 

a ’ a 

=>  OP2  — AN2  - AM2  = a2  tan2 1 — a2  sin2 1 
=+  OP  = \J a2  tan2 1 — a2  sin2 1 
= (a  sin  t)i/ sec2 1 — 1 = . In  triangle  BPO, 

x = OP  sin  t = = a sin2 1 tan  t and 

COS  t 

y = OP  cos  t = a sin2  t =+  x = a sin2 1 tan  t and  y = a sin2 1. 


y 
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38.  Let  the  x-axis  be  the  line  the  wheel  rolls  along  with  the  y-axis  through  a low  point  of  the  trochoid 
(see  the  accompanying  figure). 


parallel  to  the  xy-axes  and  having  their  origin  at  the  center  C of  the  wheel.  Then  x'  = b cos  a and 
y'  = b sin  a,  where  a = y — 9.  It  follows  that  x'  = b cos  ( y ~ 8)  — — b sin  9 and  y'  = b sin  (y  — O') 

— — b cos  6 =>  x = h + x'  = ad  — b sin  9 and  y = k + y'  = a — b cos  9 are  parametric  equations  of  the  trochoid. 


39.  D = ^/(x^2)2  + (y-  i)2  =►  D2  = (x  - 2)2  + (y  - \f  = (t  - 2)2  + (t2  - \f  =>  D2  = t4  - 4t  + ^ 

=>•  =4t3  — 4 = 0 =>  t = 1 . The  second  derivative  is  always  positive  for  t ^ 0 =>  t = 1 gives  a local 

minimum  for  D2  (and  hence  D)  which  is  an  absolute  minimum  since  it  is  the  only  extremum  =>  the  closest 
point  on  the  parabola  is  (1, 1). 


40.  D = yj (2  cos  t - |) 2 + (sin  t — 0)2  =>  D2  = (2  cos  t — |) " + sin2 1 => 

= 2 (2  cos  t — |)  (—2  sin  t)  + 2 sin  t cos  t = (—2  sin  t)  (3  cos  t — |)  = 0 =>■  —2  sin  t = 0 or  3 cos  t — | = 0 
=>  t = 0, 7r  or  t = | , y . Now  d ^ 1 = —6  cos2 1 + 3 cos  t + 6 sin2 1 so  that  d - (0)  = — 3 =>■  relative 
maximum,  ^ 2 (7r)  = — 9 =>  relative  maximum,  ^ ’ (f ) = | =>  relative  minimum,  and 

CjPd  (y)  = | =>  relative  minimum.  Therefore  both  t = | and  t = y give  points  on  the  ellipse  closest  to 
the  point  (|,0)  =>  and  fl,  — are  the  desired  points. 


41.  (a) 


(b) 


y 


(c) 


y 


42.  (a)  y (b) 


(c) 


y 
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47.  (a) 


48.  (a) 


y 


x — 6 cos  t + 5 cos  3t,  y = 6 sin  t - 5 sin  3 t, 
0 < t < 2jt 


(b) 


x = 6 cos  It  + 5 cos  6 t,  y = 6 sin  2t  — 5 sin  6/, 
0 < t < n 


x = 6 cos  It  + S cos  6 1,  y-  6 sin  4t  - 5 sin  6t , 

0 <t  <Tt 


11.2  CALCULUS  WITH  PARAMETRIC  CURVES 


1.  t = | =>  x = 2 cos  | = \[2 , y = 2 sin  ^ = \fl\  45  = —2  sin  t,  $ = 2 cos  t =>  — 


dy  dy/dt  2 cos  t 

dx  dx/dt  — 2 sin  t 


= — COt  t 


dy 

dx 

d2y 

dx2 


= — cot  | = — 1 ; tangent  line  is  y — \[2  = — 1 

= -V2 


2^  or  y = —x  + 2\fl ; = esc2  t 


dy/Zdt  esc2 1 

dx/dt  — 2 sin  t 


1 

2 sin3  t 


d2y 

dx2 


2.  t = — \ =>  x = sin  (27t  (—  |))  = sin  (—  |)  = — ^ , y = cos  (27t  (—  ^))  = cos  (—  f ) = \ ; ^ = 2n  cos  27rt, 

— 27T  sin  27rt 


I = — 27t  sin  27Tt  =>  = -2TSin.2?  = - tan  27rt  => 

at  ax  27T  cos  27rt  ax 


tangent  line  is  y 


5 = [x  - (- 


_ a/3 

— , jr  — 

, = -tan(27r(-i))  = -tan(-f)  = y/l\ 
' — 6 

or  y = \/3x  + 2;  = — 27r  sec2  27rt 


d2y  — 27t  sec2  27rt 

dx2  27T  cos  2nt 


1 

COS3  27Tt 


d2y 

dx2 
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3.  t = 


x = 4 sin  | = 2y/ 2,  y = 2 cos  | = y/2;  ^ = 4 cos  t,  ^ = —2  sin  t 


dy  _ 

dx 


dy/dt 

dx/dt 


= — ± tan  t 


£ tan  ^ 


= — 1;  tangent  line  is  y — \/2  = — t — 2y//j  or  y = 


ay 

dt 


i sec2 1 


d2y  dyVdt  — \ 

dx2 


dx/dt 


4 cos  t 


8 cos3  t 


#1 

dx2 


7? 

4 


—2  sin  t 
4 cos  t 


ix  + 2y/2; 


4. 


t = — 

L 3 

=>  ^1 
^ dx 


d2y 

dx2 


27 r 

X = COS  y-  = 


,y=y/3cosf  = = — sint,  | = -y3sint  =>  g = 

= a/ 3 ; tangent  line  is  y - = a/3  [x  - (-  |)]  or  y = \/3x;  ^ = 0 


= 0 


£y 

dx2 


— V?>  sin  t 
— sin  t 

_ 0 
— sin  t 


= a/3 

= 0 


5.  t=i 


V — I V i * — 1 — 1 

A 4 ’ J 2 ’ dt  A’  dt  2\/t 


dy  dy/dt 

dx  dx/dt 


1 

2\/t 


= — / = 1 ; tangent  line  is 

= 4 2V  4 


v-i-l.tx  — ilorv-x+i-^  — — i t“3/2  =3  dy/dt  _ _ l r 

" 2 3 \ 4 j or  y - x 4 , dt  - 4 t =>■  ix2  - ^t  ~ 4 1 


•3/2 


d2y 

dx7 


= -2 


6.  t = 


4 

dy  _ 
dx 


=>  x = sec 

sec2 1 

2 sec2 1 tan  t — 


(—  |)  — 1 = 1,  y = tan  (—  |)  = — 1;  ^ = 2 sec2 1 tan  t,  / = sec2 1 


2 tan  t — 2 COt  t ^ dx 


= \ cot  (—  |)  = — t ; tangent  line  is 


(-l)  = -i(x-l)ory  = 


1 • dy  _ 1 2 t d/y  _ 

2 ’ dt  2 dx2  2 sec2 1 tan  t 


— k cscz  t 1 Q 

= — ^ cor  t 


d2y 

dx2 


7.  t = | =*  x = sec  | = y = tan  f = ^ ; £ = sec  t tan  t,  | = sec2 1 =*►  g = gg 


d/ 


73' 


= CSC  t =>  £ 


= — esc  t cot  t =>  -r4  = 


d2y 

dx2 


dyVdt  — esc  t cot  t 

dx/dt  sec  t tan  t 


= 2;  tangent  line  is  y — -/  = 2 ^x  — or  y = 2x  — y/3  ; 

= -3a/3 


= — cor  t =$■ 


d2y 

dx2 


8.  t = 3 =►  X = - y/3  TT  = -2,  y = ^3(3)  = 3;  f = - \ (t  + 1 Tl'\  % = § (3t)~1/2  =>  g = 


3\/t+  1 dy 

t/3t  _ dx 


-3  a/3  + 1 _ 

a/3(3) 


—2;  tangent  line  is  y — 3 = 


— 2[x  — (—2)]  ory  = -2x  - 1; 


dy'  _ \/3t  [-  I (t+  1)-1/2]+3xA+^  [|  (30-1/2] 
dt  — 3t 


=4> 


1 

3 


d2y  _ v,2t'/3t Vh-i 


3 

t\/3t 


(l)(3tr1/2 
(-  J)  Ct+1)-V2 


9. 


t=~l  =>  X = 5,y=l;g=4t,g=4t3  =>  g 


dy/dt  4t^  ,2 

dx/dt  — 4t  ~~  L 


(-D2 


y — 1 = 1 • (x  — 5)  or  y = x — 4;  g-  = 2t 


d2y  _ dy'/dt  _ 2t  _ 1 
dx2  dx/dt  4t  2 


d^y 

dx2 


t=-l 


1 

2 


1 ; tangent  line  is 


10.  t = 1 


= l,y  = -2;£  = - 


dy  1 

dt  t 

dy  _ 


dy  _ (f) 

dx  rs 


= — 1 ; tangent  line  is 


y-(-2)  = — l(x~  l)ory  =-x— !;!£  = — 1 =*►  g?  = 


= t2  =>  M 


d/y 

dx2 


= l 


11.  t = | =>  x = | - sin  f = | - 

_ sin  t — v dy  _ s‘n  ( J ) 

— 1-cost  dx  t=I  — 1-cos  (|) 


1 — cos  | = 1 — i = i ; ^ = 1 — cos  t,  g = sin  t 
= a/3  ; tangent  line  is  y — \ = \f?>  (x  — | + 


dy  dy/dt 

dx  dx/dt 
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=»  y = 


a/3x  - ^ + 2 


. d/  ( 1 — cos  t)(cos  t)  — (sin  t)(sin  t) 

’ dt  (1— cost)2 


-1 

1 — cos  t 


-1 

(1  — cos  t)2 


d^y 

dx2  _ 

t=f 


-4 


d2y  _ dy'/dt  _ (rr^n) 
dx2  dx/dt  1 — cos  t 


12.  t = | =>■  x = cos  | = 0,  y = 1 + sin  | = 2;  ^ = — sin  t,  ^ = cos  t =>  ^ = 

d2y  _ CSC2 1 _ 


= — cot  1=0;  tangent  line  is  y = 2;  ^ = esc2 1 =>  M — _ sin  t 


= - cot  t 

-csc».  =>  g 


= -l 


13.  t = 2^x=^T  = i,y=yT=2;|  = 
tangent  line  isy  = 9x— 1;^-  = — => 


-l dy 


-l 


(t+l)2’  dt  (t_l)2 

d2y  _ 4('t+  l)3  thy 
dx2  (t— l)3  dx2 


dy  = (t  + t) 

dx  (t  - if 


(2+  1)J 
(2- l)2 


= 9; 


= W = 108 


14.  t = 0=>x  = 0 + e°=l,y=l  — e°  = 0;^  = l+et,  ^ = — el  =4>  £ = =>  £ 


— e 
1 +e° 


1 . 
2’ 


tangent  line  isy  = — ix+^;-^-  = 


1.  d/  _ — el 


(l+e1) 


d_y  _ -e1 

dx2  (l+e 


d_y 

dx2 


(1  +e°)‘ 


15.  x3  + 2t2  = 9 =>  3x2  f + 4t  = 0 =>  3x2  f = -4t  =»  f = ; 

2v3  - 3t2  = 4 =»  6v2  ^ - fit  = 0 =*■  dy  _ _6t  _ t . th  dy  _ dy/dt  _ izl  _ t(3x2)  _ 3x2  . t _ 2 

zy  — h-  =?■  oy  d(  oi  — u dt  — fiy2  — y2  , inus  dx  — dx/dt  — — y2(_4t)  — _4y2  , i — z 

=>  x3  + 2(2)2  = 9 =>  x3  + 8 = 9 =>■  x3  = 1 =>  x = 1;  t = 2 =>  2y3  - 3(2)2  = 4 


=>  2y3  = 16  =>  y3  = 8 =>  y = 2;  therefore  ^ 


= 3(1)2 
t=2  -4(2)2 


16 


16.  X = =►  l = H5- vr‘/2 (-  1 r,,!)  = - ;y(t-l)=\/i  =>y  + (t-l)f  = in« 


«- 0 S = + -y 


dy 

dt 


2-y/t  y _ 1 — 2y  y/t  . 

(t-1)  2ty/t-2^l 


; thus  £ = -t  = 


dy 

dt 

dx 

dt 


1 -2yv/t 

2tv2t-2y,l  _ 1 ~ 2yyt 

2\A(t— 1 ) 


40^5-^ 


2(l-2yv^y^A;t  = 4 ^ x=^T7^=V^;  t = 4 =>  y • 3 = \fA 
_ 2(l-2(|)C4)y/5 -y/4  _ 10^3 


=^y=  5 


therefore,  3y 

dx 


1-4 


t \/5  — \/t 


17.  x + 2x3/2  = t2  + 1 =>  | + 3X1/2  | = 2t  + 1 =>  (1  + 3X1/2)  g = 2t  + 1 =►  g = ; y^tTl  + 2ty/y  = 4 

=>  * VtTT  + y (5)  (t  + 1)-1/2  + 2^y  + 2t  (5  y-1/2)  1=0  =►  |VTTT+^t  + 2V^+(-17)  ^ = 0 

=+  (\/t+7  + — ) ^ — ~y  ^ 2 fv  =>  — — (2^+I~2^)  — -yVy-Ay^+~l  . th 
^ lvt+1  + j-y)  dt  “ 2y/^T  “Vy  =*  dt  - (CfTT+^)  - 2v/y(t+i)+2tV/tTi  ’thus 

( -yyy-4y\/t+i  \ 

I = S = “f^P;'=»4  x + 2xV=0  =6  x (l  + 2X1/2)  — 0 =>  x = 0:  t = 0 

V1  + 3X1/2  ) 


yy/0  + 1 + 2(0) y/y  = 4 =>  y = 4;  therefore 


-4V,4-4(4)\/0+l 
2\/4(0+  1)  + 2(0)  v/0+  1 
2(0)+ 1 
l + SfO)1/2 


= -6 


18.  x sin  t + 2x  = t =>  g sin  t + x cos  t + 2 g = 1 =>  (sin  t + 2)  g = 1 — x cos  t =4>  ^ = 1 sinxt+2 1 ; 
t sin  t — 2t  = y sin  t + t cos  t — 2 = ^7  ; thus  ^7  = sm  \ it"-txc'eoxSi1'~  ~ ; t = 7r  =>  x sin  7r  + 2x  = 7r 

\ sint+2  / 


=>■  x = ? ; therefore  ^ 

2 ’ dx 


sin  7T  + 7T  COS  7T  — 2 


SU17T+  2 


-4tt-8 
2 + 7T 


-4 
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19.  x = t3  + t,  y + 2t3  = 2x  + t2  =>  f = 3t2  + 1,  | + 6t2  = 2|  + 2t  =>  ft  = 2(3t2  + 1)  + 2t  - 6t2  = 2t  + 2 

. dy  _ 2t+  2 . dy  _ 2(l)+2  _ . 

dx  3t2+l  dx  (=1  3(1)2  + 1 

20.  t = ln(x  — t),  y = te*  =>  1 = — l)  =^>x  — t=^  — l=>^=x  — t+l.^^te'  + e1; 

^ £ = j=31;t  = o=>o  = iii(x-o)=>x  = i =>  £|it  = Kxr  = 5 

X27T  r » 27T  r » 27T  ~ p 27T 

y dx  = Jg  a(l  — cost)a(l  — cost)dt  = a2  Jg  (1  — cost)~dt  = a2  Jg  (1  — 2cost  + cos2t)dt 

X2iv  p2.iv  2?r 

' ( 1 — 2cos t + 1 + c°s 2t ) dt  = a2  Jo  (|  — 2cost  + j cos2t)dt  = a2  |t  — 2sint  + ^ sin2t 

L Jo 

= a2(37r  — 0 + 0)  — 0 = 37t  a2 


=>  v = e 1 


22.  A = J‘g  x dy  = J)  (t  — t2)(— e ‘)dt  u = t — t2  =>  du  = (1  — 2t)dt;  dv  = (— e ')dt  => 

1 -i  : 

= e '(t  — t2)  — J e '(1  — 2t)dt  u = 1 — 2t  =>  du  = — 2dt;  dv  = e 'dt  =>■  v = — e 

0 

1 r 1 1 1 r 1 1 

= e_t(t  — t2)  — — e_t(l  — 2t)  — J)  2e~'dt  = e~'(t  — t2)  + e~'(l  — 2t)  — 2e~‘ 

o L o J L Jo 

= (e-1(0)  + e-1(— 1)  — 2e_1)  - (e°(0)  + e°(l)  - 2e°)  = 1 - 3e-3  = 1 - f 


23.  A = 2 J)  y dx  = 2 J)  (bsint)(— asint)dt  = 2abJ^  sin2tdt  = 2abjj)  J — dt  = ab  (1  — cos2t)dt 

= ab  ^t  — 4 sin  2t  j = ab((7r  — 0)  — 0)  = 7tab 

24.  (a)  x = t2,  y = t6,  0 < t < 1 =>  A = y dx  = Jg  (t6)2t  dt  = J)  2t7  dt  = |t8  = \ — 0 = \ 

(b)  x = t3,  y = t9,  0 < t < 1 =>  A = fg  y dx  = fg  (t9)3t2  dt  = fg  3tJ1  dt  = [ |t12]  ‘ = \ - 0 = ± 


25.  & = -sin  land  ^ = t + C°s  t =►  yj  (f ) + [%  J = V (-sin  t)2  + (1  + cos  t)2  = 

=►  LenSth  = fo  V2  + 2 cos  1 dt=^f0  >/(t^)(1+cos  t}  dt  = f0  J7- 


^"S1"  - Jo  V ^ -r  ^ ^ 1 - V ^ Jo  Y U-costJ  ^ T ^ M - v ^ J0  Y UL 

= \p2  J"Q  ^^'ntQ , t dt  (since  sin  t > 0 on  [0, 7t]);  [u  = 1 — cos  t =>■  du  = sin  t dt;  t = 0 =>  u = 0, 

t = 7T  ^ u = 2]  ^ y/2  f~  u”1^  du  = \fl  [2U1/2]  l = 4 

26.  | = 3t2  and  f = 3t  J (f)2  + (^)"  = ^/(3t2)2  + (3t)2  = i/9t4  + 9t2  = 3t/t2  + 1 (since  t > 0 on  0,1/3) 

=>  Length  = J)  3ti/t2  + 1 dt;  u = t2  + 1 =>  | du  = 3t  dt;  t = 0 =>■  u = 1,  t = y/3  =>  u = 4 

->  f*  f u1/2  du  = [u3/2]  * = (8  - 1)  = 7 

27.  |=t  and  % = (2t+  l)1/2  =*  ^ ( |)2+  (f)'  = /t2  + (2t+l)  = Y/(t+l)2  = |t  + 1|  = t + 1 since  0 < t < 4 
=>  Length  = J)  (t  + 1)  dt  = | + t = (8  + 4)  = 12 
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28.  | = (2t  + 3)1/2and|  = l+t  =>  ^ (f  )2  + (f)  = yj ( 2t  + 3)  + (l+t)2 

since  0 < t < 3 =>■  Length  = f (t  + 2)  dt  = ^ + 2t  = 

t/  o ^ 0 ^ 


= V t2  + 4t  + 4 = |t  + 2|  = t + 2 


29.  ^ = 8t  cos  t and  ^ = 8t  sin  t =>  y (^)2  + = y (8t  cos  t)2  + (8t  sin  t)2  = •>/ 64t2  cos2 1 + 64t2  sin2 1 

= |8t|  = 8t  since  0 < t < | =>  Length  = Jo  8t  dt  = [4t2]  ^ 2 = n2 


30-  f = (seLtWt)  (sec  t tan  t + sec2 1)  - cos  t = sec  t - cos  t and  f = - sin  t =t>  y (|)2  + (|) 
= \J (sec  t — cos  t)2  + (—sin  t)2  = \J sec2 1 — 1 = \J tan2 1 = |tan  t|  = tan  t since  0 < t < | 

=>  Length  = J'()  ^ tan  t dt  = J'()  ^ ^ dt  = [-  In  |cos  t|]  = - In  \ + In  1 = In  2 


3L  | = -sin  land  % = cost  y(|)2+(|)  = yj  (-sin  t)2  + (cos  t)2  = 1 

p2-k  0 

= J()  27t(2  + sin  t) ( 1 ) dt  = 2tt  [2t  — cos  t]  ^ = 27r[(47r  — 1)  — (0  — 1)]  = 87t2 


Area  = 


J 2ny  ( 


y-t  =>  Area  = J"  27rx  ds 


dt;  [u  = t2  + 1 =>  du  = 2t  dt;  t = 0 =>•  u = 1, 


4 _ 28tt 

1 ~ 9 


32.  | = d/2  and  % = =►  s)  (tf  + ($)  = = y/*±±  =>  Area  = f 2.x  ds 

= J^3  2t r (|  t3/2)  dt  = f fj3  ty/t2  + 1 dt;  [u  = t2  + 1 du  = 2t  dt;  t = 0 =>•  u = 1, 

[t=^3^u  = 4]  - yudu^  [f  u3/2]^  ^ 

Note:  27r  (|  t3//2)  y dt  is  an  improper  integral  but  lint  f(t)  exists  and  is  equal  to  0,  where 

f(t)  = 27t  (ft3/2)  yj  Ctl . Thus  the  discontinuity  is  removable:  define  F(t)  = f(t)  for  t > 0 and  F(0)  = 0 

=*  /0v"F(t)dt=2r- 


33.  f = land|=t+^2  =>  (f  )2  + (|) “ = \j  l2  + (t  + v^) ' = V t2  + 2^2 1 + 3 =*  Area  = /27rxds 
= f'/^2n(t+  1/2)  ^t2  + 2V"2t  + 3 dt;  u = t2  + 2v/2 1 + 3 =>  du  = (2t  + 2^/2)  dt;  t = —a/2  =>  u = 1, 
[t  = y/2  =k  U = 9]  -►  TT^u  du  = [§  7TU3/2]  J = f (27  - 1)  = ^ 

34.  From  Exercise  30,  J =tant  =>  Area  = J'  27ry  ds  = 2tt  cos  t tan  t dt  = 27r  sintdt 

= 27T  [—  COS  t]  y3  = 27T  [ — \ — ( — 1)]  = 7T 


35.  |=2and|  = 


1 =*  J (f  )2  + (*)  = V22  + 12  = =>•  Area  = f 2ny  ds  = Jg  2n(t  + 1)^/5  dt 


= 2n\/5  T+t  =3tt\/~5.  Check:  slant  height  is  y/5  =>  Area  is  7r(l  + 2)\J~5  = 3ti\/~5  . 
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36.  $ = h and  ^ = r => 


.%)  =Vv 


Area  = I 2ivy  ds  = 


= 27ITA 


■ r2  V = 7tr-\ 

^ n 


r2  . Check:  slant  height  is 


r2  =>  Area  is 


37.  Let  the  density  be  8 = 1.  Then  x = cos  t + t sin  t =>  $ = t cos  t,  and  y = sin  t — t cos  t =>  y — t sin  t 

=>  dm  = 1 • ds  = <J (y)"  + dt  = yj (t  cos  t)2  + (t  sin  t)2  = |t|  dt  = t dt  since  0 < t < | . The  curve's  mass  is 

M = J dm  = ^ t dt  = y . Also  Mx  = J y dm  = f ^ (sin  t — t cos  t)  t dt  = J'f)  t sin  t dt  — f()  t2  cos  t dt 

= [sin  t — t cos  t]  /2  — [t2  sin  t — 2 sin  t + 2t  cos  t]  /2  = 3 — y , where  we  integrated  by  parts.  Therefore, 

(3  — r rnl2  r*71-/2  r71"/2 

y = ^ = v / 2,  ’ = y — 2.  Next,  My  = J x dm  = J (cos  t + t sin  t)  t dt  = J t cos  t dt  + J t2  sin  t dt 

ffp 

= [cos  t + t sin  t]  /2  + [— t2  cos  t + 2 cos  t + 2t  sin  t]  = y — 3,  again  integrating  by  parts.  Hence 


v _ m*  __  (t~3)  _ 12  _ 24 


= T - F-  Therefore  (x,y)  = ( 


12  24  24 


38.  Let  the  density  be  6 = 1.  Then  x = e(  cos  t =>■  y = e’  cos  t — e*  sin  t,  and  y = el  sin  t =>  ^ = el  sin  t + el  cos  t 
=>•  dm  = 1 • ds  = (y)2  + ^y^)  dt  = \J (e(  cos  t — e(  sin  t)2  + (e(  sin  t + e*  cos  t)2  dt  = \f\ 2e2t  dt  = \fl e(  dt. 

The  curve's  mass  is  M = J dm  = \/2  e‘  dt  = a/2  e77  — y/l . Also  Mx  = I y dm  = JQ  (el  sin  t)  dt 


= fo  V^e2'  sin  t dt  = [f  (2  sin  t - cos  t)]  q = \[2  (f  + |)  =>  y = & = = ////  • 

Next  My  = J x dm  = J()  (el  cos  t)  ^\/2  elj  dt  = \/ 2 e2t  cos  t dt  = \J 2 y (2  cos  t + sin  t)  = — 


= -V2  T + l 


Y _ My  _ 

X - M - 


=-m- Therefore  (*-  y) = (-  m . 5^)  ■ ■ 


39.  Let  the  density  be  6 = 1.  Then  x = cos  t =>  y = — sin  t,  and  y = t + sin  t =>  = 1 + cos  t 


dm  = 1 - ds  = J (y)2  + fy)  dt  = J (-sin  t)2  + (1  + cos  t)2  dt  = 


, cos  t dt.  The  curve's  mass 


is  M = I dm  = 


\ cos  t dt  = v2 


cos  t dt  = a/2  f0  J 2 cos2  Q)  dt  = 2 Jf)  [cos  (|)  dt 


= 2 J cos  (|)  dt  (since  0 < t < 7r  =>  0<^<|)=2[2sin  Q)]  (|  = 4.  Also  Mx  = J yr  dm 
= fQ  (t  + sin  t)  (2  cos  |)  dt  = fQ  2t  cos  (|)  dt  + JQ  2 sin  t cos  (|)  dt 

= 2 [4  cos  (|)  + 2t  sin  (§)]  * + 2 [-  § cos  (§  t)  - cos  (i  t)]  * = 4tt  - f =►  y = ^ = * - \ . 

Next  My  — J'  x dm  = J*Q  (cos  t)  (2  cos  |)  dt  = J’()  cos  t cos  (|)  dt  = 2 sin  (|)  + sm 3-  ^ = 2 — | 


= 2 — - 
z 3 


= ^ = 4 = 3 • Therefore  (x,  y)  = (5  , ^ - f ) . 


40.  Let  the  density  be  6 = 1.  Then  x = t3  =>  y = 3t2,  and  y=^1  =>  ^=3t=>  dm  = 1 • ds 

= J (y)-  + (^)  c*t  = \f  (^t2)2  "T  (3t)2  dt  = 3 |t|  y/t2  + 1 dt  = 3ty/ 12  + 1 dt  since  0 < t < y/3.  The  curve's  mass 

is  M = J dm  = Jg  3ty/ 12  + 1 dt  = (t2  + 1)3,/2  = 7.  Also  Mx  = J y dm  = Jg  y ^3t\/t2  + l^j  dt 

y/3 

— | t3  \/t2  + 1 dt  = y = 17.4  (by  computer)  =>  y = ^ ~ 2.49.  Next  My  = J 'x  dm 


!/> 
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= f t3  • 3t  a/O2  + 1)  dt  = 3 fg  tVt2  + 1 dt  w 16.4849  (by  computer)  =>  x = = l6'4849  « 2.35. 

Therefore,  (x, y)  « (2.35,2.49). 


41.  (a)  ^ = —2  sin  2t  and  ^ = 2 cos  2t  =>  (^f)2  + = yj (— 2sin2t)2  + (2cos2t)2  = 2 

=>  Length  = J'Q  2 dt  = [2t]  ^J2  = 7r 

7rt  and  ^ = — 7r  sin  7rt  =>■  J (^)"  + ^)  = yj (7rcos7rt)2  + (— 7rsin7rt)2  = 7r 


(b)  ^ = 7 r cos 


Length  = f n dt  = [ttI]  V2/2  = tt 


-1/2 


42.  (a)  x = g(y)  has  the  parametrization  x = g(y)  and  y = y for  c < y < d =>  gy  = g^y)  and  = 1;  then 
Length  = XV(|)2  + (|)'  dy  = fc^,  + (l)"  dy  = iV1  + feW  dY 


(b)  x = y3/2,  0<y<^|  = §y 1/2  =*  L = yj  l + (|y1/2)2  dy  = fj^y/l  + dy 


4 2 
9 * 3 


(i  + Sy) 


— -L/at3/2 L/it3/2  — 56 

27  V z 27  V / — 27 


9 „\3/2 


4/3 

0 


(c)  x=fy2/3,0<y<l^|=y-1/3^L  = XVl  + (y-1/3)2dy  = XV1  + ^dy=  dy 

= a!™  I /a  (y2/3  + 0 1/2  (§y~1/3)  dy  = ^ I • I (y2/3  + !)2/2  = aj™  ((2)3/2  - (a2/3  + !)3/2)  = ^ - 


43.  x = (1  + 2sin#)cos#,  y = (1  + 2sin#)sin#  =>  ^ = 2cos2#  — sin 0(1  + 2 sin#),  ^ = 2cos#sin#  + cos#(l  + 2 sin#) 

v dy  2cos  6 sin  6 + cos  0(1+2  sin  6)  4cos  6 sin  6 + cos  6 2 sin  20  + cos  6 

dx  2cos  26  — sin  6(  1 + 2 sin  6)  2cos  26  — 2sin20  — sin  6 2 cos  26  — sin  6 


(a)  x = (1  + 2sin(0))cos(0)  = 1,  y = (1  + 2 sin(0))sin(0)  = 0;  ^ 


6=0 


_ 2sin(2(0))  + cos(0)  __  0+1  1 

— 2cos(2(0))  — sin(0)  — 2-0  — 2 


(b)  x = (l  + 2sin(|))cos(|)  = 0,  y = (l  + 2 sin(|))sin(|)  = 3; 


_ tb 

dx 


?=tt/2 


2sin(2(f))  +cos(f)  0 + 0 0 

2 cos  (2  ( JJ)  — sill  ( f ) -2-1 


(c)  x = (l  + 2 sin(y))cos(y)  = ^ l,  y = (l  + 2sin(y))sin(y)  = 


in/Ltllcin/LEl  — 3~  C3  ■ dy 


dx 


0=4tt/3 


2sin(2(£))+cos(£) 

2cos(2(f))-sin(f) 


y6-  \ _ 2y/3- 1 

-1+#  ~~  C3-2 


( 


= - 4 + 3V3 


44.  x = t,  y = 1 — cost,  0<t<27r^^  = l,  ^ = sint=t>^  = Mp  = sint  =>  ^ ^)  = cost  =>  ^4  = Syl  = COst.  The 
maximum  and  minimum  slope  will  occur  at  points  that  maximize/minimize  in  other  words,  points  where  = 0 


=>cost  = 0=>t=|ort==+[=>  gjr  = +++ 


+++ 


(a)  the  maximum  slope  is  ^ 


(a)  the  minimum  slope  is  ^ 


t=7r/2 


t=3n/2 


7r/2  37t/2 

= sin(f)  = 1,  which  occurs  at  x = y = 1 — cos(|)  = 1 

= sin  ( ) = — 1,  which  occurs  at  x = y = 1 — cos(^)  = 1 


45.  $ = cos  t and  $ = 2 cos  2t  =►  £ = = 2(2cos2;-b  ; then  * = 0 


2 (2  COS2  t — 1)  q 

COS  t 


=>■  2 cos2 1 — 1 = 0 =>  cos  t = ± =>  t = | , , Tf  . In  the  1st  quadrant:  t = | x = sin  | = ^ and 

y = sin  2 (|)  = 1 =t»  l^j  is  the  point  where  the  tangent  line  is  horizontal.  At  the  origin:  x = 0 and  y = 0 
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=$■  sint  = 0 =$■  t = 0ort  = 7r  and  sin  2t  = 0 =>  t = 0,  | , tt,  =)?  ; thus  t = 0 and  t = 7r  give  the  tangent  lines  at 


the  origin.  Tangents  at  origin:  ^ 


= 2 =+  y — 2x  and  ^ 


= -2 


y = — 2x 


46.  $ = 2 cos  2t  and  * = 3 cos  3t  =»  £ = ^ - 3(cos  a cos  t - sin  2t  sin  t) 


dt  — ^ V.UC  .,1  -r  dx  — dx/dt  — 2 cos  2t  — 2 (2  cos2 1— 1 ) 

3 [(2  cos2 1 — 1)  (cos  t)  — 2 sin  t cos  t sin  t]  (3  cos  t)  (2  cos2 1 — 1 — 2 sin2 1)  (3  cos  t)  (4  cos2 1 — 3)  . ,v 

t^Tj  — 2(2  cos2 1 — 1)  — 2(2  cos2 1 — 1)  ’ men 


2 (2  cosz 
i cos 
2 (2  cos2 1 — 1 ) 


dy  q (3  cos  t)  (4  cos2  t— 3)  

dx 


= 0 =>  3 cos  t = 0 or  4 cos2 1 — 3 = 0:  3 cos  t = 0 =4>  t = | , ^ and 


4 cos2 1 — 3 = 0 =>  cos  t = ± ^ =+  t = | , ^ . In  the  1st  quadrant:  t = | =>  x = sin  2 (|)  = 

and  y = sin3(|)=l  =>■  ^^,l^is  the  point  where  the  graph  has  a horizontal  tangent.  At  the  origin:  x = 0 
and  y = 0 =>  sin  2t  = 0 and  sin  3t  = 0 =>■  t = 0,  f , n,  ^ and  t = 0,  ? , ^ , n,  % , =??  +■  t = 0 and  t = 7r  give 


_ y/3 


the  tangent  lines  at  the  origin.  Tangents  at  the  origin:  ^ 


2 cos  0 


3 ’ 3 ’ ’ 3 ’ 3 

= 1 =►  Y = |x.andg 


3 cos  (3  it)  __  3 v 

2 cos  (27t)  2 y 


3 x 
2 X 


47.  (a)  x — a(t  — sint),  y = a(l  — cost),  0 < t < 27T  =>■  % = a(l  — cost),  ^ = asint  =+  Length 


J"0  ^/(a(l  — cost))2  + (asint)2  dt  = f(.  y/a2  — 2a2  cos t + a2cos2 1 + a2sin2  t 


dt 


= a\/2  fQ  y/l  - cos  t dt  = ay/2  fQ  y^shPQ)  dt  = 2aJQ  sin(§)  dt 
= —4a  cos  7T  + 4a  cos(0)  = 8a 


-4acosQ) 


27T 


JO 


(b)  a = 1 =>  x = t — sin  t,  y = 1 — cos  t,  0<t<27r+>)j)  = l — cos  t,  $ = sin  t =>  Surface  area  = 

= f0  2n(l  — cost)-^/ (1  — cost)2  + (sint)2  dt  = 2n(  1 — cos t) \/ 1 — 2 cos t + cos2 1 + sin2 1 dt 

= 2ttJq  (1  — cos t) \J 2 — 2 cost  dt  = 2^/27rJQ  (1  — cost) dt  = 2\/2nJQ  (l  — cos  (2  • ^))3/,~ 
= 2^7 rfo  (2sin2(|))3/2dt  = 8 wf  sin3(|)  dt 


dt 


^u  = j =+  du  = ^dt  =>•  dt  = 2 du;  t = 0 =>  u = 0,  t = 27r  +>  u = 

ni r p7r  n 7T  ni r pTT 

= 167r JQ  sin3u  du  = 167t Jq  sin2u  sinudu  = 167t Jq  (1  — cos2u  )sinudu  = 16 wj  sinudu  — 167 rj  cos2usinudu 
= [-16ttcosu+  ±f+os3u]'‘  = (1671--^)-  (-16tt+  if1)  = ^ 


J»Z7r  nZ7 r y 

7r  y2dx  — J 7r(  1 — cost)  (1  — cos t) dt 

r2n  n2n 

= 7r Jo  (1  — 3cost  + 3cos2t  — cos3t)dt  = 7rJo  (l  — 3cost  + 3(1  + 2°s2t)  — cos2tcost)dt 

n 2.7T  [»2tV 

= 7 rj  (t  — 3cos t + /cos  2t  — (1  — sin2t)  cost)dt  = 7 rJQ  (/  — 4cos t + /cos  2t  + sin2t cos t) 


dt 


= 7 r 


ft  - 4si 


4sint 


rsin  2t 


^ sin3 1 


-|  27T 


JO 


= 7r(57r  — 0 + 0 + 0)— 0 = 57t2 


47-50.  Example  CAS  commands: 

Maple: 

with(  plots  ); 
with(  student ); 
x :=  t ->  tA3/3; 
y :=  t ->  tA2/2; 
a :=  0; 
b :=  1; 

N :=  [2,  4,  8 ]; 
for  n in  N do 
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tt  :=  [seq(  a+i*(b-a)/n,  i=0..n  )]; 
pts  :=  [seq([x(t),y(t)],t=tt)J; 

L :=  simplify(add(  student[distance](pts[i+l],pts[i]),  i=l..n  ));  # (b) 

T :=  sprintf("#47(a)  (Section  1 1.2)\nn=%3d  L=%8.5f\n",  n,  L ); 

Pin]  :=  plot(  [[x(t),y(t),t=a..b],pts],  title=T  ):  # (a) 

end  do: 

display(  [seq(P[n],n=N)J,  insequence=true  ); 

ds  :=  t ->sqrt(  simplify(D(x)(t)A2  + D(y)(t)A2) ):  # (c) 

L :=  Int(  ds(t),  t=a..b  ): 

L = evalf(L); 

11.3  POLAR  COORDINATES 


1.  a,  e;  b,  g;  c,  h;  d,  f 


2.  a,  f;  b,  h;  c,  g;  d,  e 


3.  (a)  (2,  | + 2n7r)  and  (—2,  | + (2n  + l)7r)  , n an  integer 

(b)  (2, 2n7r)  and  (—2,  (2n  + 1 )7r),  n an  integer 

(c)  (2,  y + 2n7r)  and  (-2,  p + (2n  + l)7r)  , n an  integer 

(d)  (2,  (2n  + l)7r)  and  (—2, 2n7r),  n an  integer 


y 


.(2,f) 

A 1 

1 4 T- 

(-2, 0) 

(2,'0)  ' 

►(-*!) 

4.  (a)  (3,  | + 2n7r)  and  (—3,  + 2n7r)  , n an  integer 

(b)  (—3,  | + 2n7r)  and  (3,^4-  2n7r)  , n an  integer 

(c)  (3, — | + 2n7r)  and  (—3,  p + 2n7r) , n an  integer 

(d)  (—3,  — | + 2n7r)  and  (3,  + 2n7r) , n an  integer 


5.  (a)  x = r cos  9 — 3 cos  0 = 3,  y = r sin  9 = 3 sin  0 = 0 =>  Cartesian  coordinates  are  (3, 0) 

(b)  x = r cos  9 — —3  cos  0 = —3,  y = r sin  9 = — 3 sin  0 = 0 =>■  Cartesian  coordinates  are  (—3, 0) 

(c)  x = r cos  9 — 2 cos  p = — 1,  y = r sin  9 = 2 sin  y = \/3  =>  Cartesian  coordinates  are  1,  y/3  j 

(d)  x = r cos  9 — 2 cos  p = 1,  y = r sin  9 = 2 sin  p = \/3  =>■  Cartesian  coordinates  are  ^1, 

(e)  x = r cos  9 = —3  cos  tt  = 3,  y = r sin  9 — — 3 sin  tt  = 0 =>  Cartesian  coordinates  are  (3, 0) 

(f)  x = r cos  9 = 2 cos  | = 1,  y = r sin  9 = 2 sin  | = \[3  =>  Cartesian  coordinates  are  ^1,  \[3^ 

(g)  x = r cos  9 = — 3 cos  27r  = —3,  y = r sin  9 = — 3 sin  27r  = 0 =>•  Cartesian  coordinates  are  (—3, 0) 

(h)  x = r cos  9 = —2  cos  (—  |)  = — 1,  y = r sin  9 = —2  sin  (—  = \J 3 =>  Cartesian  coordinates  are 


6.  (a)  x = \/2  cos  | = 1,  y = \[2  sin  | = 1 =>  Cartesian  coordinates  are  (1,  1) 

(b)  x = 1 cos  0=l,y=lsin0  = 0 =>  Cartesian  coordinates  are  (1,0) 

(c)  x = 0 cos  | = 0,  y = 0 sin  | = 0 =>  Cartesian  coordinates  are  (0, 0) 

(d)  x = — y/2  cos  (|)  = — 1,  y = ~ \J 2 sin  (|)  = — 1 =>  Cartesian  coordinates  are  (-1,-1) 

(e)  x = — 3 cos  y = pp  , y = —3  sin  | =>  Cartesian  coordinates  are  ^pp,  — ^ 

(f)  x = 5 cos  (tan-1  = 3,  y = 5 sin  (tan-1  j)  = 4 =>-  Cartesian  coordinates  are  (3,4) 
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(g)  x = — 1 cos  77t  = 1,  y = — 1 sin  Itt  = 0 =$■  Cartesian  coordinates  are  (1,0) 

(h)  x = 2-/3  cos  y = —a/3,  y = 2^/3  sin  y = 3 =>■  Cartesian  coordinates  are  a/3,  3^j 

7.  (a)  (1,  1)  =>  r = i/l 2 + 1 2 = a/2,  sinO  = -/  and  cos0  = -/  9 = | =>  Polar  coordinates  are  ^\/2, 

(b)  (—3,  0)  =>  r = (— 3)2  + 02  = 3,  sin  9 — 0 and  cos  9 = — 1 =S>  0 = 7r  =>■  Polar  coordinates  are  (3, 7r) 

(c)  ^a/3,  — lj  =>  r = \J + (— l)2  = 2,  sin#  = — | and  cos  9 = ^ 0 = ^ =>  Polar  coordinates  are  (2,  yi) 

(d)  (—3,  4)  =>  r = (— 3)2  + 42  = 5,  sin#  = | and  cos  9 = — | =>  # = 7r  — arctan(|)  =>  Polar  coordinates  are 

(5, 7T  — arctan(  j)) 

8.  (a)  (—2,  —2)  =>■  r = \J  (— 2)2  + (— 2)2  = 2y/2,  sin#  = — and  cos#  = —-/=>#=— y=^>  Polar  coordinates  are 

(2^2,-^) 

(b)  (0,  3)  =>■  r = y/02  + 32  = 3,  sin  0 = 1 and  cos  # = 0=^#=|=>  Polar  coordinates  are  (3,  |) 

(c)  (—y/3,  l^j  =>■  r = a/3^  + l2  = 2,  sin#  = i and  cos#  = — =>  0 = y =>■  Polar  coordinates  are  (2,  / ) 

(d)  (5,  —12)  r = 52  + (— 12)2  = 13,  sin  9 = — ]|  and  cos#  = / =>  9 = — arctan(y)  =>  Polar  coordinates  are 

(13,  — arctan(y)) 

9.  (a)  (3,  3)  =>  r = — / 32  + 32  = sin  0 = — and  cos  9 = — # = y =>■  Polar  coordinates  are 

(-3^2,  f ) 

(b)  (—1,  0)  =>  r = — (— l)2  + 02  = — 1,  sin#  = 0 and  cos#  = 1 =>■  9 = 0 =>•  Polar  coordinates  are  (—1,  0) 

(c)  ^—1,  a/3  j =>  r = — (— l)2  + = —2,  sin#  = — 'Z  and  cost)  = \ =>  0 = y =>  Polar  coordinates  are 

(-2,  f ) 

(d)  (4,  —3)  =>  r = — \j 42  + (—3)”  = —5,  sin  9 — | and  cos  9 = — | # = 7r  — arctanQ)  =^>  Polar  coordinates  are 

(—5, 7r  — arctan( |)) 

10.  (a)  (—2,  0)  =>  r = — y/  (— 2)2  + 02  = —2,  sin  0 = 0 and  cos  #=1=>#  = 0=>  Polar  coordinates  are  (—2,  0) 

(b)  (1,  0)  =>  r = — \j \2  + 02  = — 1,  sin#  = 0 and  cos  # = — l=^#  = 7ror#  = — 7r  =>•  Polar  coordinates  are  (— 1,  n)  or 

(-1.  ~tt) 

(c)  (0,  —3)  =>  r = — y^O2  + (—3)”  = —3,  sin#  = 1 and  cost)  = 0 =>■  9 = | =>  Polar  coordinates  are  (—3,  |) 

(d)  ^^y,  =>  r = —\J  = —1,  sin#  = — and  cos  9 = — -^y  =>0=yor0=— y=>  Polar  coordinates 

are  (—1,  y)  or  (—1,  — y) 
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26. 

y 

X 

27.  r cos  0 — 2 =>  x = 2,  vertical  line  through  (2, 0)  28.  r sin  (9  — I =>•  y = — 1,  horizontal  line  through  (0,  — 1) 

29.  r sin  0 — 0 =>•  y = 0,  the  x-axis  30.  r cos  0 = 0 =>  x = 0,  the  y-axis 

31.  r = 4 esc  0 =>  r = -Ag  =>  r sin  0 = 4 =>■  y = 4,  a horizontal  line  through  (0, 4) 

32.  r = — 3 sec  0 =>  r = =>■  r cos  9 = — 3 =>  x = —3,  a vertical  line  through  (—3, 0) 

33.  r cos  9 + r sin  8 = 1 =>  x + y = 1,  line  with  slope  m = — 1 and  intercept  b = 1 

34.  r sin  9 = r cos  9 =>  y = x,  line  with  slope  m = 1 and  intercept  b = 0 

35.  r2  = 1 =>  x2  + y2  = 1,  circle  with  center  C = (0, 0)  and  radius  1 

36.  r2  = 4r  sin  0 =>  x2  + y2  = 4y  =>  x2  + y2  — 4y  + 4 = 4 =>  x2  + (y  — 2)2  = 4,  circle  with  center  C = (0, 2)  and  radius  2 

37.  r = . g =>■  r sin  9 — 2r  cos  9 — 5 =>■  y — 2x  = 5,  line  with  slope  m = 2 and  intercept  b = 5 

38.  r2  sin  28  = 2 =>  2r2  sin  0 cos  0 = 2 =>  (r  sin  0)(r  cos  0)  = 1 =>•  xy  = 1,  hyperbola  with  focal  axis  y = x 

39.  r = cot  0 esc  0 = (=^|)  (=pg)  =>  r sin2  0 = cos  0 =>  r2  sin2  0 = r cos  0 =>  y2  = x,  parabola  with  vertex  (0, 0) 

which  opens  to  the  right 

40.  r = 4 tan  0 sec  0 =>  r = 4 (^=4)  =>  r cos2  0 = 4 sin  0 =>-  r2  cos2  0 = 4r  sin  0 x2  = 4y,  parabola  with 
vertex  = (0,0)  which  opens  upward 

41.  r = (esc  0)  ercosfl  =>■  r sin  0 = ercosfl  =>  y = ex,  graph  of  the  natural  exponential  function 

42.  r sin  0 = In  r + In  cos  0 = In  (r  cos  0)  =>•  y = In  x,  graph  of  the  natural  logarithm  function 

43.  r2  + 2r2  cos  0 sin  0 = 1 =>  x2  + y2  + 2xy  = 1 =>  x2  + 2xy  + y2  = 1 (x  + y)2  = 1 x + y = ±1,  two  parallel 

straight  lines  of  slope  — 1 and  y-intercepts  b = ± 1 

44.  cos2  0 = sin2  0 =>■  r2  cos2  0 = r2  sin2  0 =$■  x2  = y2  =$■  |x|  = |y|  =$■  ± x = y,  two  perpendicular 

lines  through  the  origin  with  slopes  1 and  — 1,  respectively. 

45.  r2  = — 4r  cos  0 =>•  x2  + y2  = -4x  =>  x2  + 4x  + y2  = 0 =>  x2  + 4x  + 4 + y2  = 4 =>•  (x  + 2)2  + y2  = 4,  a circle  with 
center  C(— 2, 0)  and  radius  2 
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46.  r2  = — 6r  sin  0 =>  x2  + y2  = -6y  x2  + y2  + 6y  = 0 x2  + y2  + 6y  + 9 = 9 =>  x2  + (y  + 3)2  = 9,  a circle  with 
center  C(0.  —3)  and  radius  3 

47.  r = 8 sin  9 =>  r2  = 8r  sin  9 =>  x2  + y2  = 8y  =>■  x2  + y2  - 8y  = 0 =>  x2  + y2  - 8y  + 16  = 16  =>■  x2  + (y  - 4)2  = 16,  a 

circle  with  center  C(0, 4)  and  radius  4 

48.  r = 3 cos  9 =>  r2  = 3r  cos  9 =>  x2  + y2  = 3x  =>  x2  + y2  - 3x  = 0 =>  x2  - 3x  + \ + y2  = \ 

=>•  (x-  |)2  +y2  = | , a circle  with  center  C (| , 0)  and  radius  | 

49.  r = 2 cos  9 + 2 sin  9 =>  r2  = 2r  cos  9 + 2r  sin  9 =>  x2  + y2  = 2x  + 2y  =>  x2  — 2x  + y2  — 2y  = 0 

=$■  (x  — l)2  + (y  — l)2  = 2,  a circle  with  center  C(l,  1)  and  radius  \[2 

50.  r = 2 cos  9 — sin  9 =>  r2  = 2r  cos  9 — r sin  9 =>  x2  + y2  = 2x  — y =>  x2  — 2x  + y2  + y = 0 

2 /s' 

=>  (x  — l)2  + (y  + ky  — |,  a circle  with  center  C (l,  — -5)  and  radius 

51.  r sin  (9  + |)  = 2 =>■  r (sin  9 cos  | + cos  9 sin  |)  = 2 =>  r sin  9 + \ r cos  9 = 2 =>  y + | x = 2 
=>■  y/3  y + x = 4,  line  with  slope  m = — and  intercept  b = 

52.  r sin  ( y — 9)  = 5 =>  r (sin  y cos  9 — cos  y sin  9)  = 5 =>  y r cos  9 + | r sin  9 = 5 =>  x + | y = 5 

1/3  x + y = 10,  line  with  slope  m = — \J 3 and  intercept  b = 10 

53.  x = 7 =>  r cos  9 = 1 54.  y = 1 =>  r sin  9 = 1 

55.  x = y =>  r cos  0 = r sin  0 =>■  9 = | 56.  x — y = 3 =>  r cos  9 — r sin  0 = 3 


57.  x2  + y2  = 4 =>  r2  = 4 =>-  r = 2 or  r = — 2 

58.  x2  - y2  = 1 =>  r2  cos2  9 — r2  sin2  0=1  =»  r2  (cos2  0 — sin2  0)  = 1 =>  r2  cos  20  = 1 

59.  f + £ = 1 =>  4x2  + 9y2  = 36  ^ 4r2  cos2  0 + 9r2  sin2  0 = 36 

60.  xy  = 2 =>  (r  cos  0)(r  sin  0)  = 2 =>  r2  cos  0 sin  0 = 2 =>  2r2  cos  0 sin  0 = 4 r2  sin  20  = 4 

61.  y2  = 4x  r2  sin2  0 = 4r  cos  0 =>■  r sin2  0 = 4 cos  0 

62.  x2  + xy  + y2  = 1 =t>  x2  + y2  + xy  = 1 =t>  r2  + r2  sin  0 cos  0=1  =>  r2  ( 1 + sin  0 cos  0)  = 1 

63.  x2  + (y  - 2)2  = 4 =>  x2  + y2  - 4y  + 4 = 4 =>  x2  + y2  = 4y  r2  = 4r  sin  0 r = 4 sin  0 

64.  (x  - 5)2  + y2  = 25  =>  x2  - lOx  + 25  + y2  = 25  =>  x2  + y2  = lOx  =t>  r2  = lOr  cos  0 =>  r = 10  cos  0 

65.  (x  — 3)2  + (y  + l)2  = 4 =>■  x2  — 6x  + 9 + y2  + 2y  + 1 = 4 =>  x2  + y2  = 6x  — 2y  — 6 =>  r2  = 6r  cos  0 — 2r  sin  0 — 6 

66.  (x  + 2)2  + (y  - 5)2  = 16  =>  x2  + 4x  + 4 + y2  - lOy  + 25  = 16  =t>  x2  + y2  = -4x  + lOy  - 13 

=>  r2  = — 4r  cos  0 + lOr  sin  0—13 
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67.  (0,  9)  where  9 is  any  angle 


68.  (a)  x = a =>■  r cos  9 = a =>  r = =>•  r = a sec  9 

(b)  y = b =>  r sin  9 = b =>  r = -4-  =+  r = b esc  9 

v 7 J sin  6 

11.4  GRAPHING  IN  POLAR  COORDINATES 


1 . 1 + cos  (—9)  = 1 + cos  9 = r =+  symmetric  about  the 
x-axis;  1 + cos  (—9)  ^ — r and  1 + cos  (tt  — 9) 

= 1 — cos  0/r^-  not  symmetric  about  the  y-axis; 
therefore  not  symmetric  about  the  origin 


y 


2.  2 — 2 cos  (— 9 ) — 2 — 2 cos  9 = r =+  symmetric  about  the 
x-axis;  2 — 2 cos  (—9)  ^ — r and  2 — 2 cos  (n  — 9) 

= 2 + 2 cos  9 ^ r =+  not  symmetric  about  the  y-axis; 
therefore  not  symmetric  about  the  origin 


3.  1 — sin  (—9)  — 1 + sin  9 ^ r and  1 — sin  (tt  — 9) 

— 1 — sin  9 ^ — r =i>  not  symmetric  about  the  x-axis; 
1 — sin  (tt  — 9)  = 1 — sin  9 = r =>  symmetric  about 
the  y-axis;  therefore  not  symmetric  about  the  origin 


y 


4.  1 + sin  (—9)  — 1 — sin  9 ^ r and  1 + sin  (tt  — 9) 

= 1 + sin  9 — r +>  not  symmetric  about  the  x-axis; 

1 + sin  (tt  — 9)  = 1 + sin  9 = r =>  symmetric  about  the 
y-axis;  therefore  not  symmetric  about  the  origin 


y 
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5.  2 + sin  (—9)  — 2 — sin  9 ^ r and  2 + sin  (7 r — 9) 

= 2 + sin  9 7^  — r =>•  not  symmetric  about  the  x-axis; 

2 + sin  (7T  — 9)  = 2 + sin  9 = r =+  symmetric  about  the 
y-axis;  therefore  not  symmetric  about  the  origin 


y 


6.  1+2  sin  (—9)  — 1 — 2 sin  9 ^ r and  1 + 2 sin  (7r  — 9) 

= 1 + 2 sin  9 7^  — r =>■  not  symmetric  about  the  x-axis; 

1 + 2 sin  (7r  — 9)  = 1 + 2 sin  9 = r =>  symmetric  about  the 
y-axis;  therefore  not  symmetric  about  the  origin 


7.  sin  (—  |)  = — sin  (|)  = — r =>■  symmetric  about  the  y-axis; 
sin  ( 27+# ) = sin  (®)  , so  the  graph  is  symmetric  about  the 
x-axis,  and  hence  the  origin. 


8.  cos  (—  = cos  = r =>■  symmetric  about  the  x-axis; 

cos  = cos  (®) , so  the  graph  is  symmetric  about  the 

y-axis,  and  hence  the  origin. 


9.  cos  (—9)  — cos  9 = r2  =>  (r,  —9)  and  (— r,  — 9 ) are  on  the 
graph  when  (r,  9)  is  on  the  graph  =>  symmetric  about  the 
x-axis  and  the  y-axis;  therefore  symmetric  about  the  origin 


y 
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10.  sin  (n  — 9)  = sin  9 = r2  =>  (r,  tt  — 9)  and  (— r,  tt  — 9)  are  on 
the  graph  when  (r,  9)  is  on  the  graph  =>  symmetric  about 
the  y-axis  and  the  x-axis;  therefore  symmetric  about  the 
origin 


11.  — sin  (tt  — 9)  = — sin  9 — r2  =>  (r,  tt  — 9)  and  (— r,  7r  — 9) 
are  on  the  graph  when  (r,  9)  is  on  the  graph  =>-  symmetric 
about  the  y-axis  and  the  x-axis;  therefore  symmetric  about 
the  origin 


y 


12.  — cos  (— 9)  = — cos  9 — r2  =>  (r.  — 9)  and  (— r,  — 9)  are  on 
the  graph  when  (r,  9)  is  on  the  graph  =>  symmetric  about 
the  x-axis  and  the  y-axis;  therefore  symmetric  about  the 
origin 


13.  Since  ( ± r,  —9)  are  on  the  graph  when  (r,  9)  is  on  the  graph 
((  ± r)2  = 4 cos  2(—  9)  =>  r2  = 4 cos  29 ) , the  graph  is 
symmetric  about  the  x-axis  and  the  y-axis  =>  the  graph  is 
symmetric  about  the  origin 


14.  Since  (r,  9)  on  the  graph  =>  (— r,  9)  is  on  the  graph 
((  ± r)2  = 4 sin  29  =>■  r2  = 4 sin  29)  , the  graph  is 
symmetric  about  the  origin.  But  4 sin  2(—9)  = —4  sin  29 
^ r2  and  4 sin  2(7r  — 9)  = 4 sin  (27r  — 29)  = 4 sin  (—29) 
— —4  sin  20  / i'2  =>  the  graph  is  not  symmetric  about 
the  x-axis;  therefore  the  graph  is  not  symmetric  about 
the  y-axis 


15.  Since  (r,  9)  on  the  graph  =>  (— r,  9)  is  on  the  graph 
((  ± r)2  = — sin  29  =>  r2  = — sin  29)  , the  graph  is 
symmetric  about  the  origin.  But  — sin  2 (—9)  = — (—  sin  29) 
sin  29  ^ r2  and  — sin  2(7r  — 9)  = — sin  (27r  — 29) 

= — sin  (—29)  = —(—  sin  29)  = sin  29  ^ r2  the  graph 
is  not  symmetric  about  the  x-axis;  therefore  the  graph  is 
not  symmetric  about  the  y-axis 
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16.  Since(  ± r,  — 0)  are  on  the  graph  when  (r,  9)  is  on  the 
graph  ((  ± r)2  = — cos  2(— 9)  =>  r2  = — cos  20) , the 
graph  is  symmetric  about  the  x-axis  and  the  y-axis  =>  the 
graph  is  symmetric  about  the  origin. 


17.  9=  | =>■  r = -1  =>  (-1,  |) , and  9 = - f =>  r = -1 

=*  (- 1.  - 1 ) ; ^ = I = - sin  0;  slope  = IzTrZl 

- =>  Slope  at  (-1,|)  is 


- sin2  (| )+(—  1)  cos  | 
— sin  ^ cos  | — (—  1)  sin  ^ 


— 1;  Slope  at  (— 1,  — |)  is 


-sin2  (- f )+(-!)  cos  (-f) 

— sin  (—  |)  cos  (—  f ) — (— 1)  sin  (—  |) 


= 1 


18.  9 = 0 =>  r = -1  =>  (-1,0),  and  9 = tt  =>  r = -1 
=>  (— 1,  tt);  C = § = cos  0; 

oi  i7  sin  0+r  cos  0 cos  0 sin  0+r  cos  0 

P x!  cos  0— r sin  0 cos  0 cos  0— r sin  0 


cos  0 sin  0+r  cos  0 

cos2  0— r sin  0 


=>■  Slope  at  (—1, 0)  is 


cos  0 sin  0+(—  1 ) cos  0 
cos2  0— (— 1)  sin  0 


= -1;  Slope  at  (-1,70  is  c°— = 1 


19.  0=|  =>  r = 1 =>  (1,  |)  ; 0 = - l =>  r = -1 
=»  (-1,  - 1) ; (*  = t =►  r = — l =>  (-1,^); 
0 = -3f  =>  r=  1 =>  (1,-^); 

0 = ^=2  cos  20; 

oinnp  r'  sin  0+r  cos  0 2 cos  20  sin  0+r  cos  0 

P r'  cos  0— r sin  0 2 cos  20  cos  0— r sin  0 
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= 0 =>  r=l  =>  (1,0);  0 = f =>  r = — 1 (-1,  §) 

' = -*=►  r = — 1 =>  (-1,  - |)  ; 9 = 7T  =>  r = 1 
=>■  (1, 7r);  r'  = ^ = — 2 sin  20; 


oi  r'  sin  0+r  cos  0 —2  sin  20  sin  0+r  cos  0 

P if  cos  0— r sin  0 —2  sin  20  cos  0— r sin  0 

=^>  Slope  at  (1 . 0)  is  sm  « Sln  »+cos » , which  is  undefined; 

r v 5 / —2  sin  0 cos  0— sin  0 ’ ’ 

elr.np  nt  (-1  ZE)  ic  ~2  sin  2(f)  sin  (f)+(-l)cos  (f)  _ 

P V ’2/  —2  sin  2(|)  cos  ( |)  — (—  1)  sin  ( j)  ’ 


Slope  at  (— 1,  — f ) is  ^ 


•2  sin  2 (—  ^)  sin  (— 
2 sin  2 (—  ^)  cos  (— 


f)+(-l)cos(-f)  _ 

7T  \ / u •.  / 7T  \ 


-(— 1)  sin  (-  !) 


Slope  at  (1, 7r)  is 


-asin^sinvr+cosTT  which  j uncjefined 

-2  sin  27T  cos  7T— sin  7r  ’ 


21.  (a) 


(b) 


22.  (a) 


23.  (a) 


24.  (a) 
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25. 


29.  Note  that  (r,  0)  and  (— r,  9 + n)  describe  the  same  point  in  the  plane.  Then  r = 1 — cos  0 0—1—  cos  (0  + if) 
— — 1 — (cos  0 cos  7r  — sin  0 sin  7r)  = — 1 + cos  0 = — (1  — cos  0)  = — r;  therefore  (r,  0)  is  on  the  graph  of 
r = 1 — cos  0 O (— r,  0 + 7r)  is  on  the  graph  of  r = — 1 — cos  0 =>  the  answer  is  (a). 


y y 


r = 1 - cos  6 r = -1  - cos  9 r = l+cos0 
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30.  Note  that  (r,  9)  and  (— r,  9 + n)  describe  the  same  point  in  the  plane.  Then  r = cos  29  ^ — sin  (2(9  + n))  + |) 
= — sin  (29  + = — sin  (29)  cos  (^)  — cos  (29)  sin  (y ) = — cos  29  — ^r;  therefore  (r,  9)  is  on  the  graph  of 

r = — sin  (29  + |)  =>•  the  answer  is  (a). 


r = cos  26 


r = - sin  (2e  +p 


r = - cos 


r m 1 - 2 sin  30 


r = 1 + 2 sin-j 


33.  (a) 


4 r = cos 


HSB 

men 
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(d) 


11.5  AREA  AND  LENGTHS  IN  POLAR  COORDINATES 

1-  A = Jo¥2do=[leX  = i 

2-  A = fXl( 2 s^)2  M = 2fX^2  0 d0  = 2/;;^  d0  = /;/;(!  - cos  20)d0  = [0  - \sm29]^ 

= (!-o)-a-D  = ? + l 


X27T  r»27T  /»27T 

5 (4  + 2 cos  0)2  d0  = J0  I (16  + 16  cos  9 + 4 cos2  0)  d0  = JQ  [8  + 8 cos  0 + 2 (1+c2os~e)]  d0 
= £ (9  + 8 cos  0 + cos  29)  d 9 — [99  + 8 sin  9 + | sin  29]  = 1 87t 

r ^ c 27t  r 27t 

4.  A = J0  | [a(l  + cos  0)]2  d0  = JQ  * a2  (1  + 2 cos  0 + cos2  0)  d0  = | a2  JQ  (l  + 2 cos  0 + 1 + c°s2g)  d0 

= 5 a 2 fQ  (|+2  cos  0+1  cos  29)  d0  = | a2  [|  0 + 2 sin  0 + 2 sin  20]  = 1 7ra2 

5.  A = 2 /0‘/4  i cos2  20  d0  = — d0  — | [0  + T = f 

6 • A = fS,,i^^2M=iC^2MM=ifS/t  L±rS'“>  = iLZ  ( 1 + cos  60)  d(? 

= l[«+isi„69]^6=l(!+0)-lH+0)  = SL 

7.  A = J'g  \ (4  sin  20)  d 9 = Jg  2 sin  20  d0  = [—  cos  20]  qA  = 2 

8.  A = (6)(2)  (2  sin  30)  d0  = 12  sin  30  d0  = 12  [-  ]]/6  = 4 


9.  r = 2 cos  0 and  r = 2 sin  0 =>  2 cos  0 = 2 sin  0 
=+  cos  0 = sin  0 +•  0 = | ; therefore 

A = 2 /Q7r/4i  (2  sin  0)2  d0  = 4 sin2  0 d0 

= £ '4  4 (1~c2os2g)  d0  = £'4  (2-2  cos  20)  d0 

= [20  - sin  20]  g/4  = | - 1 


y 
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10.  r = 1 and  r = 2 sin  0 +>  2 sin  0=1  =>■  sin  0 = | 
=*►  0 = § or  f ; therefore 

/»57t/6 

A = 7T(1)2  - J i [(2  sin  0)2  - l2]  d0 

X5ty/6 

/6  (2  sin2  0 - i)  d0 

= 7r-  X/«  (1  - cos  20-  2)  d0 

= - x;  g - c°s  20)  d0 = 7T  - [i  0 - 

= - (li  - I sin  f)  + (n  - 5 sin  f ) = 4jL^r^ 

11.  r = 2 and  r = 2(1  — cos  0)  =+  2 = 2(1  — cos  0) 

+>  cos  0 = 0 +>  0 = ± | ; therefore 

A = 2 X 5 [7(1  — cos  0)]2  d0  + ^area  of  the  circle 

= X 4(1-2  cos  0 + cos2  0)  d0  + ( 1 7r)  (2)2 

= Jo'/2  4 (l  - 2 cos  0 + 1+c°s2fl)  d0  + 2tt 

= f0  (4  — 8 cos  0 + 2 + 2 cos  20)  d0  + 2n 

= [60  — 8 sin  0 + sin  20]  + 27r  = 57t  — 8 


12.  r = 2(1  — cos  0)  and  r = 2(1  + cos  0)  =+  1 — cos  0 

= 1 + cos  0 =>  cos  0 = 0 =+  0=|  or  ; the  graph  also 
gives  the  point  of  intersection  (0, 0);  therefore 

A = 2 fj'2  \ [2(1  - cos  0)]2  d0  + 2 f \ [2(1  + cos  0)]2  d0 

= X 4(1  — 2cos  0 + cos2  0)d0 
+ J*  4(1+2  cos  0 + cos2  0)d0 


1 + cos  20  > 

2 J 


8 cos  0 + 2 cos  20)  d0 


8 cos  0 + 2 cos  20)  d0 


= [60  — 8 sin  0 + sin  20]  /2  + [60  + 8 sin  0 + sin  20]  /2  = 67r  — 16 


13.  r = a/3  and  r2  = 6 cos  20  +>  3 = 6 cos  20  =>  cos  20  = ,[ 
+>  0 = | (in  the  1st  quadrant);  we  use  symmetry  of  the 
graph  to  find  the  area,  so 

A = 4 £/6  i (6  cos  20)  - 1 (i/3)  2 d0 

= 2 fJ/6(6  cos  20  - 3)  d0  = 2 [3  sin  20  - 30]  /6 

= 3a/3  - 7T 
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14.  r = 3a  cos  9 and  r = a(l  + cos  9)  =>-  3a  cos  9 = a(l  + cos  9) 
=>  3 cos  9 = 1 + cos  9 =>  cos  9 — \ =+■  0 = | or  — | ; 

the  graph  also  gives  the  point  of  intersection  (0, 0);  therefore 

A = 2 Jg  | [(3a  cos  9)2  — a2(l  + cos  0)2]  d 9 
— Jg  (9a2  cos2  9 — a2  — 2a2  cos  9 — a2  cos2  0)  d0 
= Jg  (8a2  cos2  0 — 2a2  cos  9 — a2)  dd 
= fg  [4a2(l  + cos  29)  — 2a2  cos  9 — a2]  d 9 
= fg  (3a2  + 4a2  cos  29  — 2a2  cos  9)  d 9 
= [3a20  + 2a2  sin  29  — 2a2  sin  9\  ^ = 7ra2  + 2a2  (|)  — 2a2 


15.  r = 1 and  r = — 2 cos  9 =>■  1 = — 2 cos  9 =>  cos  9 = — \ 
=>  9 — in  quadrant  II;  therefore 
A = 2 f2  /3  \ [(-2  cos  9)2  - l2]  d 9 = f^/g( 4 cos2  9 - 1)  d9 
= P [2(1  + cos  260-  1]  d9  = f'  (1  + 2 cos  20)  d0 

•J  27t/3  J 27t/3 

— [^  + Sin  2^]  2tt/3  = f + ^ 


16.  r = 6 and  r = 3 esc  9 =>  6 sin  0 = 3 =>  sin  9 = \ 

r*5n/6 

=+  9 = | or  f ; therefore  A = J 2 (62  - 9 esc2  0)  d 9 

= C/6(18  i csc2  p d0 = t180 + 1 cot 

= (i5tt  - I V^)  - (3tt  + | v^)  = 12tt  - 9^3 


17.  r = sec  9 and  r = 4 cos  9 =>•  4 cos  0 = sec  9 =>  cos20  = j 
=+  0 = |,  y,  y,ory;  therefore 

A=2§J  \ (16  cos20  - sec2  0)  d0 

= f (8  + 8 cos  29  — sec2  9)  d9 

= [80  + 4 sin  29  — tan  0]p3 

= {j+  2y/3  -V/3)-(0  + 0-0)  = f + V/3 
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18.  r = 3 esc  0 and  r = 4 sin  9 =>  4 sin  9 — 3 esc  9 +>  sin20 
=+  9 = y,  y,ory;  therefore 

C7t/2 

A = 47t  — 2 J | (16  sin20  — 9 esc 2 9)  A9 

— At:  — f (8  — 8 cos  29  — 9 esc2  0)  d0 
= 4tt  — [86»  — 4 sin  20  + 9 cot  0]^ 

= 4tt  - [(4tt  - 0 + 0)  - (f  - 2 a/3  + 3^) 

= f + v^3 

19.  (a)  r = tan  9 and  r = ^7^  j esc  9 =>  tan  9 = esc  $ 

=>  sin2  9 = ^-y^  cos  0 =>  1 — cos2  0 = cos  0 

=>  cos2  0 + ^-y^cos  0 — 1 = 0 =>  cos  0 = — \Jl  or 

yy  (use  the  quadratic  formula)  =>  0 = | (the  solution 
in  the  first  quadrant);  therefore  the  area  of  Ri  is 

A1  = //  \ tan20d0=  i //  (sec20-  l)d0=  i[tan0-0]/4=  i(tanf  - |)  = I - |;AO=  csc  | 

= ^ and  OB  = [pj  csc  f = 1 +>  AB  = ^l2  - (pf  = & =+  the  area  of  R2  is  A2  = i = ± ; 

therefore  the  area  of  the  region  shaded  in  the  text  is  2 — | + 5)  = | — | . Note:  The  area  must  be  found  this  way 

since  no  common  interval  generates  the  region.  For  example,  the  interval  0 < 0 < ^ generates  the  arc  OB  of  r = tan  0 

but  does  not  generate  the  segment  AB  of  the  liner  = y-  csc  0.  Instead  the  interval  generates  the  half-line  from  B to 

fi 

+00  on  the  line  r = y-  csc  0. 

(b)  lim  tan  9 — 00  and  the  line  x = 1 is  r = sec  0 in  polar  coordinates;  then  lim  (tan  0 — sec  0) 

9 — > 7r/2”  9 — > 7r/2~ 

= lim  (-^4 = lint  (5i!ll_l)  = iim  (“«)  = 0 =>  r = tan  0 approaches 

e^Tc/2-  Kcose  cos6j  V cos0  ' 0 — > 7r/2_  V”sln9'  FF 

r = sec  0as0— >A=^r  = sec  0 (or  x = 1)  is  a vertical  asymptote  of  r = tan  0.  Similarly,  r = — sec  0 (or  x = — 1) 
is  a vertical  asymptote  of  r = tan  0. 

20.  It  is  not  because  the  circle  is  generated  twice  from  0 = 0 to  27r.  The  area  of  the  cardioid  is 

A = 2 Jg  ^ (cos  0 + l)2  d9  — Jg  (cos2  0 + 2 cos  0 + 1)  d0  = Jg  ( 1 + c°s  20  + 2 cos  0 + l)  d0 

= [y  + + 2 sin  0]  ^ = y . The  area  of  the  circle  is  A = it  (2) 2 = ^ =>  the  area  requested  is  actually  y — \ = y 

21.  r = 02,  0 < 0 < \/5  =>  = 20;  therefore  Length  = (02)2  + (20)2  d 9 — Jg  a/04  + 402  d0 

= J |0|  y/02  + 4 d0  = (since  0 > 0)  0y/ 02  + 4 d0;  [u  = 02  + 4 =>  | du  = 0 d0;  0 = 0 =>  u = 4, 

0=^  =*  u=9]  -/;^du=i[iu3/2];=f 

22- r = ^ • ° ^ ^ * =*  ® ; therefore  Lensth = r ]/(v^y+(v^y dd = fo  \j2i£) Ae 

= /;e«d0=[e^  = e--l 
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23.  r = 1 + cos  0 =>■  ^ = — sin  0;  therefore  Length  = f +(1  + cos  9 )2  + (—  sin  0)2  d0 

-2£V2  + 2coS9d9  = 2£]/^^d9  = 4£]/^d9  = 4£cos(l)  d9  = 4 [2  sin  f ] £ = 8 

24.  r = a sin2  § , 0 < 0 < 7r,  a>0  =>  gg  = a sin  | cos  | ; therefore  Length  = f0  \j  { a sin2  |)2  + (a  sin  | cos  |)2  d0 
= Jg  ^ J a2  sin4  | + a2  sin2  | cos2  | d9  = fg  a | sin  f | sin2  | + cos2  § d 9 = (since  0 < 9 < n)  a f sin  (f)  d0 
= [-2a  cos  f]  o = 2a 


25.  r = 


§ n < fl  < ZE  =E>  * — 6sintt  ■ therefore 

l+cos#  ^ do  (i  + cos9)2  - mere  lore 


= £ 


36 


36  sin2  9 


0 Y (l+cosfl)2  “r"  (l+cos6/)' 


d6>  = 6 f" 

Jo 


Length  =//  y (irl^)3+  (atcosV) 


d6» 


0 I 1+COS  0 I 

V2  . 


sin2  fl 

(1  +cos  9 )2 


d0 


= (since  1+^9  > 0 on  0 < 9 < |)  6 £ ' 

= 6f(TT^)/iSd^6^ 

= 3 Jg  sec3  § d0  = 6^g  sec3  u du  = (use  tables)  6 1 rsecutanu 


+ 2 cos  fl  + cos2  <9  + sin2  fl 


(1  + cos  0)2 

V2 


a#  — & / 9 
0 (1+cos  0)3/2  v Jo 


d6> 

^ = 3 r 

xc2  Q_\3/2  Jo 


,sec3  | d 9 
0 I 2 


*/4  , i r/4 
Jo 


+ 


sec  u du 


= 6 + [2  In  | sec  u + tan  u|]  = 3 +2  + In  ^1  + +2^ 


26. 


1 — cos  9 


f<0<7T 


X/2V  (1-cosfi)2 


I = ra? ; therefore  Lensth  = £/2]/(t^)2  + (£^w)2 

cos  9)2  + sin2  9 1 q 
- cos  9)2 


d 9 


/(I  — cos  0)2  + sii 
' (1  - cos  0 )2 


«(1  + <fS!i?)d<'=X'J™i\/1 

■ (since  I - cos  0 > 0 on  f < 9 < »)  2 X';,(ra)  " 

dfl 


2+2  r — 

V +2  (2  sin2  |)‘ 


- f I CSC3  II  d0 

J 7t/2  I 2 1 


3/2 


= 2 f ( i — ^ — a)  +/r2c°si  d0  = 2+2  f'  n - 3/2 

Jtt/2^  1 — cos  9/  Y (1  — COS0+  v Jtt/2  (1  — COS  0)3/2 

X7T 

csc3(|)  d0  = (since  esc  | > 0 on  | < 0 < 7r)  2 J csc3u  du  = (use  tables) 

/ _ /o  n7r/2  \ / _/o\  r 


2^ CSC  u cot  u j 

= +2  + In  (l 


-/2  i r 
3 2 Jcr/4 


r/4' 


c/2 

esc  u du 


0 2 X/4  CSC: 

u)  = 2 (£  - [k  ln  lcsc  u + cot  u|]  = 2 


+ + 5 in 


/2+l)' 


27. 


: COS3  | 


dr 

d6> 


- sin  | 


cos2  | 


+?)  de  - 


~~~  3 d0 

//  /cose  (f)  + sin' 

= £"  " = l[«  + ! ™ f 

26»)-1/2(2  cos 


; therefore  Length  = Jg  y J (cos3  |)2  + ( 

f0  ' (cos2  f)  ^cos2(f)  +sin2 


2 (?)  cos‘ 

i [0  + | sin  y]  £ = 1 


sin  | cos2  |)2  d0 

1/4  cos2  (f)  d6> 


=r 


dr  _ 1 


(1  + sin  1 


20)  : 


28.  r = + 1 + sin  20 , 0 < 0 < 7t+2  ^ , , 

Length  = /rV^+^^+ofa  = IVV1  + 2Sin2?:^^ 

^ r: 


(cos  20)(1  + sin  20)  -1/2;  therefore 


= rj’jwdf* = rv  <* = [ j2«] + = 2* 
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29.  Let  r = f(0).  Then  x = f(0)  cos  9 =>  g|  = f '(6>)  cos  9 — f(9)  sin  9 =>  (gf )"  = [f'(0)  cos  9 — f (9)  sin  9]2 
= [f'(0)]2  cos2  9 — 2f'{9)  f(0)  sin  9 cos  9 + [f (9)]2  sin2  9\  y = f(0)  sin  9 =>  ^ = f'((9)  sin  9 + f (9)  cos  9 

=>■  sin  9 + f(0)  cos  0]2  = [f'(#)]2  sin2  9 + 2f'(9)f{9)  sin  9 cos  9 + [f(0)]2  cos2  9.  Therefore 

(I)2  + (I)'  = [f'(6»)]2  (cos2  9 + sin2  9)  + [f(0)]2  (cos2  9 + sin2  9)  = [f '(9)]2  + [f(6>)]2  = r2  + (|)2. 

Thus,  L = £ ^/(g)2+(!)2  d 9 = £ £2  + 60. 

30.  (a)  r = a =>■  gg  = 0;  Length  = Jg  y/  a2  + 02  d 9 — fg  |a|  d(?  = [a0] 2!r  = 27ra 

(b)  r = a cos  0 =>  ^ — —a  sin  0;  Length  = yj (a  cos  9)2  + (—a  sin  9)2  d 9 — Jg  y/ a2  (cos2  9 + sin2  9)  d 9 

= fo  lal  d0  = [a9\  q = 7ra 

(c)  r = a sin  9 =>  jg  = a cos  0;  Length  = yj (a  cos  9)2  + (a  sin  9)2  d9  — Jg  yj a2  (cos2  9 + sin2  9)  d 9 

= f0  N d 9=  [a6>]  □ =7ra 

31.  (a)  rav  = ^ fg  a(l  - cos  9)  d9  = ^ [9  - sin  6»]  27r  = a 

(h)  Lv  = 2^0  fo  add  = b Mo1  = a 

(C)  rav  = (|)_1(_f)  /J/2a  cos  0 d9  = ± [a  sin  9}  £2  = f 

32.  r = 2f(6»),  a < 9 < (3  =>•  gg  = 2f'(0)  =»  r2  + (|)2  = [2f(6»)]2  + [2f'(6»)]2  =►  Length  = f ’£[i(9)]2  + 4 [f'«9)]2  d 9 

= 2 J yj [f(0)]2  + [f'(^)]2  d#  which  is  twice  the  length  of  the  curve  r = f (9)  for  a < 9 < j3. 

11.6  CONIC  SECTIONS 

V2 

1.  x=y=>4p  = 8=>p  = 2;  focus  is  (2, 0),  directrix  is  x = —2 

V2 

2.  x=  — ^=>-4p  = 4=>p=l;  focus  is  (—1,  0),  directrix  is  x = 1 

3.  y = — ^=>-4p  = 6=>p=|;  focus  is  (0,  — , directrix  is  y = f 

4.  y=^=>4p  = 2=>p=l;  focus  is  (0,  ' ) , directrix  is  y = — | 

5.  ^ — L.  = 1 =>•  c = y/ 4 + 9 — y/l3  =>  foci  are  ^ ± y/l3,  oj  ; vertices  are  ( ± 2, 0) ; asymptotes  are  y = ± | x 

6.  ^ + y = l=^c  = yj9  — 4 = y/5  =>  foci  are  £ ± y/£  ; vertices  are  (0,  ± 3) 

7.  y+y2  = l=>c  = yjl  — 1 = 1 =>  foci  are  ( ± 1,0);  vertices  are  ^ ± y/2, 0^ 

8.  ^ — x2  = 1 =>  c = a/4  + 1 = =>•  foci  are  (o,  ± y/5\  ; vertices  are  (0,  ± 2) ; asymptotes  are  y = ± 2x 
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9.  y2  = 12x  =>  X = £ =>  4p  = 12  =>•  p = 3; 

focus  is  (3,  0),  directrix  is  x = — 3 


10.  x2  = 6y  =>  y = ^ =>■  4p  = 6 =>•  p = § ; 

focus  is  (0,  |)  , directrix  is  y = — | 


y 


11.  x2  = — 8y  =>  y = ^ =>■  4p  = 8 =>  p = 2; 

focus  is  (0,  —2),  directrix  is  y = 2 


y 


13.  y = 4x2  =»  y = ^ 4p  = i =►  P = i ; 

focus  is  (0,  yg)  , directrix  is  y = — yg 


12.  y2  = — 2x  =>  x = ^ =>  4p  = 2 =>  p = 

focus  is  (-  y.O)  ^ directrix  is  x = | 


14.  y = -8x2  =^y  = ^^y  =>4p=|  =>  p 
focus  is  (0,  — p)  , directrix  is  y = yj 


16.  x = 2y2  =>x=^y  =^>4p=i  =4>  p = | 
focus  is  (1  0)  , directrix  is  x = — | 
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23.  6x2  + 9y2  = 54  =>  f + £ = 1 24.  169x2  + 25y2  = 4225  =>  g = 1 

c = i/a2  - b2  = a/9-6  =y/3  =>  c = Va2  - b2  = a/169-  25  = 12 

y 


25.  Foci:  ^ ± y/2, 0^  , Vertices:  ( ± 2, 0)  =>  a = 2,  c = a/2  =>■  b2  = a2  — c2  = 4 — ( V^)  = 2 =>  ^ + y 

26.  Foci:  (0,  ± 4) , Vertices:  (0,  ± 5)  =>  a = 5,  c = 4 =>  b2  = 25  - 16  = 9 =>•  f + ^ = 1 


27.  x2  — y2  = 1 =>-  c = \/a2  + b2  = ■/ 1 + 1 = a/2  ; 

asymptotes  are  y = ± x 


28.  9x2  - 16y2  = 144  =>  fg  - £ = 1 
=>  c = A/a2  + b2  = ^16  + 9 = 5; 
asymptotes  are  y = ± | x 
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31.  8x2  - 2y2  = 16  =>  y — ^ = 1 =>  c = i/a2  + b2 
= \fl  + 8 = \/l0 ; asymptotes  are  y = ± 2x 


33.  8y2  - 2x2  = 16  =>  ^ — y = 1 =>  c = ^/a2  + b2 
= \J 2 + 8 = ; asymptotes  are  y = ± | 


y 


VIo 

s'' 





-VTo 

-f2 

32.  y2  - 3x2  = 3 £ - X2  = 1 =>  c = A/a2  + b2 

= -v^/ 3 + 1 = 2;  asymptotes  are  y = ± \/3x 


34.  64x2  - 36y2  = 2304  =^g-g  = l^>c  = y/a2  + b2 
= ^/36  + 64  = 10;  asymptotes  are  y = ± | 


35.  Foci:  ^0,  ± y/2^  , Asymptotes:  y = ± x =>  c = y/2  and  g = l =>■  a = b =>  c2  = a2+b2  = 2a2  =>•  2 = 2a2 

=>  a=l  =>  b = 1 =>  y2  — x2  = 1 


36.  Foci:  ( ± 2, 0) , Asymptotes:  y = ± x =>■  c = 2 and  | =>■  b = ^ =>  c2  = a2  + b2  = a2  + y = 

^4  = f ^a2  = 3=»a=v/3=^b=l  =>  ^ - y2  = 1 

37.  Vertices:  ( ± 3,0) , Asymptotes:  y = ± | x =>■  a = 3 and  ^ = | =>  b = | (3)  = 4 =>■  y — = 1 

38.  Vertices:  (0,  ± 2) , Asymptotes:  y = ±^x  =>■  a = 2 and  5 = 5 =4-  b = 2(2)  = 4 =>  y — ^ = 1 

39.  (a)  y2  = 8x  =>•  4p  = 8 =>  p = 2 =>■  directrix  is  x = —2, 

focus  is  (2,  0),  and  vertex  is  (0, 0);  therefore  the  new 
directrix  is  x = — 1,  the  new  focus  is  (3,  —2),  and  the  2 ' 

new  vertex  is  (1, —2)  ~ 

-2  - 
-4  - 
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40.  (a)  x2  = — 4y  =>  4p  = 4 =>  p = 1 =>•  directrix  is  y = 1 , (b) 

focus  is  (0,  —1),  and  vertex  is  (0, 0);  therefore  the  new 
directrix  is  y = 4,  the  new  focus  is  (—  1 , 2),  and  the 
new  vertex  is  ( — 1 , 3) 


41.  (a)  ^ = 1 =>■  center  is  (0,0),  vertices  are  (—4,0) 

and  (4, 0);  c = \/a2  — b2  = \/l  foci  are  ^y^7 ',  0^ 

and  0^  ; therefore  the  new  center  is  (4,  3),  the 

new  vertices  are  (0, 3)  and  (8,  3),  and  the  new  foci  are 

(4  ± y/l,  3) 


42.  (a)  j-  + = 1 =>■  center  is  (0, 0),  vertices  are  (0, 5)  (b) 

and  (0,  —5);  c = \/  a?  — b2  = y/l6  = 4 =>  foci  are 
(0, 4)  and  (0,  —4) ; therefore  the  new  center  is  (—3,  —2), 
the  new  vertices  are  (—3, 3)  and  (—3,  —7),  and  the  new 
foci  are  (—3, 2)  and  (—3,  —6) 


43.  (a)  yg  — \ — 1 center  is  (0, 0),  vertices  are  (—4, 0) 
and  (4, 0),  and  the  asymptotes  are  | = ± | or 
y — ± ^ ; c = y/a2  + b2  = y/25  = 5 =>  foci  are 
(—5,0)  and  (5, 0) ; therefore  the  new  center  is  (2, 0),  the 
new  vertices  are  (—2, 0)  and  (6, 0),  the  new  foci 
are  (—3, 0)  and  (7, 0),  and  the  new  asymptotes  are 
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44.  (a)  — y = 1 =$■  center  is  (0, 0),  vertices  are  (0,  —2) 

and  (0, 2),  and  the  asymptotes  are  | = ± or 

y = ±-2^;c=-\/a2+b2  = y/9  = 3 =>  foci  are 

(0,  3)  and  (0,  —3) ; therefore  the  new  center  is  (0,  —2), 
the  new  vertices  are  (0,  —4)  and  (0, 0),  the  new  foci 
are  (0,  1)  and  (0,  —5),  and  the  new  asymptotes  are 
y + 2 = ±% 


(b) 


(v  4-  2)  2 xf 

y 4 5 


45.  y2  — 4x  =>  4p  = 4 =>•  p=l  =>  focus  is  (1,  0),  directrix  is  x — — 1 , and  vertex  is  (0, 0);  therefore  the  new 
vertex  is  (—2,  —3),  the  new  focus  is  (—1,  —3),  and  the  new  directrix  is  x = —3;  the  new  equation  is 
(y  + 3)2  = 4(x  + 2) 


46.  y2  = — 12x  =>4p=12=^p  = 3=>  focus  is  (—3,  0),  directrix  is  x = 3,  and  vertex  is  (0, 0);  therefore  the  new 
vertex  is  (4,  3),  the  new  focus  is  (1, 3),  and  the  new  directrix  is  x = 7;  the  new  equation  is  (y  — 3)2  = — 12(x  — 4) 

47.  x2  = 8y  =>  4p  — 8 =>■  P = 2 =>  focus  is  (0,  2),  directrix  is  y = —2,  and  vertex  is  (0, 0);  therefore  the  new 
vertex  is  (1,  —7),  the  new  focus  is  (1,  —5),  and  the  new  directrix  is  y = —9;  the  new  equation  is 

(x-  l)2  = 8(y  + 7) 

48.  x2  = 6y  =>  4p  = 6 =>•  p = | =>  focus  is  (0,  |)  , directrix  is  y = — | , and  vertex  is  (0, 0);  therefore  the  new 
vertex  is  (—3,  —2),  the  new  focus  is  (—3,  — |)  , and  the  new  directrix  is  y = — | ; the  new  equation  is 

(x  + 3)2  = 6(y  + 2) 

49.  ^ + y = 1 =>  center  is  (0, 0),  vertices  are  (0,  3)  and  (0,  —3);  c = \/  a2  — b2  = a/9  — 6 = a/ 3 =>  foci  are  ^0,  y/lj 

and  ^0,  — y/3^j  ; therefore  the  new  center  is  (—2,  —1),  the  new  vertices  are  (—2, 2)  and  (—2,  —4),  and  the  new  foci 
are  2,  — 1 ± ; the  new  equation  is  (x^2)  + (y+91)  — 1 

50.  \ + y2  = 1 =>•  center  is  (0,  0),  vertices  are  ^\/2,  0^  and  a/2,  0 j ; c = a/ a2  — b2  = a/2—1  = 1 =>  foci  are 
(—1,0)  and  (1,  0);  therefore  the  new  center  is  (3, 4),  the  new  vertices  are  ^3  ± y/2, 4^  , and  the  new  foci  are  (2, 4) 
and  (4, 4);  the  new  equation  is  (x~3)  + (y  — 4)2  = 1 

51.  y + \ — 1 =>  center  is  (0, 0),  vertices  are  ^y/3, 0^  and  a/3,  0 j ; c = \/a2  — b2  = /3  — 2 = 1 =>■  foci  are 
(—1,0)  and  (1,  0);  therefore  the  new  center  is  (2,  3),  the  new  vertices  are  ^2  ± y/3, 3^  , and  the  new  foci  are  (1, 3) 
and  (3, 3);  the  new  equation  is  (x  ~21  + (y~3)  = 1 

52.  fg  + 95  = 1 =>•  center  is  (0, 0),  vertices  are  (0,  5)  and  (0,  — 5);  c = \/ a?  — b2  = \/75  — 16  = 3 =>  foci  are 

(0,  3)  and  (0,  —3);  therefore  the  new  center  is  (—4,  —5),  the  new  vertices  are  (—4, 0)  and  (—4,  —10),  and  the  new 

foci  are  (—4,  —2)  and  (—4,  —8);  the  new  equation  is  (x  j/1  + (y+/  = 1 

53.  ^ — y = 1 =>  center  is  (0, 0),  vertices  are  (2, 0)  and  (—2, 0);  c = \/ a2  + b2  = \J \ + 5 = 3 =>  foci  are  (3,  0)  and 

(—3, 0);  the  asymptotes  are  ± f = /j  =>  y = ± //  ; therefore  the  new  center  is  (2, 2),  the  new  vertices  are 
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(4, 2)  and  (0, 2),  and  the  new  foci  are  (5, 2)  and  (—  1 , 2);  the  new  asymptotes  are  y — 2 = ± 

equation  is  (x^2) — (y^2)  = 1 


l V/5(x-2) 


; the  new 


54.  — \ = 1 =>  center  is  (0, 0),  vertices  are  (4, 0)  and  (—4,  0);  c = \/ a?  + b2  — </l6  + 9 — 5 =>  foci  are  (—5,  0) 

and  (5,0);  the  asymptotes  are  ± | = | y = ± / ; therefore  the  new  center  is  (—5,  —1),  the  new  vertices  are 
(-1,-1)  and  (—9,  —1),  and  the  new  foci  are  (—10,  —1)  and  (0,  —1);  the  new  asymptotes  are  y + 1 = ± 


3(x  + 5)  . 
4 


the  new  equation  is 


(x  + 5r  _ (y  + l£  _ 


16 


= 1 


55.  y2  — x2  = 1 =>  center  is  (0, 0),  vertices  are  (0, 1)  and  (0,  — 1);  c = \/a2  + b2  = a/T+T  = \/2  =>  foci  are 
^0,  ± ; the  asymptotes  are  y = ± x;  therefore  the  new  center  is  (—  1 , — 1),  the  new  vertices  are  (—1,0)  and 

(—1,  —2),  and  the  new  foci  are  1,  — 1 ± y//j  ; the  new  asymptotes  are  y + 1 = ± (x  + 1);  the  new  equation  is 


(y  + l)2  — (x  + l)2  = 1 


56.  — x2  = 1 =4-  center  is  (0, 0),  vertices  are  ^0,  \/3  j and  ^0,  — a//)  ; c = y/a2  + b2  = y/3  + 1 = 2 =>■  foci  are  (0,  2) 

and  (0,  —2);  the  asymptotes  are  ± x = =>y=±  \/3x;  therefore  the  new  center  is  (1, 3),  the  new  vertices  are 

^1,  3 ± y/3^  , and  the  new  foci  are  (1,  5)  and  (1 , 1);  the  new  asymptotes  are  y — 3 = ± a/3  (x  — 1);  the  new  equation  is 


(y-3r 

3 


(X  - l)2  = 1 

57.  x2  + 4x  + y2  = 12  =>  x2  + 4x  + 4 + y2  = 12  + 4 =>  (x  + 2)2  + y2  = 16;  this  is  a circle:  center  at  C(— 2, 0),  a = 4 

58.  2x2  + 2y2  - 28x  + 12y  + 1 14  = 0 =>  x2  - 14x  + 49  + y2  + 6y  + 9 = -57  + 49  + 9 =>  (x  - 7)2  + (y  + 3)2  = 1; 

this  is  a circle:  center  at  C(7,  —3),  a = 1 

59.  x2+2x  + 4y  — 3 = 0 =>  x2  + 2x  + 1 = — 4y  + 3 + 1 =$■  (x  + l)2  = — 4(y  — 1);  this  is  a parabola:  V(— 1, 1),  F( — 1 , 0) 

60.  y2  - 4y  - 8x  - 12  = 0 =*►  y2  - 4y  + 4 = 8x  + 12  + 4 =>  (y  - 2)2  = 8(x  + 2);  this  is  a parabola:  V(-2, 2),  F(0, 2) 

61.  x2  + 5y2  + 4x  = 1 =>  x2  + 4x  + 4 + 5y2  = 5 =$■  (x  + 2)2  + 5y2  = 5 =>  f>/2)"  + y2  = 1;  this  is  an  ellipse:  the 

center  is  (—2, 0),  the  vertices  are  ^—2  ± a/5,  0 j ; c = A/a2  — b2  = y/ 5 — 1 = 2 =>  the  foci  are  (—4,  0)  and  (0, 0) 

62.  9x2  + 6y2  + 36y  = 0 =>  9x2  + 6 (y2  + 6y  + 9)  = 54  =>■  9x2  + 6(y  + 3)2  = 54  =>  j + <y+g3>  = 1;  this  is  an  ellipse: 


the  center  is  (0,  —3),  the  vertices  are  (0, 0)  and  (0,  —6);  c = \/ a2  —b2  = / 9 6 = a/3  =>  the  foci  are  ^ 

63.  x2  + 2y2  - 2x  - 4y  = -1  =>  x2  - 2x  + 1 + 2 (y2  - 2y  + 1)  = 2 (x  - l)2  + 2(y  - l)2  = 2 

=>■  (x~lj  + (y  — l)2  = 1;  this  is  an  ellipse:  the  center  is  (1,  1),  the  vertices  are  ^1  ± a/2,  l^j  ; 

c = \J a2  — b2  = /2  - 1 = 1 =>  the  foci  are  (2, 1)  and  (0,  1) 

64.  4x2  + y2  + 8x  - 2y  = -1  =>•  4 (x2  + 2x  + 1)  + y2  - 2y  + 1 = 4 =>  4(x  + l)2  + (y  - l)2  = 4 

=>  (x  + l)2  + (y~1)  = 1;  this  is  an  ellipse:  the  center  is  (—1, 1),  the  vertices  are  (—1,  3)  and 

(— 1,  — 1);  c = a/ a2  — b2  = a/4—1  = a/3  =>■  the  foci  are  1, 1 ± 


0,  —3  ± a/ 3 
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65.  x2  - y2  - 2x  + 4y  = 4 =>  x2  - 2x  + 1 - (y2  - 4y  + 4)  = 1 =>  (x  — l)2  — (y  2)2  = 1;  this  is  a hyperbola: 

the  center  is  (1, 2),  the  vertices  are  (2, 2)  and  (0, 2);  c = \j a2  + b2  = yj  l + 1 = \[2  =>■  the  foci  are  ^ 1 ± y/2,  2)  ; 

the  asymptotes  are  y — 2 = ± (x  — 1 ) 

66.  x2  — y2  + 4x  — 6y  = 6 =>  x2  + 4x  + 4 — (y2  + 6y  + 9)  = 1 =>  (x  + 2)2  — (y  + 3)2  = 1 ; this  is  a hyperbola: 

the  center  is  (—2,  —3),  the  vertices  are  (—1,  —3)  and  (—3,  —3);  c = \J a?  + b2  = yj  1 + 1 = \pl  =>  the  foci  are 

^—2  ± y/2,  —3)  ; the  asymptotes  are  y + 3 = ± (x  + 2) 


67.  2x2  - y2  + 6y  = 3 =>  2x2  - (y2  - 6y  + 9)  = - 
the  vertices  are  ^0,  3 ± y/6^  ; c = y/  a2  + b2  = 


<y  fi3) — y = 1 ; this  is  a hyperbola:  the  center  is  (0,  3), 

3 = 3 =>  the  foci  are  (0, 6)  and  (0, 0);  the  asymptotes  are 


68.  y2  - 4x2  + 16x  = 24  =>•  y2  - 4 (x2  - 4x  + 4)  = 8 =>  £ - 


= 1 ; this  is  a hyperbola:  the  center  is  (2, 0), 


the  vertices  are 

y _ x— 2 . 

y/t  ' y/2 


(2,  ± Vs) ; 


c = Va2  + b2  = 


= y/l 0 =>  the  foci  are  ^2,  ± yj lo)  ; the  asymptotes  are 


y = ± 2(x  — 2) 


9 V2 

69.  (a)  y^  = kx  =>  x = y ; the  volume  of  the  solid  formed  by 

r viix  / 2 \ 2 

revolving  Ri  about  the  y-axis  is  Vi  = J0  7r  ( y J dy 

= p Jo  y4  dy  = 7171  ; the  volume  of  the  right 

circular  cylinder  formed  by  revolving  PQ  about  the 
y-axis  is  V2  = 7rx2  y/kx.  =>  the  volume  of  the  solid 
formed  by  revolving  R2  about  the  y-axis  is 


V3  = V2  - V,  = 

ratio  of  V3  to  Vx  is  4:1. 


. Therefore  we  can  see  the 


^ P(x,Vkx  ) 


(b)  The  volume  of  the  solid  formed  by  revolving  R2  about  the  x-axis  is  Vj  — j ~ ^ Vkt)  dt  = 7rkf 
= ~y-  . The  volume  of  the  right  circular  cylinder  formed  by  revolving  PS  about  the  x-axis  is 
V2  = 7T  f \/kx)  x = 7rkx2  =>•  the  volume  of  the  solid  formed  by  revolving  Ri  about  the  x-axis  is 


V,  = V2  - Vi  = 7rkx 


.2  7rkx2  7rkx2 


. Therefore  the  ratio  of  V3  to  Vi  is  1 : 1 . 


70.  y = fgxdx=g^y)-t-C=^+C;y  = 0 when  x = 0 =>■  0 = yy-  + C =>■  C = 0;  therefore  y = ^ is  the 
equation  of  the  cable's  curve 

71.  x2  = 4py  and  y = p =>■  x2  = 4p2  =>  x = ± 2p.  Therefore  the  line  y = p cuts  the  parabola  at  points  (— 2p,  p)  and 
(2p,  p),  and  these  points  are  y/[2p  — (— 2p)]2  + (p  — p)2  = 4p  units  apart. 
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73.  Let  y = y 1 — ^ on  the  interval  0 < x < 2.  The  area  of  the  inscribed  rectangle  is  given  by 
A(x)  = 2x  (2/TTf)  = 4 xy^  1 — ^ (since  the  length  is  2x  and  the  height  is  2y) 

*M) 


=►  A'(x)  = 4 1 / 1 


/l-T 


Thus  A'(x)  = 0 =>  4Jl 


= 0 


x2  = 0 =»  x2  = 2 


/!-£ 


=>■  x = y^2  (only  the  positive  square  root  lies  in  the  interval).  Since  A(0)  = A(2)  = 0 we  have  that  A = 4 

is  the  maximum  area  when  the  length  is  2\fl  and  the  height  is  V2. 


74.  (a)  Around  the  x-axis:  9x2  + 4y2  = 36  =>  y2  = 9 


9 v2 


y = ± -t  9 — | x2  and  we  use  the  positive  root 


V = 2fon  (\/9-!x2)  dx  = 2 fo  n (9  - 5 x2)  dx  = t9x  - I x3]  o = 24^ 


(b)  Around  the  y-axis:  9xl  + 4yz  = 36  =>  xl  = 4 — ^ y 

r»3  / / T \ 2 n3 


4 „2 
9 • 


x = ± y 4 — | y2  and  we  use  the  positive  root 
V = 2fo  n(]/4^ly2)  dy  = 2fo  7r(4~ly2)dy  = 2n[4y-£y3]  30  = 167T 


75.  9x2  - 4y2  = 36  =>  yz  = 

= t/2V-4)  dx=^ 


.2  _ 9x2  - 36 


4x 


y = ± | \/x2  — 4 on  the  interval  2 < x < 4 =>  V = J]  7r  y/  x2  — 4^  dx 
‘ - T [(f  - 16)  - (|  - 8)]  = (f  - 8)  = £ (56  - 24)  = 24tt 


76.  Let  Pi(— p,  y i ) be  any  point  on  x — — p,  and  let  P(x,  y)  be  a point  where  a tangent  intersects  y2  = 4px.  Now 

y2  = 4px  =>  2y^|=4p  =>  = then  the  slope  of  a tangent  line  from  Pi  is  xyJ~(  yi  ^ ^ = y 

=>  y2  - yyj  = 2px  + 2p2.  Since  x = |^  , we  have  y2  - yyx  = 2p  ^ j + 2p2  y2  - yyi  = \ y2  + 2p2 

=F  \ y2  — yyi  — 2p2  = 0 =>  y = 2yi  ± v/4y‘  + 16p~  = yi  ± y/yf  + 4p2  . Therefore  the  slopes  of  the  two 

tangents  from  Pi  are  mx  = ,2p  , , and  m2  = /2p  „ , =>  m i m2  — - — ,4f  , . 2,  = — 1 

° yi  + \/yr+4p2  2 yi-\/yr  + V z yt-(yt  + V) 

the  lines  are  perpendicular 

77.  (x  - 2)2  + (y  - l)2  = 5 =>  2(x  - 2)  + 2(y  - 1)  % = 0 =*  % = - ; y = 0 =>  (x  - 2)2  + (0  - l)2  = 5 

=t>  (x  — 2)2  = 4 =>  x = 4 or  x = 0 =>  the  circle  crosses  the  x-axis  at  (4, 0)  and  (0, 0);  x = 0 
=>  (0  — 2)2  + (y  — l)2  = 5 =>  (y  — l)2  = 1 =>  y = 2 or  y = 0 =>  the  circle  crosses  the  y-axis  at  (0,  2)  and  (0,  0). 
At  (4, 0):  ^ = 2 =>  the  tangent  line  is  y = 2(x  — 4)  or  y = 2x  — 8 

At  (0,  0):  = — 2 =>  the  tangent  line  is  y = — 2x 

At  (0,  2):  gf  = — %zf  — 2 =>  the  tangent  line  is  y — 2 = 2x  or  y = 2x  + 2 


78.  x2  ^ y2  = 1 =>  x = ± y/l  + y2  on  the  interval  — 3 < y < 3 =>■  V = J ( y/l  + y2)”  dy  = 2 7r  (y/l  + y2)^  dy 


2jt fo  (!  + y2)  dy  = 2?r 


y+j 


= 247T 


79.  Let  y = -i  / 16  — ^ x2  on  the  interval  -3  < x < 3.  Since  the  plate  is  symmetric  about  the  y-axis,  x = 0.  For  a 


~ ( J I6"  J 

vertical  strip:  ( x , y ) = x,  - — y- 


, length  = W 16  — ^ x2  , width  = dx  =>  area  = dA  = J 16  — ^ x2  dx 


= dm  = 6 dA  = 6\  / 16  — ^ x2  dx.  Moment  of  the  strip  about  the 


x-axis: 


y dm  = 


_ 


(6yJ  16  — y x2)  dx  = 6 (8  — | x2)  dx  so  the  moment  of  the  plate  about  the  x-axis  is 
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Mx  = f y dm  = J 5 (8  — | x2)  dx  = 5 [8x  — ^ x3]  /,  = 325;  also  the  mass  of  the  plate  is 
M = J 16  — y x2  dx  = J A 1 — Q x)"  dx  = 45  J 3y/ 1 — u2  du  where  u = | =>  3 du  = dx;  x = — 3 
=>  u = — 1 and  x = 3 =>  u = 1.  Hence,  45  J 3\/l  — u2  du  = 125  J | \J  1 — u2  du 

u^j  = 67r5  =>  y = ^ = |||  = || . Therefore  the  center  of  mass  is  (0,  ||)  . 


= 125 


u2  + sin 


-l 


80.  y = ^x2  + 1 =*  g = \ (x2  + t)  1/2(2x)  = 


\/y?  + 1 


£)  =*  A/l  + lS)  = a/1  + ^ 


X2  + 1 


- • =,  S = 
+ 1 


u = \/2x 
du  = \fl  dx 


r 2?ry\/ 1 + (lj  dx  = /0^27rVx2  + l i/f/f  dx  = 2x2  + l dx ; 

^ JoVu2  + 1 du  = [l  (u^u2  + 1 + In  (u  + \/u2  + l)) 


J0  = 75  [2>/5  + in  (2+^/5 


81.  (a) 


(b) 

(c) 


tan  /3  — mL  =>  tan  (3  = f'(xo)  where  f(x)  = y/4px ; 


f'(x)  : 

_ 2p 

yo 


: 1 (4px)-1/2(4p) 
=>  tan  (3  = — . 

1 yo 


2p 

yjpx 


=>  f'(xo) 


tan  a = 


tan  <f)  — tan  (3 ’ 

( yp  _ 
7xo-p 

— 1 
yo  J 

i 

1 + tan  (j)  tan  (3  1 + | 

( yo  > 
7xo-pJ 

1 1 

^2p\ 

^yp/ 

yjj  - 2p(xp  - p)  _ 4pxp  - 2pxp  + 2p2  _ 2p(xp  + p) 
yo(xp-p  + 2p)  — yp(xp+p)  — yp(xp  + p) 


2p 

x/4P*o 


2p 

yo 


11.7  CONICS  IN  POLAR  COORDINATES 

1.  16x2  + 25y2  = 400  =>  ^ + |g  = 1 =>c  = \/a2  — b2 

= a/25  - 16  = 3 =>  e = ^ = | ; F ( ± 3, 0) ; 

directrices  are  x = 0 ± - = ±tIy  = ± = 
e (S  3 


2.  7x2  + 16y2  = 112  =>  yg  + \ = 1 c = \/a2  — b2 
= ^16-7  = 3 =*  e=  | = | ; F(  ± 3,0) ; 

directrices  are  x = 0 ± - = ± 7/  = ± = 

e (1)  3 


y 
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3.  2x2  + y2  = 2 =>■  x2  + y = l =>  c = \/a2  — b2 
= V/2^T=1  =►  e=|  = ^.;iF(0,  ±1); 

directrices  are  y = 0 ± - — ± a/-  — ±2 

■ e f jA 


4.  2x2  + y2  = 4 =>• 


- 4 = 1 =>  c = \/a2  - b2 
= a/4-2  = a/2  =►  e = ^ ^ ; F fo,  ± a/2 


directrices  are  y = 0 ± | = ± = ± 2\/2 


5.  3x2  + 2y2  = 6 y + / = l =>  c = \/a2  - b2 
\/3  ~ 2 - 1 =►  e=|  = ^;F(0,  ±1); 

n 

directrices  are  y = 0 ± - = ± -A-^-  = ± 3 

(S3 


6.  9x2  + 10y2  = 90  =>  15+9-  = ! =>  c = A/a2  - b2 
9 I =*  e=a  = ^;F(±l,0); 
directrices  are  x = 0 ± - = ± = ± 10 

U) 


y 


y 


y 


y 


6x2  + 9y2  = 54  =>  ^ ^ = 1 =>  c = \/a2  - b2 

= V/9T76=  \/3  =►  e=  | = ^;F(±  v^,0)  ; 

V6 

9 6 

directrices  are  x = 0 ± | = ± ,JL  = ± 3 \J 3 

1 1 f '•  1 

1 ] 1 1 

-3US 

*5  h 

-V6 

- 

- 
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9.  Foci:  (0,  ± 3) , e = 0.5  =>  c = 3 and  a = | = = 6 ^ b2  = 36  - 9 = 27  =>  ^ ^ = 1 

10.  Foci:  ( ± 8, 0) , e = 0.2  =>•  c = 8 and  a = | = ^ = 40  =>  b2  = 1600  - 64  = 1536  =>  ifgo  + Ts56  = 1 

11.  Vertices:  (0,  ± 70) , e = 0.1  =>  a = 70  and  c = ae  = 70(0.1)  = 7 ^ b2  = 4900  - 49  = 4851  =>  jf^x  + ^ = 1 

12.  Vertices:  ( ± 10, 0) , e = 0.24  =>  a = 10  and  c = ae  = 10(0.24)  = 2.4  =>  b2  = 100  - 5.76  = 94.24  =>•  ^ ^ = 1 

13.  Focus:  o)  . Directrix:  x = -^  =>  c = ae=  y/5  and  | = -^  =>  fi  = =>  ^ =>  e2  = | 

e=^.  Then  PF  = ^ PD  =*  yj  (x  - y^) ' + (y  - 0)2  = ^ |x  - | =*►  (x  - y/t)  ' + Y2  = § (x  - * 

=►  x2  - 2y^5  x + 5 + y2  = |(x2-^x+^)  =►  | x2  + y2  = 4 ^ f + £ = 1 

14.  Focus:  (4.  0),  Directrix:  x = ^ =>■  c = ae  = 4 and  - = =>  “ = =>  4 = ^r  e2  = I =>  e = ^ . Then 

v,/’  3 e 3 3 3 4 2 

PF  = ^ PD  =>  y/(x  - 4)2  + (y  - 0)2  = £\x-*\  =>•  (x  - 4)2  + y2  = f (x  - f )2  =>•  x2  - 8x  + 16  + y2 

_3/y2  32  , 256  \ . 1 Y2  , .,2  _ 16  . x2  , y2  _ i 

4 VX  ~ TX+~9~)  4 X +7  - T ^ (fy+  (f)  - 1 

15.  Focus:  (—4, 0),  Directrix:  x = — 16  =>  c = ae  = 4 and  | = 16  =>■  |f  — 16  =>■  ^ = 16  =>  e2  = | =►  e = 1 . Then 

PF  = \ PD  =>  y/(x  + 4)2  + (y  - 0)2  = \ |x  + 16|  =>  (x  + 4)2  + y2  = \ (x  + 16)2  =>  x2  + 8x  + 16  + y2 

= 3 (x2  + 32x  + 256)  =*  \ x2  + y2  = 48  =►  g + g = l 

16.  Focus:  \fl,  0^  , Directrix:  x = —2\[2  =>■  c = ae  = y/2  and  | = 2\[2  =>•  |f  = 2\pl  =>■  ^ — 2\[2  =>  e2  = \ 

->  c = . Then  PF  = -D  PD  =>  ^ (x  + y/l)  * + (y  - 0)2  = ^ |x  + 2<fl\  =*  (x  + ^2j'  + y2 

= ± (x  + 2-^2 )2  =►  x2  +2V^x  + 2 + y2  = i (x2  +4y/2x  + 8)  =*■  i x2  + y2  = 2 ^ ^ = 1 
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17.  x2  — y2  = 1 =>  c = i/a2  + b2  = \J  1 + 1 = \fl  e = | 


— — \/2 ; asymptotes 

directrices  are  x = 0 ± - = 

e 


are  y — ± x;  F 


(±  V2,o) ; 


18.  9x2  — 16y2  = 144  =>  ^ — 2L  = 1 =>  c = \/a2  + b2 
= ^16  + 9 = 5 =>  e = - = | ; asymptotes  are 
y = ± | x;  F ( ± 5, 0) ; directrices  are  x = 0 ± - 

= ±T 


19.  y2 


= 1 =>  c = \/a2  + b2 


= x/ 8 + 8 — 4 =>  e = | = \f2 ; asymptotes 

y = ± x;  F (0,  ± 4) ; directrices  are  y = 0 ± | 

— ± ^ — ±2 
“ y/2  ~ ±Z 


are 


20.  y2  — x2  = 4 =>  ^ - ’j  = 1 =>  c = \/a2  + b2 

= ^/4  + 4 = 2\fl  =>  e = | = 22“  = ^/?;  asymptotes 
are  y = ± x;  F ^0,  ± 2y/2j  ; directrices  are  y = 0 ± | 

= ±T2=  ± ^ 


21.  8x2  - 2y2  = 16  =>  f - £ = 1 =>•  c = y/a^+b2 


= y/2  + 8 = y/lO  =>  e = | 
are  y = ± 2x;  F ^ ± \Ao,  0 j 


— I 'J}  | ? 

“ /5  “ ± ClO 


= '2.1®  = ; asymptotes 

; directrices  are  x = 0 ± - 

’ e 
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22.  y2  - 3x2  = 3 =>•  ^ - x2  = 1 =>  c = \J a2  + b2 
= \J 3 + 1 = 2 =>-  e = | ; asymptotes  are 

y = ± y/3  x;  F (0,  ± 2) ; directrices  are  y = 0 ± | 


23.  8y2  - 2x2  = 16  f - f 
= \J2  + 8 = \/l0  =>  e = 

arey  = ± §;F(o,  ± y/Io) 


= 1 =>  c = +a2  ± b2 

| ^ = \/5  ; asymptotes 

; directrices  are  y = 0 ± “ 


_ 4-  — 4-  _JL_ 

“ 75  “ ± +0 


24.  64x2  - 36y2  = 2304  =>  g - g = 1 =*►  c = y/a2  + b2 
= 36  + 64  =10  =>■  e = | = ^ = | ; asymptotes  are 

y = ± j x;  F ( ± 10,  0) ; directrices  are  x = 0 ± | 


y 


25.  Vertices  (0,  ± 1)  and  e = 3 =>  a = 1 and  e = | = 3 =>  c = 3a  = 3 =>  b2  = c2  — a2  = 9 — 1 = 8 =>  y2  — y = 1 


26.  Vertices  ( ± 2, 0)  and  e = 2 =>  a = 2 and  e = ^ = 2 =>  c = 2a  = 4 =>  b2  = c2  — a2  = 16  — 4=12  =>-  ^ j',  = 1 


27.  Foci  (±3,0)  and  e = 3 =>■  c = 3 and  e = j = 3 =>  c = 3a  =>  a=l  =>  b2  = c2  — a2  = 9 — 1 = 8 =>  x2  — = 1 

28.  Foci  (0,  ± 5)  and  e = 1.25  =>  c = 5 and  e = | = 1.25  = | =>■  c = | a =>  5 = | a =>  a = 4 =>  b2  = c2  — a2 
= 25 -16  = 9=^  g - f = 1 


29.  e=l,x  = 2 =>  k = 2 =>  r = 

30.  e=l,y  = 2 =>  k = 2 =>■  r = 


2(1) 


1 — |—  ( 1 ) cos  9 

1 +cos  6 

2(1) 

2 

l+(l)sin0 

1 +sin  6 

_ 6(5) 

30 

1 — 5 sin  6 

1— 5 sin  0 

4(2)  _ 

8 

1+2  cos  6 

1+2  cos  6 

. +0) 

1 

32.  e = 2,  x = 4 =>  k = 4 =>  r = 

33.  e = l,  x = 1 =>  k = 1 =)>  r = , - m z ~ a 

2’  l + (g)cos0  2+cosfl 

Copyright  © 2010  Pearson  Education  Inc.  Publishing  as  Addison-Wesley. 


694 


Chapter  1 1 Parametric  Equations  and  Polar  Coordinates 


34.  e = 1,  x = — 2 =>  k = 2 =>  r = , (M(2)  _ = 

4’  1 — ( 4)  cos  6 4— cos  6 


1 - (?)  cos  0 4—i 

35.  e = i y = -10  =>  k = 10  r = , (^!.10)  „ = 

5 1 - (5)  sin  9 5— sin  £ 


36.  e = 1,  y = 6 =>  k = 6 =>■  r = 


(i)w  = 6 

1 + (|)  sin  6 3+sin  6 


37.  r = 


1 

1 + cos  6 


=>  e = 1,  k = 1 =4>  x = 1 


20  r 6 3 

2 + cos0  l + (|)cos^ 

a(l  — e2)  = ke  =>  a [l 


=>  e=|,k  = 6 =>  x = 6; 


= 3 =>  | a = 3 


=$■  a = 4 =>  ea  = 2 


y 


y 


39.  r = 


25 

10  — 5 cos  9 


=>  r = 


(! 


_ (I) 


= i,k  = 5 

i-Gf 


1 — (^)  cos  6 1 — (|)  cos  6 

=$■  x = — 5;  a (1  — e2)  = ke 


_ 5 

2 


5 _ 10 

4 a 2 ^ a — 3 


ea  = | 


y 


41. 


_ 400 

16  + 8 sin  6 


( 400  \ 

r — 1.  16  ) 

I + (i)  sine 


r = 25 

1 + (|)  sin  6 


e = \ , k = 50  =>■  y = 50;  a ( 1 - e2)  = ke 


MI)S 


= 25  =>  | a = 25  =>  a = 


=$■  ea  = 


50 

3 


y 
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^ r — l+sinfl  e — 1, 


43.  r = w — J^-7 

2 — 2 sin  £ 


k = 4 =>•  y = 4 


k = 4 =>•  y = -4 


45.  r cos  (0  — |)  = v^2  =>  r (cos  0 cos  | + sin  0 sin  |) 

= \/2  =>  ^ r cos  0 + ^ r sin  0 = a/2  =►  ^ x + y 

= a/2  =»  x + y = 2 =>■  y = 2-  x 


47.  r cos  (0  — y ) = 3 r (cos  9 cos  / + sin  9 sin  y)  = 3 
=>  — 2 r cos  0 + y^  r sin  0 = 3 =>  -|x+^y  = 3 
=4>  -x+\/3y  = 6 =4>  y=^yX  + 2y/3 
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49.  y/2  x + y — 6 =t-  y/2r  cos  #+\/2rsin0  = 6 =>  r ^ ^ cos  9 + ^ sin  O^j  —3  =>  r (cos  | cos  0 + sin  | sin  9 ) 
= 3 =>  r cos  (0  — |)  = 3 

50.  y/3x  — y = 1 =>  \^3r  cos  9 — r sin  9 = 1 =>  r cos  9 — | sin  9^j  — \ =>■  r (cos  | cos  9 — sin  | sin  0) 

= i =*  r cos  (0+|)  = 1 

51.  y = — 5 =>  r sin  9 = — 5 =>■  — r sin  9 = 5 =>■  r sin(-0)  = 5 =>■  r cos  (|  — (-0))  = 5 =>  r cos  {9  + |)  = 5 

52.  x = — 4 =>  r cos  9 = — 4 =>  — r cos  9 = 4 =>  r cos  (9  — n)  = 4 

53.  54. 


57.  (x  — 6)2  + y2  = 36  =>  C = (6,0),a  = 6 58.  (x  + 2)2+y2=4  =>  C = (-2,0),a  = 2 

=>  r = 12  cos  9 is  the  polar  equation  =>  r = —4  cos  9 is  the  polar  equation 
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59.  x2  + (y  - 5)2  = 25  =>  C = (0, 5),  a = 5 
=>  r = 10  sin  9 is  the  polar  equation 


61.  x2  + 2x  + y2  = 0 =»  (x  + l)2  + y2  = 1 
=>•  C = (—  1 , 0),  a = 1 =>  r = —2  cos  9 is 

the  polar  equation 


y 


63.  x2  + y2  + y = 0 =>  x2  + (y  + l)2  = \ 

=>  C = (0,  — |)  , a = * =$■  r = —sin  9 is  the 

polar  equation 


65. 


y 


60.  X2  + (y  + 7)2  = 49  =>  C = (0,  -7).  a = 7 
=>  r = — 14  sin  9 is  the  polar  equation 

y 


62.  x2  - 16x  + y2  = 0 =>  (x  - 8)2  + y2  = 64 
=>-  C = (8, 0),  a = 8 =>-  r = 16  cos  9 is  the 
polar  equation 

y 


64.  x2  +y2  - f y = 0 =*•  x2  + (y-  |)2  = | 

=>  C = (0,  |)  , a = | =>  r = | sin  9 is  the 

polar  equation 


66. 
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75.  (a)  Perihelion  = a — ae  = a(l  — e),  Aphelion  — ea  + a — a(l  + e) 


Planet 

Perihelion 

Aphelion 

Mercury 

0.3075  AU 

0.4667  AU 

Venus 

0.7184  AU 

0.7282  AU 

Earth 

0.9833  AU 

1.0167  AU 

Mars 

1.3817  AU 

1.6663  AU 

Jupiter 

4.9512  AU 

5.4548  AU 

Saturn 

9.0210  AU 

10.0570  AU 

Uranus 

18.2977  AU 

20.0623  AU 

Neptune 

29.8135  AU 

30.3065  AU 

76.  Mercury: 
Venus:  r 
Earth:  r = 
Mars:  r = 
Jupiter:  r 
Saturn:  r 
Uranus:  r 
Neptune: 


r = 


(0.3871)  (1  -0.20562)  _ 0.3707 


1 + 0.2056  cos  6 1 + 0.2056  cos  6 

(0.7233)  (1  -0.00682)  _ 0.7233 

1 + 0.0068  cos  6 1 + 0.0068  cos  6 

1 (1  — 0.01672)  _ 0.9997 

" 1 + 0.0167  cos  e ~ 1 + 0.0617  cos  8 
(1.524)  (1-0.09342)  _ 1.511 

1 +0.0934  cos  8 ~ 1 + 0.0934  cos  8 

_ (5.203)  (1  -0.04842)  _ 5. 191 

— 1 + 0.0484  cos  8 ~ 1 + 0.0484  cos  8 

_ (9.539)(1  -0.05432)  _ 9.511 

1 + 0.0543  cos  6 1 + 0.0543  cos  6 

(19.18)  (1  — 0.04602)  _ 19.14 

1 + 0.0460  cos  6 1 4-  0.0460  cos  6 

(30.06)  (1  -0.00822)  _ 30.06 


r = 


1 + 0.0082  cos  e 


1 + 0.0082  cos  6 


CHAPTER  11  PRACTICE  EXERCISES 


1 . x = | and  y = t + 1 =>■  2x  = t =>  y = 2x+l 


y 


3.  x = i tan  t and  y = i sec  t =>■  x2  = | tan2 1 
and  y2  = | sec2 1 =>  4x2  = tan2 1 and 
4y2  = sec2  t =>•  4x2  + 1 = 4y2  =>  4y2  — 4x2  = 1 


y 


JTF-o 

2 


2.  x = y/t  and  y = 1 — =>  y = 1 — x 


y 


4.  x = —2  cos  t and  y = 2 sin  t =)>  x2  = 4 cos2 1 and 
y2  = 4 sin2 1 =>  x2  + y2  = 4 


y 
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5.  x = — cos  t and  y = cos2 1 =>  y = (— x)2  = x2 


y 


6. 


x = 4 cos  t and  y = 9 sin  t =>  x2  = 6 cos2  t and 
y2  = 81  sin2 1 =>  g + £ = 1 


7.  16x2  + 9y2  = 144  =>  j-  + ^ = 1 =>  a = 3 and  b = 4 =>  x = 3 cos  t and  y = 4 sin  t,  0 < t < 27t 


8.  x2  + y2  = 4 =>  x = — 2 cos  t and  y = 2 sin  t,  0 < t < 6n 


9. 


x = i tan  t,  y = J sec  t =>  ^ ^ =sint  =>  £ 

2 ’ J 2 dx  dx/dt  i ser2 1 sec  t dx 


r sec2  t 


t=7T/3 


= sin  f = & ; t = 


=»  x=7tanf  = 4 andy=Isecf  = 1 =*  y = f x + i ; g = ^ = 2 cos3 1 =>  g 


t— 7t/3 


= 2 cos3  (f)  = 1 


10.  x = l + i,y  = 1 


dy  dy/dt 

dx  dx/dt 


(?) 


- 1 =$>  — 
2 1 ^ dx 


= - l (2)  = -3;  t = 2 =>  x = 1 + 4 = | and 


y=i- 1 = -|  =*■  y = -3>=  + ¥'-S  = S = 


(-1) 


= ft3 


d2y 

dx2 


t=2 


= | (2)3  = 6 


11.  (a)  x = 4t2,  y = t3  — l+>t  = =ry=(±  - 1 = ± ^ - 1 

(b)  x = cos  t,  y = tan  t =>■  sec  t = t =>■  tan2 1 + 1 = sec2 1 =>■  y2  = jt  — 1 = ^-jr~  =>  y = 


12.  (a)  The  line  through  (1,  —2)  with  slope  3 is  y = 3x  — 5 x = t,  y = 3t  — 5,  — oo  < t < oo 

(b)  (x^l)“  + (y  + 2)“  = 9=>x  — 1 = 3 cost,  y + 2 = 3sint+>x  = 1+3  cos  t,  y = —2  + 3 sin  t,  0 < t < 27t 

(c)  y = 4x2  — x =+  x = t,  y = 4t2  — t,  — oo  < t < oo 

(d)  9x2  + 4y2  = 36=>^  + ij-  = l=>x  = 2 cos  t,  y = 3 sin  t,  0 < t < 27r 


13. 


y = x1/2  - f 


dy  _ 1 y-1/2  _ 1 y1/2 

dx  — 2 A 2 X 


=>  L = 


= 5 (x  - 2 + X)  =►  L = /,  \/1  + ?(i-2  + X)  dx 
XViQ+2  + x)  dx  = /;^l(x-1/2+x1/2)2dx  = X4!  (x-V2  + x3/2)  dx  = i [2X1/2  + f X3/2] 


= d[(4+!-8)-(2+f)]=i(2+f)  = 


10 


14.  x = y2/3  =^>  ^ = | x x/3 


=>  L = 


1 + 9^73  dy 


= f*  x/9^3+4  dx  = | J^x2/3  + 4 (x”1/3)  dx;  [u  = 9x2/3  + 4 +>  du  = 6y~^3  dy;  x = 1 +>  u = 13, 
x = 8 +>  u = 40]  ->  L = i u1/2  du  = i [|  u3/2]  ± [403/2  - 133/2]  « 7.634 


15. 


y=A  x6/5  _ | x4/5  ^ | = I xl/5  _ I x 1/5  ^ (g)2  = I (x2/5  - 2 + X'2/5) 

=>  L = \J \-  + \ (x2/5  — 2 + x-2/5)  dx  =>  L = ^ (x2/5  + 2 + x~2/5)  dx  = / ^ | (x1/5  + x_1/5)2  dx 
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fl  O'5 + *~1/s)  * = Hi  *,/5  + 1 *4/S]  f = 1 [(!  ■ 2«  + 5 • 2<)  - (|  + |)]  = 1 (f  + ¥) 

i (1260  + 450)  = ^ 


16-  x=iy3  + l =*  | = h2-^  =*  (I  =^-1  + 7 =*  L = Ji\1  + [l6  y4-|  + ^)dy 


= />  y^I^dy=/iy(ly2  + i)  dy  = /i(ly2  + i)  dy^y3-^ 

= (&  - 1)  - - 1)  = ^ + 1 = il 


17.  ^ = -5  sin  t + 5 sin  5t  and  ^ = 5 cos  t - 5 cos  5t  =>•  y (^)2  + 

= ^/ (—5  sin  t + 5 sin  5t)2  + (5  cos  t — 5 cos  5t)2 

= 5 \/sin2  5t  — 2sin  t sin  5t  + sin2  t + cos2  t — 2cos  t cos  5t  + cos2  5t  = 5a/2  — 2(sin  t sin  5t  + cos  tcos  5 t) 
= 5 2(1  - cos  4t)  = Syftm  — cos  4t)  = 1 0 \/ sin2  2t  = 10 1 sin  2t|  = lOsin  2t  (since  0 < t < |) 

=>■  Length  = lOsin  2tdt  = [—5  cos  2t]  — (— 5)(— 1)  — (— 5)(1)  = 10 


/ (Clxt2  , , 

f dy\2 

y(d,j  + 

UJ 

t2  =>■  Length  = 


t;  u = 16  + t2  =>  du  = 2t  dt 


=>  ldu  = tdt;t  = 0=>u  = 16;  t = 1 =>  u = 17  ; ^/16  Vudu  = ^ [|u3/2]  ’’  = ^ (|(17)3/2  - f(16)3/2) 
= . |^(17)3/2  — 64^  = v/2((17)3/2  64^)  « 8.617. 


64  « 8.617. 


19.  = —3  sin  9 and  ^ = 3 cos  6 


(cit)2  + (%)  “ V (— 3 sin  $)2  + (3 cos  0)2  = ^3  (sin2  0 + cos2  9)  = 3 


r*  3ti-/2  p37r/2 

Length  = JQ  3d(9  = 3 JQ  dd  = 3(f  - 0)  = 


20.  x = t2  and  y=|  — t,  — a/  3 < t < \/3  =>  ^ = 2t  and  ^ = t2  — 1 =>  Length  — \J  (2t)2  + (t2  — l)2  dt 

= fS  ^t4  + 2t2  + 1 dt  = fS  ^t4+2t2  + 1 dt  = I-V3  V(t2  + 1)2  dt  = f-%  (t2  + 1}  dt  = [l  + \ 


J-V 3 
= 4v/3 


21.  x = L and  y = 2t,  0 < t < y^5  ^ = t and  ^ = 2 =>  Surface  Area  = 27r(2t)\/ 12  + 4 dt  = 2/TU1/2  du 

= 2tt  [|  u3/2]  l = 7-f- , where  u = t2  + 4 =>  du  = 2tdt;t  = 0 =»  u = 4,t=v/5  =4>  u = 9 

22.  x = t2  + i and  y = 4y/i,  ^ < t < 1 =►  f = 2t  - ^ and  ^ ^ 

=►  Surface  Area  = h/y/2  2ir  (i2  + h)  ]/ (2t-  w)2  + (7;)  dt  = 2^  h/y/2  (i2  + h)  \ / (2t+  hf  dt 

= 27r  /1/V2  + 5)  (2t  + 2F)  dt  = 27F  Jl/72  + f + 5 t_3)  dt  = 27r  [|  t4  -I"  I t - I l”2]  S/^2 

= 2^(2-^) 
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23.  r cos  (0  + | ) = 2^/3  =>  r (cos  9 cos  | — sin  9 sin  |) 
— 2\pb  =>  | r cos  0 — r sin  9 — 2\pb 
=>  r cos  0 — r sin  9 = 4\/3  =>  x—  \/3y  = 4\/3 
=>  y = ^ x - 4 


24.  r cos  — x)  = =>  r (cos  0 cos  ^ + sin  0 sin 

= ^ =>  — ^ r cos  0 + -^r  r sin  0 = ^ =>  -x  + y = 1 
=>  y = x + 1 


25.  r = 2 sec  9 =>  r = — ^ =>  r cos  0 = 2 =>  x = 2 

COS  0 


26.  r=  — y/2  sec  0 =>■  r cos  0 = — a/2  x = — a/2 


27.  r = - | esc  0 =>  r sin  0 = - | =>  y = - | 
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28.  r = 3y/3csc#  =>  rsin0  = 3\/3  =t-  y = 3^/3 


29.  r = —4  sin  9 =>•  r2  = -4r  sin  0 =>  x2  + y2  + 4y  = 0 
=>  x2  + (y  + 2)2  = 4;  circle  with  center  (0,  —2)  and 
radius  2. 


30.  r = 3 a/3  sin  6 =>  r2  = 3 \/3  r sin  6 

=>•  x2  +y2  - 3\/3y  = 0 =>  x2  + (y  - =^; 


circle  with  center 


(».¥) 


and  radius 


3v7 


31.  r = 2y/2cos6*  =>  r2  = 2y/2r  cos  0 

=>•  x2  + y2  — 2y^2x  = 0 =>  (x-^)2+y2  = 2; 

circle  with  center  f y/2,  o')  and  radius  y/2 


32.  r = — 6 cos  0 =>■  r2  = — 6r  cos  0 =>  x2  + y2  + 6x  = 0 
=>  (x  + 3)2  + y2  = 9;  circle  with  center  (—3, 0)  and 
radius  3 


y 


y 
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35.  x2+y2  -3x  = 0 =>  (x  - |)2  + y2  = | =>  C=  (§,0) 
and  a = | ; r2  — 3r  cos  9 = 0 =>  r = 3 cos  9 


36.  x2  + y2  + 4x  = 0 =»  (x  + 2)2  + y2  = 4 =>  C = (-2, 0) 
and  a = 2;  r2  + 4r  cos  9 = 0 =>•  r = —4  cos  9 
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47.  A = 2 t r2  d0  = Jg  (2  — cos  0 )2  d0  = Jg  (4  — 4 cos  0 + cos2  9)  d9  = Jg  (4  — 4 cos  9 + 1 + 20 ) d Q 

= /;(i-4cos,+  ^)  d0  = [|(9-4sin(9+^];=|7r 

48-  A = iTs  (sin2  30)  d0  = r (Hr^)  d0  = ? - s sin  60]  f = n 

49.  r = 1 + cos  20  and  r=l  =>  1 = 1+  cos  20  =>  0 = cos  20  =>  29  — ^ +>  0 = | ; therefore 
A = 4 Jo'/4  ± [(1  + cos  20)2  - l2]  d0  = 2 £/4(l  + 2 cos  20  + cos2  20  - 1)  d0 
= 2 f£(2  cos  20  + \ + £2|4«)  d0  = 2 [sin  20  + \ 9 + £ = 2 (l  + f + 0)  = 2 + f 


50.  The  circle  lies  interior  to  the  cardioid.  Thus, 


A — 2 


J 2 | [2(1  + sin  0)]2  d0  — 7T  (the  integral  is  the  area  of  the  cardioid  minus  the  area  of  the  circle) 


= J'  + (1  + 2 sin  0 + sin2  0)  d0  — tt  = £ (6  + 8 sin  0 — 2 cos  20)  d0  — 7r  = [60  — 8 cos  0 — sin  20]  £j2  — tt 
= [37T  — (— 3n)]  — 7T  = 57t 


51.  r=—  1 + cos  0 =>  ^ = — sin  0;  Length  = Jg  \/(—  1 + cos  0)2  + (—  sin  0)2  d ^ — f0  yj2  — 2 cos  0 d0 
= /02V4(’TSg>  d0  = JT2  sin  f d»  = [-4  cos  §]  20n  = ( — 4)( — 1)  - (— 4)(1)  = 8 


52.  r = 2 sin  0 + 2 cos  0,  0 < 0 < | =>  ^ = 2 cos 
= 8 (sin2  0 + cos2  0)  = 8 =>  L = fg  \/8  d9 


0 — 2 sin  0;  r2  + ( 2 = (2  sin  0 + 2 cos  0)2  + (2  cos  0 — 2 sin  0)2 


2V/20]“/‘  = 2V/2(|)  =7t\/2 


= 64  sin4  (|) 


I = 8 sin2  (f)  cos  (f)  ; r2  + (|)2  = [8  sin»  (|)]2  + [8  sin2  (f)  cos  (f)]5 

■ ^/4„  ri-coS(f)4 


53.  r = 8 sin3  (f)  ,0  < 0 < f 

V 3 / ’ — — 4 atr  \j/  ' 

l = rv64sin4(f) ^ = r 8 sin2  a)  & = £ 


= £ 4 [4  — 4 cos  (y)]  d0  = [40-6sin(f)][[/4  = 4(f)  - 6 sin  (|)  - 0 = tt  - 3 


d0 


54.  r = v7!  +cos  20  +>  | | (1  + cos  20)-1/2(— 2 sin  20)  = y=== 

1+2  cos  20  + cos2  20  + sin2  20 
1+cos  20 


s 20 


/ dr  \ 2 _ sin2  20 
V d0  / 1 + cos  20 


, o#  | sin2  20  _ (1 +cos  20)2 + sin2  20  _ 

* Z(7  "r  i + cos  20  — 1 + cos  20  — 


r2+(©)  - 1 + COS  20+  lfcosz„  ,+cosz* 

= =»  L=X;//22^2d0=y2[f-(-f)]=V^ 


7 T 


55.  x2  = — 4y  =+  y = - ^ . . 

therefore  Focus  is  (0,  —1),  Directrix  is  y 


4p  = 4 +•  p = 1 ; 

1 


56.  x2  = 2y  =>  f = y +>  4p  = 2 =+  p = \ ; 

therefore  Focus  is  (0, 1) ; Directrix  is  y = -7 

y 
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57.  y2  = 3x  =»  x = ^ =>■  4p  = 3 =>  p = | ; 

therefore  Focus  is  (| , 0)  , Directrix  is  x = — | 


y 


59.  16x2  + 7y2  = 1 12  =>  y + tS  = 1 

=>  c2  = 16  — 7 = 9 =>  c = 3;e=^  = | 


y 


61.  3x2  - y2  = 3 =>•  x2  - yj  = 1 =>  c2  = 1 + 3 = 4 
=>  c = 2;e=£  = y=2;  the  asymptotes  are 

y = ± y/3  x 


y 


58.  y2  = ^|x=>x=--^y  =>  4p  = § =>  p = | ; 

therefore  Focus  is  (—  0) , Directrix  is  x = | 


62.  5y2  - 4x2  = 20  =>  = 1 =>  c2  = 4 + 5 = 9 

=>  c = 3,  e = | = | ; the  asymptotes  are  y = ± x 


63.  x2  = — 12y  =£•  — = y =>  4p  = 12  =>  p = 3 =>•  focus  is  (0,  —3),  directrix  is  y = 3,  vertex  is  (0, 0);  therefore  new 

vertex  is  (2,  3),  new  focus  is  (2, 0),  new  directrix  is  y = 6,  and  the  new  equation  is  (x  — 2)2  = — 12(y  — 3) 

64.  y2  = lOx  =>  YQ=x=>4p=10=>p=!  =>■  focus  is  (|  , 0)  , directrix  is  x = — | , vertex  is  (0, 0);  therefore  new 

vertex  is  (—  C — l)  , new  focus  is  (2,  —1),  new  directrix  is  x = —3,  and  the  new  equation  is  (y  + l)2  = 10  (x  + i) 

65.  y + 25  = l a = 5 and  b = 3 =>  c = \/25  — 9 = 4 =>•  foci  are  (0,  ± 4) , vertices  are  (0,  ± 5) , center  is 

(0, 0);  therefore  the  new  center  is  (—3,  —5),  new  foci  are  (—3,  —1)  and  (—3,  —9),  new  vertices  are  (—3,  —10)  and 
(—3, 0),  and  the  new  equation  is  (x^3)  + (y^g5)  = 1 
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66.  ^ + ^4  = 1 =>  a = 13  and  b = 12  =>  c = \J  169  — 144  = 5 =>■  foci  are  (±5.0),  vertices  are  ( ± 13,  0) , center 
is  (0, 0);  therefore  the  new  center  is  (5, 12),  new  foci  are  (10, 12)  and  (0, 12),  new  vertices  are  (18, 12)  and 
(—8, 12),  and  the  new  equation  is  ± (y  ^2)  = 1 


67.  \ - \ = 1 


foci  are 


^0,  ± \/Toj  , vertices  are 
/ /— \ 

new  foci  are 


a = 2 \/2  and  b = a/2  =>  c = y/S  + 2 = \/T() 

^0,  ± 2y/2j  , center  is  (0,  0),  and  the  asymptotes  are  y = ± 2x;  therefore  the  new  center  is  ^2, 2 y/2j , 
^2, 2\f2  ± \/l())  , new  vertices  are  ^2, 4\/2j  and  (2, 0),  the  new  asymptotes  are  y = 2x  — 4 ± 2\J~2  and 

r-  (y-2v^)2 

y = — 2x  + 4 + 2 v 2;  the  new  equation  is  - — 5 — - 


(x-2 y 


= 1 


68.  fg^64  = l =>  a = 6 and  b = 8 =>  c = a/36  + 64  = 10  =>  foci  are  ( ± 10, 0) , vertices  are  ( ± 6, 0) , the  center 
is  (0, 0)  and  the  asymptotes  are  | = ± | or  y = ± | x;  therefore  the  new  center  is  (—10,  —3),  the  new  foci  are 
(—20,  —3)  and  (0,  —3),  the  new  vertices  are  (—16,  —3)  and  (—4,  —3),  the  new  asymptotes  are  y = |x  + j and 
y = — | x — y ; the  new  equation  is  (X1/Q) — (y  g43)  = 1 


69.  x2  - 4x  - 4y2  = 0 =>  x2  - 4x  ± 4 - 4y2  = 4 =>-  (x  - 2)2  - 4y2  = 4 =£■  (x~2)2  - y2  = 1,  a hyperbola;  a = 2 and 
b = 1 =>  c = \J  1 + 4 = a/5  ; the  center  is  (2, 0),  the  vertices  are  (0,  0)  and  (4, 0);  the  foci  are  ^2  ± a/5  , o'j  and 
the  asymptotes  are  y = ± x 7.1 


70.  4x2  — y2  ± 4y  = 8 =>  4x2  - y2  ± 4y  - 4 = 4 =>  4x2  - (y  - 2)2  = 4 =*►  x2  - (y~2)2  = 1,  a hyperbola;  a = 1 and 
b = 2 =>  c = \J  1 ± 4 = a/5  ; the  center  is  (0, 2),  the  vertices  are  (1 , 2)  and  (—1,2),  the  foci  are  ^ ± y/~5, 2^  and 
the  asymptotes  are  y = ± 2x  + 2 

71.  y2  — 2y  + 16x  = —49  =>  y2  — 2y  + 1 = — 16x  — 48  =>■  (y  — l)2  = — 16(x  + 3),  a parabola;  the  vertex  is  (—3, 1); 

4p  = 16  =>  p = 4 =>  the  focus  is  (—7, 1)  and  the  directrix  is  x = 1 

72.  x2  — 2x  + 8y  = — 17  =>  x2  — 2x  + 1 = — 8y  — 16  =>  (x  — l)2  = — 8(y  + 2),  a parabola;  the  vertex  is  (1,  —2); 

4p  = 8 =>  p = 2 =>  the  focus  is  (1,  —4)  and  the  directrix  is  y — 0 

73.  9x2  + 16y2  + 54x  - 64y  = -1  =>  9 (x2  + 6x)  + 16  (y2  - 4y)  = -1  =>  9 (x2  + 6x  + 9)  + 16  (y2  - 4y  + 4)  = 144 

=>■  9(x  ± 3)2  + 16(y  — 2)2  = 144  =>  <x  //"  ± (y~2)~  = 1,  an  ellipse;  the  center  is  (—3,  2);  a = 4 and  b = 3 

=>■  c = \/l6  — 9 = \Jl ; the  foci  are  ^—3  ± a/7,  2 ^ ; the  vertices  are  (1,2)  and  (—7,  2) 

74.  25x2  + 9y2  - lOOx  + 54y  = 44  =>  25  (x2  - 4x)  + 9 (y2  + 6y)  = 44  =>  25  (x2  - 4x  ± 4)  ± 9 (y2  ± 6y  ± 9)  = 225 

=>  (x~2)  + (y  /3)  = 1,  an  ellipse;  the  center  is  (2,  —3);  a = 5 and  b = 3 =>  c = \/25  — 9 = 4;  the  foci  are 

(2, 1)  and  (2,  —7);  the  vertices  are  (2, 2)  and  (2,  —8) 

75.  x2  + y2  — 2x  — 2y  = 0 =>  x2  — 2x  + 1 + y2  — 2y  ± 1 = 2 =>  (x  — l)2  + (y  — l)2  = 2,  a circle  with  center  (1, 1)  and 
radius  = \[2 

76.  x2  + y2  + 4x  + 2y  = 1 =>■  x2  + 4x  + 4 + y2  + 2y  ± 1 = 6 =>  (x  + 2)2  + (y  + l)2  = 6,  a circle  with  center  (—2,  —1) 
and  radius  = a/6 
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77.  r=  j 2os  9 =>  e = 1 =>  parabola  with  vertex  at  (1, 0) 


y 


78-  r = 2~Tcosl'  =*  r = i + ^cosfl  =►  e = \ =*  dliPSe; 

ke  = 4 =>  lk  = 4=>k  = 8;k=j-ea^>8=^|y-ia 

=>  a = y =>  ea=Q)(y)  = |;  therefore  the  center  is 
( | , 7r)  ; vertices  are  (8, 7r)  and  (|,  0) 


y 


79.  r = j _ 06cos  9 =>■  e = 2 =>  hyperbola;  ke  = 6 =>  2k  = 6 
=>  k = 3 =>  vertices  are  (2, 7 r)  and  (6, 7r) 


80.  r = 


12 

3 + sin  6 

j k = 4 


=>  r = 


1 + (|)  sin  0 

k = 12;  a (1 


=>  e = i ; ke  = 4 


2)  =4  =>  a 1 - Q)2 


= 4 =>  a = f =>  ea=  Q)  (§)  = | ; therefore  the 
center  is  (| , y)  ; vertices  are  (3,  and  (6,  y) 


y 


81.  e = 2 and  r cos  9 = 2 =>  x = 2is  directrix  =>  k = 2;  the  conic  is  a hyperbola;  r = 


=k  r = 


4 

1+2  cos  0 


ke 

1 + e cos  0 


_ (2)(2) 

1 1 + 2 cos  e 


82.  e = 1 and  r cos  9 = —4  =>  x = —4  is  directrix  =>•  k = 4;  the  conic  is  a parabola;  r = 3 =>  r = , (4)(  l) 

’ r ’ 1 — e cos  0 1 — cos 

=>  r=  4 
^ 1 l - cos  e 

83.  e = l and  r sin  9 = 2 =>■  y = 2 is  directrix  =>•  k = 2;  the  conic  is  an  ellipse;  r = t + egsin  g =>  r 

=*  r=  2 
^ 1 2 + sin  8 


= (2)0) 

1 + (|)  sin  6 


84.  e = | and  r sin  9 = —6  =>  y = —6  is  directrix  =>■  k = 6;  the  conic  is  an  ellipse;  r 


=>■  r = 


6 

3 — sin  6 


ke 

1 — e sin  6 


r_  Ml) 

1 — (|)  sin  6 


85. 


(a) 


Around  the  x-axis:  9x2  + 4y2  = 36  =>  y2  = 9 — | x2  =>  y = ± y 9 — | x2  and  we  use  the  positive  root: 

V = 2Ln  (V9^  !x2)  dx  = 2fo7r(9^l  x2)  dx  = t9x  - I x'3]  o = 24^ 
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(b)  Around  the  y-axis:  9x2  + 4y2  =36  =>  x2  = 4 — | y2  =>  x = ± y^4  — ^ y2  and  we  use  the  positive  root: 

v = 2fo7r  (V4  5 y2)  dy  = 2fo7r(4-l  y2)  dy  = 2n  t4y  - £ y3]  l = 16n 

86.  9x2  — 4y2  = 36,  x = 4 +>  y2  = 9x~~36  =>  y = | a/x2  — 4 ; V = n a/x2  — 4^  dx  = ^ (x2  — 4)  dx 

= 9J  [f  ~4x]  * = 9J  [(f  - 16)  -(§-8)]  =£(f -f)  = £ (32)  = 24tt 

87.  (a)  r = , + ekcosfl  =>  r + er  cos  9 — k =+  a/x2  + y2  + ex  = k =>  a/x2  + y2  = k — ex  =>  x2  + y2 

= k2  - 2kex  + e2x2  =>  x2  — e2x2  + y2  + 2kex  — k2  = 0 =>  ( 1 - e2)  x2  + y2  + 2kex  - k2  = 0 
(b)  e = 0 =+  x2  + y2  - k2  = 0 =>  x2  + y2  = k2  +>  circle; 

0 < e < 1 =>  e2  < 1 =>  e2  - 1 < 0 ^ B2  - 4AC  = 02  -4(1  — e2)  (1)  =4(e2  - 1)  < 0 =>  ellipse; 

e = 1 =+  B2  — 4AC  = 02  - 4(0)(1)  = 0 =>  parabola; 

e>l  +>  e2  > 1 =+  B2  — 4AC  = 02  — 4 (1  — e2)  (1)  = 4e2  — 4 > 0 =>  hyperbola 

88.  Let  (xi,9\)  be  a point  on  the  graph  where  ri  = a9\.  Let  (r2,  62)  be  on  the  graph  where  r?  = a 9o  and 

0-)  = 0 \ + 27 r.  Then  ri  and  i?  lie  on  the  same  ray  on  consecutive  turns  of  the  spiral  and  the  distance  between 

the  two  points  is  r?  — ri  = ad?  — aOi  = a($2  — &i)  = 2ira,  which  is  constant. 

CHAPTER  11  ADDITIONAL  AND  ADVANCED  EXERCISES 

1.  Directrix  x = 3 and  focus  (4, 0)  =>  vertex  is  (| , 0) 

1 7 y2 

=+  p = i =>  the  equation  is  x — ^ = C 


2.  x2  — 6x  — 12y  + 9 = 0 =>  x2  — 6x  + 9 = 12y  =+  3k  = y =>  vertex  is  (3, 0)  and  p = 3 =>  focus  is  (3,  3)  and  the 
directrix  is  y = — 3 

3.  x2  = 4y  =>  vertex  is  (0, 0)  and  p = 1 =>■  focus  is  (0, 1);  thus  the  distance  from  P(x,  y)  to  the  vertex  is  -/x2  + y2 
and  the  distance  from  P to  the  focus  is  ^/x2  + (y  — 1 )2  =+  ^/x2  + y2  = 2\/x2  + (y  — l)2 

=+  x2  + y2  = 4 [x2  + (y  — 1 )2]  =+  x2  + y2  = 4x2  + 4y2  — 8y  + 4 =+  3x2  + 3y2  — 8y  + 4 = 0,  which  is  a circle 

4.  Let  the  segment  a + b intersect  the  y-axis  in  point  A and 
intersect  the  x-axis  in  point  B so  that  PB  = b and  PA  = a 
(see  figure).  Draw  the  horizontal  line  through  P and  let  it 
intersect  the  y-axis  in  point  C.  Let  ZPBO  = 9 

=+  ZAPC  = 9.  Then  sin  9 — 1 and  cos  9 = - 

b a 

=+  ^ ^ = cos2  9 + sin2  9 — 1. 

5.  Vertices  are  (0,  ± 2)  =+  a = 2;  e = | =+  0.5  = § =>  c = 1 =+  foci  are  (0,  ±1) 
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6.  Let  the  center  of  the  ellipse  be  (x,  0);  directrix  x = 2,  focus  (4, 0),  and  e = | =>  5 — c = 2 =>■  5 = 2 + c 

=>  a = | (2  + c).  Also  c = ae  = | a =>  a = | (2  + | a)  =>  a = | + | a =>  | a = | =>  a=y;x  — 2=5 

=>■  x - 2 = (y)  (|)  = y =>•  x = y =>•  the  center  is  (y , 0)  ; x - 4 = c =>  c=y-4=fso  that  c2  = a2  - b2 

= (y)2  - (|)2  = § i therefore  the  equation  is  + pary  = 1 or  25  ^144T^  + % = 1 

7.  Let  the  center  of  the  hyperbola  be  (0,  y). 

(a)  Directrix  y = —1,  focus  (0,  —7)  and  e = 2 =>  c — 5=6  =>  j=c  — 6 =>  a = 2c  — 12.  Also  c = ae  = 2a 

=>■  a = 2(2a)  — 12  =$■  a = 4 =t>  c = 8;y  — (—  1)  = | = | = 2 =>  y = 1 =>■  the  center  is  (0,  1);  c2  = a2  + b2 

=>  b2  = c2  — a2  = 64  — 16  = 48;  therefore  the  equation  is  ^yy — ^ = 1 

(b)  e = 5 =>■  c— 5=6  =>  5 = c — 6 =>.  a = 5c  — 30.  Also,  c = ae  = 5a  =>  a = 5(5a)  — 30  =>■  24a  = 30  =>■  a = | 

=>  c = y ; y - (-1)  = | = ^ = l y = - y =>  the  center  is  (0,  - y)  ; c2  = a2  + b2  =>  b2  = c2  - a2 

= y?  — Yg  = ^ ; therefore  the  equation  is  ygy  = 1 or  16  ^ ty  = 1 

8.  The  center  is  (0, 0)  and  c = 2 =t>  4 = a2+b2  =>  b2  = 4 — a2.  The  equation  is  L — y = 1 =>  y — yr  = 1 

=>■  f - = 1 =>  49  (4  - a2)  - 144a2  = a2  (4  - a2)  =>  196  - 49a2  - 144a2  = 4a2  - a4  =>•  a4  - 197a2  + 196 

= 0 =>  (a2  — 196)  (a2  — 1)  = 0 =>  a = 14  or  a = 1;  a = 14  =>■  b2  = 4 — (14)2  < 0 which  is  impossible;  a = 1 
=>  b2  = 4 — 1 = 3;  therefore  the  equation  is  y2  — y = 1 

9.  b2x2  + a2y2  = a2b2  =>•  ^ = - || ; at  (xy  yO  the  tangent  line  is  y - yx  = (x  - Xi) 

=$■  a2yyi  + b2xxj  = b2x2  + a2y2  = a2b2  =$■  b2xxj  + a2yyi  — a2b2  = 0 

10.  b2x2  - a2y2  = a2b2  =>  ^ = !?f  ; at  (xi,  yi)  the  tangent  line  is  y - yi  = (x  - xx) 

=$■  b2xx!  — a2yyi  = b2x2  — a2y2  = a2b2  =$■  b2xxj  — a2yyi  — a2b2  = 0 


11.  12. 
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15.  (9x2  + 4y2  - 36)  (4x2  + 9y2  - 16)  < 0 

=>  9x2  + 4y2  - 36  < 0 and  4x2  + 9y2  - 16  > 0 
or  9x2  + 4y2  - 36  > 0 and  4x2  + 9y2  - 16  < 0 


16.  (9x2  + 4y2  — 36)  (4x2  + 9y2  — 16)  > 0,  which  is  the 
complement  of  the  set  in  Exercise  15 


17.  (a)  x = e2t  cos  t and  y = e2t  sin  t =>■  x2  + y2  = e4t  cos2 1 + e4t  sin2 1 = e4t.  Also  | = yyy4  = tan  t 
=>  t = tan'1  (|)  =>  x2  + y2  = e4tan  1 (y^  is  the  Cartesian  equation.  Since  r2  = x2  + y2  and 
9 = tan'1  (|)  , the  polar  equation  is  r2  = e4"  or  r = e2"  for  r > 0 


(b)  ds2  = r2  d 92  + dr2;  r = e29  =>  dr  = 2e29  d 6 

=>•  ds2  = r2  d 92  + (2e29  d df  = (e29)2  d6»2  + 4e49  d92 

= 5e49  A92  =>•  ds  = e29  d6»  =>  L = f*"  s/l  e29  d 9 

= 'v^]^=.^(e4--l) 


18.  r = 2 sin3  (f)  =>  dr  = 2 sin2  (f)  cos  (f)  d 9 =>  ds2  = r2  d6>2  + dr2  = [2  sin3  (f)] 2 d02  + [2  sin2  (f)  cos  (§)  d6>] 2 

= 4 sin0  (f)  d 92  + 4 sin4  (§)  cos2  (f)  d 92  = [4  sin4  (§)]  [sin2  (f)  + cos2  (f )]  A92  = 4 sin4  (§)  d 92 

=>  ds  = 2 sin2  (9)  A9.  ThenL  = Jo  2 sin2  (9)  d 9 = Jo  [l  — cos  (y)]  d 9 — \0  — | sin  (y)]  q = 37t 

19.  e = 2 and  r cos  9 = 2 =>  x = 2is  the  directrix  =>  k = 2;  the  conic  is  a hyperbola  with  r = l ^os  g 

^ r _ (2X2)  _ 4 

1+2  cos  6 1+2  cos  6 

20.  e = 1 and  r cos  9 = —4  =>  x = —4  is  the  directrix  =>■  k = 4;  the  conic  is  a parabola  with  r = ) _ ^ g 

. r __  (4)(1)  _ 4 

1 — cos  6 1 — cos  6 


21.  e — 4 and  r sin  9 = 2 


y = 2 is  the  directrix 


k = 2;  the  conic  is  an  ellipse  with  r = l +n  g 


=>  r = 


2(1) 

1 + (i)  sin  6 


2 

2 + sin  6 


22.  e = | and  r sin  9 = —6  =>  y = —6  is  the  directrix  =>■  k = 6;  the  conic  is  an  ellipse  with  r = y 


=»  r = 
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23.  Arc  PF  = Arc  AF  since  each  is  the  distance  rolled; 

ZPCF  = =>  Arc  PF  = b(ZPCF);  9 = 

Arc  AF  = ad  =>  ad  = b(ZPCF)  =>  ZPCF  = (|)  6>; 

ZOCB  = | - 9 and  ZOCB  = ZPCF  - ZPCE 
= ZPCF  - (|  - a)  = (£)  9 - (|  - a)  =>  § -6 

= (§)*- (f-«)  =*  !-0  = (s)^f  +« 

=>■  a = 7T  — 9 — (g)  9 =>  a = 7r  — (^)  0. 

Now  x = OB  + BD  = OB  + EP  = (a  + b)  cos  9 + b cos  a = (a  + b)  cos  9 + b cos  (tt  — (^±Z)  0) 

= (a  + b)  cos  9 + b cos  n cos  9)  + b sin  7r  sin  ((^^Z)  9)  = (a  + b)  cos  9 — b cos  ( 0)  and 

y = PD  = CB  — CE  = (a  + b)  sin  9 — b sin  a — (a  + b)  sin  9 — b sin  ( (z±Z)  0) 

= (a  + b)  sin  9 — b sin  7r  cos  ((^ZZ)  0)  + b cos  7r  sin  ((^jp)  0)  = (a  + b)  sin  9 — b sin  ((pp)  0)  ; 
therefore  x = (a  + b)  cos  9 — b cos  ((pp)  9 ) and  y = (a  + b)  sin  9 — b sin  ((pp)  9 ) 

24.  x = a(t  — sin  t)  =>  ^ = a(l  — cos  t)  and  let  S = 1 =>■  dm  = dA  = y dx  = y (Zt)  dt 

X2tv 

a2(l  — cos  t)2  dt 

= a 2 Jg  (1—2  cos  t + cos2 1)  dt  = a 2 (l  — 2 cos  t + \ + Z cos  2t)  dt  = a2  [|  t — 2 sin  t + ZtZJ  2vr 
= 37ra2;  x'  = x = a(t  — sin  t)  and  y = | y = | a(l  — cos  t)  =>  Mx  = J y1  dm  = J y b dA 
= fg  \ a(l  — cos  t)a2  (1  — cos  t)2  dt  = \ a3Jg  (1— cost)3dt  — jfg  (1  — 3 cos  t + 3 cos2 1 — cos3 1)  dt 
= jJ0  [1  - 3 cos  t + § + lif*  - (1  - sin2 1)  (cos  t)]  dt  = %-  [|  t — 3 sin  t + - sin  t + 

= . Therefore  y = ^ = | a.  Also,  My  = J x dm  = J x 6 dA 

X2n  n2n 

a(t  — sin  t)  a2  (1  — cos  t)2  dt  = a 3 Jo  (t  — 2t  cos  t + t cos2 1 — sin  t + 2 sin  t cos  t — sin  t cos2 1)  dt 

[2  3 i 2ir 

Z — 2 cos  t — 2t  sin  t + 1 12  + | cos  2t  + | sin  2t  + cos  t + sin2 1 + ^pZ  = 37r2a3.  Thus 
x = ^ = = 7ra  =>  (7ra,  | a)  is  the  center  of  mass. 

25.  /3  = ih-ih  =►  tan  0 = tan($j  - Vh)  = ; 

the  curves  will  be  orthogonal  when  tan  j3  is  undefined,  or 
when  tan  ibo  — — Z—  =>■ 

tan^i  g'(fl)  K 1 

=►  r2  = -f'(0)  g' (9) 


26.  r = sin4  (?)  =►  § = sin3  (£)  cos  (£)  =>  tan  ^ ^ (cfs  (,}  = tan  (£) 

27.  r = 2a  sin  30  =>  Z = 6a  cos  30  ^ tan  ^ _ _j_  = | tan  30;  when  0 = | , tan  ip  = \ tan 
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28. 


(b)  rd  = 1 =>■  r = 9 1 =>  gg  = —9  2 =>  tan  7p\  B=l 

= Apr  = —9  =>■  lim  tan  i/'  = — oo 
-0  e^oo 

=>  A ~ | from  the  right  as  the  spiral  winds  in 
around  the  origin. 


29.  tan  ipi  = ^ = — cot  9 is  — ^ at  9 = | ; tan  ip2  = g = tan  0 is  \f?>  at  9 = | ; since  the  product  of 

these  slopes  is  — 1 , the  tangents  are  perpendicular 

30.  tanV-=(|y  = ^s^islat0=|  =*  = f 
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CHAPTER  12  VECTORS  AND  THE  GEOMETRY  OF  SPACE 


12.1  THREE-DIMENSIONAL  COORDINATE  SYSTEMS 

1.  The  line  through  the  point  (2, 3, 0)  parallel  to  the  z-axis 

2.  The  line  through  the  point  (—1,0,0)  parallel  to  the  y-axis 

3.  The  x-axis 

4.  The  line  through  the  point  (1,0,0)  parallel  to  the  z-axis 

5.  The  circle  x2  + y2  = 4 in  the  xy-plane 

6.  The  circle  x2  + y2  = 4 in  the  plane  z = —2 

7.  The  circle  x2  + z2  = 4 in  the  xz-plane 

8.  The  circle  y2  + z2  = 1 in  the  yz-plane 

9.  The  circle  y2  + z2  = 1 in  the  yz-plane 

10.  The  circle  x2  + z2  = 9 in  the  plane  y = —4 

11.  The  circle  x2  + y2  = 16  in  the  xy-plane 

12.  The  circle  x2  + z2  = 3 in  the  xz-plane 

13.  The  ellipse  formed  by  the  intersection  of  the  cylinder  x2  + y2  = 4 and  the  plane  z = y. 

14.  The  circle  formed  by  the  intersection  of  the  sphere  x2  + y2  + z2  = 4 and  the  plane  y = x. 

15.  The  parabola  y = x2  in  the  the  xy-plane. 

16.  The  parabola  z = y2  in  the  the  plane  x = 1. 

17.  (a)  The  first  quadrant  of  the  xy-plane  (b)  The  fourth  quadrant  of  the  xy-plane 

18.  (a)  The  slab  bounded  by  the  planes  x = 0 and  x = 1 

(b)  The  square  column  bounded  by  the  planes  x = 0,  x = 1 , y = 0,  y — 1 

(c)  The  unit  cube  in  the  first  octant  having  one  vertex  at  the  origin 

19.  (a)  The  solid  ball  of  radius  1 centered  at  the  origin 

(b)  The  exterior  of  the  sphere  of  radius  1 centered  at  the  origin 

20.  (a)  The  circumference  and  interior  of  the  circle  x2  + y2  = 1 in  the  xy-plane 
(b)  The  circumference  and  interior  of  the  circle  x2  + y2  = 1 in  the  plane  z = 3 
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(c)  A solid  cylindrical  column  of  radius  1 whose  axis  is  the  z-axis 

21.  (a)  The  solid  enclosed  between  the  sphere  of  radius  1 and  radius  2 centered  at  the  origin 
(b)  The  solid  upper  hemisphere  of  radius  1 centered  at  the  origin 

22.  (a)  The  line  y = x in  the  xy-plane 

(b)  The  plane  y = x consisting  of  all  points  of  the  form  (x,  x,  z) 

23.  (a)  The  region  on  or  inside  the  parabola  y = x2  in  the  xy-plane  and  all  points  above  this  region. 

(b)  The  region  on  or  to  the  left  of  the  parabola  x = y2  in  the  xy-plane  and  all  points  above  it  that  are  2 units  or  less  away 

from  the  xy-plane. 

24.  (a)  All  the  points  the  lie  on  the  plane  z = 1 — y. 

(b)  All  points  that  lie  on  the  curve  z = y3  in  the  plane  x = —2. 

25.  (a)  x = 3 (b)  y = — 1 (c)  z = -2 

26.  (a)  x = 3 (b)  y = -1  (c)  z = 2 

27.  (a)  z = 1 (b)  x = 3 (c)  y = -1 

28.  (a)  x2  + y2  = 4,  z = 0 (b)  y2  + z2  = 4,  x = 0 (c)  x2  + z2  = 4,  y = 0 

29.  (a)  x2  + (y  - 2)2  = 4,  z = 0 (b)  (y  - 2)2  + z2  = 4,  x = 0 (c)  x2  + z2  = 4,  y = 2 

30.  (a)  (x  + 3)2  + (y  - 4)2  = 1,  z = 1 (b)  (y  - 4)2  + (z  - l)2  = 1,  x = -3 

(c)  (x  + 3)2  + (z  - l)2  = 1,  y = 4 

31.  (a)  y = 3,  z = — 1 (b)  x = l,  z = — 1 (c)  x=l,y  = 3 

32.  ^/x2  + y2  + z2  = \J  x2  + { y — 2)2  + z2  =>  x2  + y2  + z2  = x2  + (y  — 2)2  + z2  =>  y2  = y2  — 4y  + 4 =>  y = 1 

33.  x2  + y2  + z2  = 25,  z = 3 =>■  x2  + y2  = 16  in  the  plane  z = 3 

34.  x2  + y2  + (z  - l)2  = 4 and  x2  + y2  + (z  + l)2  = 4 =>  x2  + y2  + (z  - l)2  = x2  + y2  + (z  + l)2  =>  z = 0,  x2  + y2  = 3 

35.  0 < z < 1 36.  0<x<2,  0<y<2,  0<z<2 

37.  z < 0 38.  z = V'l  -x2  -y2 

39.  (a)  (x  - l)2  + (y  - l)2  + (z  - l)2  < 1 (b)  (x  - l)2  + (y  - l)2  + (z  - l)2  > 1 

40.  1 < x2  + y2  + z2  < 4 

41.  | P i P 2 1 = y(3-l)2  + (3-l)2  + (0-l)2  = yfi  = 3 

42.  iPjPal  = J(2+  l)2  + (5  — l)2  + (0  — 5)2  = V'SO  = 5^2 
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43.  | P i P 2 1 = ^/(4-  l)2  + (—2  — 4)2  + (7  — 5)2  = a/49  = 7 

44.  | P j P 2 1 = \j  {2  — 3)2  + (3  — 4)2  + (4  — 5)2  = yfi 

45.  j P ! P 2 1 = \J  (2  — 0)2  + (-2  - 0)2  + (-2  - 0)2  = y^4  = 2^/3 


46.  | P i P 2 1 = ^/(0-5)2  + (0-3)2  + (0  + 2)2  = a/38 


47.  center  (—2, 0, 2),  radius  2\p2 

49.  center  (^/z,  \/2,  — ^//j  , radius  a / 2 

51.  (x  - l)2  + (y  - 2) 2 + (z  - 3)2  = 14 
53.  (x+l)2  + (y-I)2  + (z+|)2  = if 


48.  center  (l,  — / — 3)  , radius  5 
50.  center  (0,  — |)  , radius  | 

52.  x2  + (y+  l)2  + (z-5)2  =4 
54.  x2  + (y  + if  + z2  = 49 


55.  x2  + y2  + z2  + 4x  - 4z  = 0 =>  (x2  + 4x  + 4)  + y2  + (z2  - 4z  + 4)  = 4 + 4 

=)>  (x  + 2)2  + (y  — 0)2  + (z  — 2)2  = =4-  the  center  is  at  (—2, 0, 2)  and  the  radius  is  \fs 

56.  x2  + y2  + z2  — 6y  + 8z  = 0 =>  x2  + (y2  - 6y  + 9)  + (z2  + 8z  + 16)  = 9 + 16  =>■  (x  — 0)2  + (y  - 3)2  + (z  + 4)2  = 52 

=>  the  center  is  at  (0, 3,  —4)  and  the  radius  is  5 

57.  2x2  + 2y2  + 2z2  + x + y + z = 9 =>  x2  + \ x + y2  + \ y + z2  + \ z = | 

=*•  (*2  + i * + A)  + (y"  + i y + ft)  + (-=  + 1 * + A)  = I + ft  =*■  (>  + i)2  + (y+i),  + (^+l)s  = 

=)>  the  center  is  at  (—  / — / — f)  and  the  radius  is 


58.  3x2  + 3y2  + 3z2  + 2y  - 2z  = 9 =>  x2  + y2  + § y + z2  - § z = 3 =>  x2  + (y2  + § y + |)  + (z2  - § z + 1)  = 3 + 
=>  (x  — 0)2  + (y  + |)2  + (z  — |)2  = (-/p)  ^ center  is  at  (0,  — / |)  and  the  radius  is 


59.  (a)  the  distance  between  (x,  y,  z)  and  (x,  0, 0)  is  \/y2  + z2 

(b)  the  distance  between  (x,  y,  z)  and  (0,  y,  0)  is  \/x2  + z2 

(c)  the  distance  between  (x,  y,  z)  and  (0, 0,  z)  is  \Jx2  + y2 


60.  (a)  the  distance  between  (x,  y,  z)  and  (x,  y,  0)  is  z 

(b)  the  distance  between  (x,  y,  z)  and  (0,  y,  z)  is  x 

(c)  the  distance  between  (x,  y,  z)  and  (x,  0,  z)  is  y 

61.  | AB | = (-1))2  + (-1  - 2) 2 + (3  - l)2  = 4 + 9 + 4 = y/il 

|BC|  = \]  ~ l)2  + (4  - (— l))2  + (5  — 3)2  = ^4  + 25  + 4 = V^33 

|CA|  = \J  (—1  — 3)2  + (2  — 4)2  + (1  — 5)2  = ^16  + 4+  16  = a/36  = 6 
Thus  the  perimeter  of  triangle  ABC  is  \f\l  + a/33  + 6. 

Copyright  © 2010  Pearson  Education  Inc.  Publishing  as  Addison-Wesley. 


718  Chapter  12  Vectors  and  the  Geometry  of  Space 


62.  |PA|  = \J (2  — 3)2  + (— 1 - l)2  + (3  — 2)2  = y/l  +4+  1 = y/6 

|PB|  = ^/(4  — 3)2  + (3  — l)2  + (1  — 2)2  = a/1+4+1  = y/6 
Thus  P is  equidistant  from  A and  B. 

63.  y/(x  - x)2  + (y  - (-1))2  + (z  - z)2  = yj(x-  x)2  + (y  - 3)2  + (z  - z)2  =+  (y  + l)2  = (y  - 3)2  =>  2y  + 1 = -6y  + 9 

=^y  = i 

64.  \J (x  - 0)2  + (y  - 0)2  + (z  - 2) 2 = \J (x  - x)2  + (y  - y)2  + (z  - 0)2  =>•  x2  + y2  + (z  - 2)2  = z2 
+>x2+y2-4z  + 4 = 0+>z=|1  + / + l 


65.  (a)  Since  the  entire  sphere  is  below  the  xy-plane,  the  point  on  the  sphere  closest  to  the  xy-plane  is  the  point  at  the  top  of 

the  sphere,  which  occurs  when  x = 0 and  y = 3 =>  02  + (3  — 3)”  + (z  + 5)2  = 4 +>  z = — 5 ± 2 =>  z = —3 
=+  (0,3,  -3). 

(b)  Both  the  center  (0,  3,  —5)  and  the  the  point  (0,  7,  —5)  lie  in  the  plane  z = —5,  so  the  point  on  the  sphere  closest  to 
(0,  7,  —5)  should  also  be  in  the  same  plane.  In  fact  it  should  lie  on  the  line  segment  between  (0,  3,  —5)  and  (0,  7,  —5), 
thus  the  point  occurs  when  x = 0 and  z = — 5 =>-  02  + (y  — 3)2  + (—5  + 5)2  = 4+>y  = 3±2=>y  = 5 
=+  (0,5,  -5). 

66.  (x  - 0)2  + (y  - 0)2  + (z  - 0)2  = ^ (x  - 0)2  + (y  - 4)2  + (z  - 0)2  = \J (x  - 3)2  + (y  - 0)2  + (z  - 0)2 
= \/(x-  2) 2 + (y  - 2) 2 + (z  + 3)" 

+>  x2  + y2  + z2  = x2  + y2  - 8y  + 16  + z2  = x2  - 6x  + 9 + y2  + z2  = x2  - 4x  + y2  - 4y  + z2  + 6z  + 17 

Solve:  x2  + y2  + z2  = x2  + y2  - 8y  + 16  + z2  =>  0 = -8y  + 16  +>  y = 2 

Solve:  x2  + y2  + z2  = x2  - 6x  + 9 + y2  + z2  +>  0 = — 6x  + 9 =>■  x = \ 

Solve:  x2  + y2  + z2  = x2  — 4x  + y2  — 4y  + z2  + 6z  + 17  =>■  0 = — 4x  — 4y  + 6z  + 17  +>  0 = — 4(|)  — 4(2)  + 6z  + 17 

+>z  = -i=>  (|,2,-i) 

12.2  VECTORS 


1.  (a)  (3(3),  3(— 2))  = (9,  -6) 

2.  (a)  (-2(-2), -2(5))  = (4, -10) 

(b)  y/92  + (-6)2  = 

(b)  y/42  + (-10)2  = v/116  = 2y/29 

3.  (a)  (3  + (-2), -2  + 5)  = (1,3) 

4.  (a)  (3 -(-2), -2 -5)  = (5,-7) 

(b)  V^  + S2  = a/10 

(b)  + (— 7)2  = a/74 

5.  (a)  2u  = (2(3),  2(-2))  = (6,-4) 

6.  (a)  — 2u  = (—2(3),  — 2(— 2))  = (—6,  4) 

3v=  (3(— 2),  3(5))  = (-6,  15) 

5v=  (5(— 2),  5(5))  = (-10,  25) 

2u  - 3v  = (6  - ( -6),  -4  - 15)  = (12,  -19) 

— 2u  + 5v  = (-6 +(-10),  4 + 25)  = (-16,  29) 

(b)  yj  122  + (— 19)2  = a/505 

(b)  yJ{-\6)2  +292  = ^1097 
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7. 

(a) 

§»  = 

(i(3).  i ( 2) ) — 

(!■-!) 

8. 

(a) 

5 

13 

U = 

(-m  -sc— 2>)  = <-i§,  g) 

fv  = 

(f(-2).  1(5)  > = 

(-!■«> 

— y 

13  v 

=< 

«(-2).«(5))  = <-S,g) 

fu+ 

h = (f  + H). 

-f+4>  = (lA) 

5 

13 

u + 

— \ — / — — 10  + 60\-/_3  ZO 

13 v \ 13  ' \ 13/’  13  ^ 13  / \ 13 

(b) 

)2+ (f)2  = 

(b) 

-3)2 

, / 70  \ 2 \/ 6421 

V 13/  13 

9. 

<2- 

- 1,  - 

1-3)  = (1,-4) 

10. 

( 2+(-4) 

-0, 

=M-0)  = <-!.!> 

11. 

<0- 

-2,0 

-3)  = (-2,  -3) 

12. 

AB 

= (2 

-1,0  — (-!)>  = 

(1,  1),  CD  = (-2- 

(— 1)>  2 — 

3) 

= (- 

-1,  - 

-1),  AB  +CD  = (0,  0) 

13.  (cos  f,  sin  f)  = (~b  4)  14-  (c°s  (~t)- sin  (~t))  = 


15.  This  is  the  unit  vector  which  makes  an  angle  of  120°  + 90°  = 210°  with  the  positive  x-axis; 

(cos  210°,  sin  210°)  = (-^,-5) 

16.  (cos  135°,  sin  135°)  = (-^,  ^ 

17.  pTp2  = (2  - 5)i  + (9  - 7)j  + (-2  - (-l))k  = -3i  + 2j  - k 

18.  P(P2  = (-3  - l)i  + (0  - 2)j  + (5  - 0)k  = -4i  - 2j  + 5k 

19.  AB  = (-10  - (— 7))i  + (8  - (— 8))j  + (1  - l)k  = -3i  + 16j 

20.  AB  = (-1  - l)i  + (4  — 0)j  + (5  — 3)k  = -2i  + 4j  +2k 

21.  5u  — v = 5(l,  1,  -1)  - (2,0.  3)  = (5.5,  -5)  - (2,0.3)  = (5  -2,5  -0,  -5  -3)  = (3,5,  -8)  = 3i  + 5j  - 8k 

22.  -2u  + 3v  = — 2(  — 1,  0,  2)  + 3(1,  1,  l)  = (2,  0,  -4)  + (3,  3,  3)  = (5,  3,  -l)  = 5i  + 3j  - k 

23.  The  vector  v is  horizontal  and  1 in.  long.  The  vectors  u and  w are  in.  long,  w is  vertical  and  u makes  a 45°  angle  with 

the  horizontal.  All  vectors  must  be  drawn  to  scale. 
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24.  The  angle  between  the  vectors  is  120°  and  vector  u is  horizontal.  They  are  all  1 in.  long.  Draw  to  scale. 


u + v + w = 0 


25.  length  = |2i  + j — 2k|  = \J22  + l2  + (— 2)2  = 3,  the  direction  is  | i + | j — k =>•  2i+j  — 2k  = 3(|i+|j  — | k) 

26.  length  = |9i  — 2j  + 6k|  = a/81+4  + 36  = 1 1,  the  direction  is  i — ^yj  + yyk  =>  9i  — 2j  + 6k 
= “(ni-nJ  + nk) 

27.  length  = |5k|  = y/25  = 5,  the  direction  is  k =+  5k  = 5(k) 


28.  length  = |i+jk  = y § + jf  = 1,  the  direction  is|i+|k  =>  |i+|k=l(|i+|k) 


29.  length  = 


J_  i Li L It 

V6  C6j  V* 


1 the  direction  is-Ci V j k 

2’  \/3 J x/3 


J_: Li L t — , /T  f _L  j Li Lkl 

v/61  CeJ  x/6K_V2Vv/3  a/3J  V3  ) 


3°.  lengths  |^i+^j  + ^] 


\ 2 

= \l 3 ( = 1,  the  direction  is  1 


v)3i+C3j+x/3k_^V3i+C3j+y3k) 


W 


V3i+  C3k 


31.  (a)  2i 

(b) 

-v^k 

(e)  fgj+fk 

(d)  6i-2j  + 3k 

32.  (a)  — 7j 

(b) 

3^2.  4^2. 

— ' 5“K 

(c)  5 i — 5 j — k 

<d>  Vii  + 73j- 

33.  |v|  = a/ 122  + 52  = \J  169  = 13;  ^ = yj  v = (12i  — 5k)  +>  the  desired  vector  is  ^ (12i  — 5k) 
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34.  !v|  = ^|  + 5 + ? = #;M  = 73i_73j_V3k  =*  the  desired  vector  is  -3 

= \/3i  + \/3j  + \/3k 

35.  (a)  3i  + 4j  - 5k  = 5y/2  i + ^ j - ^ k)  =►  the  direction  is  ^ i + ^ j - ^ k 
(b)  the  midpoint  is  3,  |) 

36.  (a)  3i  — 6j  + 2k  = 7 (|  i — | j + | k)  =>■  the  direction  is  ^ i — | j + | k 
(b)  the  midpoint  is  (| , 1 , 6) 

37.  (a)  -i-j-k=v/3(-^i-^j-^k)  =*  the  direction  is  - ^ i - ^ j - ^ k 

(b)  the  midpoint  is  (|,  |) 

38.  (a)  2i  - 2j  - 2k  = 2^3  i - ^ j - ^ k)  =>  the  direction  is  ^ i - ^ j - ^ k 
(b)  the  midpoint  is  (1, —1, —1) 

39.  AB  = (5  - a)i  + (1  - b)j  + (3  - c)k  = i + 4j  - 2k  =>  5 - a = 1,  1 - b = 4,  and  3 - c = -2  =>  a = 4,  b = -3,  and 
c = 5 =$■  A is  the  point  (4,  —3,  5) 

40.  AB  = (a  + 2)i  + (b  + 3)j  + (c  - 6)k  = -7i  + 3j  + 8k  a + 2 = -7,  b + 3 = 3,  and  c - 6 = 8 =>  a = -9,  b = 0, 
and  c = 14  =>  B is  the  point  (—9, 0, 14) 

41.  2i  + j = a(i  + j)  + b(i  — j)  = (a  + b)i  + (a  — b)j  =>  a + b = 2 and  a — b = 1 =>  2a  = 3 =$■  a = | and 
b = a-t  = 1 

42.  i — 2j  = a(2i  + 3j)  + b(i  + j)  = (2a  + b)i  + (3a  + b)j  =>  2a  + b = 1 and  3a  + b = —2  =>  a = — 3 and 
b = 1 — 2a  = 7 =>■  ui=  a(2i  + 3j)  = — 6i  — 9j  and  u2  = b(i  + j)  = 7i  + 7j 

43.  25°  west  of  north  is  90°  + 25°  = 115°  north  of  east.  800(cos  115°,  sin  115°)  « (-338.095,725.046) 

44.  Let  u = (x,  y)  be  represent  the  velocity  of  the  plane  alone,  v = (70cos60°,  70sin60°)  = (35,  35y/3)>  and  let  the 
resultant  u + v = (500,  0).  Then  (x,  y)  + (35,  35  a/3)  = (500,  0)  =>  (x  + 35,  y + 35x/3)  = (500,  0) 

x + 35  = 500  and  y + 35  a/3  = 0 =>  x = 465  and  y = -35  a/3  =>  u = (465,  -35  a/3) 

=>•  |u|  = \j 4652  + 35a//)  « 468.9  mph,  and  tan#  = =>■  6 « —7.4°  =>  7.4°  south  of  east. 

45.  F,  = ^ — |Fi |cos 30°,  ^^30°)  = (-f  |F,j.  i|Fi|),  F2  = (|F2|cos45°,  |F2|sin45°)  = (jj|F2|,  Jjg|F2|),  and 
w = (0,  -100).  Since  F,  + F2  = (0,  100)  =►  (-f  F,  + ^ F2|,  i|Fi|  + ^|F2|)  = (0,  100) 

=>— a/|Fi|  + ^/|F2|=0  and  )|Fi|  + |F2|  = 100.  Solving  the  first  equation  for  |F2|  results  in:  |F2|  = //Fi|. 

Substituting  this  result  into  the  second  equation  gives  us:  /Fi|  + = 100  =>  |F  1 1 = y-^j  « 73.205  N 

=>  |F2|  = 1“)^  « 89.658  N =>•  Ft  w (-63.397,  36.603)  and  F2  = « (63.397,  63.397) 
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46.  F]  = (— 35cosa,  35  sina),  F2  = ^|F2|cos60°,  |F2|sin60°^  = ^ j|F2|,  y^|F2|^,  and  w = (0,  — 50).  Since 
Fi  + F2  = (0.  50)  =4  (-35  cos  a + ||F2|,  35  sina  + ^]F2|)  = (0,  50)  =>•  -35  cosa  + ±|F2|  = 0 and 

/3 

35  sin  a + -^|F2|  = 50.  Solving  the  first  equation  for  |F2|  results  in:  |F2|  = 70  cosa.  Substituting  this  result  into  the 
second  equation  gives  us:  35  sin  a + 35a/3  cosa  = 50  =>  \/3  cosa  = y — sin  a =4-  3cos2a  = ™ — ysina  + sin2a 
=>  3(1  — sin2a)  = ^ — ysina  + sin2a  =>  196sin2a  — 140sina  — 47  = 0 =>■  sina  = 5 — . Since  a > 0 => 
sina  > 0 =>  sina  = =>  a « 74.42°,  and  |F2|  = 70  cosa  « 18.81  N. 

47.  F,  = ^ — |Fi  |cos  40°,  |F1|sin40°^,  F2  = (I00cos35°,  100  sin 35°),  and  w = (0,  -w).  Since  Ft  + F2  = (0,  w) 

=4  ^ — |Fi|cos 40°  + 100 cos 35°,  |F1|sin40°  + 100sin35°^  = (0,  w)  =>  -|F!|cos40°  + 100cos35°  = 0 and 

|Fi|sin40°  4-  100  sin  35°  = w.  Solving  the  first  equation  for  |Fi|  results  in:  |F 1 1 = 10cuo°°s025  w 106.933  N.  Substituting  this 
result  into  the  second  equation  gives  us:  w « 126.093  N. 

48.  Fj  = ( — |Fi|  cosa,  |F 1 1 sina)  = (—75  cosa,  75  sina),  F2  = ( |F2 1 cos /?,  |F2|  sin/3)  = (75  cosa,  75  sina),  and 

w = (0,  —25).  Since  F[  + F2  = (0,  25)  =>■  (—75  cosa  + 75  cosa,  75  sina  + 75  sina)  = (0,  25)  =>  150  sin  a = 25 
=>  a « 9.59°. 


49.  (a)  The  tree  is  located  at  the  tip  of  the  vector  OP  = (5  cos  60°)i  + (5  sin  60°  )j  = 


5\/3  ; 

2 J 


p = (!.¥) 


(b)  The  telephone  pole  is  located  at  the  point  Q,  which  is  the  tip  of  the  vector  OP  + PQ 
= (|i+  ^j)  + (10  cos  315°)i  + (10  sin  315°)j  = (|  + ^)i+  j 

q _ ^5  + 10y/2  SV3-  10y/2~j 


50.  Let  t = — j—  and  s = — Choose  T on  OPi  so  that  TQ  is 

p + q p + q 

parallel  to  OP2,  so  that  ATPiQ  is  similar  to  AOPjPi.  Then 
JgJ  = t =>  OT  = tOPi  so  that  T = (txq,  tyi,  tzp). 

Also,  |^|  = s =4  TQ  = sOP2  = s(x2,  y2,  z2). 

Letting  Q = (x,  y,  z),  we  have  that 
TQ  = (x  — txi,  y - tyi,  z - tzi)  = s(x2,  y2,  z2) 

Thus  x = txj  + sx2,  y = tyi  + sy2,  z = tzi  + sz2. 


O 


(Note  that  if  Q is  the  midpoint,  then  E = 1 and  t = s = ^ 

so  that  x = i xi  + | x2  = Xl  2 X2 , y = yi  t yi , z = Zl  2 Z2  so  that  this  result  agress  with  the  midpoint  formula.) 


51.  (a)  the  midpoint  of  AB  is  M (|,  0)  and  CM  = (|  — l)  i + (|  — l)  j + (0  — 3)k  = § i + § j — 3k 

(b)  the  desired  vector  is  (|)  CM  = | (§  i + f j — 3k)  = i + j — 2k 

(c)  the  vector  whose  sum  is  the  vector  from  the  origin  to  C and  the  result  of  part  (b)  will  terminate 

at  the  center  of  mass  =>■  the  terminal  point  of  (i  + j + 3k)  + (i  + j — 2k)  = 2i  + 2j  + k is  the  point 

(2, 2, 1),  which  is  the  location  of  the  center  of  mass 


52.  The  midpoint  of  AB  is  M (|,  0,  |)  and  (|)  CM  = | [(|  + l)  i + (0  — 2)j  + (|  + l)  k]  = | (|  i — 2j  + | k) 

= | i — | j + | k.  The  vector  from  the  origin  to  the  point  of  intersection  of  the  medians  is  ( | i — | j + | k)  + OC 

— (j*  - 3 j + | k)  + (— i + 2j  — k)=  |i+|j+|k. 


Copyright  © 2010  Pearson  Education  Inc.  Publishing  as  Addison-Wesley. 


Section  12.3  The  Dot  Product  723 


53.  Without  loss  of  generality  we  identify  the  vertices  of  the  quadrilateral  such  that  A(0, 0,  0),  B(Xb,  0, 0), 

C(xc , yc , 0)  and  D(x<j . y(| . z<i ) =>  the  midpoint  of  AB  is  Mab  ( y , 0, 0)  , the  midpoint  of  BC  is 

MBc  (^4^  , | ,0)  , the  midpoint  of  CD  is  MCD  (Np  • » I)  and  the  midpoint  of  AD  is 

/ * b , *c  + *d  \ 

Mad  (y  , y , y)  =>  the  midpoint  of  MabMcd  is  I - — p — > Yc \yi  , ^ ) which  is  the  same  as  the  midpoint 

/*b  + *c  , m , \ 

of  MadMbc  - f 2 2 2 .!)• 

54.  Let  Vi,  V2,  V3,  . . . , Vn  be  the  vertices  of  a regular  n- sided  polygon  and  Vj  denote  the  vector  from  the  center  to 

n 

V;  for  i = 1,  2,  3, . . . , n.  If  S = v;  and  the  polygon  is  rotated  through  an  angle  of  where  i = 1,  2,  3,  . . . , n, 

i=l 

then  S would  remain  the  same.  Since  the  vector  S does  not  change  with  these  rotations  we  conclude  that  S = 0. 

55.  Without  loss  of  generality  we  can  coordinatize  the  vertices  of  the  triangle  such  that  A(0, 0),  B(b,  0)  and 

C(xc,yc)  =>  a is  located  at  (Pp  , , b is  at  (y  , y)  and  c is  at  (| , 0)  . Therefore,  Aa  = (|  + ^)  i + (y ) j , 

Bb  = ( Is  ~ b)  i + (y)  j , and  Cc  = (|  - xc)  i + (— yc)  j =>  Aa  + Bb  + Cc  = 0 . 

56.  Let  u be  any  unit  vector  in  the  plane.  If  u is  positioned  so  that  its  initial  point  is  at  the  origin  and  terminal  point  is  at  (x,  y), 
then  u makes  an  angle  9 with  i,  measured  in  the  counter-clockwise  direction.  Since  |u|  = 1,  we  have  that  x = cos  9 and 

y = sin  9.  Thus  u = cos  9 i + sin  9 j.  Since  u was  assumed  to  be  any  unit  vector  in  the  plane,  this  holds  for  every  unit 
vector  in  the  plane, 

12.3  THE  DOT  PRODUCT 

NOTE:  In  Exercises  1-8  below  we  calculate  projv  u as  the  vector  ^ 11  " j v,  so  the  scalar  multiplier  of  v is  the  number  in 

column  5 divided  by  the  number  in  column  2. 


V • u 

|V| 

|u| 

cos  9 

|u|  cos  9 

projv  u 

1. 

-25 

5 

5 

-1 

-5 

— 2i  + 4j  - ^5k 

2. 

3 

1 

13 

3 

13 

3 

3(|i+|k) 

3. 

25 

15 

5 

1 

3 

5 

3 

i(10i+llj-2k) 

4. 

13 

15 

3 

13 

45 

13 

15 

255  (2i  + lOj  — 1 lk) 

5. 

2 

y/34 

2 

vT  vT4 

2 

v/34 

P7  (5j  - 3k) 

6. 

y/3-y/2 

3 

vT-a/2 

3vT 

vT-n/2 

vT 

i+j) 

7. 

10  + v'n 

y/26 

■v/21 

10+V17 

x/546 

lO+x/17 

s/26 

i^(5i+j) 

8 

1 

\/30 

\/3b 

1 

1 

1 / 1 1 \ 

O. 

6 

6 

6 

5 

vTo 

5\V2*  y/3/ 
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-1  f (2)(  1)  + (1)(2)  + (0)(— 1) 

V \/ 22  + i2  + o2  yi2  + 22  + (-i)2, 


10.  9 = cos 


(m) 


-1  ( (2)(3)  + (— 2)(Q)  + (1)(4) 

V v/22  + (-2)2  + l2  V32  +02  + 42 


) = cos_1  (yrys)  = cos_1  (^o)  “ a75  rad 
) = COfrl  (7575)  = cos_1  (i)  ~ °-84  rad 


ii- 

= cos_1  (vl) 


1.77  rad 


(v^)  (v/3)+(-7)(D  + (0)(-2) 

I ( V^) 2 + (—7)2  + 02  v/(  2 + (l)2  + (—2)2 


12.  9 = cos  1 (y^)  = cos  1 

= cos_1  (tb)  “ L83  rad 


(1X-D+  (\/2)  (1)+  (-\/2)  (!) 

/(i)2  + (y2)2  + (-y2):  yt  l)2 +(i)2 + (l)2 


(vsU) 


13.  AB  = (3,  1),  BC  = (-1,  -3),  and  AC  = (2,  -2).  BA  = (-3,  -l),  CB  = (l,  3),  CA  = (-2,  2). 
I AB  I = I BA  I = a/H),  I BC  I = IcbI  = yAo,  I AC  I = I CA  I = 2^/2, 


Angle  at  A = cos  1 [ AB'Af;  ] = cos  1 ( 3(4  + i(  J _ cos  i f i ^ ~ 63.435° 

l AB  AC  / l (yio)(2y2j  I \V5  J 


Angle  at  B = cos 


Angle  at  C = cos 


( | I ^ = cos”1  ( = cos’1  (I)  ~ 53.130°,  and 

y |bc|  |ba|  J (yid)(yid)  J V5' 

-1  ( = cos-1  ( 1(-j)  + 3(2)  \ = C0S-1  f i \ ~ 63.435° 

1 |cb  ca  I wyidjyyij  / Vv5  / 


14.  AC  = (2,  4)  and  BD  = (A,  —2).  AC  • BD  = 2(4)  + 4(— 2)  = 0,  so  the  angle  measures  are  all  90°. 

15.  (a)  cos  a = ^ ^ , cos  /?  = ^ ^ , cos  7 = ^ = § and 


cos2a  + cos2/3  + cos27  = + (ff)  + (jf,) 


_ a2  + b2  + c2  _ |vj  |v| 
- |v|  jv|  - |v|  |v| 


(b)  |v|  = 1 =7  cos  a = A = a,  cos  (3  = ^ = b and  cos  7 = ^ = c are  the  direction  cosines  of  v 

16.  u = lOi  + 2k  is  parallel  to  the  pipe  in  the  north  direction  and  v = lOj  + k is  parallel  to  the  pipe  in  the  east 

direction.  The  angle  between  the  two  pipes  is  9 = cos-1  = cos-1  ( yio/yioi ) ~ rad  ~ ^8.88°. 

17.  The  sum  of  two  vectors  of  equal  length  is  always  orthogonal  to  their  difference,  as  we  can  see  from  the  equation 
(vx  + v2)  • (Vi  - V2)  = VI  • VI  + v2  • Vi  - Vi  • v2  - v2  • v2  = I Vi  1 2 - |v2| 2 = 0 

18.  CA  • CB  = (—v  + ( — u))  • (—v  + u)  = v-  v — v-u  + u-  v — u-u=|v|2  — |u|2  = 0 because  |u|  = |v|  since  both  equal 

the  radius  of  the  circle.  Therefore,  CA  and  CB  are  orthogonal. 

19.  Let  u and  v be  the  sides  of  a rhombus  =>  the  diagonals  are  d = u + v and  d2  = — u + v 

di  • d2  = (u  + v)  • (— u + v)  = — u • u + u • v — v-u  + v-  v=|v|2  — |u| 2 = 0 because  |u|  = |v| , since  a rhombus 
has  equal  sides. 
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20.  Suppose  the  diagonals  of  a rectangle  are  perpendicular,  and  let  u and  v be  the  sides  of  a rectangle  +•  the  diagonals  are 
di  u + v and  do  = — u + v.  Since  the  diagonals  are  perpendicular  we  have  di  • d2  = 0 

+>  (u  + v)  • ( — u + v)  = — u u + u-  v — v-u  + vv  = 0 <+>  |v| 2 — |u| 2 = 0 (|  v|  + | u | ) (|  v|  - | u | ) = 0 

+>  (|v|  + |u|)  =0  which  is  not  possible,  or  (|v|  — |u|)  = 0 which  is  equivalent  to  |v|  = |u|  =>■  the  rectangle  is  a square. 

21.  Clearly  the  diagonals  of  a rectangle  are  equal  in  length.  What  is  not  as  obvious  is  the  statement  that  equal  diagonals 
happen  only  in  a rectangle.  We  show  this  is  true  by  letting  the  adjacent  sides  of  a parallelogram  be  the  vectors 

(vii  + V2j)  and  (uj  + U2j).  The  equal  diagonals  of  the  parallelogram  are  di  = (vii  + V2j)  + (uii  + u2j)  and 
do  = (vii  + v2j)  - (uii  + u2j).  Hence  |di|  = |d2|  = |(vii  + v2j)  + (uj  + u2j)|  = |(vii  + v2j)  - (uj  + u2j)| 

=>■  |(vi  + ui)i  + (v2  + u2)j|  = |(vi  - ui)i  + (v2  - u2)j|  =>  \J (vi  + ui)2  + (v2  + u2)2  = sj (y\  - ui)2  + (v2  - u2)2 
=>  V;  + 2viUj  + uj  + v2  + 2v2u2  + u2  = v2  - 2viUx  + u2  + v2  - 2v2u2  + u2  =>  2(viUx  + v2u2) 

= -2(viUi  + v2u2)  =>  VxUx  + v2u2  = 0 =>  (vii  + v2j)  • (ud  + u2j)  = 0 =>•  the  vectors  (vj  + v2j)  and  (uj  + u2j) 
are  perpendicular  and  the  parallelogram  must  be  a rectangle. 

22.  If  |u|  = |v|  and  u + v is  the  indicated  diagonal,  then  (u  + v)  • u = u • u + v • u = |u| 2 + v • u = u • v + |v| 2 

= u-  v + v-  v=(u  + v)-v  +•  the  angle  cos-1  ^ ) between  the  diagonal  and  u and  the  angle 

cos-1  (j“4fY]']vV| ) between  the  diagonal  and  v are  equal  because  the  inverse  cosine  function  is  one-to-one. 

Therefore,  the  diagonal  bisects  the  angle  between  u and  v. 

23.  horizontal  component:  1200  cos(8°)  s=s  1 188  ft/s;  vertical  component:  1200  sin (8°)  « 167  ft/s 

24.  |w|cos(33°  - 15°)  = 2.5  lb,  so  |w|  = Then  w = ^f^(cos  33°,  sin  33°)  « (2.205,  1.432) 

25.  (a)  Since  |cos  8\  < 1,  we  have  |u  • v|  = |u|  |v|  |cos  8\  < |u|  |v|  (1)  = |u|  |v| . 

(b)  We  have  equality  precisely  when  |cos  6\  = 1 or  when  one  or  both  of  u and  v is  0.  In  the  case  of  nonzero 
vectors,  we  have  equality  when  8 = 0 or  n,  i.e.,  when  the  vectors  are  parallel. 

26.  (xi  + yj)  • v = |xi  + yj|  |v|  cos  0 < 0 when  | < 8 < tt.  This 
means  (x,  y)  has  to  be  a point  whose  position  vector  makes 
an  angle  with  v that  is  a right  angle  or  bigger. 


27.  v • ui  = (aui  + bu2)  • Ui  = aui  • Ui  + bu2  - Ui  = a |ui | + b(u2  • ui)  = a(l)2  -f-  b(0)  = a 

28.  No,  Vineed  not  equal  v2.  For  example,  i + j 7^  i + 2j  but  i-(i+j)  = i-  i + i-  j=  1+0  = 1 and 
i • (i  + 2j)  = i • i + 2i  • j = 1 + 2 • 0 = 1 . 


29.  projvu  = =►  (u  - ^v)  • (j^v)  = u • (j^v)  - (j^v)  • (j^v)  = (^)  (u  • v)  - (j^)  (v  • v) 


= (-v,)- 


(u-v)- 


|v|2  = 0 
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30.  F = 2i  + j — 3k  and  v = 3i  — j =>•  projv  F = v = 2 (3i  — j)  = |i  — | j,  is  the  vector  parallel  to  v. 

F — projy  F = (2i  + j — 3k)  — ( |i  — jj)  = ! i + §j  3k  is  the  vector  orthogonal  to  v. 

31.  P(x1;  yj)  = P (x1;  g — g xx)  and  Q(x2,  y2)  = Q (x2,  g — g x2)  are  any  two  points  P and  Q on  the  line  with  b ^ 0 

=4>  PQ  = (x2  - xj)i  + g (xi  - x2)j  =*>  PQ  • v = [(x2  - xi)i  + § (xi  - x2)j]  • (ai  + bj)  = a(x2  - xx)  + b (§)  (xj  - x2) 

= 0 =>  v is  perpendicular  to  PQ  for  b / 0.  If  b = 0,  then  v — ai  is  perpendicular  to  the  vertical  line  ax  = c. 
Alternatively,  the  slope  of  v is  - and  the  slope  of  the  line  ax  + by  = c is  — g,  so  the  slopes  are  negative  reciprocals 
=>  the  vector  v and  the  line  are  perpendicular. 

32.  The  slope  of  v is  g and  the  slope  of  bx  — ay  = c is  g,  provided  that  a / 0.  If  a = 0,  then  v = bj  is  parallel  to 
the  vertical  line  bx  = c.  In  either  case,  the  vector  v is  parallel  to  the  line  bx  — ay  = c. 


33.  v = i + 2j  is  perpendicular  to  the  line  x + 2y  = c; 
P(2, 1)  on  the  line  =>■  2 + 2 = c =>■  x + 2y  = 4 


34.  v = — 2i  — j is  perpendicular  to  the  line  — 2x  — y = c; 
P(— 1 . 2)  on  the  line  =>  ( — 2)( — 1)  — 2 = c 

=>  — 2x  — y = 0 


y 


y 


35.  v = — 2i  + j is  perpendicular  to  the  line  — 2x  + y = c; 
P(— 2,  -7)  on  the  line  =>  (— 2)(— 2)  - 7 = c 

=>  — 2x  + y = -3 
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36.  v = 2i  — 3j  is  perpendicular  to  the  line  2x  — 3y  = c; 
P(1 1 , 10)  on  the  line  =>  (2)(1 1)  - (3)(10)  = c 
=>  2x  — 3y  = —8 


37.  v = i — j is  parallel  to  the  line  — x — y = c; 

P(— 2. 1)  on  the  line  =>  —(—2)  — 1 = c =>  — x — y = 1 
or  x + y = — 1 . 


38.  v = 2i  + 3j  is  parallel  to  the  line  3x  — 2y  = c; 

P(0,  —2)  on  the  line  =>  0 — 2(— 2)  = c =>  3x  — 2y  = 4 


39.  v = — i — 2j  is  parallel  to  the  line  — 2x  + y = c; 

P(  1 , 2)  on  the  line  =>•  — 2(1)  + 2 = c =>  — 2x  — y = 0 
or  2x  — y = 0. 


y 


y 


y 
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40.  v = 3i  - 2j  is  parallel  to  the  line  — 2x  — 3y  = c; 

P(l,  3)  on  the  line  =>  (— 2)(1)  - (3)(3)  = c 
=>  — 2x  — 3y  = — 1 1 or  2x  + 3y  = 11 


y 


41.  P(0,0),Q(l,l)andF  = 5j  =>  PQ  = i + j and  W = F - PQ  = (5j)  • (i  + j)  = 5 N • m = 5 J 

42.  W = |F|  (distance)  cos  9 = (602,148  N)(605  km)(cos  0)  = 364,299,540  N • km  = (364,299, 540)(1000)  N • m 
= 3.6429954  x 1011  J 

43.  W=|F|  PQ  cos  0 = (2OO)(2O)(cos  30°)  = 2000^/3  = 3464. ION -m  = 3464. 10  J 

44.  W = |F|  PQ  cos  6 = (1000)(5280)(cos  60°)  = 2,640,000  ft  • lb 

In  Exercises  45-50  we  use  the  fact  that  n = ai  + bj  is  normal  to  the  line  ax  + by  = c. 

45.  Dl  = 3i+jandn2  =2i-j  =►  9 = c os’1  (y^)  = cos'1  (^Ts)  = c°s_1  (^)  = f 

46.  m = -^/3i+jandn2  = ^3i+j  =►  9 = cos’1  (y^)  = cos^1  (^)  = cos"1  (-  \)  = f 

47.  ni  = V^i-jandn2=i-^j  =►  0 = cos-i  (^)  = cos’1  (^^)  = cos"1  (f)  = | 

48.  ni  = i + \/3j  and  n2  = (l  - v^)  i + (l  + v^)  j =>  0 = cos’1  (ysyfy^) 


= COS  1 ( 1 + S j _ cos  1 / 4 \ _ cos  1 f 1 \ 

\ \/l  + 3 \/l-2vT+3  + l+2v7  + 3 I \2v8/  V \P- ) 


49.  ni  = 3i  - 4j  and  n2  = i - j =>  9 = cos  1 (ysyyy^y) 


= cos 


( = COS  1 ( —4=^ 


W25V2J 


\5V2J 


0.14  rad 


50.  Dl  = 12i  + 5j  and  n2  = 2i  - 2j  =*  0 = cos’1  (|g|]  = cos’1  = cos"1  (^)  « 1.18  rad 


12.4  THE  CROSS  PRODUCT 


1.  U X V = 


1 j k 

2 -2  -1 

1 0 -1 


= 3(|i+|j-|-|k)  =>•  length  = 3 and  the  direction  is|i+jj  + |k; 


v x u = (u  x v ) = — 3 ( yy  i - 1 ! j ■ I y kj  =>  length  = 3 and  the  direction  i 


is 


2 : 1 : 2 


3 * 3 J 3 


j - i k 
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i j k 

2.  u x v = 2 3 0 =5(k)=>  length  = 5 and  the  direction  is  k 

-110 

v x u = — (u  x v)  = — 5(k)  =>  length  = 5 and  the  direction  is  — k 

i j k 

3.  u x v = 2 —2  4 = 0 =>  length  = 0 and  has  no  direction 

-1  1 -2 

v x u = — (u  x v)  = 0 =>  length  = 0 and  has  no  direction 

i j k 

4.  uxv=  1 1 — 1 = 0 =>  length  = 0 and  has  no  direction 

0 0 0 

v x u = — (u  x v)  = 0 =>  length  = 0 and  has  no  direction 

i j k 

5.  uxv=  2 0 0=  — 6(k)  =£-  length  = 6 and  the  direction  is  — k 

0-3  0 

v x u = — (u  x v)  = 6(k)  =>  length  = 6 and  the  direction  is  k 

i j k 

6.  uxv  = (ixj)x(jxk)  = kxi=  0 0 1 = j =>  length  = 1 and  the  direction  is  j 

1 0 0 

v x u = — (u  x v)  = — j =>  length  = 1 and  the  direction  is  — j 

1 j k 

7.  u x v = — 8 —2  — 4 = 6i  — 12k  =>  length  = 6v/5  and  the  direction  is  A-  i 4=  k 

2 2 1 " \/5  vT 

v x u = — (u  x v)  = — (6i  — 12k)  =>  length  = 6a/5  and  the  direction  is  — ^ i + ^ k 

i j k 

8.  uxy=  | | 1=  — 2i  — 2j  + 2k  =>  length  = 2\/3  and  the  direction  is  — -^i  — -^j  + -^k 

112 
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i j 

k 

i j 

k 

11.  U X V = 

1 0 

-1 

-a 

+ 

— : 

II 

12.  u x v = 

2 -1 

0 

0 1 

1 

1 2 

0 
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ai  a2  a3 

19.  If  u = ad  + a2j  + 83k,  v = bj  + b2j  + b3k,  and  w = cj  + c2j  + 03k,  then  (uxv)-w=  bj  b2  b3  , 

Cl  c2  C3 


bi 

b2 

b3 

Cl 

c2 

C3 

Cl 

c2 

C3 

and  (w  x u)  • v = ai 

a2 

a3  which  all  have  the  same  absolute  value,  since  the 

ai 

a2 

a3 

bi 

b2 

b3 

interchanging  of  two  rows  in  a determinant  does  not  change  its  absolute  value  =>  the  volume  is 
2 0 0 

|(u  x v)  • w|  = abs  0 2 0 =8 

0 0 2 

1 -1  1 

20.  | (u  x v)  • w|  = abs  2 —2  = 4 (for  details  about  verification,  see  Exercise  19) 

-1  2 -1 

2 1 0 

21.  |(u  x v)  • w|  = abs  2 —1  1 = |— 7|  = 7 (for  details  about  verification,  see  Exercise  19) 

1 0 2 

1 1 -2 

22.  | (u  x v)  • w|  = abs  — 1 0 —1=8  (for  details  about  verification,  see  Exercise  19) 

2 4-2 


23.  (a)  u • v = —6,  u • w = —81,  v • w = 18  =£-  none  are  perpendicular 


i j 

k 

i 

j 

k 

i 

j 

k 

(b)  u x v = 

5 -1 

1 

/0,uxw=  5 

-1 

1 

= 0,  v x w = 0 

1 

-5 

0 1 

-5 

-15 

3 

-3 

-15 

3 

-3 

=>  u and  w are  parallel 


24.  (a)  u • v = 0,  u x w = 0,  u • r = — 37r,  v • w = 0,  v • r = 0,  w-r  = 0 =>  uly,ulw,vlw,vlr 
and  wlr 

I i j k I lijkl  I i j k I 


j k 


J j 

k 

i j 

k 

(b)  u x v = 

1 2 

-1 

/0,uxw=  1 2 

-1 

/0,uxr  = 

-1  1 

1 

1 0 

1 

i 

j 

k 

i 

j 

k 

v x w = 

-1 

1 

1 

/0,vxr  = 

-1 

1 

1 

/0,wxr  = 

1 

0 

1 

7T 

2 

~7r  1 

=>  u and  r are  parallel 

25.  |pQxF  = PQ  |F|  sin(60°)  = | -30- ^ ft -lb  = 10a/3  ft -lb 

26.  PQxF=  PQ  |F|  sin(135°)  = | - 30  - ^ ft  - lb  = 10x/2  ft  - lb 

27.  (a)  true,  |u|  = i/af+~af~+af  = -Cu  • u 


(b) 

not  always  true,  u 

u = 

|u|2 

i 

j 

k 

i 

j 

k 

(c) 

true,  u x 0 = u2 

U2 

u3  = 0i  + Oj  + 0k  = 0 and  0 x u = 

0 

0 

0 

0 

0 

0 

Ul 

u2 

u3 

= Oi  + Oj  + 0k  = 0 
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(d)  true,  u x (— u) 


i j k 

Ui  u2  U3 
-Ui  u2  u3 


( u2u3  + u2u3)i  - ( uiu3  + uiu3)j  + (~U!U2  + uiu2)k  = 0 


(e)  not  always  true,  i x j = k ^ — k = j x i for  example 

(f)  true,  distributive  property  of  the  cross  product 

(g)  true,  (u  x v)  • v = u • (v  x v)  = u • 0 = 0 

(h)  true,  the  volume  of  a parallelpiped  with  u,  v,  and  w along  the  three  edges  is  the  same  whether  the  plane  containing  u 
and  v or  the  plane  containing  v and  w is  used  as  the  base  plane,  and  the  dot  product  is  commutative. 


28.  (a)  true,  u • v = U1V1  + u2v2  + u3v3  = ViUi  + v2u2  + v3u3  = v • u 


(b)  true,  u x v = 

Ul 

j 

u2 

k 

U3 



Vi 

j 

V2 

k 

V3 

Vl 

V2 

v3 

Ul 

Uo 

U3 

i 

j 

k 

i 

j 

k 

(C) 

true,  (— u)  x v = 

-Ui 

u2 

-U3 

= — 

Ul 

U2 

U3 

= -(u  x v) 

Vi 

V2 

V3 

Vl 

V2 

V3 

(d) 

true,  (cu)  • v = (cui)vi  + (cu2)v2  + (cu3)v3 

= Ui(cvi)  + u2(cv2)  + u3(cv3) 

= u • 

(cv)  = 

= c(u  • v) 

j 

j k 

j 

j 

k 

i 

j 

k 

(e) 

true,  c(u  x v)  = c 

Ul 

u2  u3 

= 

CUi  1 

cu2 

cu3 

= 

(cu)  X V = 

Ul 

U2 

U3 

Vi 

V2  V3 

Vi 

V2 

V3 

CVi 

cv2 

cv3 

(f)  true,  u • u = u?  + u22  + u^  = (^/u?  + u22  + u?)2  = |u|  2 


(g)  true,  (uxu)u  = 0u  = 0 

(h)  true,  u x v _L  u and  u x v _L  v =>•  (u  x v)  • u = v • (u  x v)  = 0 


C(UiVi  + u2v2  + u3v3) 


= u x (cv) 


29.  (a)  projv  u = (|^|)  v (b)  (u  x v) 

(e)  (u  x v)  x (u  x w)  (f)  | u | |^| 


(c)  ((u  x v)  x w) 


(d)  |(u  X v)  • w| 


30.  (i  x j)  x j = k x j = i;  i x (j  x j)  = i x 0 = 0.  The  cross  product  is  not  associative. 


31.  (a)  yes,  u x v and  w are  both  vectors 
(c)  yes,  u and  u x w are  both  vectors 


(b)  no,  u is  a vector  but  v • w is  a scalar 
(d)  no,  u is  a vector  but  v • w is  a scalar 


32.  (u  x v)  x w is  perpendicular  to  u x v,  and  u x v is  perpendicular  to  both  u and  v =$■  (u  x v)  x w is 
parallel  to  a vector  in  the  plane  of  u and  v which  means  it  lies  in  the  plane  determined  by  u and  v. 

The  situation  is  degenerate  if  u and  v are  parallel  so  u x v = 0 and  the  vectors  do  not  determine  a plane. 

Similar  reasoning  shows  that  u x (v  x w)  lies  in  the  plane  of  v and  w provided  v and  w are  nonparallel. 

33.  No,  v need  not  equal  w.  For  example,  i + j ^ — i + j,  but  ix(i+j)=ixi  + ixj=0  + k = k and 

i x (-i  + j)  = i x (-i)  + ixj  = 0 + k = k. 

34.  Yes.  lfuxv  = uxw  and  u • v = u • w,  then  u x (v  — w)  = 0 and  u • (v  — w)  = 0.  Suppose  now  that  v/w. 
Then  u x (v  — w)  = 0 implies  that  v w = ku  for  some  real  number  k / 0.  This  in  turn  implies  that 

u • (v  — w)  = u • (ku)  = k |u| 2 = 0,  which  implies  that  u = 0.  Since  u ^ 0,  it  cannot  be  true  that  v / w,  so  v = w. 


35.  AB  = — i + j and  AD  = — i — j =>  AB  x AD  = 


i j k 

1 1 0 
1 -1  0 


= 2k  =>  area  = 


AB  x AD 


= 2 
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36.  AB  = 7i  + 3j  and  AD  = 2i  + 5j  =>  AB  x AD  = 7 3 0 = 29k 

2  5 0 


area  = AB  x AD  = 29 


^ i j k 

37.  AB  = 3i  — 2j  and  AD  = 5i  + j =>  AB  x AD  = 3-2  0 = 13k 

5 1 0 


area  = AB  x AD  = 13 


->  _>  i j k 

38.  AB  = 7i  — 4j  and  AD  = 2i  + 5j  =>■  AB  x AD  = 7 —4  0 = 43k  =>  area  = AB  x AD  = 43 

2 5 0 

39.  AB  = 3i  + 2j  + 4k  and  DC  = 3i  + 2j  + 4k  =>  AB  is  parallel  to  DC;  BC  = 2i  — j and  AD  = 2i  j =>•  BC  is  parallel  to 

_ ^ _ i J k ^ ^ 

AD.  AB  x BC  = 3 2 4 = 4i  + 8j  - 7k  =>  area  = | AB  x BC  | = y/V29 

2-10 

40.  AC  = i + 4j  and  DB  = i + 4j  =>•  AC  is  parallel  to  DB ; AD  = — i + 3j  + 3k  and  CB  = — i + 3j  + 3k  =>■  AD  is  parallel 

i j k ^ ^ 

to  CB . AC  x AD  = 1 4 0 = 121  - 3j  + 7k  =>  area  = |AC  x AD|  = a/202 

-13  3 


41.  AB  = — 2i  + 3j  and  AC  = 3i  + j 


_ i J k 

AB  x AC  = -2  3 0 

3 1 0 


— Ilk  =>  area  = | AB  x AC  = / 


42.  AB  = 4i  + 4j  and  AC  = 3i  + 2j  =>•  AB  x AC  = 4 4 0 = —4k  =>  area  = 1 AB  x AC  = 2 

3  2 0 

->  i j k 

43.  AB  = 6i  — 5 j and  AC  = 1 1 i — 5 j =>■  AB  x AC  = 6 -5  0 = 25k  area  =\  AB  x AC  = f 

11-50 

i j k 

44.  AB  = 16i  - 5j  and  AC  = 4i  + 4j  =>  AB  x AC  = 16  -5  0 = 84k  area  = 1 AB  x AC  =42 

4 4 0 


45.  AB  = — i + 2j  and  AC  = — i — k =>  AB  x AC  = — 


j k 

1 2 0 

1 0 -1 


= — 2i  — j + 2k  =>■  area  = \ AB  x AC  = 


i j k 

46.  AB  = — i + j — k and  AC  = 3i  + 3k  =>■  AB  x AC  = -1  1 -1  = 3i  3k  =>  area  =\  AJ3  x AC  = 

3 0 3 


i j k 


47.  AB  = — i + 2j  and  AC  = j — 2k  =>  AB  x AC  = -1  2 0 = -4i  2j  - k =4>  area  = ± AB  x AC  = 


0 1-2 
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12  0 

48.  AB  = i + 2j,  AC  = — 3j  + 2k  and  AD  = 3i  — 4 j -(-  5k  ( AB  x Ac')  • AD  = 0 -3  2 =5 


3-4  5 


=>  volume  = ( AB  x AC  ) • AD  = 5 


al 

j 

a2 

k 

0 

a! 

u 

a2 

u 

bi 

b2 

0 

t>l 

t>2 

| |A  x B|  = ± i 3l  32  . The  applicable  sign  is  (+)  if  the  acute  angle  from  A to  B runs  counterclockwise 
in  the  xy-plane,  and  (— ) if  it  runs  clockwise,  because  the  area  must  be  a nonnegative  number. 

50.  If  A = aii  + a2  j,  B = bii  + b2  j.  and  C = Cii  + C2j,  then  the  area  of  the  triangle  is  \ I AB  x AC  I . Now, 


bi  - ai 

j 

b2  - a2 

k 

0 

bx 

- ai 

b2 

32  k ^ i AB  x AC 

ci  - ai 

C2  — a2 

0 

Ci 

- ai 

c2 

a2  2 

= i |(bi  - ai)(c2  - a2)  - (Cl  - ai)(b2  - a2)|  = \ |ai(b2  - c2)  + a2(ci  - bi)  + (bic2  - cib2)| 


= ± f b | b2  1 . The  applicable  sign  ensures  the  area  formula  gives  a nonnegative  number. 


al 

a2 

1 

bi 

b2 

1 

Cl 

C2 

1 

12.5  LINES  AND  PLANES  IN  SPACE 

1 . The  direction  i + j + k and  P(3 , — 4,  — 1 ) =>  x = 3 + t,  y = — 4 + t,  z = — 1 + t 

2.  The  direction  PQ  = — 2i  — 2j  + 2k  and  P(1 , 2, — 1)  =>  x = 1 — 2t,  y = 2 — 2t,  z = — 1 + 2t 

3.  The  direction  PQ  = 5i  + 5j  — 5k  and  P(— 2, 0,  3)  =>  x = —2  + 5t,  y = 5t,  z = 3 — 5t 


4.  The  direction  PQ  = — j k and  P(l,  2, 0)  =>•  x = 1,  y = 2 — t,  z = — t 

5.  The  direction  2 j + k and  P(0,  0,  0)  =>  x = 0,  y = 2t,  z = t 

6.  The  direction  2i  — j + 3k  and  P(3,  —2, 1)  =>  x = 3 + 2t,  y = —2  — t,  z = 1 + 3t 

7.  The  direction  k and  P(l,  1,1)  =>-  x = 1,  y = 1,  z = 1 + t 

8.  The  direction  3i  + 7j  — 5k  and  P(2, 4,5)  =>  x = 2 + 3t,  y = 4 + 7t,  z = 5 — 5t 

9.  The  direction  i + 2j  + 2k  and  P(0,  —7, 0)  =>  x = t,  y = —7  + 2t,  z = 2t 

i j k 

10.  The  direction  is  u x v = 1 2 3 = — 2i  + 4j  — 2k  and  P(2,  3,  0)  =>  x = 2 — 2t,  y = 3 4-  4t,  z = — 2t 

3 4 5 

11.  The  direction  i and  P(0, 0, 0)  =>  x = t,  y = 0,  z = 0 
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12.  The  direction  k and  P(0, 0, 0)  =>  x = 0,  y = 0,  z = t 

13.  The  direction  PQ  = i + j + | k and  P(0, 0,  0)  =>  x = t, 
y = t,  z = 1 1,  where  0 < t < 1 


14.  The  direction  PQ  = i and  P(0, 0, 0)  =>  x = t,  y = 0,  z = 0, 
where  0 < t < 1 
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18.  The  direction  PQ  = 3i  — 2j  and  P(0, 2, 0)  =>  x = 3t, 
y = 2 — 2t,  z = 0,  where  0 < t < 1 


19.  The  direction  PQ  = — 2i  + 2j  — 2k  and  P(2, 0, 2) 

x = 2 - 2t,  y = 2t,  z = 2 - 2t,  where  0 < t < 1 


20.  The  direction  PQ  = — i + 3j  + k and  P(l,  0,  — 1) 

x = 1 — t,  y = 3t,  z = — 1 + t,  where  0 < t < 1 


21.  3(x  - 0)  + (— 2)(y  - 2)  + (— l)(z  + 1)  = 0 =>  3x  - 2y  - z = -3 

22.  3(x  - 1)  + (l)(y  + 1)  + (l)(z  - 3)  = 0 =>  3x  + y + z = 5 

->  _>  i J k 

23.  PQ  = i — j + 3k,  PS  = — i — 3j  + 2k  =>  PQ  x PS  = 1 —1  3 = 7i  — 5j  — 4k  is  normal  to  the  plane 

-1-3  2 

=s>  7(x  — 2)  + (— 5)(y  — 0)  + (— 4)(z  — 2)  = 0 7x  - 5y  - 4z  = 6 

->  _>  i j k 

24.  PQ  = — i + j + 2k,  PS  = — 3i  + 2j  + 3k  =>  PQ  x PS  = —1  1 2 = — i 3j  + k is  normal  to  the  plane 

-3  2 3 

=»  (-l)(x  - 1)  + (— 3)(y  - 5)  + (l)(z  — 7)  = 0 =►  x + 3y-z  = 9 

25.  n = i + 3j  + 4k,  P(2, 4, 5)  =>■  (l)(x  — 2)  + (3)(y  — 4)  + (4)(z  — 5)  = 0 =>  x + 3y  + 4z  = 34 

26.  n = i - 2j  + k,  P(l,  -2,  1)  =>  (l)(x  - 1)  + (— 2)(y  + 2)  + (l)(z  -l)  = 0=^x-2y  + z = 6 


27. 


f x = 2t  + 1 = s + 2 f 2t  — s = 1 

\y  = 3t  + 2 = 2s  + 4 ^ \ 3t  - 2s  = 2 


( 4t  - 2s  = 2 
\ 3t  - 2s  = 2 


t = 0 and  s = — 1 ; then  z = 4t  + 3 = —4s  — 1 


=>  4(0)  + 3 = ( — 4)( — 1)  — 1 is  satisfied  =>•  the  lines  intersect  when  t = 0 and  s = — 1 =X  the  point  of  intersection  is 


x = 1,  y = 2,  and  z = 3 or  P(1 , 2, 3).  A vector  normal  to  the  plane  determined  by  these  lines  is 
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i  j k 

ni  x 112  = 2 3 4 = — 20i  + 12j  + k,  where  ni  and  112  are  directions  of  the  lines  =>  the  plane 

12-4 

containing  the  lines  is  represented  by(— 20)(x  — 1)  + ( 1 2)(y  — 2)  + (l)(z  — 3)  = 0 =4-  — 20x  + 12y  + z = 7. 

28.  | 1 ^2S  + 2,  =>  { t_2s  = “ =>.  s = -1  and  t = 0;  then  z = t+  1 = 5s  + 6 =>  0+  1 = 5(-l)  + 6 

[ y = -t  + 2 = s + 3 — t — s = 1 

is  satisfied  =>  the  lines  do  intersect  when  s = — 1 and  t = 0 =4  the  point  of  intersection  is  x = 0,  y = 2 and  z = 1 

1 j k 

or  P(0, 2,1).  A vector  normal  to  the  plane  determined  by  these  lines  is  n x n2  = 1 —1  1 = — 6i  — 3 j + 3k, 

2 1 5 

where  ni  and  112  are  directions  of  the  lines  =4  the  plane  containing  the  lines  is  represented  by 
(— 6)(x  - 0)  + (— 3)(y  - 2)  + (3)(z  - 1)  = 0 =4  6x  + 3y  - 3z  = 3. 

29.  The  cross  product  of  i + j — k and  — 4i  + 2j  - 2k  has  the  same  direction  as  the  normal  to  the  plane 

i j k 

=4  n = 1 1 — 1 = 6j  + 6k.  Select  a point  on  either  line,  such  as  P( — 1 , 2, 1).  Since  the  lines  are  given 

-4  2-2 

to  intersect,  the  desired  plane  is  0(x  + 1)  + 6(y  — 2)  + 6(z  — 1)  = 0 =4  6y  + 6z  = 18  =4  y + z = 3. 

30.  The  cross  product  of  i — 3j  — k and  i + j + k has  the  same  direction  as  the  normal  to  the  plane 

i j k 

n = 1 —3  — 1 = — 2i  — 2 j + 4k.  Select  a point  on  either  line,  such  as  P(0, 3,  —2).  Since  the  lines  are 

111 

given  to  intersect,  the  desired  plane  is  (— 2)(x  — 0)  + (— 2)(y  — 3)  + (4)(z  + 2)  = 0 =4  — 2x  — 2y  + 4z  = — 14 
=4  x + y — 2z  = 7. 

i j k 

31.  ni  x 112  = 2 1 — 1 = 3i  — 3j  + 3k  is  a vector  in  the  direction  of  the  line  of  intersection  of  the  planes 

1 2 1 

=4  3(x  — 2)  + (— 3)(y  — 1)  + 3(z  +1)  = 0 =4>  3x  — 3y  + 3z  = 0 =4  x — y + z = 0is  the  desired  plane  containing 
Po(2,l,-l) 

, i j k 

32.  A vector  normal  to  the  desired  plane  is  Pi P2  x n = 2 0 —2  = — 2i  — 12j  — 2k;  choosing  Pi(l,  2,  3)  as  a point  on 

4-12 

the  plane  =4  (— 2)(x  — 1)  + (— 12)(y  — 2)  + (— 2)(z  — 3)  = 0 =4  — 2x  — 12y  — 2z  = —32  =4  x + 6y  + z = 16  is  the 
desired  plane 

^ i j k 

33.  S(0, 0, 12),  P(0, 0, 0)  and  v = 4i  - 2j  + 2k  4 PS  xy=  0 0 12  = 24i  + 48j  = 24(i  + 2j) 

4-2  2 

=4  d = | J = 74/1  ,+  4,  = — V 5 ■ 24  = 2 \/30  is  the  distance  from  S to  the  line 

M V16  + 4 + 4 V24 

_ i j k 

34.  S(0, 0, 0),  P(5,5,  — 3)  and  v = 3i  + 4j  - 5k  4 PS  x v = -5  -5  3 = 13i  — 16j  — 5k 

3 4-5 

=>  d = , | ^ = v71694256^^  — = 3 is  the  distance  from  S to  the  line 

M V9  + 16  + 25  V50  v 
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PSxv 


35.  S(2, 1 , 3),  P(2, 1 , 3)  and  v = 2i  + 6j  =>  PS  x v = 0 =>■  d = |y|  = = 0 is  the  distance  from  S to  the  line 

(i.e.,  the  point  S lies  on  the  line) 


36.  S(2, 1,-1),  P(0,  1,0)  and  v = 2i  + 2j  + 2k  =>  PS  x v = 


1 j k 

2 0-1 

2 2 2 


= 2i  - 6j  + 4k 


=>  d = 


=>  d = 


PSxv 

74  + 36+16 

M " 

74+4+4 

4),  P(4, 3. 

, —5)  and  v = 

|pSxv| 

7900  + 36  + 36 

' W 

71+4+9 

3),  P(10, 

—3, 0)  and  v = 

|]PSxv| 

2871+4  + 1 

is  the  distance  from  S to  the  line 


i j k 

-1  -4  9 

-12  3 


= — 30i  - 6j  - 6k 


is  the  distance  from  S to  the  line 


471  + 1 


i j k 

-11  7 3 

4 0 4 


is  the  distance  from  S to  the  line 


= 28i  + 56j  - 28k  = 28(i  + 2j  - k) 


39.  S(2,  — 3, 4),  x + 2y  + 2z  = 13  and  P(13, 0, 0)  is  on  the  plane  =>•  PS  = — ■ lli  — 3j  + 4k  and  n = i + 2j  + 2k 


=>  d = 


PS  • — 
™ |n| 


-11-6  + 8 


v/l + 4 + 4 


-9 


= 3 


40.  S(0, 0, 0),  3x  + 2y  + 6z  = 6 and  P(2, 0, 0)  is  on  the  plane  =>  PS  = — 2i  and  n = 3i  + 2j  + 6k 


=>  d = 


PS  • A 


7 9 + 4 + 36 


6 _ 6 
v/49  7 


41.  S(0, 1, 1),  4y  + 3z  = — 12  and  P(0,  —3,0)  is  on  the  plane  =>■  PS  = 4j  + k and  n = 4j  + 3k 


=>  d = 


PS  • A 


16  + 3 
716  + 9 


12 

5 


42.  S(2, 2,  3),  2x  + y + 2z  = 4 and  P(2, 0, 0)  is  on  the  plane  =>■  PS  = 2j  + 3k  and  n = 2i  + j + 2k 


=>  d = 


PS 


H 


2 + 6 

74+1+4 


43.  S(0,  — 1 , 0),  2x  + y + 2z  = 4 and  P(2, 0, 0)  is  on  the  plane  =>  PS  = — 2i  — j and  n = 2i  + j + 2k 


=>  d = 


PS  - A 


-4-1  + 0 


74+1+4 


44.  S(l,  0,  — 1),  — 4x  4- y + z = 4 and  P(— 1, 0, 0)  is  on  the  plane  =>  PS  = 2i  — k and  n = — 4i  + j + k 


=>  d = 


PS  - A 


8-1 


716+1  + 1 


9 _ 372 

7H  2 


45.  The  point  P(l,  0, 0)  is  on  the  first  plane  and  S(  10, 0, 0)  is  a point  on  the  second  plane  PS  = 9i,  and 


n = i + 2j  + 6k  is  normal  to  the  first  plane  =+  the  distance  from  S to  the  first  plane  is  d = 


PS 


M 


71+4  + 36 


= , which  is  also  the  distance  between  the  planes. 
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46.  The  line  is  parallel  to  the  plane  since  v - n = (i  + j — 1 k)  • (i  + 2j  + 6k)  = 1+  2 — 3 = 0.  Also  the  point 

S(l,  0, 0)  when  t = — 1 lies  on  the  line,  and  the  point  P(10. 0, 0)  lies  on  the  plane  =>•  PS  = — 9i.  The  distance  from 

S to  the  plane  is  d = PS  • — = , "9  = -4—  , which  is  also  the  distance  from  the  line  to  the  plane. 

v M +1  +4  + 36  +41 

47.  nj  = i + j and  n2  = 2i  + j - 2k  =►  9 = cos’1  (y^)  = cos"1  = cos’1  (^)  =f 

48.  nx  = 5i  + j - k and  n2  = i 2j  + 3k  =>  6 = cos”1  = cos”1  (y=y2^y)  = cos"1  (0)  = § 

49.  nx  = 2i  + 2j  + 2k  and  n2  = 2i  - 2j  - k +>  9 = cos"1  ( ",  ) = cos"1  = cos"1  (^tj)  « 1-76  rad 

50.  ni  = i + j + k and  n2  = k +>  9 = cos"1  (yjyf^y)  = cos"1  ( 7+77)  ~ °-96  rad 

51.  ni  = 2i  + 2j  - k and  n2  = i + 2j  + k =>  9 = cos"1  (yjyy^yy)  = cos"1  (^yyy)  = cos"1  « 0.82  rad 

52.  m = 4j  + 3k  and  n2  = 3i  + 2j  + 6k  +>  9 = cos"1  (ygyy-y|yy)  = cos"1  ( vAj^yyy)  = cos"1  (||)  « 0.73  rad 

53.  2x  — y + 3z  = 6 =+  2(1  — t)  — (3t)  + 3(1  + t)  = 6 =>  — 2t  + 5 = 6 =>  t = — | =>■  x = |,  y = — | and  z = | 

=>  (| , — § ? i)  is  the  point 

54.  6x  + 3y-4z  = -12  =>  6(2)  + 3(3  + 2t)  — 4(— 2 — 2t)  = -12  +>  14t  + 29  = -12  =+  t = - £ =+  x = 2,  y = 3 - 

and  z = —2  + y +>  (2,  — y , y)  is  the  point 

55.  x + y + z = 2 =+  (1  + 2t)  + (1  + 5t)  + (3t)  = 2 =+  10t  + 2 = 2 =>  t = 0 =+  x = 1,  y = 1 and  z = 0 

=>  ( 1 , 1 , 0)  is  the  point 

56.  2x  — 3z  = 7 +>  2(— 1 + 3t)  - 3(5t)  = 7 +>  -9t  - 2 = 7 +>  t = -1  =>  x = -1  - 3,  y = -2  and  z = -5 

=>  (—4,  —2,  —5)  is  the  point 

i j k 

57.  ni  = i + j + k and  n2  = i + j =>  ni  x n2  = 1 1 1 = — i +j,  the  direction  of  the  desired  line;  (1, 1,  — 1) 

1 1 0 

is  on  both  planes  =>  the  desired  line  isx=l  — t,  y=l+t,  z = — 1 

1 j k 

58.  ni  = 3i  — 6j  — 2k  and  n2  = 2i  + j 2k  =+  ni  x n2  = 3 —6  —2  = 14i  + 2 j + 15k,  the  direction  of  the 

2 1 -2 

desired  line;  (1 , 0, 0)  is  on  both  planes  =>  the  desired  line  is  x = 1 + 14t,  y = 2t,  z = 15t 

i j k 

59.  nx  = i — 2j  + 4k  and  n2  = i + j — 2k  =>  nx  x n2  = 1 —2  4 = 6j  + 3k,  the  direction  of  the 

1 1 -2 

desired  line;  (4, 3, 1)  is  on  both  planes  =>  the  desired  line  is  x = 4,  y = 3 + 6t,  z = 1 + 3t 
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60.  ni  = 5i  — 2j  and  n2  = 4j  — 5k  =>■  ni  x n2 


i j k 

5-2  0 

0 4-5 


lOi  + 25 j + 20k,  the  direction  of  the 


desired  line;  (1,  —3, 1)  is  on  both  planes  =>  the  desired  line  is  x — 1 + lOt,  y = —3  + 25t,  z = 1 + 20t 


61.  LI  & L2:  x = 3 + 2t=l+4s  and  y = — 1 + 4t  = 1 + 2s  => 

=>  —3s  = — 3 =>■  s = 1 and  t = 1 =>  on  LI,  z = 1 and  on  L2,  z = 1 =>  LI  and  L2  intersect  at  (5,  3,  1). 

L2  & L3:  The  direction  of  L2  is  g (4i  + 2 j + 4k)  = | (2i  + j + 2k)  which  is  the  same  as  the  direction 

| (2i  + j + 2k)  of  L3;  hence  L2  and  L3  are  parallel. 

L1&L3:  x = 3 + 2t  = 3 + 2r  and  v = — l+4t  = 2 + r =>  | 2t  — 2r  = 0 ^ | t-r  = 0 ^ 3t  = 3 

[ 4t  — r = 3 [ 4t  — r = 3 

t = 1 and  r = 1 =>■  on  LI,  z = 2 while  on  L3,  z = 0 =>  LI  and  L2  do  not  intersect.  The  direction  of  LI 

is  -7V  (2i  + 4j  — k)  while  the  direction  of  L3  is  j (2i  + j + 2k)  and  neither  is  a multiple  of  the  other;  hence 

LI  and  L3  are  skew. 


f 2t  - 4s  = -2  f 2t  - 4s  = -2 
\ 4t  - 2s  = 2 ^ { 2t  - s = 1 


62.  LI  & L2:  x=l+2t  = 2 — s and  y = — 1—  t = 3s=>|"’t^„S  \ =>  —5s  = 3 =>■  s = — I and  t = i =>  on  LI, 

[ -t  - 3s  = 1 5 5 

z = y while  on  L2,  z = 1 — f = | =>  LI  and  L2  do  not  intersect.  The  direction  of  LI  is  (2i  — j + 3k) 
while  the  direction  of  L2  is  (— i + 3j  + k)  and  neither  is  a multiple  of  the  other;  hence,  LI  and  L2  are 
skew. 

L2&L3:  x = 2 — s = 5 + 2r  and  y = 3s=l  — r =>  j „S  ? =>5s  = 5=>s=l  and  r = —2  =>  on  L2, 

[ 3s  + r = 1 

z = 2 and  on  L3,  z = 2 =>  L2  and  L3  intersect  at  (1, 3, 2). 

LI  & L3:  LI  and  L3  have  the  same  direction  -4—  (2i  — j + 3k);  hence  LI  and  L3  are  parallel. 

63.  x = 2 + 2t,  y = —4  — t,  z = 7 + 3t;  x = —2  — t,  y = —2  + 1 1,  z = 1 — |t 

64.  l(x  — 4)  — 2(y  — 1)  T l(z  — 5)  — 0 =>  x - 4 - 2y  + 2 + z - 5 = 0 =>  x - 2y  + z = 7; 

— \fi  (x  — 3)  + 2 y/2  (y  + 2)  — \fl  (z  — 0)  = 0 =>  - y/2x  + 2V^y  - \/2z  = -7^2 

65.  x = 0 =>  t = — 1,  y = - i,  z = — | =>•  (0,  - - 4)  ; y = 0 =>  t = — 1,  x = — 1,  z = — 3 =>  (— 1,0,  — 3);  z = 0 

=>  t = 0,  x=l,y  = — 1 =>  (1,  —1,0) 

66.  The  line  contains  (0, 0,  3)  and  ^ \/3, 1, 3 j because  the  projection  of  the  line  onto  the  xy-plane  contains  the  origin 

and  intersects  the  positive  x-axis  at  a 30°  angle.  The  direction  of  the  line  is  y/3i  + j + 0k  =>  the  line  in  question 
is  x = \J 3t,  y = t,  z = 3. 

67.  With  substitution  of  the  line  into  the  plane  we  have  2(1  — 2t)  + (2  + 5t)  — (— 3t)  = 8 =>  2 — 4t  + 2 + 5t  + 3t  = 8 

=>  4t  + 4 = 8 =>  t=l  =>  the  point  (—1,7,  —3)  is  contained  in  both  the  line  and  plane,  so  they  are  not  parallel. 

68.  The  planes  are  parallel  when  either  vector  Aii  + Bij  + Cik  or  A2i  + B2j  + C2k  is  a multiple  of  the  other  or 
when  (Aii  + Bij  + Cik)  x (A2i  + B2j  + C2k)  = 0.  The  planes  are  perpendicular  when  their  normals  are 
perpendicular,  or(Aii  + BJ  + Cik)  • (A2i  + B2j  + C2k)  = 0. 
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69.  There  are  many  possible  answers.  One  is  found  as  follows:  eliminate  t to  get  t = x— 1=2  — y = - = - 

=$■  x— 1=2  — y and  2 — y = =>■  x + y = 3 and  2y  + z = 7 are  two  such  planes. 

70.  Since  the  plane  passes  through  the  origin,  its  general  equation  is  of  the  form  Ax  + By  + Cz  = 0.  Since  it  meets 
the  plane  M at  a right  angle,  their  normal  vectors  are  perpendicular  =>  2A  + 3B  + C = 0.  One  choice  satisfying 
this  equation  isA=l,B  = — 1 and  C=1  =>  x — y + z = 0.  Any  plane  Ax  + By  + Cz  = 0 with  2 A + 3B  + C = 0 
will  pass  through  the  origin  and  be  perpendicular  to  M. 

71.  The  points  (a,  0, 0),  (0,  b,  0)  and  (0, 0,  c)  are  the  x,  y,  and  z intercepts  of  the  plane.  Since  a,  b,  and  c are  all 
nonzero,  the  plane  must  intersect  all  three  coordinate  axes  and  cannot  pass  through  the  origin.  Thus, 

^ ^ | = 1 describes  all  planes  except  those  through  the  origin  or  parallel  to  a coordinate  axis. 


72.  Yes.  If  Vi  and  V2  are  nonzero  vectors  parallel  to  the  lines,  then  Vi  x v-2  ^ 0 is  perpendicular  to  the  lines. 

73.  (a)  EP  = cEPi  =>  — x0i  + yj  + zk  = c [(xi  — x0)i  + yj  + zik]  =>■  — x0  = c(xj  — x0),  y = cyi  and  z = czi, 

where  c is  a positive  real  number 

(b)  At  xi  = 0 =>■  c = 1 =>  y = yi  and  z = Zi ; at  xi  = Xn  =>  Xn  = 0,  y = 0,  z = 0;  lim  c = lim  ~x° 

= lim  =r  = l =>  c ^ Iso  that  y — > yi  and  z — > Zi 

74.  The  plane  which  contains  the  triangular  plane  is  x + y + z = 2.  The  line  containing  the  endpoints  of  the  line 
segment  is  x = 1 — t,  y = 2t,  z = 2t.  The  plane  and  the  line  intersect  at  (|,  |,  |)  . The  visible  section  of  the  line 

segment  is  y J Q)2  + + ( j)2  = 1 unit  in  length.  The  length  of  the  line  segment  is  y/l2  + 22  + 22  = 3 | of 

the  line  segment  is  hidden  from  view. 

12.6  CYLINDERS  AND  QUADRIC  SURFACES 


1 . d,  ellipsoid 
4.  g,  cone 
7.  b,  cylinder 
10.  f,  paraboloid 
13.  x2  +y2  = 4 


Z 


2.  i,  hyperboloid 

5.  1,  hyperbolic  paraboloid 

8.  j,  hyperboloid 

11.  h,  cone 

14.  z = y2  - 1 


Z 


3.  a,  cylinder 

6.  e,  paraboloid 

9.  k,  hyperbolic  paraboloid 

12.  c,  ellipsoid 

15.  x2  + 4z2  = 16 


Z 


Copyright  © 2010  Pearson  Education  Inc.  Publishing  as  Addison-Wesley. 


744  Chapter  12  Vectors  and  the  Geometry  of  Space 

40.  16y2  + 9z2  = 4x2  41.  z = - (x2  + y2)  42.  y2  - x2  - z2  = 1 


45.  (a)  If  x2  + ^ + d — l and  z = c,  then  x2  + ^ = TV!  => 


2n  (9  — c2 
9 ; 


(b)  From  part  (a),  each  slice  has  the  area  (99  z ^ , where  — 3 < z < 3.  Thus  V = 2 J*  ^ (9  — z2)  dz 
£(9  - z2)  dz  = f [9z  - f ] ° f (27  - 9)  = 8tt 

= ! =*■  ptJVt  + pijV"1  => A =4^)1^) 


<0  ? + & + ? = ! 


i y 

T fb2(c2-Z2j 


=>  V = 2 foCjf  (c2  - z2)  dz  = [c2z  - f ] ' = ^ (f  C3) 

then  V = , which  is  the  volume  of  a sphere. 


4™bc  . Note  that  if  r = a = b = c, 


46.  The  ellipsoid  has  the  form  fr  + jp  + t-  = 1-  To  determine  c2  we  note  that  the  point  (0,  r,  h)  lies  on  the  surface 
of  the  barrel.  Thus,  gr  + ^ = 1 =>  c2  — . We  calculate  the  volume  by  the  disk  method: 


V = t r J / dz.  Now,  g,  + 5,  = 1 =>  y2  = R- 


(i-S)=R![i-^2]=R’-(%£) 


=>■  V = 7 r J h ^R2  — ^ % r 'j  7?  dz  = 7 r R2z  — | ^ R~ho  r j z3  = 27r  [R2h  — | (R2  — r2)  h]  = 27t 

= 1 7rR2h  + 1 7rr2h,  the  volume  of  the  barrel.  If  r — R,  then  V = 27rR2h  which  is  the  volume  of  a cylinder  of 
radius  R and  height  2h.  If  r = 0 and  h — R,  then  V = t 7tR3  which  is  the  volume  of  a sphere. 


47.  We  calculate  the  volume  by  the  slicing  method,  taking  slices  parallel  to  the  xy-plane.  For  fixed  z,  ^ | 

gives  the  ellipse  = 1-  The  area  of  this  ellipse  is  7r  (a^/f)  (b^/|)  = (see  Exercise  45a).  Flence 

the  volume  is  given  by  V = dz  = . Now  the  area  of  the  elliptic  base  when  z = h is 

A = ^f1?,  as  determined  previously.  Thus,  V = ^ = \ h = \ (base) (altitude),  as  claimed. 
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48.  (a)  For  each  fixed  value  of  z,  the  hyperboloid  A-  + p — % = 1 results  in  a cross-sectional  ellipse 


y 

b2  (c2  + z2) 


= 1.  The  area  of  the  cross-sectional  ellipse  (see  Exercise  45a)  is 


A(z)  = 7t  ^ j v c2  + z2  j y c2  T z2j  = pr  (c2  + z2) . The  volume  of  the  solid  by  the  method  of  slices  is 

V = £a(z)  dz  = £ **  (c2  + z2)  dz  = [c2z  +iz3]h0  = f (c2h  + i h3)  = ^ (3c2  + h2) 

(b)  A0  = A(0)  = vrab  and  Ah  = A(h)  = (c2  4-  h2) , from  part  (a)  =>  V = ^ (3c2  + h2) 

= (2+l  + ^)  = ^ (2+^+1'2)  = | [2^ab  + 3f  (c2  + h2)]  = §(2A0  + Ah) 

(c)  Am  = A(|)  = if(c2  + ^)  = |*(4c2+h2)  =*  |(Ao+4Am  + Ah) 

= \ [jrab  + ^ (4c2  + h2)  + (c2  + h2)]  = ^ (c2  + 4c2  + h2  + c2  + h2)  = ^ (6c2  + 2h2) 

= # (3c2  + h2)  = V from  part  (a) 
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(b) 


(d) 


53-58.  Example  CAS  commands: 

Maple: 

with!  plots  ); 

eq  :=  xA2/9  + yA2/36  = 1 - zA2/25; 

implicitplot3d(  eq,  x=-3..3,  y=-6..6,  z=-5..5,  scaling=constrained, 

shading=zhue,  axes=boxed,  title="#89  (Section  11.6)" ); 


Mathematica:  (functions  and  domains  may  vary): 

In  the  following  chapter,  you  will  consider  contours  or  level  curves  for  surfaces  in  three  dimensions.  For  the  purposes  of 
plotting  the  functions  of  two  variables  expressed  implicitly  in  this  section,  we  will  call  upon  the  function  ContourPlot3D. 
To  insert  the  stated  function,  write  all  terms  on  the  same  side  of  the  equal  sign  and  the  default  contour  equating  that 
expression  to  zero  will  be  plotted. 

This  built-in  function  requires  the  loading  of  a special  graphics  package. 

«Graphics'  ContourPlot3D' 

Clear[x,  y,  z] 

ContourPlot3D [x2/9  - y2/16  - z2/2  - 1,  {x,  -9,  9},  {y,  -12,  12},  {z,  -5,  5}, 

Axes  — > True,  AxesLabel  — > {x,  y,  z}.  Boxed  — > False, 

PlotLabel  — > "Elliptic  Hyperboloid  of  Two  Sheets"] 

Your  identification  of  the  plot  may  or  may  not  be  able  to  be  done  without  considering  the  graph. 


CHAPTER  12  PRACTICE  EXERCISES 


1.  (a)  3(— 3,4)  -4(2,  -5)  = (-9-  8,  12  + 20)  = (-17,  32) 

(b)  \J  172  + 322  = x/1313 
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2.  (a)  (-3  4-2,4-5)  = (-1, -l) 

(b)  v/(-l)2  + (-l)2  = ^2 

4.  (a)  (5(2),  5(— 5))  = (10, -25) 

(b)  yj 102  4-  (— 25)2  = a/725  = 5a/29 


3.  (a)  (-2(-3), -2(4))  = (6, 

(b)  \J & + (— 8)2  = 10 


5.  | radians  below  the  negative  x-axis:  / — [assuming  counterclockwise]. 


6 I 
\ 2 ’ 2 


7-  2(yiPTE)(4i  j)  ~ (yV  vM 


V(l)2+(l)2 


(l*+|j)  = ~3i-4j 


9.  length  = V^i  + V^j  — \/2 + 2 — 2,  \/li+  \fl\  = 2 ^ -^i  4-  ^ j)  =4  the  direction  is  i + j 

10.  length  = |-i- j|  = \J 1 4-  1 = \/2>  i - j = \f^  (-  ^ i - ^ j)  =>  the  direction  is  - -)-i-  -)-j 

11.  t = | =>  v = (—2  sin  |)i  + (2  cos  |)  j = — 2i;  length  = |— 2i|  = a/4  4-  0 = 2;  — 2i  = 2(— i)  =4  the  direction  is  — i 

12.  t = In  2 =4  v = (eln2  cos(ln  2)  — eln2  sin(ln  2))  i 4-  (eln2  sin(ln  2)  + eln2  cos(ln  2))  j 

= (2  cos(ln  2)  — 2 sin(ln  2))  i 4-  (2  sin(ln  2)  4-  2 cos(ln  2))  j = 2[  (cos(ln  2)  — sin(ln  2))  i 4-  (sin(ln  2)  4-  cos(ln  2))  j ] 

length  = |2[  (cos(ln  2)  — sin(ln  2))  i + (sin(ln  2)  + cos(ln  2))  j ] j = 2\j (cos(ln  2)  — sin(ln  2))2  + (cos(ln  2)  4-  sin(ln  2))2 
= 2y/2cos2(ln  2)  4-  2sin2(ln  2)  = 2\[2\ 


2[  (cos(ln  2)  - sin(ln  2))  i + (sin(ln  2)  + cos(ln  2))  j]  = 2 yfl ( (cos(ln 2) - Sln(ln 2)) i^(sin(ln 2)  + cos(l1 
_4  direction  = (cos(ln  2)  - sin(ln  2))  . (sin(ln  2)  + cos(ln  2))  . 


.s(ln  2))j^ 


13.  length  = |2i  - 3 j + 6kj  = \J  A + 9 + 36  = 7,  2i  - 3j  4-  6k  = 7 (|  i — | j 4-  | k)  =4  the  direction  is=i-|j+fk 

14.  length  = i + 2j  — k|  = y/l  + A + l — y/6,  i + 2 j — k = \J  6 ^ i + j — -Jr-  kj  =4  the  direction  is 

1 ^ o _Y_  O 4i  — j + 4k  /-)  4i  — j +4k  8 ; 2 ; j_  8 |z 

Z M _Z'  V4  + (-l)2+4  “Z‘  v^3  _ v/331 


16  < (l)i+(f)k  _ < (!)i+(f)k  _ ,, 

6-  5 “ 5 41744  “ 744  " 


17.  |v|  = yT+T  = v^2,  |u|  = ^4+1+4  = 3,  v • u = 3,  u • v = 3,  vxu  = 


1 j 

1 1 

2 1 


k 

0 

-2 


= — 2i  4-  2j  — k , 


u x v = -(v  x u)  = 2i  - 2j  + k,  |v  x u|  = y/A  + 4+1  = 3,  6 = cos  1 (|^| ) = cos  1 = f , 

|ii|  cos  9 = Jj  , projv  u = (|vp)  v = f (i  + j) 
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18.  |v|  = V'l2  + l2+22  = a/6,  | u | = V'(-I)2  + (-l)2  = a/2,  v • u = (1)(— 1)  + (1)(0)  + (2)(— 1)  = 

i j k 

1 1 2 
-1  0 -1 


-3, 


u • v = —3,  v x u = 


j + k , u x v = — (v  x u)  = i + j k. 


lv  x u|  = V(-1)2  + (-D2  + 12  = ^0  = COS  1 (^j)  = COS  1 = COS  1 (p|) 

= 008-!  (-^)  = f ,|u|  COS0=  (=^)  =~#,projTu=  (^)v=f  (i+j  + 2k)  = -i(i+j  + k) 


19.  projvu  = (/pj  v = | (2i  + j — k)  where  v • u = 8 and  v • v = 6 


20.  projvu  = ( /p  J v = — | (i  — 2j)  where  v • u = — 1 and  v • v = 3 


21.  u x v = 


1 

1 


j k 

0 0 
1 0 


= k 


Z 


22.  u x v = 


1 

1 


j 

-1 

1 


2 


23.  Let  v = vii  + V2j  + V3k  and  w = wii  + W2j  + W3k.  Then  |v  — 2w| 2 = |(vii  + V2j  + V3k)  — 2(wii  + W2j  + W3k)|  2 
= |(vi  - 2wi)i  + (v2  - 2w2)j  + (v3  - 2w3)k| 2 = (y/ (vi  - 2w!)2  + (v2  - 2w2)2  + (v3  - 2w3)2)2 
= (v?  + v2  + v2)  - 4(viWi  + v2w2  + v3w3)  + 4 (wj  + Wj  + wf ) = |v| 2 - 4v  • w + 4 |w| 2 
= |v|  2 - 4 | vj  | w|  cos  9 + 4 |w| 2 = 4 - 4(2)(3)  (cos  f ) + 36  = 40  - 24  Q)  = 40  - 12  = 28  =>  |v  - 2w|  = a/28 
= 2^/7 


24.  u and  v are  parallel  when  u x v = 0 =X 


j 

4 

-8 


=>  4a  — 40  = 0 and  20  — 2a  = 0 =+  a = 10 


k 

-5 

a 


0 =>■  (4a  — 40)i  + (20  - 2a)j  + (0)k  = 0 


25.  (a)  area  = |u  x v|  = abs 


1 j k 
1 1 -1 

2 1 1 


(b)  volume  = (u  x v)  - w = 


1 1 -1 
2 1 1 

-1  -2  3 


= |2i  - 3j  - k|  = a/4  + 9+1  = y/V4 

= 1(3  + 2)  — 1(6  — (—1))  — 1(— 4 + 1)  = 1 
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26.  (a)  area  = |u  x v|  = abs 


1 

0 


(b)  volume  = (u  x v)  • w = 


j 

1 

1 

1 

0 

1 


k 

0 

0 

1 

1 

1 


= |k|  = 1 


0 

0 

1 


1(1-0)  - 1(0-0)  + 0 = 1 


27.  The  desired  vector  is  n x v or  v x n since  n x v is  perpendicular  to  both  n and  v and,  therefore,  also  parallel  to 
the  plane. 


28.  If  a = 0 and  b 7^  0,  then  the  line  by  = c and  i are  parallel.  If  a 7^  0 and  b — 0,  then  the  line  ax  = c and  j are 
parallel.  If  a and  b are  both  7^  0,  then  ax  + by  = c contains  the  points  0)  and  (0,  g)  the  vector 
ab  (g  i — g j)  = c(bi  — aj)  and  the  line  are  parallel.  Therefore,  the  vector  bi  — aj  is  parallel  to  the  line 
ax  + by  = c in  every  case. 


29.  The  line  L passes  through  the  point  P(0, 0,-1)  parallel  to  v — — i + j + k.  With  PS  = 2i  + 2j  + k and 

j k| 

= (2  — l)i  — (2  + 1 )j  + (2  + 2)k  = i — 3j  + 4k,  we  find  the  distance 


PS  x v = 


2 2 1 

-1  1 1 


d = 


|PSxv|  _ yi  + 9 + 16  _ ^26  _ /78 
hi  “ x/1  + 1 + 1 _ + ~ 3 ' 


30.  The  line  L passes  through  the  point  P(2, 2, 0)  parallel  to  v = i + j + k.  With  PS  = — 2i  + 2 j + k and 

J kl 

= (2-l)i-(-2-l)j  + (-2  — 2)k  = i + 3 j — 4k,  we  find  the  distance 


PS  x v = 


-2  2 1 

1 1 1 


d = 


lpSxyl  _ V 1 + 9 + 16  _ ^26  _ -+8 

“ x/l+T+T  _ x/3  “ 3 ' 


hi 


31.  Parametric  equations  for  the  line  are  x = 1 — 3t,  y = 2,  z = 3 + 7t. 

32.  The  line  is  parallel  to  PQ  = Oi  + j — k and  contains  the  point  P(l,  2, 0)  =X  parametric  equations  are 
x = 1 , y = 2 + t,  z = — t for  0 < t < 1 . 


33.  The  point  P(4, 0, 0)  lies  on  the  plane  x — y = 4,  and  PS 


=>  d = 


n-PS 

2 + 0 + 0 

n 

x/i  + i + o 

2 

V2 


= V2. 


(6  — 4)i  + Oj  + (—6  + 0)k  = 2i  — 6k  with  n = i — j 


34.  The  point  P(0, 0, 2)  lies  on  the  plane  2x  + 3y  + z = 2,  and  PS  = (3  — 0)i  + (0  — 0)j  + (10  + 2)k  = 3i  + 8k  with 

In-PS  I 

n = 2i  + 3j  + k =>  d = -L-rg-1  = 


n-PS 

6 + 0 + 8 

M “ 

\/4  + 9 + 1 

35.  P(3,  -2, 1)  and  n = 2i  + j + k (2)(x  - 3)  + (l)(y  - (-2))  + (l)(z  - 1)  = 0 ^ 2x  + y + z = 5 


36.  P(— 1,6,0)  and  n = i — 2j  + 3k  ^ (l)(x  - (-1))  + (— 2)(y  - 6)  + (3)(z  - 0)  = 0 x-2y  + 3z=-13 
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37.  P(l,  —1,2),  Q(2,  1,3)  and  R(— 1, 2,-1)  +>  PQ  = i + 2j  + k,  PR  = -2i  + 3j  - 3k  and  PQ  x PR 

i j k 

= 12  1=  — 9i  + j + 7k  is  normal  to  the  plane  =>■  (— 9)(x  — 1)  + (l)(y  + 1)  + (7)(z  — 2)  = 0 

-2  3-3 

=>  — 9x  + y + 7z  = 4 

38.  P(1,0,0).  Q(0, 1,0)  and  R(0,  0, 1)  =>  PQ  = -i  + j,  PR  = -i  + k and  PQ  x PR 

i j k 

= —110  = i + j + k is  normal  to  the  plane  =>  (l)(x  — 1)  + (l)(y  — 0)  + (l)(z  — 0)  = 0 

-10  1 

=>  x + y + z = 1 

39.  (0,  — — |) , since  t=  — l,y  = — | and  z = — | when  x = 0;  (—1, 0,  —3),  since  t = — 1,  x = — 1 and  z = — 3 

when  y = 0;  (1 , — 1 , 0),  since  t = 0,  x = 1 and  y = — 1 when  z = 0 

40.  x = 2t,  y = — t,  z = — t represents  a line  containing  the  origin  and  perpendicular  to  the  plane  2x  — y — z = 4;  this 
line  intersects  the  plane  3x  — 5y  + 2z  = 6 when  t is  the  solution  of  3(2t)  — 5(— t)  + 2(— t)  = 6 

=>  t = | =>  | — |)is  the  point  of  intersection 

41.  ni  = i and  n2  = i + j + \/2k  =>  the  desired  angle  is  cos'1  ( |i^'|  |n,| ) = cos_1  (5)  = f 

42.  ni  = i + j and  n2  = j + k +>  the  desired  angle  is  cos-1  ( 1^1  ^1)  = cos'1  (2)  = f 

i j k 

43.  The  direction  of  the  line  is  ni  x n2  = 12  1 =5i— j — 3k.  Since  the  point  (—5,  3, 0)  is  on 

1-12 

both  planes,  the  desired  line  is  x = — 5 + 5t,  y = 3 — t,  z = — 3t. 

i j k 

44.  The  direction  of  the  intersection  is  ni  x n2  = 1 2 —2  = — 6i  — 9j  — 12k  = — 3(2i  + 3j  + 4k)  and  is  the 

5 -2  -1 

same  as  the  direction  of  the  given  line. 

45.  (a)  The  corresponding  normals  are  ni  = 3i  + 6k  and  n2  = 2i  + 2j  — k and  since  ni  - n2 

= (3)(2)  + (0)(2)  + (6)(— 1)  = 6 + 0 — 6 = 0,  we  have  that  the  planes  are  orthogonal 

1 j k 

(b)  The  line  of  intersection  is  parallel  to  m x n2  = 3 0 6 = — 12i  + 15j  + 6k.  Now  to  find  a point  in 

2 2-1 

. . . . [ 3x  + 6z  = 1 [ 3x  + 6z  = 1 ,,  , „ , ro 

the  intersection,  solve  < . . „ =>■  15x  + 12y  = 19  +>  x = 0 and  y = -^ 

[2x  + 2y  — z = 3 I 12x  + 12y  — 6z  = 18  12 

=>  (0,  i)  is  a point  on  the  line  we  seek.  Therefore,  the  line  is  x = — 12t,  y = ||  + 15t  and  z = 7 + 6t. 

i j k 

46.  A vector  in  the  direction  of  the  plane's  normal  is  n = u x v = 2 3 1 = 7i  — 3j  — 5k  and  P(l,  2,  3)  on 

1 -1  2 

the  plane  =>  7(x  — 1)  — 3(y  — 2)  — 5(z  — 3)  = 0 =>  7x  — 3y  — 5z  = — 14. 
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47.  Yes;  v • n = (2i  — 4j  + k)  • (2i  + j + Ok)  = 2-  2 — 4 • 1 + 1 • 0 = 0 =>  the  vector  is  orthogonal  to  the  plane's  normal 
=>  v is  parallel  to  the  plane 


48.  n • PP0  > 0 represents  the  half-space  of  points  lying  on  one  side  of  the  plane  in  the  direction  which  the  normal  n points 

= — i — 2j  — 2k  =>  the  distance  is  d = 


49.  A normal  to  the  plane  is  n = AB  x AC  = 


1 j k 

2 0-1 
2-10 


(i  + 4jV(— i — 2j  — 2k) 
\/l  +4  + 4 


_ -1-8  + 0 _ o 

3 J 


50.  P(0, 0, 0)  lies  on  the  plane  2x  + 3y  + 5z  = 0,  and  PS  = 2i  + 2j  + 3k  with  n = 2i  + 3j  + 5k 
d = 


n-PS 

4 + 6+15 

W 

\/4  + 9 + 25 

25 

\/38 


51.  n = 2i  — j — k is  normal  to  the  plane  =>  n x v = 
to  v and  parallel  to  the  plane 


1 j k 

2 -1  -1 

1 1 1 


= Oi  — 3j  + 3k  = — 3j  4-  3k  is  orthogonal 


52.  The  vector  B x C is  normal  to  the  plane  of  B and  C^Ax  (B  x C)  is  orthogonal  to  A and  parallel  to  the  plane  of  B 
and  C: 


i j k 

i j k 

B x C = 

1 2 1 

1 1 -2 

= — 5i  + 3j  — k and  A x (B  x C)  = 

2 -1  1 
-5  3 -1 

= -2i  - 3j  + k 

|A  x (B  x C)|  = +4+9+1  = a/14  and  u = ^ (-21  - 3 j + k)  is  the  desired  unit  vector. 


i j k 

1 2 1 
1 -1  2 


= 5i  — j — 3k 


53.  A vector  parallel  to  the  line  of  intersection  is  v = ni  x n2  — 

=>  |v|  = +25  + 1+9  = +35  =>■  2 j = (5i  — j — 3k)  is  the  desired  vector. 

54.  The  line  containing  (0, 0, 0)  normal  to  the  plane  is  represented  by  x = 2t,  y = — t,  and  z = — t.  This  line 
intersects  the  plane  3x  — 5y  + 2z  = 6 when  3(2t)  — 5( — t)  + 2(— t)  = 6 =4  t = | =>■  the  point  is  (j,  — 

55.  The  line  is  represented  by  x = 3 + 2t,  y = 2 — t,  and  z = 1 + 2t.  It  meets  the  plane  2x  — y + 2z  = —2  when 
2(3  + 2t)  - (2  - t)  + 2(1  + 2t)  = -2  =>  t = - | +>  the  point  is  (£,  f , - 7)  . 


56.  The  direction  of  the  intersection  is  v = ni  x n2  = 


= cos_1  (^5)  - 59-5° 


1 j k 

2 1 -1 
1 1 2 


= 3i  - 5j  + k =4  6 = cos  1 /+ 


'(*) 


57.  The  intersection  occurs  when  (3  + 2t)  + 3(2t)  — t = —4  =>  t = — 1 =+  the  point  is  (1,  —2,  —1).  The  required  line 

i j k 

must  be  perpendicular  to  both  the  given  line  and  to  the  normal,  and  hence  is  parallel  to  2 2 1 

1 3 -1 

= — 5i  + 3j  + 4k  =>  the  line  is  represented  by  x = 1 — 5t,  y = —2  4-  3t,  and  z = — 1 + 4t. 
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58.  If  P(a,  b,  c)  is  a point  on  the  line  of  intersection,  then  P lies  in  both  planes  =>  a — 2b  + c + 3 = 0 and 
2a  — b — c+l=0  =>  (a  — 2b  + c + 3)  + k(2a  — b — c+l)  = 0 for  all  k. 

k 

4 = ^ (21  + 7j  + 2k)  is  normal  to  the  plane  and  A(— 2, 0,  —3)  lies  on  the 

26 
5 

- (—3))  = 0 =>  2x  + 7y  + 2z  + 10  = 0 is  an  equation  of  the  plane, 

60.  Yes;  the  line's  direction  vector  is  2i  + 3j  — 5k  which  is  parallel  to  the  line  and  also  parallel  to  the  normal 
— 4i  — 6j  + 10k  to  the  plane  =>•  the  line  is  orthogonal  to  the  plane, 

i j k 

61.  The  vector  PQ  x PR  —2  —13  — — i —1 1 j — 3k  is  normal  to  the  plane. 

-3  0 1 

(a)  No,  the  plane  is  not  orthogonal  to  PQ  x PR . 

(b)  No,  these  equations  represent  a line,  not  a plane, 

(c)  No,  the  plane  (x  + 2)  + 1 l(y  — 1)  — 3z  = 0 has  normal  i + 1 lj  — 3k  which  is  not  parallel  to  PQ  x PR . 

(d)  No,  this  vector  equation  is  equivalent  to  the  equations  3y  + 3z  = 3,  3x  — 2z  = —6,  and  3x  + 2y  = —4 

=>  x=  — | — = t,  y = t,  z = 1 — t,  which  represents  a line,  not  a plane. 

(e)  Yes,  this  is  a plane  containing  the  point  R(— 2,  1, 0)  with  normal  PQ  x PR . 


i j 

59.  The  vector  AB  x CD  = 3 -2 

f o - 

plane  =>■  2(x  + 2)  + 7(y  — 0)  + 2(z 


62.  (a)  The  line  through  A and  B is  x — 1 + t,  y = — t,  z — — 1 |-  5t;  the  line  through  C and  D must  be  parallel  and 

is  Li:  x = 1 + t,  y = 2 — t,  z = 3 + 5t.  The  line  through  B and  C is  x = 1,  y = 2 + 2s,  z = 3 + 4s;  the  line 

through  A and  D must  be  parallel  and  is  L2:  x = 2,  y = — 1 + 2s,  z = 4 + 4s.  The  lines  Li  and  L2  intersect 
at  D(2, 1, 8)  where  t = 1 and  s = 1. 

(b)  cos  e = + = 3 

v ’ V20V21  x/15 

(c)  (HH)  BC  = !§  BC  = f (j  + 2k)  where  BA  = i - j + 5k  and  BC  = 2j  + 4k 

(d)  area  = |(2j  + 4k)  x (i  - j + 5k)|  = 1 14i  + 4j  - 2k|  = 6^6 

(e)  From  part  (d),  n = 14i  + 4j  — 2k  is  normal  to  the  plane  =>■  14(x  — 1)  + 4(y  — 0)  — 2(z  + 1)  = 0 

=>  7x  + 2y  — z = 8. 

(f)  From  part  (d),  n — 14i  + 4j  2k  the  area  of  the  projection  on  the  yz-plane  is  jn  • i = 14;  the  area  of  the 
projection  on  the  xy-plane  is  |n  - j | =4;  and  the  area  of  the  projection  on  the  xy-plane  is  |n  • k|  = 2. 

i j k 

63.  AB  = — 2i  + j + k,  CD  = i + 4j  — k,  and  AC  = 2i  + j =>  n = —2  11=  — 5i  — j — 9k  =>•  the  distance  is 

1 4 -1 

^ _ I (2i  + jH— 5i  — j-9k)  I _ 11 


->  i j k 

64.  AB  = — 2i  + 4j  — k,  CD  = i — j + 2k,  and  AC  = — 3i  + 3j  =>  n = —2  4 —1  = 7i  + 3j  — 2k  =>  the  distance 

1-12 

^ (— 3i  + 3jH7i  + 3j  — 2k)  _ 12 

C49  + 9 + 4 
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CHAPTER  12  ADDITIONAL  AND  ADVANCED  EXERCISES 


1 . Information  from  ship  A indicates  the  submarine  is  now  on  the  line  Li : x = 4 + 2t,  y = 3t,  z = — 1 1;  information  from 
ship  B indicates  the  submarine  is  now  on  the  line  L2:  x — 18s,  v — 5 - 6s,  z = — s.  The  current  position  of  the  sub  is 
(6,  3,  — and  occurs  when  the  lines  intersect  at  t = 1 and  s — 1 ■ The  straight  line  path  of  the  submarine  contains  both 
points  P (2,  — 1,  — j)  and  Q (6, 3,  — |)  ; the  line  representing  this  path  is  L:  x = 2 + 4t,  y = — 1 + 4t,  z = — ( . The 

I I /32  / — 

submarine  traveled  the  distance  between  P and  Q in  4 minutes  =>  a speed  of  4 — v4  = y2  thousand  ft/min.  In  20 
minutes  the  submarine  will  move  20\/2  thousand  ft  from  Q along  the  line  L 

=+  20^/2  = y/{2  + 4t  - 6)2  + (-1  + 4t  - 3)2  + 02  =+  800  = 16(t  - l)2  + 16(t  - l)2  = 32(t  - l)2  =>  (t  — l)2  = ^ 
= 25  =>■  t = 6 =>  the  submarine  will  be  located  at  (26, 23,  — in  20  minutes. 


2.  H2  stops  its  flight  when  6+1  lOt  = 446  =>  t = 4 hours.  After  6 hours,  Hi  is  at  P(246,  57,  9)  while  H2  is  at  (446, 13, 0). 
The  distance  between  P and  Q is  \J (246  — 446 )2  + (57  — 13)2  -+  (9  — 0)2  « 204.98  miles.  At  150  mph,  it  would  take 
about  1.37  hours  for  Hi  to  reach  H2. 


3.  Torque 


PQ  x F 


+>  15  ft-lb  = 


|F|  sin  | 


| ft  • |F|  +>  |F|  = 20  lb 


4.  Let  a = i+  j + kbe  the  vector  from  O to  A and  b = i + 3j  + 2k  be  the  vector  from  O to  B.  The  vector  v orthogonal  to  a 
and  b =>  v is  parallel  to  b x a (since  the  rotation  is  clockwise).  Now  bxa  = i+  j — 2k;  projab  = (^)a  = 2i  + 2j  + 2k 

=+  (2,  2,  2)  is  the  center  of  the  circular  path  (1,  3,  2)  takes  =+  radius  = \j l2  + (—1)"  + 02  = \pl  =>  arc  length  per 
second  covered  by  the  point  is  | y2  units/sec  = |v|  (velocity  is  constant).  A unit  vector  in  the  direction  of  v is  -jjV) 

= 75i+75^75k^,  = |,te)  = ^(+  + ^J-^'‘)  = 4'+#j-V^I< 


5. 


(a) 


(b) 


By  the  Law  of  Cosines  we  have  cos  a = = | and  cos  (3  = | =>  sin  a = | and  sin  {3  — | 

=+  Fi  = ^ — |Fi|cos a,  |Fi|sina^  = ^-||Fi |,  | |FX |^,  F2  = ^|F2|cos/3,  |F2|sin/3^  = 0|F2|,  ||F2|^,and 

w = (0,  -100).  Since  Fi  +F2  = (0,  100)  =►  (-§|Fi|  + f |F2|,  f IF^  + ||F2|^  = (0,  100)  =►  — ||Fi|  + f |F2|  = 0 
and  ||Fi|  + ||F2|  = 100.  Solving  the  first  equation  for  |F2|  results  in:  |F2|  = ||Fj  |.  Substituting  this  result  into  the 
second  equation  gives  us:  j|Fi|  + ^|Fi|  = 100  =>  |F  1 1 = 80  lb.  =+  |F2|  = 60  lb.  =>  Fi  = (—48,  64)  and 
F2  = (48,  36)  , and  a = tan-1  (4)  and  (3  = tan-1  Q) 

By  the  Law  of  Cosines  we  have  cos  a = = ))  and  cos  (3  = 13(+,)3)i~5~  = ||  =>  sin  a — j|  and  sin  f3  = 

=+Fi  = |Fi|cos a,  |Fi|sina^  = ^-^|Fi|,  |||F1|^,F2  = ^|F2|cos/3,  |F2|sin/?^  = ^{§|F2|,  ^|F2|^,and 

w = (0,  -200).  Since  Fi  + F2  = (0,  200)  =►  (-^|Fi|  + |f  |F2|,  {§  |Ft|  + ^|F2|)  = (0,  200) 

— -^|Fi|  + |||F2|  =0  and  j||Fi|  + f||F2|  = 200.  Solving  the  first  equation  for  |F2|  results  in:  |F2|  = ^|Fi|. 
Substituting  this  result  into  the  second  equation  gives  us:  j||Fi|  + Bg|Fi|  = 200  =>  |F  1 1 = « 184.615  lb. 

=►  |F2|  = ^ « 76.923  lb.  =►  Fj  = « (-71.006,  170.414)  and  F2  = f?g) 

« (71.006,  29.586). 


6.  (a)  Ti  = ^ — |Ti|cosa,  |Ti|sina^,  T2  = ^|T2|cos/3,  |T2|sin/3^,  and  w = (0,  — w).  Since  Ti  + T2  = (0,  w)  => 

^ — |Ti|cosa  + |T2|cos  / 3 , |Ti|sina  + |T2|sin/?^  = (0,  w)  +>  — |Ti|cosa  + |T2|cos/3  = 0 and 

|T[  |sina  + |T2|sin/3  = w.  Solving  the  first  equation  for  |T2|  results  in:  |T2|  = ^||Ti|.  Substituting  this  result  into 
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the  second  equation  gives  us:  iTdsina  + cosas‘n/j  |Tt  I = w =>■  |Td  = . w,c°s/3 — , = ,wco^  and 

^ b l 1 1 cos  p I 1 1 l 1 1 sin  a:  cos  p + cos  a sin  p sin  (a  + p ) 

|rp  I W COS  OL 

1 1 2 1 sin  (a  + (3) 

(b)  £(|T-I)  = ^(^j)  = "WCg:°+;)+/5);  = ° =»  ~w  cos  (3  cos  (a  + (3)  = 0 =4  cos  (a  + /?)  = 0 

— ZL  _ ft-  d2  /|T  n - li  w cos  /?  cos  (a  + ffA  _ wcos/3  (cos2(a  + /3)  + l)  . 

=?a-t-p—  2 =?  a — 2 P>  da2vl1-lU  — da  ^ sin2(a  + /3)  sin 3(a  + f3) 


S?(|Ti|) 


= w cos  (3  > 0 =>  local  minimum  when  a = f — 0 


a=j-0 


(c)  ^(|T2|)  = |j(j(cQo;a/t))  = WCs™+S+;3);  a|(lT2l)  = 0=4  -wcosacos(a  + /5)  = 0 ^ cos  (a  + /3)  =0 

A „ I a _ 7T  a _ 7T  „.  d2  iit  |\  _ d /-w  cos  a cos  (a  + p)\  _ wcosa  (cos2(a  + /3)  + l)  . 

=4  a + p — 2 =^P  — 2 ^a’  d/32  V I 1 2 I j — d/3^ Sin2(a  + /J) J “ sin2(a  + « ’ 


^(|T2|) 


= w cos  a > 0 =4  local  minimum  when  /?  = 


@=\-a 


7.  (a)  If  P(x,  y,  z)  is  a point  in  the  plane  determined  by  the  three  points  Pi(xi,  yi,  zi),  P2(x2,  >'2,  z2)  and 
P3A3,  Y3)  7.3),  then  the  vectors  PPi,  PP2  and  PP3  all  lie  in  the  plane.  Thus  PPi  - (PP2  x PP3)  = 0 
xi  - x yi  - y zi  - z 

=4  x2  — x y2  - y z2  — z — 0 by  the  determinant  formula  for  the  triple  scalar  product  in  Section 

x3  - x y3  - y z3  - z 

(b)  Subtract  row  1 from  rows  2,  3,  and  4 and  evaluate  the  resulting  determinant  (which  has  the  same  value 
as  the  given  determinant)  by  cofactor  expansion  about  column  4.  This  expansion  is  exactly  the 
determinant  in  part  (a)  so  we  have  all  points  P(x,  y.  z)  in  the  plane  determined  by  P1(x1)  yl5  Zj), 

P2(x2,  y2,  z2),  and  P3(x3,  y3,  z3). 


then  for  some  k,  aj  = kci;  i = 1,  2,  3 and  the  determinant 


X 

= cit  + di,  y = 

= c2t  + d2, 

z = 

C3t  + d3. 

ai 

Cl 

bi  - di 

kci 

Cl 

bi  - di 

a2 

C2 

b2  - d2 

= 

kc2 

c2 

b2  - d2 

a3 

C3 

b3  - d3 

kc3 

C3 

b3  - d3 

= 0, 


since  the  first  column  is  a multiple  of  the  second  column.  The  lines  Li  and  L2  intersect  if  and  only  if  the 


( ais  - cp  + (bi  - di)  = 0 


system  < a2s  — c2t  + (b2  — d2)  = 0 has  a nontrivial  solution  44  the  determinant  of  the  coefficients  is  zero. 

[ a3s  - c3t  + (b3  - d3)  = 0 

9.  (a)  Place  the  tetrahedron  so  that  A is  at  (0,  0,  0),  the  point  P is  on  the  y-axis,  and  AABC  lies  in  the  xy-plane.  Since 
AABC  is  an  equilateral  triangle,  all  the  angles  in  the  triangle  are  60°  and  since  AP  bisects  BC  =4  AABP 
is  a 30°-  60°-  90°  trinagle.  Thus  the  coordinates  of  P are  ^0,  \/3,  0^ , the  coordinates  of  B are  ^1,  \/3,  0^ , and  the 

coordinates  of  C are  ^ -1,  \/ 3,  (ij  . Let  the  coordinates  of  D be  given  by  (a,  b,  c).  Since  all  of  the  faces  are  equilateral 

trinagles  =4  all  the  angles  in  each  of  the  triangles  are  60°  =4-  cos(ZDAB)  = cos(60°)  =3  A'A  = = i 


a + by/3  = 2 and  cos(ZDAC)  = cos(60°)  = = 1 


|AD||AB| 

— a + b\/3  = 2.  Add  the  two  equations 


o obtain:  2b\/3  = 4 =4-  b = Substituting  this  value  for  b in  the  first  equation  gives  us:  a + ^ \/3  = 2 

=4  a = 0.  Since  |AD|  = \/a2  + b2  + c2  = 2 4>  02  + ^ j + c2  = 4 4 c = ^/T'  Thus  the  coordinates  of  D are 


(°,  ^).  c°s6»  = cos(ZDAP)  = 


ADAP 


= -^r-  =4  6 — COS  1 ( 4= 


'(a) 


57.74°. 


|AD||AP|  2\A 

(b)  Since  AABC  lies  in  the  xy-plane  =4  the  normal  to  the  face  given  by  AABC  is  ni  = k.  The  face  given  by  ABCD  is  an 
adjacent  face.  The  vectors  DB  = i + -Aj  — Tff  k and  DC  = — i + Aj  — ^A^  both  lie  in  the  plane  containing 
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ABCD.  The  normal  to  this  plane  is  given  by  10  = 


1 

-1 


j 

k 

1 

2y/2 

xA 

xA 

i 

2y/2 

x/3 

x/3 

adjacent  faces  is  given  by  cos  9 — cos(ZDAP)  = 


lnl|ln2 


2/y/3 

(1)  (6/1/3) 


= + -^k  . The  angle  9 between  two 


9 = cos-'d)  « 70.53° 


10.  Extend  CD  to  CG  so  that  CD  = DG.  Then  CG  = tCF  = CB  + BG  and  tCF  = 3 CE  + CA,  since  ACBG  is  a 
parallelogram.  If  t CF  — 3 CE  — CA  = 0,  then  t — 3 — 1=0  =>■  t = 4,  since  F,  E,  and  A are  collinear. 
Therefore,  CG  = 4CF  =>  CD  = 2CF  =>  l;  is  the  midpoint  of  CD. 


11.  If  Q(x,  y)  is  a point  on  the  line  ax  + by  = c,  then  PiQ  = (x  — xi)i  + (y  — yi)j  , and  n = ai  + bj  is  normal  to  the 
line.  The  distance  is  projn  PiQ  = 

laxi+byi—  cl  • . , 

= J — / . , , since  c = ax  -j-  by. 

ya2+b2 


[(X  - Xi)i  + (y  - yi)j]-(ai  + bj) 
-/  a2  + b2 


_ |a(x-xi)+b(y-yi)| 
y/a2  + b2 


12.  (a)  Let  Q(x,  y,  z)  be  any  point  on  Ax  + By  + Cz  — D = 0.  Let  QPi  = (x  — xQi  + (y  — yi)j  + (z  — Zi)k,  and 


n = 


proj„  QPi 


Ai  + BJ  + ck  The  distance  is 

v/a2  + B2+C2 

|Axi  + Byi  + Czi  — (Ax  + By  + Cz)|  |Axi  +Byi  + Czi  — D| 

sJk1  + B2  + C2  _ \/A2+B2+C2 


((X  - Xl)i  + (y  - yi)j  + (z  - Zl)k)  • (^CL 


(b)  Since  both  tangent  planes  are  parallel,  one-half  of  the  distance  between  them  is  equal  to  the  radius  of  the 
sphere,  i.e.,  r = i J3~9^  = v/3  (see  also  Exercise  12a).  Clearly,  the  points  (1, 2,  3)  and  (— 1 . —2,  —3) 

^ y 1+1+1 

are  on  the  line  containing  the  sphere's  center.  Hence,  the  line  containing  the  center  is  x = 1 + 2t, 
y = 2 + 4t,  z = 3 + 6t.  The  distance  from  the  plane  x + y T z — 3 — 0 to  the  center  is  yfz 
=$■  — + 2t)  + + + 6t)  ~ = y/3  from  part  (a)  t = 0 =>■  the  center  is  at  (1, 2,  3).  Therefore 

an  equation  of  the  sphere  is  (x  — l)2  + (y  — 2)2  + (z  — 3)2  = 3. 


13.  (a)  If  (xi,  yi,  Zi)  is  on  the  plane  Ax  + By  + Cz  — Di,  then  the  distance  d between  the  planes  is 

lDl  "D2 — , since  Axi  + Byi  + Czi  = Dj,  by  Exercise  12(a). 


j _ | Axi  + Byi  + Czi  - Do 

\j  A2  + B2  + C2 


| Ai  +-  B j +-  Ck  | 


the  desired  plane  is 


(h)  d—  l12~6l  — 6 
a - A4  + 9AT  “ vVt 

|2(3)  + (-l)(2)  + 2(-l)  + 4|  _ |2(3)  + (-l)(2)  + 2(-l)-D|  ^ r,  _ 0 ^ 

,cj  vAl  “ vAl  =»  U - 8 or  4 

2x  — y + 2x  = 8 

(d)  Choose  the  point  (2, 0, 1)  on  the  plane.  Then  =5  =>  D = 3 ± 5 \/fi  =>■  the  desired  planes 
x — 2y  + z = 3 + 5 v^6  and  x — 2y  + z = 3 — 5 \/6. 


are 


14.  Let  n = AB  x BC  and  D(x,  y,  z)  be  any  point  in  the  plane  determined  by  A,  B and  C.  Then  the  point  D lies  in 
this  plane  if  and  only  if  AD  • n = 0 AD  • (AB  x BC ) = 0. 


15.  n = i + 2j  + 6k  is  normal  to  the  plane  x + 2y  + 6z  = 6;  v x n = 


i j k 
1 1 1 

1 2 6 


4i-5j  + k is  parallel  to  the 


plane  and  perpendicular  to  the  plane  of  v and  n =£-  w = nx(vxn) 


i j k 

1 2 6 
4 -5  1 


32i  + 23j  — 13k  is  a 
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vector  parallel  to  the  plane  x + 2y  + 6z  = 6 in  the  direction  of  the  projection  vector  projP  v.  Therefore, 


projp  v = projw  v=(v-)-=  (j^)  w = ( 


32  + 23  -13  \ _ _42_  w _ I w _ 32  ; , 23  ■ B k 

322  + 232  + 132  / ” 1722  W 41  W 41  1 ' 41  J 41  K 


16.  projz  w = — projz  v and  w — projz  vv  v projz  v =>  w = (w  — projz  w)  + projz  w = (v  — projz  v)  + projz  w 
= v-2projz  v = v-2  z 


17.  (a)  u x v = 2i  x 2j  = 4k  =>  (u  x v)  x w = 0 ; (u  • w)v  — (v  • w)u  = Ov  - Ou  = 0;  v x w = 4i  =>  u x (v  x w)  = 0; 

(u  • w)v  — (u  • v)w  = Ov  — Ow  = 0 

i j k i j k 

(b)  uxy=  1 -1  1 =i  + 4j  + 3k=^(uxv)xw=  1 4 3 = — lOi  — 2j  + 6k ; 

21-2  -12-1 

(u  • w)v  — (v  • w)u  = -4(2i  + j — 2k)  - 2(i  — j + k)  = - lOi  - 2j  + 6k; 

i j k i j k 

vxw=  2 1 -2  =3i  + 4j  + 5k=>ux(vxw)=  1 -1  1 = — 9i  - 2j  + 7k; 

-12-1  3 4 5 

(u  • w)v  - (u  • v)w  = — 4(2i  + j — 2k)  - (— 1)(— i + 2j  - k)  = -9i  - 2j  + 7k 
i j k i j k 

(c)  u x v = 2 1 0 = i — 2j  — 4k  =>  (ii  x v)'x  w = 1 —2  —4=  — 4i  — 6j  + 2k ; 

2-11  102 

(u  • w)v  - (v  • w)u  = 2(2i  — j + k)  - 4(2i  + j)  = — 4i  — 6j  + 2k; 

i j k i j k 

v x w = 2 - 1 1 = -2i  - 3j  + k =>  u x (v  x w)  = 2 1 0 = i - 2j  - 4k; 

10  2 -2-3  1 

(u  • w)v  - (u  • v)w  = 2(2i  — j + k)  - 3(i  + 2k)  = i - 2j  - 4k 

i j k i j k 

(d)  u x v = 1 1 —2  = -i  + 3j  + k =>  (u  x v)  x w = — 1 3 1 = — lOi  — 10k ; 

-10-1  24-2 

(u  • w)v  - (v  • w)u  = 10(— i - k)  - 0(i  + j - 2k)  = -lOi  - 10k; 

1 j k i j k 

\ x w — -1  0 -1  = 4i  - 4j  — 4k  =4>  u x (v  x w)  = 1 1 —2  = -12i  - 4j  - 8k; 

2 4 -2  4 -4  -4 

(u  • w)v  - (u  • v)w  = 10(— i - k)  - l(2i  + 4j  - 2k)  = — 12i  — 4j  — 8k 


18.  (a)  u x (v  x w)  + v x (w  x u)  + w x (u  x v)  = (u  • w)v  — (u  • v)w  + (v  • u)w  — (v  • w)u  + (w  • v)u  — (w  • u)v  = 0 

(b)  [u  • (v  x i)]i  + [(u  • (v  x j)]j  + [(u  • (v  x k)]k  = [(u  x v)  • i]i  + [(u  x v)  - j]j  + [(u  x v)  • k]k  = u x v 

u * w y * w 

(c)  (u  x v)  • (w  x r)  = u • [v  x (w  x r)]  = u • [(v  • r)w  — (v  • w)r]  = (u  • w)(v  • r)  — (u  • r)(v  • w)  = 


19.  The  formula  is  always  true;  u x |u  x (u  x v)|  • w = u x [(u  • v)u  — (u  • u)v]  • w 
= [(u  • v)u  x u — (u  • u)u  x v]  • w = — |u[  2u  X v • w = — |u|  2U  • V X w 

20.  If  u = (cos  B)i  + (sin  B)j  and  v = (cos  A)i  + (sin  A)j  , where  A > B,  then  u x v = [|u|  |v|  sin  (A  — B)]  k 

i j k 

= cos  B sin  B 0 = (cos  B sin  A — sin  B cos  A)k  =>  sin  (A  — B)  = cos  B sin  A — sin  B cos  A,  since 
cos  A sin  A 0 

|u|  = 1 and  |v|  = 1. 
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21.  If  u = ai  + bj  and  v = ci  + dj  , then  u • v = |u|  |v|  cos  9 =>  ac  + bd  = \/  a2  + b2  \J  c2  + d2  cos  8 

=>■  (ac  + bd)2  = (a2  + b2)  (c2  + d2)  cos2  9 =>  (ac  + bd)2  < (a2  + b2)  (c2  + d2) , since  cos2  9 < 1. 

22.  If  u = ai  + bj  + ck,  then  u • u = a2  + b2  + c2  >0  and  u-u  = 0iffa  = b = c = 0. 

23.  |u  + v| 2 = (u  + v)  • (u  + v)  = u • u + 2u  • v + v • v < |u| 2 + 2 |u|  |v|  + |v| 2 = (|u|  + |v|)2  =>  |u  + v|  < |u|  + |v| 


24.  Let  a denote  the  angle  between  w and  u,  and  f3  the  angle  between  w and  v.  Let  a = |u|  and  b = |v| . Then 

„„„  n.  _ W-U  _ (av  + bu)-u  _ (av-u  + bu-u)  _ (av-u  + bu-u)  _ (av-u  + ba2)  _ v.u  + ba  . i:.™  o _ u-v  + ba 

COS  a - TCTi 3T«=  I-..I  I..I  - FwlTuI  - WS  - |w|a  “ ’ aiul  "KlWISI-  cos  7 “ — • 


|w|  |u|  |w|  Iu|  |w|  |ll|  |w|  |u|  |w|  a |w| 

Since  the  angle  between  u and  v is  always  < | and  cos  a = cos  (3,  we  have  that  a — /3 
u and  v . 


w bisects  the  angle  between 


25.  ( | u | v + | v|u)  • ( | v | u - |u|v)  = | u | v • |v|u  + |v|u  • |v|u  - |u|v  • |u|v  - | V | u • |u| V 
= |v|u  • |u|v  + |v|2u  • u - |u|2v  • v - |v|u  • |u|v  = |v|2|u|2  - |u|2|v|2  = 0 
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CHAPTER  13  VECTOR-VALUED  FUNCTIONS 

AND  MOTION  IN  SPACE 


13.1  CURVES  IN  SPACE  AND  THEIR  TANGENTS 

1 . x = t + 1 and  y = t2  — 1 =>  y — (x  - 1 )2  — 1 = x2  — 2x;  v = y = i + 2tj  =>  a = y = 2j  =>•  v = i + 2j  and  a = 2 j 

at  t = 1 


2. 


t 

t + i 


=>■  x = 


and  y = 

=>  v = 4i  — 4j  and  a = — 16i 


+ i 


l 

i + y 


=*y=£-i;v=£  = 


(t+ir 


-t  .'?j 


=>■  a = 


dv 

dt 


16j  at  t = — i 


3.  x = e(  and  y = | e2t  =>■  y = = x2;  v = y = e'i  + | e2tj  =>  a = e‘i  + | e2tj  =>  v = 3i  + 4j  and  a = 3i  + 8j  at  t = In  3 

4.  x = cos  2t  and  y = 3 sin  2t  =>  x2  + \ y2  = 1 ; v = y = (—2  sin  2t)i  + (6  cos  2t)j  =>•  a = y 
= (—4  cos  2t)i  + (—12  sin  2t)j  =>  v = 6j  and  a = — 4i  at  t = 0 


5.  v = y = (cos  t)i  — (sin  t)j  and  a = y = —(sin  t)i  — (cos  t)j 
->  fort=  |,v(|)  = ^i-^jand 

a(?)  = *-  ^ j;fort=  f’v(l)  = -Jand 

a(l)=-i 


6.  v = y = (-2  sin  |)  i + (2  cos  |)  j and  a = y 

= (—  cos  |)  i + (—  sin  |)  j =>•  for  t = n,  v(tt)  = — 2i  and 
a(7r)  = -j  ; for  t = v (y)  = ~sjl\-  \fl\  and 


7.  v = y — (1  — cos  t)i  + (sin  t)j  and  a = y 

= (sin  t)i  + (cos  t)j  for  t = 7r,  v(7t)  = 2i  and  a(7r)  = — j ; 
fort  = y,  v (y)  = i - j and  a (y)  = -i 


y 


y 


8.  v = y = i + 2tj  and  a = y = 2j  =>  for  t = - 1, 
v( — 1)  = i — 2 j and  a(— 1)  = 2j  ; for  t = 0,  v(0)  = i and 
a(0)  = 2j  ; for  t = 1,  v(l)  = i + 2j  and  a(l ) = 2j 


y 
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9.  r = (t  + 1)1  + (t2  - 1)  j + 2tk  + v = £ = i + 2tj  + 2k  + a = = 2 j ; Speed:  |v(l)|  = ^/l'2  + (2(1))2  + 22  = 3 

RPl  = 1 + 2(13)J  + -k  = |i+|j+|k  =>  v(l)  = 3Qi+|j  + |k) 


Direction: 


10.  r = (l+t)i+2Lj+|k  + v=  £ =i+^j  + t2k  + a = § = ^ j + 2tk ; Speed:  |v(l)| 


= yi2  + (l)2  + <w  = 2;Di 

= 2 (l  * + VS  J + I k) 


Direction: 


v(t)  _ *+^j+a2)k 
|v(l)|  2 


dt2  yi* 


1 

y2J 


v(l) 


11.  r = (2  cos  t)i  + (3  sin  t)j  + 4tk  =>  v = £ = (—2  sin  t)i  + (3  cos  t)j  + 4k  =>  a = = (-2  cos  t)i  — (3  sin  t)j  : 


Speed:  v 


-2  sin  |)"  + (3  cos  |)2  + 42  = 2y^5;  Direction: 


df) 

dlh 


(-  3; sin  f) 1 + (3s cos  i 


2V~5k~  ys 1 + y? k ^ v 1 


(2)  — 2\/5  ( yj  i + 75  k) 


12.  r = (sec  t)i  + (tan  t)j  + | tk  =>  v = £ = (sec  t tan  t)i  + (sec2 1)  j + | k 


3 — j«.2 


= (sec  t tan2 1 + sec3 1)  i + (2  sec2 1 tan  t)  j ; Speed:  I v 


= \ sec 


tan  |)2  + (sec2  |)2  + (|)2  =2; 


Direction: 


''(j)  _ (sec  | tan  | ) i + (sec2  | ) j + | k _ j 


HPI 


= 5 i + I J + I k =►  v(|)  =2(ii+|j  + |k) 


13.  r = (21n(t+l))i  + t2j  + fk  + v = £ = (^)i  + 2tj+tk  =>  a = gf  = 


-2 


(t+D2 


i + 2j  + k ; 


Speed:  |v(l)|  - y2 (ppp)3  + (2(1))2  + l2  = \/6:  Direction:  ^ - l + 0 ^ a + < ' 

v<1)  = ^(yi+yj+yk) 


14.  r = (e  l)  i + (2  cos  3t)j  + (2  sin  3t)k  =>  v = £ = (— e *)  i — (6  sin  3t)j  + (6  cos  3t)k  =>  a — 


d(r 

dt2 


= (e_t)  i - (18  cos  3t)j  - (18  sin  3t)k ; Speed:  |v(0)|  = \J (-e0)2  + [-6  sin  3(0)]2  + [6  cos  3(0)]2  = a/37; 


Direction-  A®  - (-e°)j-  6 sin  3(0)j  + 6 cos  3(0)k  ]_  j , _6_  k . m,  _ /+  ( 1 j ■ 6 . 

Direction.  |v(0)[  — y^  - ^ i + ^ k =►  v(U)  - V * ' \ 1 + ysv  k 


) 


15.  v = 3i  + v^j  + 2tk and  a = 2k  =>  v(0)  = 3i  + y/3 j and  a(0)  = 2k  + |v(0)|  = y^32  + (y^  +02  = ^/V2  and 
| a(0)  | = a/22  = 2;  v(0)  • a(0)  = O + cos6>  = O + 0=  § 


16.  v = ^ i + - 32t)  j and  a = -32j  =>  v(0)  = ^ i + ^ j and  a(0)  = -32j  =►  |v(0)|  = ^(#)2+(#)^ 

= 1 and  |a(0)|  = v/(^32)2  = 32;  v(0)  • a(0)  = (-32)  = -16y^  =►  cos  9 = ^ 


9=3f 


17 • v = i + (pr^j)  j + t(t2  + 1)  1/2  k and  a = 


— 2t2  + 2 


L 42  + 1)  J L(t2+irJ 


j + 


Ly+iy 


v(0)  = j and 


a(0)  = 2i  + k 


K0)|  = 1 and  |a(0)|  = a/  22  + l2  = v^i  v(0)  • a(0)  = 0 + cos(9  = 0 + (9=? 


18.  v — |(1+ 1)1/2  i — 1(1  — t)1/2  j + ikanda=  \ (1  + t)”1/2  i + \ (1  - t)”1/2  j + v(0)  = f i-  \ j + ^ k and 


a(0)  = 1 i + 1 j =>  |v(0)|  = \J (f)2  + (-  |)2  + (|)2  = 1 and  |a(0)|  = \J  (|)2  + Q)2  = if  ; v(0)  • a(0)  = 
= 0 =>  cos  9 = 0 =>•  9 = | 


2 _ 2 
9 9 
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19.  r(t)  = (sin  t)i  + (t2  — cos  t)  j + e‘k  =>  v(t)  = (cos  t)i  + (2t  + sin  t)j  + e‘k ; to  = 0 =>■  v(to)  = i + k and 
r(to)  = Po  = (0,  — 1, 1)  =>■  x = 0 + t = t,  y = —1,  and  z = 1 + t are  parametric  equations  of  the  tangent  line 

20.  r(t)  = t2  i + (2t  - l)j  + t3k  =>  v(t)  = 2ti  + 2j  + 3t2k;  t0  = 2 =>  v(2)  = 4i  + 2j  + 12k  and 

r(to)  = Po  = (4, 3,  8)  =>•  x = 4 + 4t,  y = 3 + 2t,  and  z = 8 + 12t  are  parametric  equations  of  the  tangent  line 

21.  r(t)  = (In  t)i+  ^ j + (tlnt)k  =>  v(t)  = |i  + + (lnt+  l)k;  t0  = 1 =>  v(l)  = i + |j  + k and 

r(to)  = Pq  = (0, 0, 0)  =>  x = 0 + t = t,  y = 0 + |t  = |t,  and  z = 0 + t = tare  parametric  equations  of  the  tangent  line 


22.  r(t)  = (cos  t)i  + (sin  t)  j + (sin  2t)k  =>  v(t)  = (—  sin  t)i  + (cos  t)j  + (2  cos  2t)k ; to  = | =>•  v(to)  = — i — 2k  and 
r(to)  = Pq  = (0, 1 , 0)  x = 0 — t = — t,  y = 1,  and  z = 0 — 2t  = — 2t  are  parametric  equations  of  the  tangent  line 


23.  (a)  v(t)  = —(sin  t)i  + (cos  t)j  =>  a(t)  = —(cos  t)i  - (sin  t)j  ; 

(i)  | v(t) | = \J (—sin  t)2  + (cos  t)2  = 1 =>  constant  speed; 

(ii)  v • a = (sin  t)(cos  t)  — (cos  t)(sin  t)  = 0 =>  yes,  orthogonal; 

(iii)  counterclockwise  movement; 

(iv)  yes,  r(0)  = i + Oj 

(b)  v(t)  = —(2  sin  2t)i  + (2  cos  2t)j  =>  a(t)  = —(4  cos  2t)i  — (4  sin  2t)j; 

(i)  |v(t)|  = \J 4 sin2  2t  + 4 cos2  2t  = 2 =>  constant  speed; 

(ii)  v • a = 8 sin  2t  cos  2t  — 8 cos  2t  sin  2t  = 0 =>  yes,  orthogonal; 

(iii)  counterclockwise  movement; 

(iv)  yes,  r(0)  = i + Oj 

(c)  v(t)  = - sin  (t  - !)  i + cos  (t  — |)  j =>  a(t)  = - cos  (t  - |)  i - sin  (t  - |)  j ; 

(i)  | v(t) | = sin2  (t  — (()  + cos2  (t  — |)  = 1 =>■  constant  speed; 

(ii)  v • a = sin  (t  — |)  cos  (t  — |)  — cos  (t  — |)  sin  (t  — |)  = 0 =>  yes,  orthogonal; 

(iii)  counterclockwise  movement; 

(iv)  no,  r(0)  = Oi  — j instead  of  i + Oj 

(d)  v(t)  = —(sin  t)i  - (cos  t)j  =>  a(t)  = —(cos  t)i  + (sin  t)j  ; 

(i)  | v(t)  | = \J (—sin  t)2  + (—  cos  t)2  — 1 =>  constant  speed; 

(ii)  v • a = (sin  t)(cos  t)  — (cos  t)(sin  t)  = 0 =>  yes,  orthogonal; 

(iii)  clockwise  movement; 

(iv)  yes,  r(0)  = i - Oj 

(e)  v(t)  = — (2t  sin  t)i  + (2t  cos  t)j  =>  a(t)  = —(2  sin  t + 2t  cos  t)i  + (2  cos  t — 2t  sin  t)j  ; 

(i)  | v(t) | = ^/[  — ( 2t  sin  t)  ]2  + (2t  cos  t)2  = \J 4t2(sin2 1 + cos2 1)  = 2|t|  = 2t,  t > 0 

variable  speed; 

(ii)  v • a = 4 (t  sin2 1 + t2  sin  t cos  t)  + 4 (t  cos2  t — t2  cos  t sin  t)  = 4t  7^  0 in  general  =>  not  orthogonal  in  general; 

(iii)  counterclockwise  movement; 

(iv)  yes,  r(0)  = i + Oj 


24.  Let  p = 2i  + 2j  + k denote  the  position  vector  of  the  point  (2,  2,  1)  and  let,  u = i — j and  v = i + j 

Then  r(t)  p f (cos  t)u  + (sin  t)v.  Note  that  (2, 2, 1 ) is  a point  on  the  plane  and  n = i + j — 2k  is  normal  to 
the  plane.  Moreover,  u and  v are  orthogonal  unit  vectors  with  u-n  = v-  n = 0 =>  u and  v are  parallel  to  the 
plane.  Therefore,  r(t)  identifies  a point  that  lies  in  the  plane  for  each  t.  Also,  for  each  t,  (cos  t)u  + (sin  t)v 
is  a unit  vector.  Starting  at  the  point  ^2+  -^,2  — lj  the  vector  r(t)  traces  out  a circle  of  radius  1 and 
center  (2, 2, 1)  in  the  plane  x + y — 2z  = 2. 


— k 
vTk- 
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25.  The  velocity  vector  is  tangent  to  the  graph  of  y2  = 2x  at  the  point  (2,  2),  has  length  5,  and  a positive  i 


component.  Now,  y2  = 2x  =>  2y  ^ = 2 


dy 

dx 


(2,2) 


J2_ 

2-2 


=>  the  tangent  vector  lies  in  the  direction  of  the 


vector  i + 1 j =>  the  velocity  vector  is  v 


(}  + I j)  - 2 V"5i  + V^j 


26.  (a) 


(b)  v = (1  — cos  t)i  + (sin  t)j  and  a = (sin  t)i  + (cos  t)j  ; |v|“  = (1  — cos  t)2  + sin2  t = 2 — 2 cos  t =>  |v|"  is  at  a max 
when  cos  t = — 1 =>  t = n,  37t,  57t,  etc.,  and  at  these  values  of  t,  |v|2  = 4 =>-  max  |v|  = \f\  — 2;  | v| 2 is  at  a min 
when  cos  t = 1 =>■  t = 0,  27t,  47t,  etc.,  and  at  these  values  of  t,  |v|2  = 0 =>-  min  |v|  = 0;  |a|"  = sin2 1 + cos2 1 = 1 
for  every  t =>  max  |a|  = min  |a|  = \[\  = 1 

27.  ^(r-r)  = r-  ^r  + ^--r  = 2r - ^-=2-0  = 0 =>  r - r is  a constant  =>•  |r|  = yV  - r is  constant 


x w + v x 


28.  (a)  A (U  . v x w)  = f • (v  x w)  + u • ^ (v  x w)  = ^ • (v  x w)  + u • (f 
= ^-(vxw)  + u-  ^xw  + u-  vx^ 

w iMf  *t)l  = s- (I »»)  +■•■(*  xS)+r'(®  x»)  = ,"(*xs|)'smceA'(A><B)  = 0 


and  A (B  X B)  = 0 for  any  vectors  A and  B 


29.  (a)  u = f(t)i  + g(t)j  -(-  h(t)k  =>  cu  = cf(t)i  + cg(t)j  + ch(t)k 

= «(®l+*j  + ®k)=c® 

(b)  /u  =/f(t)i  +/g(t)j  +/h(t)k  =►  4 (fu)  = 


| (cu)  = c ^ 


dg 


dti  + cf  j + cf  k 


i + 


* +/  * 


|h(t  )+/$ 


= |[f(t)i  + g(t)j  + h(t)k]  +/ 


a£ ; a-  hi  i “a  k 

rit  1 + Hi  j + dt  K 


= HL  u I f du 

dt  u dt 


30.  Let  u = fi(t)i  + f2(t)j  + f3(t)k  and  v = gi(t)i  + g2(t)j  + g3(t)k.  Then 
u + v = [fi(t)  + gi(t)]i  + [f2(t)  + g2(t)]j  + [f3(t)  + g3(t)]k 

=►  m (u  + v)  = [f{(t)  + gi(t)]i  + [C(t)  + g2(t)]j  + fC(t)  + g'3(t)]k 
= [f'(t)i  + f'(t)j  + f'(t)k]  + [gi(t)i  + g'2(t)j  + g'(t)k]  = f + £ ; 

U - V = [f;i (t)  - gl(t)]i  + [f2(t)  - g2(t)]j  + [f3(t)  - g3(t)]k 

=►  5 (U  - v)  = [f{(t)  - g',(t)]i  + [f'(t)  - g'2(t)]j  + [f'(t)  - g'  (t)]k 
= [f{(t)i  + f'(t)j  + f£(t)k]  - [gi(t)i  + g'(t)j  + g'3(t)k]  = £ - £ 

31.  Suppose  r is  continuous  at  t = to-  Then  lim  r(t)  = r(to)  •<=>  lim  [f(t)i  + g(t)j  + h(t)k] 

t — > to  t — > to 

= f(to)i  + g(t0)j  + h(t0)k  lim  f(t)  = f(t0),  lim  g(t)  = g(t0),  and  lim  h(t)  = h(t0)  O f,  g,  and  h are 

t — > to  t — ^ to  t — >■  to 

continuous  at  t = to. 
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i 

j 

k 

i 

j 

k 

32.  lim  Lri(t)  x r2(t)]  = lim 

t — » to  t — > to 

fi(t) 

f2(t) 

fs(t) 

= 

lim 

t * to 

fi(t) 

lim  f2(t) 

t — ^ to 

lim  f3(t) 

t — > to 

gi(t) 

g2(t) 

g3  (t) 

lim 
t * t0 

gi(t) 

lim  g2(t) 

t —>  to 

lim  g3(t) 

t — > to 

= lim  r i (t)  x lim  r2(t)  = A x B 

t — > to  t — > to 


33.  r'(to)  exists  =$■  f'(to)i  + g'(to)j  + h'(to)k  exists  =>  f'(to),  g'do),  h'(to)  all  exist  =>■  f,  g,  and  h are  continuous  at 
t = to  =>  r(t)  is  continuous  at  t = to 

34.  u = C = ai  + bj  + ck  with  a,  b,  c real  constants  =>  ^ = ^i+*j+^k  = 0i  + 0j  + 0k  = 0 

35-38.  Example  CAS  commands: 

Maple: 

> with(  plots  ); 

r :=  t ->  [sin(t)-t*cos(t),cos(t)+t*sin(t),tA2]; 
tO  :=  3*Pi/2; 
lo  :=  0; 
hi  :=  6*Pi; 

PI  :=  spacecurve!  r(t),  t=lo..hi,  axes=boxed,  thickness=3  ): 
display!  PI,  title="#35(a)  (Section  13.1)" ); 

Dr  :=  unapply(  diff(r(t),t),  t );  # (b) 

Dr(tO);  # (c) 

ql  :=  expand!  r(t0)  + Dr(t0)*(t-t0) ); 

T :=  unapply!  ql,  t ); 

P2  :=  spacecurve!  T(t),  t=lo..hi,  axes=boxed,  thickness=3,  coloi-black  ): 
display!  [P1,P2],  title="#35(d)  (Section  13.1)" ); 

39-40.  Example  CAS  commands: 

Maple: 

a :=  ’a’;  b :=  'b'; 

r :=  (a,b,t)  ->  [cos(a*t),sin(a*t),b*t]; 

Dr  :=  unapply!  diff(r(a,b,t),t),  (a,b,t) ); 
tO  :=  3*Pi/2; 

ql  :=  expand!  r(a,b,t0)  + Dr!a,b,t0)*(t-t0) ); 

T :=  unapply!  ql,  (a,b,t) ); 
lo  :=  0; 
hi  :=  4*Pi; 

P :=  NULL: 

for  a in  [ 1,  2,  4,  6 ] do 

PI  :=  spacecurve!  r(a,l,t),  t=lo..hi,  thickness=3  ): 

P2  :=  spacecurve!  T(a,l,t),  t=lo..hi,  thickness=3,  color=black  ): 

P :=  P,  display!  [P1,P2],  axes=boxed,  title=sprintf("#39  (Section  13.1  )\n  a=%a",a) ); 
end  do: 

display!  [PJ,  insequence=true  ); 

35-40.  Example  CAS  commands: 

Mathematica:  (assigned  functions,  parameters,  and  intervals  will  vary) 

The  x-y-z  components  for  the  curve  are  entered  as  a list  of  functions  of  t.  The  unit  vectors  i,  j,  k are  not  inserted. 
If  a graph  is  too  small,  highlight  it  and  drag  out  a corner  or  side  to  make  it  larger. 
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Only  the  components  of  r[t]  and  values  for  tO,  tmin,  and  tmax  require  alteration  for  each  problem. 

Clear[r,  v,  t,  x,  y,  z] 

r[t_]={  Sin[t]  — t Cos[t],  Cos[t]  + t Sin[t],  tA2 } 
t0=  3-7T  / 2;  tmin=  0;  tmax=  6-7t; 

ParametricPlot3D[Evaluate[r[t]],  {t,  tmin,  tmax},  AxesLabel  — > {x,  y,  z } ] ; 
v[tj=  r'[t] 

tanline  [t_]=  v[tOJ  t + r[t0] 

ParametricPlot3D  [Evaluate |{r[t],  tanline[tj }],  { t,  tmin,  tmax},  AxesLabel  — > {x,  y,  z}]; 

For  39  and  40,  the  curve  can  be  defined  as  a function  of  t,  a,  and  b.  Leave  a space  between  a and  t and  b and  t. 
Clear[r,  v,  t,  x,  y,  z,  a,  b] 
r[t_,a_,b_]:={Cos[a  t],  Sin[a  t],  b t} 
t0=  3-7T  / 2;  tmin=  0;  tmax=  4-7r; 
v[t_,a_,b_]=  D[r[t,  a,  b],  t] 
tanline[t_,a_,b_]=v[tO,  a,  b]  t + r[t0,  a,  b] 

pal=ParametricPlot3D[Evaluate[{r[t,  1,  1],  tan  I i lie  [t,  1,  1]}],  [t.tmin,  tmax},  AxesLabel  — > {x,  y,  z}]; 

pa2=ParametricPlot3D [Evaluate [ { r[t,  2,  1],  tanline [t,  2,  1]}],  [t.tmin,  tmax},  AxesLabel  — > [x,  y,  z}]; 

pa4=ParametricPlot3D  [Evaluate  [{r[t,  4,  1},  tanline [t,  4,  1]}],  [t.tmin,  tmax},  AxesLabel  — > [x,  y,  z}]; 

pa6=ParametricPlot3D [Evaluate [{r[t,  6,  1],  tanline [t,  6,  1]}],  [t.tmin,  tmax},  AxesLabel  - - [x,  y,  z}]; 

Show[GraphicsRow[(pal,  pa2,  pa4,  pa6}]] 


13.2  INTEGRALS  OF  VECTOR  FUNCTIONS;  PROJECTILE  MOTION 


1.  /o‘[t3i  + 7j  + (t+l)k] 


dt  = 


i + [7t}Jj 


a 

5+t 


J 0 


k=ii  + 7j+|k 


>.  £ [(6  - 6t)i  + 3 0 j + (p)  k]  dt  = [6t  - 3t2]  2 i + [2t3/2]  2 j + [-4U1]  \ k = -3i  + (iy/l  - 2)  j + 


2k 


3-  /J/4[(sin  6'  + <4  + cos  t)j  + (sec2 1)  k]  dt  = [-  cos  t]  i + [t  + sin  t]  j + [tan  t]  ‘'i£  k = (j+^)  j + 2k 

Ctt/3  pir/3 

4.  J [(sec  t tan  t)i  + (tan  t)j  + (2  sin  t cos  t)  k]  dt  = Jg  [(sec  t tan  t)i  + (tan  t)j  + (sin  2t)k]  dt 
= Isec  t]  oA>  i + [-  In  (cos  t)[  g/3  j + [-  \ cos  2t]  £ k = i + (In  2)j  + \ k 

5-  f (t * + 5=7  J + 5tk)  dt  = = [lnt]4i  + [-In (5  - t)]4j  + [|  In  t]  4 k = (In  4)i  + (In  4)j  + (In  2)k 


5-  fc  (viT?i+TVVk)  dt=[2sin  1 1] i 4 + [3/3  tan  ^1 


k = 7ri 


aVl  1 


7-  I'(tel2i+e  lj+k) 


dt  = 


1 e‘ 

2 e 


J 0 


8.  jt  (tel  i + e*  j + In  t k)  dt  = [tel  — e*[  l|"3  i — [el]  j"3  j + [t  In  t — t] 1 [n3  k 
= 3(  In  3 - l)i  + (3  - e)i  + (In  3(ln(ln  3)  - 1)  + 1)  k 

Xtt/2  m r/2 

[(cos  t)i  — (sin  2t)j  + (sin2t)  k]  dt  = Jg  [(cos  t)i  — (sin  2t)j  + ( ( — 'cos 2t)  k]  dt  = 
= [sin  t]  o/2  i + [jCost][[/_j+  [it- isin2t]  [[/2k  = i-j  + |k 


Copyright  © 2010  Pearson  Education  Inc.  Publishing  as  Addison-Wesley. 


Section  13.2  Integrals  of  Vector  Functions;  Projectile  Motion  765 


OttIA  nir/A 

10.  J [(sec  t)i  + (tan2t)j  — (t  sin  t)  k]  dt  = Jg  [(sec  t)i  + (sec2t  — l)j  — (t  sin  t)  k]  dt 

= [ln(sec  t + tant)]”/4i+  [tan  t - t]  q 4 j + [t cost-  sin  t]  q4  k = ln(l  + y/2ji  + (l  - |)j  + - ^j)k 


11.  r = J ( — ti  - tj  - tk)  dt  = - § i - § j - f k + C ; r(0)  = Oi  - Oj  - Ok  + C = i + 2j  + 3k  =>  C = i + 2j  + 3k 

r = (_  2 + *)  ' + (~  2 + 2)  J + (_  2 + 3)  k 

12.  r = f [(180t)i  + (180t  - 16t2)  j]  dt  = 90t2i  + (90t2  - f t3)  j + C ; r(0)  = 90(0)2i  + [90(0)2  - f (0)3]  j + C 

= lOOj  =>  C = lOOj  =>  r = 90t2i  + (90t2  - f t3  + 100)  j 

13.  r = /[(§  (t  + 1)1/2)  i + e ‘j  + (^y)  k]  dt  = (t  + 1)3/2 i - e_t  j + ln(t  + l)k  + C ; 
r(0)  = (0+  l)3/2i-e-°j  + ln(0  + l)k  + C = k =>  C = i+j  + k 

=>  r=  [(t  + l)3/2  — l]  i + (1  — e ')  j + [1  + ln(t  + l)]k 


14.  r = f[(  t3  + 4t)  i + tj  + 2t2k]  dt  = + 2t2)  i+fj+^k  + C;  r(0) 

= i+j  =►  C = i+j  =►  r=  (£+2t2  + l)i+(f + l)j+fk 


°4  + 2(0)2 


i+fj  + ^k  + C 


15.  | = f (-32k)  dt  = — 32tk  + Cj;  ft  (0)  = 8i  + 8j  =>  -32(0)k  + Ci  = 8i  + 8j  =>  Ci  = 8i  + 8j 
=>  | = 8i  + 8j  - 32tk ; r = / (8i  + 8j  - 32tk)  dt  = 8ti  + 8tj  - 16t2k  + C2;  r(0)  = 100k 
=>  8(0)i  + 8(0)j  - 16(0)2k  + C2  = 100k  =>  C2  = 100k  =>  r = 8ti  + 8tj  + (100  - 16t2)  k 


16.  | = / -(i  + j + k)  dt  =:  -(ti  + tj  + tk)  + Ci;  f (0)  = 0 =»  -(Oi  + Oj  + Ok)  + Ci  = 0 =>  Ci  = 0 

=>  = -(ti  + tj  + tk) ; r = / -(ti  + tj  + tk)  dt  = - i + | j + | k)  + C2;  r(0)  = lOi  + lOj  + 10k 

=»  - (y  i + f j + f k)  + C2  = lOi  + lOj  + 10k  =>  C2  = lOi  + lOj  + 10k 

r = (_  V + 10)  * + (~  l + 10)  J + (~  1 + 10)  k 


17. 


^=a  = 3i— j + k =>  v(t)  = 3ti  — tj  + tk  + Ci;  the  particle  travels  in  the  direction  of  the  vector 


(4  — l)i  + (1 
2 =>•  v(0)  = 


2)j  + (4  — 3)k  = 3i  j + k (since  it  travels  in  a straight  line),  and  at  time  t — 0 it  has  speed 


^9+1+1 


(3i-j+k)  = Ci  =s>  f =v(t)=  ( 3t  + -j— 


v«  V3t  + TTl)  1 - (' + 3r)  j + (• + 3r)  k 


«<>  = (5t!  + 7)rl)i“(h!  + 7r7t)j  + (3,2  + 3T,)k  + C2;r(0)  = i + 2j  + 3k  = Cl 


r(t)  = ( 


3 {2  I 6_  * i -I 

2 + «/ITt+  1 


)1-(5‘!  + ^!,-2)j+(i,!  + ^r<  + 3) 


(l  t2  + t^  (3i  — j + k)  + (i  + 2j  + 3k) 


18.  (^=a  = 2i+j  + k=>  v(t)  = 2ti  + tj  + tk  + Ci;  the  particle  travels  in  the  direction  of  the  vector 

(3  — 1 )i  + (0  — (—  l))j  + (3  — 2)k  = 2i  + j + k (since  it  travels  in  a straight  line),  and  at  time  t = 0 it  has  speed  2 

v(°>=  y4+i  + i (2i  + j + k>  = ci  =►  f =v«  = (2t+ 7i)i+ (t+ 7s)j+ (t+ Ti)  k 

=►  *>  = (t2  + Wt)i+(^2  + ^t)j+(^t2  + ^t)k  + C2;r(0)  = i-j  + 2k  = C2 

=*  r(t)  (t2-V6t+')i+(2t2+J6'  ')j+(2t2~  xV  + 2)k‘  (|t2  + ^t)(2i+j  + k)  + (i-j  + 2k) 
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19.  X = (v0  cos  a)t  =>■  (21  km)(kMp)  = (840  m/s)(cos  60°)t  =>•  t = = 50  seconds 


20.  R = — sin  2a  and  maximum  R occurs  when  a = 45° 

g 

=>•  v0  = \j (9.8)(24,500)  m2/s2  = 490  m/s 


24.5  km  = (sin  90°) 


21.  (a)  t = = 2(5009m8/si^745°)  ~ 72.2  seconds;  R = | sin  2a  = (59°80^/  (sin  90°) 


(b)  x = (vo  cos  a)t  =>■  5000  m = (500  m/s)(cos  45°)t  =>  t = 


5000  m 

(500  m/s)(cos  45°) 


25.510.2  m 
14.14  s;  thus, 


y = (v0  sin  a)t  — k gt2  =>  y«  (500  m/s)(sin  45°)(14.14  s)  — ^ (9.8  m/s2)  (14.14  s)2  w 4020  m 


_ (vo  sin  a)2 
vW  J max  2g 


((500  m/s)(sin  45°))2 
2 (9.8  m/s2) 


6378  m 


22.  y = y0  + (v0  sin  a)t  - | gt2  =>  y = 32  ft  + (32  ft/sec)(sin  30°)t  - d (32  ft/sec2)  t2  =>  y = 32  + 16t  — 16t2; 

the  ball  hits  the  ground  when  y = 0 =>  0 = 32  + 16t  — 16t2  =>  t = — 1 or  t = 2 =>  t = 2 sec  since  t > 0;  thus, 

x = (v0  cos  a)  t =>  x = (32  ft/sec)(cos  30°)t  = 32  (2)  « 55.4  ft 

23.  (a)  R=^sin2a  =>  10  m = (sin  90°)  =>  v9  = 98  m2s2  =>  v0«9.9m/s; 

(b)  6m  se  (99l^  (sin  2a)  =>•  sin  2a  « 0.59999  =>  2a  « 36.87°  or  143.12°  =>  a « 18.4°  or  71.6° 

24.  Vo  = 5 x 10°  m/s  and  x = 40  cm  = 0.4  m;  thus  x = (vo  cos  a)t  =>  0.4m  = (5  x 106  m/s)  (cos  0°)t 
=>■  t = 0.08  x 10~6  s = 8 x 10-8  s;  also,  y = y0  + (v0  sin  a)t  - \ gt2 

y = (5  x 10°  m/s)  (sin  0°)  (8  x 10~8  s)  - d (9.8  m/s2)  (8  x 10^8  s)2  = -3.136  x 10~14  m or 
—3.136  x 10-12  cm.  Therefore,  it  drops  3.136  x 10~12  cm. 

25.  R=  sin  2a  =>•  16,000  m = (9^°^sf  sin  2a  =>  sin  2a  = 0.98  =>•  2a  w 78.5°  or  2a  « 101.5°  =>•  a « 39.3° 
or  50.7° 


26.  (a)  R = sjn  2a  = — sin  2a  = 4 ( — 

V / g g ' P 


4vn 


(|  sin  a) 


or  4 times  the  original  range. 


(b)  Now,  let  the  initial  range  be  R = — sin  2a.  Then  we  want  the  factor  p so  that  pv0  will  double  the  range 

=>■  sjn  2a  = 2 ^ sin  2a^j  =>  p2  = 2 =>  p = y/2  or  about  141%.  The  same  percentage  will  approximately 


double  the  height: 


(pvosin  a)‘ 
2g 


2(vosin  a)‘ 
2g 


=>■  p2  = 2 =*>  p = \pl. 


27.  The  projectile  reaches  its  maximum  height  when  its  vertical  component  of  velocity  is  zero  =>  ^ = vosina  gt  — 0 

=*t  = =>  ymax  = (v0sina)(^)  - . To  find  the  flight  time 

we  find  the  time  when  the  projectile  lands:  (vosina)t  — |gt2  = 0 =>•  t(vosina  — ) g t)  = 0=>t  = 0ort  = 2v°^ma. 

t = 0 is  the  time  when  the  projectile  is  fired,  so  t = 2v°^ln a is  the  time  when  the  projectile  strikes  the  ground.  The  range  is 

the  value  of  the  horizontal  component  when  t=  2vo^ina  =>  R = x = (vocos  a)  (2v°^ina  j = ^ (2  sin  acos  a)  = ^sin2a. 

g V g / g g 

The  range  is  largest  when  sin  2a  — I =>  a — 45°. 

28.  When  marble  A is  located  R units  downrange,  we  have  x = (vo  cos  a)t  =>•  R = (vo  cos  a)t  =>  t = vo  c^s  - . At 

that  time  the  height  of  marble  A is  y = y0  + (v0  sin  a)t  - \ gt2  = (v0  sin  a)  ~\g  ( Vf|  ^ a ) 

=>  y = R tan  a - ) g ( » R ] . The  height  of  marble  B at  the  same  time  t = — - — seconds  is 

J 2 & Y Vq  cos2  a j & v0  cos  a 
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h = R tan  a — | gt2  = R tan  a — | g ^ v2  ^ 2 a ^ • Since  the  heights  are  the  same,  the  marbles  collide  regardless 
of  the  initial  velocity  Vo- 

29.  f = / C— gj)  dt  = -gtj  + Ci  and  | (0)  = (v0  cos  a)i  + (v0  sin  a)j  =>•  -g(0)j  + Ci  = (v0  cos  o)i  + (v0  sin  a)j 
=>  Ci  = (v0  cos  a)i  + (v0  sin  a)\  =>  ^ = (v0  cos  a)i  + (v0  sin  a — gt)j  ; r = f [(v0  cos  a)i  + (v0  sin  a — gt)j]  dt 
= (v0t  cos  a)i  + (v0t  sin  a - \ gt2)  j + C2  and  r(0)  = x0i  + y0j  =>■  [v0(0)  cos  a]i  + [v0(0)  sin  a - \ g(0)2]  j + C2 
= x0i  + y0j  C2  = x0i  + y0j  =>  r = (x0  + v0t  cos  «)i  + (y0  + v0t  sin  a - | gt2)  j =>  x = x0  + v0t  cos  a and 
y = yo  + v0t  sin  a - i gt2 


30.  The  maximum  height  is  y = ^v°  a)  and  this  occurs  for  x = ^ sin  2a  = v° Sln  “ cos  Q . These  equations  describe 

parametrically  the  points  on  a curve  in  the  xy-plane  associated  with  the  maximum  heights  on  the  parabolic  trajectories  in 


terms  of  the  parameter  (launch  angle)  a.  Eliminating  the  parameter  a,  we  have  = 


2 Vq  sin2  a cos2  a (vg  sin2  a)  ( 1 — sin2  o;) 


_ Vq  sin2  a Vq  sin4  a 

— ct2 


= ? (2y)  - (2y)2 


v-(?) 


? y = o =■  x2 


f2  - (I) 


(y  - §)  = |l , where  x > 0. 


31.  (a)  At  the  time  t when  the  projectile  hits  the  line  OR  we 
have  tan  (3  = ^ ; x = [vo  cos  ( a — /?)]t  and 
y = [vo  sin  (a  — /?)]t  — * gt2  < 0 since  R is 
below  level  ground.  Therefore  let 
|y|  = \ gt2  - [v0  sin  (a  - (3)]t  > 0 

so  that  tan  (3  = [^f(v°  s,in(a~f t]  = [1^°  «*<*-(!)] 

^ [Vq  cos  (a:  — (3)\ t Vq  cos  {a  — p) 

=>  v0  cos  (a  — /?)  tan  /3  = i gt  — v0  sin  ( a — (3) 


=>  t = 


2vq  sin  {a  — (3)  + 2vq  cos  (a  — (3)  tan  f3 


, which  is  the  time 


when  the  projectile  hits  the  downhill  slope.  Therefore, 


x = [v0  cos  (a  — /?)] 


2vo  sin  (a:  — i3)  + 2vq  cos  ( a — (3)  tan  (3 1 2v; 


= [cos2  (a  — j3)  tan  /3  + sin  ( a — (3 ) cos  (a 


maximized,  then  OR  is  maximized:  [—  sin  2(a  — (3)  tan  f3  + cos  2 (a  — (3)]  = 0 

=>  — sin  2(a  — (3)  tan  (3  + cos  2 (a  — /3)  = 0 tan  (3  = cot  2 (a  — /3)  =^>  2(a  — /3)  = 90°  — (3 
=>•  a -f3=  \ (90°  -(3)  =>•  a=\  (90°  + ff)=\  of  ZAOR. 

(b)  At  the  time  t when  the  projectile  hits  OR  we  have  A 

tan  (3  = - ; x = [v0  cos  ( a + /3)]t  and  j 


y = [v„  sin  ( a + /?)]t  - gt2 

tan  R — ho  sin  (n  + P)\  t - [ gt2  _ [v0  sin  (a  + /3)  - j gt] 
P [vo  cos  (a:  + (3)]t  vq  cos  (a  + (3 ) 


-£  + (>  R 


' [vo  cos  (a  + /3)]t  v0  cos  (a  + (3)  I 

=>  v0  cos  (a  + (3)  tan  (3  = v0  sin  (a  + (3)  - \ gt  

=►  t = 2v°  sin  (a  + /?)  — 2vo  cos  (a  + /?)  tan  j3  M j ^ time 
g 

when  the  projectile  hits  the  uphill  slope.  Therefore, 

X = [Vo  cos  (Ct  + (3)\  [2vo  ^O  + ffl-2V0COS(a  + /3)tan/jl  = 2vg  jsin  + ^ cQs  (q,  + ^ _ cos2  (a  + tan  £]  _ Jf  x is 

maximized,  then  OR  is  maximized:  ^ ^ [cos  2(a  + (3)  + sin  2(a  + (3)  tan  /?]  = 0 

=>  cos  2(a  + (3)  + sin  2 (a  + (3)  tan  (3  = 0 =>  cot  2(a  + (3)  + tan  f3  = 0 =>  cot  2(a  + (3)  = — tan  (3 
= tan  (— /?)  2(a  + (3)  = 90°  — {—(3)  = 90°  + (3  =>  a=\  (90°  - (3)  — \ of  ZAOR.  Therefore  v0  would  bisect 

ZAOR  for  maximum  range  uphill. 
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32.  Vo  = 1 16  ft/sec,  a = 45°,  and  x = (vo  cos  a)t 
=>  369  = (116  cos  45°)t  =>  t « 4.50  sec; 
also  y = (v0  sin  a)t  — 1 gt2 
=>  y = (1 16  sin  45°)(4.50)  - \ (32)(4.50)2 
« 45.1 1 ft.  It  will  take  the  ball  4.50  sec  to  travel 
369  ft.  At  that  time  the  ball  will  be  45. 1 1 ft  in 
the  air  and  will  hit  the  green  past  the  pin. 


1 16  ft/secy 


a 

;!y 

4 4||' 


33.  (a)  (Assuming  that  "x"  is  zero  at  the  point  of  impact:) 

r(t)  = (x(t))i  -I-  (y(t))j;  where  x(t)  = (35  cos  27°)t  and  y(t)  —4  + (35  sin  27°)t  — 16t2. 

(b)  ymax  = (v°™tt)2  + 4 = (35si^427°)2  + 4 « 7.945  feet,  which  is  reached  at  t = pp  = pp  « 0.497  seconds. 

(c)  For  the  time,  solve  y = 4 + (35  sin  27°)t  — 16t2  = 0 for  t,  using  the  quadratic  formula 

35  sin  27  + J (—35  sin  27  ) + 256  — . / « i \ . (oc 0^70  on  1 \ ^ , 00  Acn 


t = — ^ ~ 1.201  sec.  Then  the  range  is  about  x(  1.201)  = (35  cos  27°)  (1.201)  ~ 37.453  feet. 

(d)  For  the  time,  solve  y = 4 + (35  sin  27°)t  — 16t2  = 7 for  t,  using  the  quadratic  formula 


35  sin  27°  + y (— 35  sin  27° 


; 0.254  and  0.740  seconds.  At  those  times  the  ball  is  about 


x(0.254)  = (35  cos  27°)(0.254)  « 7.921  feet  and  x(0.740)  = (35  cos  27°)(0.740)  « 23.077  feet  the  impact  point, 
or  about  37.453  — 7.921  w 29.532  feet  and  37.453  — 23.077  « 14.376  feet  from  the  landing  spot. 

(e)  Yes.  It  changes  things  because  the  ball  won’t  clear  the  net  (ymax  ~ 7.945). 


34.  x = x0  + (v0  cos  a)t  = 0 + (v0  cos  40°)t  « 0.766  v0t  and  y = y0  + (v0  sin  a)t  — ^ gt2  = 6.5  + (v0  sin  40°)t  — 16t2 


6.5  + 0.643  vot  — 16t2;  now  the  shot  went  73.833  ft  =>■  73.833  = 0.766  vot  =>■  t 


0 = 6.5 


(0.643)(96.383)  - 16  (^)2  =4  0 « 68.4 


sec;  the  shot  lands  when  y = 0 
; 46.6  ft/sec,  the  shot's  initial 


35.  Flight  time  = 1 sec  and  the  measure  of  the  angle  of  elevation  is  about  64°  (using  a protractor)  so  that  t = 


2vp  sin  a 


=>  1 = 2v°g64°  =>•  v0  « 17.80  ft/sec.  Then  ymax  = (17-8%(s£64°)2 


4.00  ft  and  R = ^ sin  2a  =>  R = sin  128° 

g 32 


7.80  ft  =>  the  engine  traveled  about  7.80  ft  in  1 sec  =>  the  engine  velocity  was  about  7.80  ft/sec 


36.  (a)  r(t)  = (x(t))i  + (y(t))j;  where  x(t)  = (145  cos  23°  — 14)t  and  y(t)  = 2.5  + (145  sin  23°)t  — 16t2 


(b)  ymax  = (v°s”a)~  + 2.5  = (145s“23T  + 2.5  « 52.655  feet,  which  is  reached  at  t = = 145s3i”23°  « 1.771  seconds. 

(c)  For  the  time,  solve  y = 2.5  + (145  sin  23°)t  — 16t2  = 0 for  t,  using  the  quadratic  formula 


^ c (145sin23° 

Z,:)  — 64  ' 


145  sin  23°  + J (145  sin  23°  )2  + 160 


428.311  feet. 


3.585  sec.  Then  the  range  at  t w 3.585  is  about  x = (145  cos  23°  — 14) (3.585) 


(d)  For  the  time,  solve  y = 2.5  + (145  sin  23°)t  — 16t2  = 20  for  t,  using  the  quadratic  formula 


145  sin  23°  + X (145  sin  23°)  - 1120 


0.342  and  3.199  seconds.  At  those  times  the  ball  is  about 


x(0.342)  = (145  cos  23°  - 14)(0.342)  « 40.860  feet  from  home  plate  and  x(3.199)  = (145  cos  23°  - 14)(3.199) 
« 382.195  feet  from  home  plate. 

(e)  Yes.  According  to  part  (d),  the  ball  is  still  20  feet  above  the  ground  when  it  is  382  feet  from  home  plate. 

37.  + kf  = -gj  P(t)  = k and  Q(t)  = -gj  =>  f P(t)  dt  = kt  =>  v(t)  = e/pW  dt  = ekt  =>  ^ fv( t)  Q(t)  dt 

= — ge_ktJ  ekt  j dt  = -ge  ~kl  [ ^'j  + C]  ] = — |j  + Ce  4l,  where  C = — gCi;  apply  the  initial  condition: 

^ t o = (v0cos  a)i  + (v0sin  a)j  = -f  j + C =>  C = (v0cos  a)i  + (f  + v0sin  a)j 

=>  f = (v0e~ktcos  a)i  + (-f  +e“kt(f  + v0sin  a))j,  r = J[  (v0e~ktcos  a)i+  (-|  + e~kt(|  + v0sin  a))j  ] dt 
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= (—  ~ktcos  a)i  + f"  — Tr(|  + vosin  a)^j  + C2;  apply  the  initial  condition: 
r(0)  = 0 = (-fcosa)i+(-|^»£)j  + C2  =>  C2  = (f  cos  a)i  + (£  + »*)j 
=>  r(t)  = (y(1  — e~kt)cos  a)i  + (3?  (l  — e~kt)sin  a + p(l  — kt  — e-kt))j 

38.  (a)  r(t)  = (x(t))i  + (y(t))j;  where  x(t)  = (<ni)(l  - e_al2t)(cos  20°)  and 

y(t)  = 3+  (^|)(1  -e-012t)(sin20°)  + (^)  (1  - 0.12t  - e-°12t) 

(b)  Solve  graphically  using  a calculator  or  CAS:  At  t « 1.484  seconds  the  ball  reaches  a maximum  height  of  about  40.435 
feet. 

(c)  Use  a graphing  calculator  or  CAS  to  find  that  y = 0 when  the  ball  has  traveled  for  « 3.126  seconds.  The  range  is 
about  x(3.126)  = (^|)(l  - e"012(3126))  (cos  20°)  « 372.31 1 feet. 

(d)  Use  a graphing  calculator  or  CAS  to  find  that  y = 30  for  t « 0.689  and  2.305  seconds,  at  which  times  the  ball  is  about 
x(0.689)  « 94.454  feet  and  x(2.305)  « 287.621  feet  from  home  plate. 

(e)  Yes,  the  batter  has  hit  a home  run  since  a graph  of  the  trajectory  shows  that  the  ball  is  more  than  14  feet  above  the 
ground  when  it  passes  over  the  fence. 

39.  (a)  £ kr(t)  dt  = £ [kf(t)i  + kg(t)j  + kh(t)k]  dt  = £ [kf(t)]  dti  + £ [kg(t)]  dtj  + £ [kh(t)]  dtk 

= k ^£  f(t)  dti  + £ g(t)  dtj  + £ h(t)  dt k^  = k £ r(t)  dt 

(b)  £ [n(t)  ± r2(t)]  dt  = £ ( [f i (t)i  + gi(t)j  + hi(t)k]  ± [f2(t)i  + g2(t)j  + h2(t)k])  dt 

= £ ([fi(0  ± f2(t)]  i + [gift)  ± g2(t)j  j + [h!(t)  ± h2(t)]  k)  dt 

= £ [ij(t)  ± f2(t)]  dti + £ [gl(t)  ± g2(t)]  dtj  + £ [h2  ft)  ± h2(t)]  dtk 

= /abf!(t)dti  ±/abf2(t)  dti  + /b  gl(t)  dt  j ± /b  g2(t)  dtj  + £ hi  (t)  dt  k ± £ h2(t)  dt  k 
= £ ri(t)dt±  £ r2(t)  dt 

(c)  Let  C = cii  + c2j  + c3k.  Then  £ C • r(t)  dt  = £ [cif(t)  + c2g(t)  + c3h(t)]  dt 

= ci  f f(t)  dt  + c2  f g(t)  dt  + c3  f h(t)  dt  = C • f r(t)  dt; 

£ C x r(t)  dt  = £ [c2h(t)  - c3g(t)]  i + [c3f(t)  - cih(t)]  j + [cig(t)  - c2f(t)]  k dt 

= c2  £ h(t)  dt  - c3  £ g(t)  dt  i + c3  £ f(t)  dt  - c3  £ h(t)  dt  j + c3  £ g(t)  dt  - c2  £ f(t)  dt  k 
= C x fb  r(t)  dt 

a 

40.  (a)  Let  u and  r be  continuous  on  [a,  b].  Then  lim  u(t)r(t)  = lim  |u(t)f(t)i  + u(t)g(t)j  + u(t)h(t)k] 

t — > to  t — > to 

= u(t0)f(t0)i  + u(t0)g(t0)j  + u(t0)h(t0)k  = u(t0)r(t0)  ur  is  continuous  for  every  t0  in  [a,  b], 

(b)  Let  u and  r be  differentiable.  Then  d(  (ur)  = ^ [u(t)f(t)i  + u(t)g(t)j  + u(t)h(t)k] 

= (|  f(t)  + U(t)  |)  i + (|  g(t)  + u(t)  f )j  + (£  h(t)  + u(t)  f ) k 
= [f(t)i  + g(t)j  + h(t)k]  | + u(t)  (l  i + I j + f k)  = r | + u | 

41.  (a)  If  Ri(t)  and  R2(t)  have  identical  derivatives  on  I,  then  d^'  = ^(Li+^Lj  + ^1k  = ^i+^pj  + ^k 

= ^ =*  § = f>f  = f>'iir  = car  =*  fi«  = f2W  + cl  gi(t)  = g2(t)  + c2,  h^t)  = h2(t)  + c3 
=>  fi(t)i  + gdt)j  + hi(t)k  = [f2(t)  + ci]i  + [g2(t)  + c2]j  + [h2 (t)  + c3]k  =>  Ri(t)  = R2d)  + C,  where 
C = cj  + c2j  + c3k. 
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(b)  Let  R(t)  be  an  antiderivative  of  r(t)  on  I.  Then  R'(t)  = r(t).  If  U(t)  is  an  antiderivative  of  r(t)  on  I,  then 
U'(t)  = r(t).  Thus  U'(t)  = R'(t)  on  I =>  U(t)  = R(t)  + C. 

42-  I X r(T)  dr  = I X [f(r)i  + S(r)j  + h(T)kJ  dr  = S X f(r)  dri+i£  S(r)  dr  j + 4 X h(r)  dr  k 

= f(t)i  + g(t)j  + h(t)k  = r(t).  Since  | /:  r(r)  dr  = r(t),  we  have  that  r(r)  dr  is  an  antiderivative  of 
r.  If  R is  any  antiderivative  of  r,  then  R(t)  = j r(r)  dr  + C by  Exercise  41(b).  Then  R(a)  = j r (r)  dr  + C 
= 0 + C =>  C = R(a)  =>  fr(r)  dr  = R(t)  - C = R(t)  - R(a)  =>  f r(r)  dr  = R(b)  - R(a). 

J a J a 


43.  (a)  r(t)  = (x(t))i  + (y(t))j;  where  x(t)  = (^V)  (1  - e 008t) (152  cos  20°  — 17.6)  and 
Y(t)  = 3 + ®(1  - e-°08t)(sin20°)  + (g^)(l  - 0.08t  - e-°08t) 

(b)  Solve  graphically  using  a calculator  or  CAS:  At  t « 1.527  seconds  the  ball  reaches  a maximum  height  of  about  41.893 
feet. 

(c)  Use  a graphing  calculator  or  CAS  to  find  that  y = 0 when  the  ball  has  traveled  for  « 3.181  seconds.  The  range  is 
about  x(3. 181)  = (^)(l  _ e-°08(3181))  (152  cos  20°  - 17.6)  « 351.734  feet. 

(d)  Use  a graphing  calculator  or  CAS  to  find  that  y = 35  for  t « 0.877  and  2.190  seconds,  at  which  times  the  ball  is  about 
x(0.877)  « 106.028  feet  and  x(2.190)  « 251.530  feet  from  home  plate. 

(e)  No;  the  range  is  less  than  380  feet.  To  find  the  wind  needed  for  a home  run,  first  use  the  method  of  part  (d)  to  find  that 
y = 20  at  t « 0.376  and  2.716  seconds.  Then  define  x(w)  = (g^)  (l  — e~°'087-716^(152  cos  20°  + w),  and  solve 
x(w)  = 380  to  find  w « 12.846  ft/sec. 


44.  ymax  = (v°s2‘°a)~  =>  l ymax  = 3(v°°"a)2  and  y = (v0  sin  a)t  - \ gt2  3(v°g|na)2  = (v0  sin  a)t  - \ gt2 

=>  3(v0  sin  a)2  = (8gv0  sin  a:)t  — 4g2t2  =$■  4g2t2  — (8gv0  sin  a)t  + 3(v0  sin  a)2  = 0 =$■  2gt  — 3v0  sin  a — 0 or 
2gt  — v0  sin  a = 0 =>  t = 3v°^n  a'  or  t = Vfl  |'n  a . Since  the  time  it  takes  to  reach  ymax  is  tmax  = v° Q' , 
then  the  time  it  takes  the  projectile  to  reach  | of  ymax  is  the  shorter  time  t = v°  a’gn  a or  half  the  time  it  takes 
to  reach  the  maximum  height. 


13.3  ARC  LENGTH  IN  SPACE 


1 . r = (2  cos  t)i  + (2  sin  t)j  + y/5tk  =>  v = (—2  sin  t)i  + (2  cos  t)j  + y^5k 

=>  |v|  = J (—2  sin  t)2  + (2  cos  t)2  + = V 4 sin2 1 + 4 cos2 1 + 5 = 3;  T = ^ 

= (—  | sin  t)  i + (|  cos  t)  j + k and  Length  — f0  |v|  dt  = 3 dt  = [3t]  g = 3-rr 


2.  r = (6  sin  2t)i  + (6  cos  2t)j  + 5tk  =>  v = (12  cos  2t)i  + (—12  sin  2t)j  + 5k 

| v | = \J (12  cos  2t)2  + (-12  sin  2t)2  + 52  = ^144  cos2  2t  + 144  sin2  2t  + 25  = 13;  T = ^ 

= (||  cos  2t)  i — sin  2t)  j + -|  k and  Length  = jn  |v|  dt  = X 13  dt  = [13t]  | = 137r 


7?  1 

vl  “ v'TTT ' ^ /ITt 1 


3.  r = ti  + 1 13/2 k =►  v = i + t1/2k  =>  |v|  = l2  + (t1/2)2  = v/T+~t ; T = ^ = i + 
and  Length  = £ y7 1 + t dt  = [|  (1  + t )3/2]  ® = f 


4.  r = (2  + t)i~(t+l)j  + tk  =»  v = i-j  + k =►  |v|  = y/l2  + (-1)2  + l2  = y/3  ; T = ^ ^ i - j + k 


and 


Length  = \/3  dt  = y/3t  = 3 \f?> 
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5.  r = (cos3 1)  j + (sin3 1)  k 


= (— 3 cos2 1 sin  t)  j + (3  sin2 1 cos  t)  k 


yj (—3  cos2 1 sin  t)2  + (3  sin2 1 cos  t)2  = yj (9  cos2 1 sin2 1)  (cos2 1 + sin2 1)  = 3 |cos  t sin  t| ; 


rri  _v_  —3  cos2  t sin  t : i 3 si: 

|v|  3 |cos  t sin  t|  J ' 3 In 


k = (—  cos  t)j  + (sin  t)k , if  0 < t < f , and 


3 cos  t sin  t|  “ — v 1 ^ ~ - 1 - 2 

x/2  ox/2 


Length  = f0  3 |cos  t sin  t|  dt  = J 3 cos  t sin  t dt  = 


cos  t sin  t dt  = I ^ sin  2t  dt  = — 3 cos  2t]  | 


6.  r = 6t3i  - 2t3j  - 3t3k  =>  v = 18t2i  - 6t2j  - 9t2k  =>  |v|  = a/ (18t2)2  + (-6t2)2  + (-9t2)2  = \/ 44 It4  = 21t2 ; 
T = ]V|  = i — ^2  j — ^ k=fi— fj— |k  and  Length  = £ 21t2  dt  = [7t3] 2 = 49 


7.  r = (t  cos  t)i  + (t  sin  t)j  + t3//2k  =>  v = (cos  t — t sin  t)i  + (sin  t + t cos  t)j  + (^\/2tll2'sJ  k 

=>  |v|  = 1 (cos  t — t sin  t)2  + (sin  t + t cos  t)2  + (^\/2  tj  = yj  1 + t2  + 2t  = y/(t  + l)2  = |t  + 1|  = t + 1,  if  t > 0; 
T = M = (cosi^sint)  i + (smLttcost)  j + k and  Length  = £(t  + 1)  dt 


k + t 


= T +7r 


8.  r = (t  sin  t + cos  t)i  + (t  cos  t — sin  t)j  =>•  v = (sin  t + t cos  t — sin  t)i  + (cos  t — t sin  t — cos  t)j 
= (t  cos  t)i  — (t  sin  t)j  =£■  |v|  = yj (t  cos  t)2  + (— t sin  t)2  = i/t2  = |t|  = t if  y/2  < t < 2;  T = ^ 

= (tc^st)  i _ (ts^t)  j = (cos  t)i  _ (sin  t)j  and  Length  = dt : 


L2J  y/i 


= 1 


9.  Let  P(t0)  denote  the  point.  Then  v = (5  cos  t)i  — (5  sin  t)j  + 12k  and  267r  = f yj 25  cos2 1 + 25  sin2 1 + 144  dt 

•J  0 

— f 13  dt  = 13to  =>  to  = 27t,  and  the  point  is  P(2-7r)  = (5  sin  27r,  5 cos  27r,  247t)  = (0, 5, 247r) 

•J  0 


10.  Let  P(t0)  denote  the  point.  Then  v = (12  cos  t)i  + (12  sin  t)j  + 5k  and 

— 137T  = Jo  \J  144  cos2 1 + 144  sin2 1 + 25  dt  = 13  dt  = 13to  =>  to  = — n,  and  the  point  is 

P(— 7r)  = (12  sin  (— 7t),  —12  cos  (— 7r),  — 57r)  = (0, 12,  — 57r) 

11.  r = (4  cos  t)i  + (4  sin  t)j  + 3tk  =>  v = (—4  sin  t)i  + (4  cos  t)j  + 3k  =>  |v|  = yj (—4  sin  t)2  + (4  cos  t)2  + 32 
= y/25  = 5 =>  s(t)  = J“o  5 dr  = 5t  =>  Length  = s (|)  = 


12.  r = (cos  t + t sin  t)i  + (sin  t — t cos  t)j  =>  v = (—sin  t + sin  t + t cos  t)i  + (cos  t — cos  t + t sin  t)j 

= (t  cos  t)i  + (t  sin  t)j  =>  |v|  = yj (t  cos  t)2  + (t  cos  t)2  = = \f&  — t,  since  | < t < 7r  =>  s(t)  = dr  — ^ 

=>  Length  = s(7t)  - s (f ) = y — yp-  = y1 

13.  r = (e(  cos  t)  i + (el  sin  t)  j + elk  =>  v = (e(  cos  t — e1  sin  t)  i + (el  sin  t + e(  cos  t)  j + elk 

=>  |v|  = yj (e(  cos  t — e(  sin  t)2  + (e(  sin  t + ef  cos  t)2  + (e()2  = = \J 3e2t  = yf?>Ql  =>■  s(t)  = Jo  \/3eT  dr 

= a/3  el  - \/3  =>  Length  = s(0)  - s(-ln4)  = 0 - (v^e'1”4  - v^)  = ^ 

14.  r = (1  + 2t)i  + (1  + 3t)j  + (6  - 6t)k  =>  v = 2i  + 3j  6k  =>  |v|  = v'22T32Ar(-6j2  = 7 =>  s(t)  = fl  dr  = 7t 

=>•  Length  = s(0)  — s(— 1)  = 0 — (-7)  = 7 
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15.  r = 


(v^t)  i + (v^t)  j + (1  - t2)  k =►  v=v^i+v^j-2tk  =►  |v|  = )2+  (\/2)^  + (-2t)2  = a/4  + 4t2 

= 2a/1  + t2  =►  Length  = £ly/l  + t2  dt  = [2  v'l  + t2  + | In  (t  + y7!  + t2))]  * = \/2  + ln(l  + 


16.  Let  the  helix  make  one  complete  turn  from  t = 0 to  t = 27r. 
Note  that  the  radius  of  the  cylinder  is  1 =>■  the 
circumference  of  the  base  is  2tt.  When  t = 27r,  the  point  P is 
(cos  27t,  sin  2-7T,  27t)  = (1, 0,  27t)  =>  the  cylinder  is  27r  units 
high.  Cut  the  cylinder  along  PQ  and  flatten.  The  resulting 
rectangle  has  a width  equal  to  the  circumference  of  the 
cylinder  = 27t  and  a height  equal  to  27r,  the  height  of  the 
cylinder.  Therefore,  the  rectangle  is  a square  and  the  portion 
of  the  helix  from  t = 0 to  t = 27r  is  its  diagonal. 


Z 


17.  (a)  r = (cos  t)i  + (sin  t)j  + (1  — cos  t)k,  0 < t < 27t  =>  x = cos  t,  y = sin  t,  z = 1 — cos  t =>  x2  + y2 
= cos2 1 + sin2 1 = 1,  a right  circular  cylinder  with  the  z-axis  as  the  axis  and  radius  = 1.  Therefore 
P(cos  t,  sin  t,  1 — cos  t)  lies  on  the  cylinder  x2  + y2  = 1;  t = 0 =>•  P(l,  0,  0)  is  on  the  curve;  t = | = 

is  on  the  curve;  t = 7r  =>•  R(—  1,  0, 2)  is  on  the  curve.  Then  PQ  = i + j + k and  PR  = — 2i  + 2k 


Q(0, 1, 1) 


PQ  x PR  = 


j k 

1 1 
0 2 


= 2i  + 2k  is  a vector  normal  to  the  plane  of  P,  Q,  and  R.  Then  the 


plane  containing  P,  Q,  and  R has  an  equation  2x  + 2z  = 2(1)  + 2(0)  or  x + z = 1.  Any  point  on  the  curve 
will  satisfy  this  equation  since  x + z = cos  t + ( 1 — cos  t)  = 1 . Therefore,  any  point  on  the  curve  lies  on  the 
intersection  of  the  cylinder  x2  + y2  = 1 and  the  plane  x + z = 1 =>■  the  curve  is  an  ellipse. 

|v|  = \J sin2 1 + cos2 1 -+ 


(b)  v = (—  sin  t)i  + (cos  t)j  + (sin  t)k  =>  |v|  = \J  sin2 1 + cos2 1 + sin2 1 = \J  1 + sin2 1 

T(0)  = j , T (|)  = ^,T(7r)  = -j,T(f)  = 


'T'  _V_ 

“ M 


(—  sin  t)i  + (cos  t)j  + (sin  t)k 

y/\+  sin2  t 


v/5 


(c)  a = (—  cos  t)i  — (sin  t)j  + (cos  t)k ; n = i + k is 

normal  to  the  plane  x + z=  l=>n-a  = — cos  t + cos  t 
= 0 =>  a is  orthogonal  to  n =>  a is  parallel  to  the 
plane;  a(0)  = — i + k , a (|)  = — j , a (/)  = i — k , 

a(f)  =J 


(d)  |v|  = \J  1 + sin2 1 (See  part  (b)  =>  L = £ \J  1 + sin2 1 dt 

(e)  L w 7.64  (by  Mcithematica) 


18.  (a)  r = (cos  4t)i  + (sin  4t)j  + 4tk  =>  v = (— 4 sin  4t)i  + (4  cos  4t)j  + 4k 
= a/32  = 4v/2  Length  = £" 4y/2dt=  4 yjlt  ^ =2ny/2 
(b)  r = (cos  |)  i + (sin  i)  j + § k =►  v = (-  \ sin  ±)  i + (1  cos  §)  j + i k 

=►  M = \/(-5sin5)2  + (lcos5)2  + (l)2  = \!\  + \ = IT 


= y/ (—4  sin  4t)2  + (4  cos  4t)2  + 42 


Length  = *§  dt  = ^ t ^ = 2iry/2 


(c)  r = (cos  t)i  — (sin  t)j  — tk  =>  v = (—  sin  t)i  — (cos  t)j  — k 

= \pl  Length  = J 2 \/2  dt  = [\/2tj  = 2-K\f2 


= \J (-  sin  t)2  + (-  cos  t)2  + (-1)2  = a/1  + 1 
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19.  ZPQB  = ZQOB  = t and  PQ  = arc  (AQ)  = t since 

PQ  = length  of  the  unwound  string  = length  of  arc  (AQ); 
thus  x = OB  + BC  = OB  + DP  = cos  t + 1 sin  t,  and 
y = PC  = QB  — QD  = sin  t — t cos  t 


20.  r = (cos  t + 1 sin  t)i  + (sin  t + t cos  t)j  =>  v = (—sin  t + t cos  t + sin  t)i  + (cos  t — (t(— sin  t)  + cos  t))j 
= (tcos  t)i  + (tsin  t)j  =+  |v|  = \J (tcos  t)2  + (tsin  t)2  = V+  = |t|=t,  t>0=>T=j^  = +^i  + 

= cos  ti  + sin  t j 


21.  v = |(x0 + tm)i+ |(y0 + tu2)j  + |(z0  + tu3)k  = mi  + u2j + u3k  = u,  sos(t)  = Jjv|dt  = fg  |u|dr  = fg  1 dr  = t 

22.  r(t)  = ti  + t2j  + t3k  =>  v(t)  = i + 2t j + 3t2k  +>  |v(t)|  = yf( l)2  + (2t)2  + (3t2)2  = a/1  +4t2  + 9t4.  (0,  0,  0)  =>  t = 0 

and  (2,  4,  8)  =>•  t = 2.  Thus  L = j |v(t)|  dt  = J"0  + 1 + 4t2 *  + 9t4  dt.  Using  Simpson's  rule  with  n = 10  and 

Ax  = =0.2=^L«  j (|v(0)|  + 4|v(0.2)|  + 2|v(0.4)|  + 4|v(0.6)|  + 2|v(0.8)|  + 4|v(l)|  + 2|v(1.2)|  + 4|v(1.4)| 

+ 2|v(1.6)|  + 4|v(1.8)|  + |v(2)|)  « ^(l  +4(1.0837)  +2(1.3676)  +4(1.8991)  +2(2.6919)  +4(3.7417) 

+ 2(5.0421)  +4(6.5890)  +2(8.3800)  +4(10.4134)  + 12.6886)  = ^(143.5594)  « 9.5706 

13.4  CURVATURE  AND  NORMAL  VECTORS  OF  A CURVE 


1.  r = ti  + In  (cos  t)j  =>  v = i + (+f^)  j = i — (tan  t)j  =+  |v|  = + 12  + (—  tan  t)2  = \j sec2 1 = |sec  t|  = sec  t,  since 

-l<t<|^T=H  = (sh) 1 ~ (Si)  J = (cos  t)1  - (sin  t)i ; f = (- sin  + - (c°s  t)j 

=+1^1  = + (-  sin  t)2  + (-  cos  t)2  = 1 =+  N = M = (-  sin  t)i  - (cos  t)j  ; k = V • | ^ | = -V-  • 1 = cos  t. 

I dt  I 11 

2.  r = In  (sec  t)i  + tj  =>  v = (secs*ct™t)  i + j = (tan  t)i  + j =+  |v|  = +(tant)2  + l2  = \J sec2 1 = |sec  t|  = sec  t, 
since  - | < t < | =►  T=^  = (^1)  i - (^)  j = (sin  t)i  + (cos  t)j  ; f = (cos  t)i  - (sin  t)j 

=+j " | = y (cos  d2  + (-  sin  t)2  = 1 =+  N = j||  = (cos  t)i  - (sin  t)j  ; k = ^ • | f | = • 1 = cos  t. 


3.  r = (2t  + 3)i  + (5  — t2)  j =*  v = 2i  - 2tj  =*  |v|  = +22  + (-2t)2  = 2v/I+t2  =►  T = ^ 


2+1  + t2  - 


/1+t2 


j . dT  = 

J ’ dt 


0+t+ 


1+t2 


/dT\ 

N — ' 111  > — ~i  i - 

m ~ vA+7 1 


+ j 


++? 


dT 

dt 


j;  k = 


1 


1 


dT 

dt 


' 1 + 12  ) 
1 


2VT+?  1+t2  2 (1+t2)3' 


4.  r = (cos  t + t sin  t)i  + (sin  t — t cos  t)j  =>  v = (t  cos  t)i  + (t  sin  t)j  =>■  |v|  = \J ( t cos  t)2  + (t  sin  t)2  = %/t2  = |t|  = t,  since 

t>0+>T=^|  = (tcost)1|(tslnt)j  = (cos  t)i  + (sin  t)j  ; ^ = (-  sin  t)i  + (cos  t)j  =>■  | ^ | = + (—  sin  t)2  + (cos  t)2 

= 1 =>  N = j#|  = (—  sin  t)i  + (cos  t)j  ; k = ^ ^ | = 1 • 1 = ± 
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5.  (a)  «(x)  = |^jj-  Now,  v = i + f'(x)j  =>■  |v(x)|  = \J\  + [f'(x)  ]2  T = ^ 

= (l  + [f'(x)]2)_1/2i  + f'(x)(l  + [f'(x)]2)"‘/2j.  Thus  f (x)  = -f'Wf"(xJ  i+  f"(x)  ;2j 


dT(x)  _ 

r -f'(x)f"(x)  i2 

( f"(x)  ^ _ 

/[f"(x)]2(l+[f'(x)]2)  |f„(x)| 

" \ 

[ (l+[f'(x)]2)  J +1 

/(l  + [f'(x)]2)3  V 1 

V (l+[f'(x)]2)3  |l  + [f'(x)]2| 

Thus  k(x)  = 


lf"(x)l  _ |f"(x)l 


_ (i+[f'(x)P)i/2  m ip  ~ (i+[f'(x,]2)3/2 

(b)  y = In  (cos  x)  =>•  ^ = (^)  (-  sin  x)  = - tan  x =>  0 = - sec2  x =>•  k = 


|—  sec  x|  _ sec  x 
[1  + (—  tan  x)2]3/2  |sec3x| 


= sh  = cos  x> since  - f < x < I 

(c)  Note  that  f"(x)  = 0 at  an  inflection  point. 


6.  (a)  r = f(t)i  + g(t)j  = xi  + yj  =>  v = xi  + yj  =>  |v|  = yj x2 
....  .,...  . ....  Him  V-  1 2 


= 5 i j y ; 

hi  mm  mm* 


dT  y(yx-xy).  , x(xy-yx).  ^ dT  _ / f y(yx"-xy)  1 x(xy-yx)  ' 

d.  - (i2+f)3/21+  (*2+y 2)3/2  J =*  * - Y L (x2  +y2)3'2  J + L (x2  + y2)3/2  . 


(x2+y2)3/2‘  ' (x2  +y2)  I*'  V L (x2+y2)  J 1 L (x2  + y2) 

|yx  — xy  . _ J_  I dT  | _ 1 . |yx  — xy  _ xy-yx 

|x2  + y2 1 hi  I d*  I Cx2+y2  |x2+y2|  (x2+y2)3'2' 


(y2  + x2)(y  x — xy)2 
(x2+y2)3 


(b)  r(t)  = ti  + In  (sin  t)j,0<t<7r  =>  x = t and  y = In  (sin  t)  =>  x = 1,  x = 0;  y = ^ = cot  t,  y = — esc2 1 


=>  k = ^ LSC  PL  = = sin  t 

(l+cot2t))3/2  cscJt 


(c)  r(t)  = tan  1 (sinh  t)i  + In  (cosh  t)j  =>•  x = tan  1 (sinh  t)  and  y - In  (cosh  t)  =>  x = T ‘°-^t  = 

= sech  t,  x = - sech  t tanh  t;  y = ^ = tanh  t,  y = sech2 1 =>•  k = t'+telihN)  ~ = lsech  ll  = sech  1 


7.  (a)  r(t)  = f(t)i  + g(t)j  =>  v = f'(t)i  + g'(t)j  is  tangent  to  the  curve  at  the  point  (f(t),  g(t)); 

n • v = [—  g'(t)i  + f'(t)j]  • [f'(t)i  + g'(t)j]  = -g'(t)f'(t)  + f'(t)g'(t)  = 0;  -n  • v = — (n  - v)  = 0;  thus,  n and  — n are 

both  normal  to  the  curve  at  the  point 

(b)  r(t)  = ti  + e2tj  =>  v = i + 2e2tj  =>  n — — 2e2ti  + j points  toward  the  concave  side  of  the  curve;  N — -j|-  and 

Ini  = v/ 4e4t  + 1 N = r2e2‘ . i + . 1 . j 

(c)  r(t)  = \J  \ — t2  i + t j =>  v = — i+j  =>  n = — i — ^ ^ j points  toward  the  concave  side  of  the  curve; 


N - |"j  and  |n|  — / 1 + 4 ,1=  — =>  N - \ (\/4 


t2  i + tj) 


1.  (a)  r(t)  — ti  f { t3j  =>>  v = i + t2j  =>  n = t2i  j points  toward  the  concave  side  of  the  curve  when  t < 0 and 
— n = — t2i  -I-  j points  toward  the  concave  side  when  t > 0 =>  N = (t2i  — j)  for  t < 0 and 

N=  7iVF("t2i  + j)fort>0 

(b)  Frompart(a),|v|  = /rTC^T=^i+T7^j^f  = ^ |£|  = J£±£ 


Compart  (a),  |v|  = =»  T = =*  £ = =►  ff  I = V [TP# 

= mN  = m=l-W  + p^pj)  = wVtW*  + wVTTTTj:  1 * °‘  N does  not  exist  at  1 = °’  where  the 


— i i u ■>  — TdTT  — oui  I TT^1  r TTV  l I — — — / . t ~r  77 — /.  . , i u.  n uuta  iiwt  at  l — v_/,  w liv^t 

i+t4  I if  | 2lt|  V(i+t4)/  (i  + t 4)3/2Jy  iti^i  + t4  |t|vi+FJ’  ' 

curve  has  a point  of  inflection;  ^ | = 0 so  the  curvature  k — |^|  = |^--^|  = 0att  = 0=>N  = \ ^is 

undefined.  Since  x = t and  y = { t3  =y>  y — jX3,  the  curve  is  the  cubic  power  curve  which  is  concave  down  for 
x = t < 0 and  concave  up  for  x = t > 0. 


9.  r = (3  sin  t)i  + (3  cos  t)j  + 4tk  =>■  v = (3  cos  t)i  + (—3  sin  t)j  + 4k  =>■  |v|  = \J (3  cos  t)2  + (—3  sin  t)2  + 42  = a/25 

= 5 ^ T = R = (f  cos  l) 1 - (I  sin  l)  j + 5 k ^ f = (-  I sin  0 1 - (I  cos  l)  j 
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=►  I f I = \J(-  I sin  l)2  + (~  I cos  Y = f =►  N = j|f  = (-  sin  t)i  - (cos  t)j  ; /c  = i • | = ^ 

10.  r = (cos  t + t sin  t)i  + (sin  t — t cos  t)j  + 3k  =>  v = (t  cos  t)i  + (t  sin  t)j  =>  |v|  = yj (t  cos  t)2  + (t  sin  t)2  = yfi1 

= |t|  = t,  if  t > 0 =>  T = |^j  = (cos  t)i  — (sin  t)j  , t > 0 =>  ^ = (—  sin  t)i  + (cos  t)j 

=>  |^|  = y/ (-  sin  t)2  + (cos  t)2  = 1 =>■  N = T^l  = (-  sin  t)i  + (cos  t)j  ; k = f • 1 = t 

I dt  I 


11.  r = (e(  cos  t)  i + (e1  sin  t)  j + 2k  =>  v = (e(  cos  t — e*  sin  t)  i + (e‘  sin  t + e*  cos  t)  j 
|v|  = yj (e(  cos  t — e(  sin  t)2  + (el  sin  t + e'  cos  t)2  = y/ 2e2t  = ely/2 ; 


rp  v ( cos  t — sin  t \ ; i ( sin  t + cos  t ^ 

1 “ M “ l 75  ) 1 + l 75  ) 


i =*.  dl  = 
J ^ dt 


( — sin  t — cos  t \ ; | ( cos  t — sin  t t 

75  )1+{  75  )■ 


dT 

dt 


( — sin  t — cos  t \ ^ i ( cos  t — sin  t \ * 

\ l 72  J 72  J 


= 1 =>  N = 


( — cos  t — sin  t ^ ; i ( - 

75  JI+V 


sin  t + cos  t \ 

75  ) 


j ; 


_ J_  . dT  _ 1 . | _ 1 

M ' dt  e'75  ’ e'75 


12.  r = (6  sin  2t)i  + (6  cos  2t)j  + 5tk  v = (12  cos  2t)i  — (12  sin  2t)j  + 5k  =>  |v|  = y/ (12  cos  2t)2  + (—12  sin  2t)2  + 52 
= \J  169  =13  =>  T = j^|  = (||  cos  2t)  i — ( j|  sin  2t)  j + ^ k =>  ™ = (—  ||  sin  2t)  i — (||  cos  2t)  j 

=>|^|  = sin  2t)2  + (-  ft  cos  2t)2  = ff  =>  N = = (-  sin  2t)i  - (cos  2t)j  ; 

V I dt  I 

_ J_  IdTI  _ J_  24  . 24 

^ |v|  * I dt  I 13  * 13  169* 


13.  r = 


(f ) * + (f ) j , t > 0 =>■  v = t2i  + tj  =>  |v|  = \/t4  + t2  = ty/ 12  + 1,  since  t > 0 =>  T = 


- / i+t2  _ 

(t2  + 1)3 


l 

t2  + i 


, =>  dl  = 

J ^ dt 


(t2- 

/dTN 

N_  V dt  ) 


(t2  + if' 


J ^ dt  — 


7777 


1 dT  I 

/ f 1 

Y + f ^ 

1 dt  1 - v 

V(t2  + if/2 

) + l(t2+if/2y 

IdTI 


t7t2  + 1 


i 

t2  + i 


t(t2  + 1)' 


372  • 


14.  r = (cos3 1)  i + (sin3 1)  j , 0 < t < | =>  v=(— 3 cos2 1 sin  t)  i + (3  sin2 1 cos  t)  j 

=>■  |v|  = yj (—3  cos2 1 sin  t)2  + (3  sin2 1 cos  t)2  = y/ 9 cos4 1 sin2 1 + 9 sin4 1 cos2 1 = 3 cos  t sin  t,  since  0 < t < 
=>  T = 7t  = (—  cos  t)i  + (sin  t)j  =>-  (7  = (sin  t)i  + (cos  t)j  =>■  | ^ | = yj  sin2 1 + cos2 1 = 1 =>•  N = wr 

I dt  I 

= (Sil1  ^ + (COS  t)j;  K = ^ • |f  | = JTSTSt  ' 1 = Sco/tsinf 


15.  r = ti  + (a  cosh  j , a > 0 =>  v = i+  (sinh  j 


=►  v = 


\/C0Sh2(a) 


= cosh 


K ~ 71 


T = r = (sech  ;) 1 + (tanh  ;)  J =►  f = (~  i sech  i tanh  ;) 1 + (; sech2 ;)  J 

If  I = Jh  sech2  G)  tanh2  (l)  + ? sech4  Q)  = I sech  (;)  =*  N=  jlf  = (-tanh  l)i+  (sech  f)j; 
- sech  (-)  = - sech2  (-). 

a \ a/  a \ a/ 


dT 

dt 


cosh  ’ 


=*  T=2 


“ (75' 


K = 


I dT 
I dt 

J_ 

M ‘ 


|V|  W2tanhr  \/2J+lV2 

= yj  \ sech4 1 + 7 sech2  t tanh2 1 = ^ 
lfl  = 75ih7^secht=5sech2t- 


fdT') 

sech  t =>  N = wf  = (sech  t)i  — (tanh  t)k ; 

I dt  I 
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17.  y = ax2  =>  y'  = 2ax  =>  y"  = 2a;  from  Exercise  5(a),  k(x)  = (1+|2^2^/2  = |2a|  (1  + 4a2x2)  3,/2 

=$■  «'(x)  = — | |2a|  (1  + 4a2x2)~5,/~  (8a2x) ; thus,  V(x)  = 0 =>  x = 0.  Now,  k/(x)  > 0 for  x < 0 and  k'(x)  < 0 for 
x > 0 so  that  k(x)  has  an  absolute  maximum  at  x = 0 which  is  the  vertex  of  the  parabola.  Since  x = 0 is  the 
only  critical  point  for  «:(x),  the  curvature  has  no  minimum  value. 


18.  r = (a  cos  t)i  + (b  sin  t)j  =>  v = (— a sin  t)i  + (b  cos  t)j  =>  a = (— a cos  t)i  — (b  sin  t)j  vxa 

i j k 

= — a sin  t b cos  t 0 = abk  =>  |v  x a = |ab|  = ab,  since  a > b > 0;  re(t)  = 

— a cos  t — b sin  t 0 

= ab  (a2  sin2 1 + b2  cos2 1)  3^2;  Kf(t)  — — | (ab)  (a2  sin2 1 + b2  cos2 1)  2 (2a2  sin  t cos  t — 2b2  sin  t cos  t) 

= — | (ab)  (a2  — b2)  (sin  2t)  (a2  sin2 1 + b2  cos2 1)  5^2;  thus,  re'(t)  = 0 =4>  sin  2t  = 0 =>  t = 0,  n identifying 

points  on  the  major  axis,  or  t = |,  3„"  identifying  points  on  the  minor  axis.  Furthermore,  «'(t)  < 0 for 
0 < t < | and  for  7T  < t < y ; V(t)  > 0 for  | < t < 7r  and  y < t < 2tt.  Therefore,  the  points  associated 
with  t = 0 and  t = 7t  on  the  major  axis  give  absolute  maximum  curvature  and  the  points  associated  with  t = | 
and  t = y on  the  minor  axis  give  absolute  minimum  curvature. 


« = =>  S = =>  -a2+b2  = 0 =*  a=  ±b  =>  a = b since  a,  b > 0.  Now,  £ > 0 if 

a < b and  < 0 if  a > b =>■  n is  at  a maximum  for  a = b and  K(b)  = gsy-gr  = y is  the  maximum  value  of  n. 


20.  (a)  From  Example  5,  the  curvature  of  the  helix  r(t)  = (a  cos  t)i  + (a  sin  t)j  + btk,  a,  b > 0 is  n — j-ry  ; also 

|v|  = -y/a2  + b2.  For  the  helix  r(t)  = (3  cos  t)i  + (3  sin  t)j  + tk,  0 < t < 47t,  a = 3 and  b = 1 =>  k = yyy  = 30 


/»4tt  -|  47T 

a„d|v|  = yi0  =►  K = /o  nvXiOd,=  [^t]o  = ^ 


(b)  y = x2  =>  x = t and  y = t2,  — oo  < t < oo  =>  r(t)  = ti  + t2 j =>  v = i + 2tj  =>  |v|  = \J  1 + 4t2; 

T=  1 i-| 2t  • dT  = -4t  ; . 2 j.  IdJI  / 16t2  + 4 = 2 -ru 

vd+¥  + /T  + 4?J’  dt  (1  -f  4t2)3/2  + (l+4t2)3,2j’  I dt  I Y (1+4t2)3  1 + 4t2  • US 

« = /. 1 ...  • r-A?  = . , 2 , 3 • Then  K—f  , , 2 ( \J  1 + 4t2)  dt  = j , ;i4  dt 


T — 1 i 

i 1 \ • 

dT  _ 

— 4t  j | 2 • 

1 dT  1 - 

vh+412 

V/l+4t2j’ 

dt 

(l+4t2)3G  1 (1  +4t2)3,2j‘ 

1 1 dt  1 

r - i 

2 

2 

C*oo 

_ Then  K — 

2 

Yl  +4t2 

l+4,2  - (v 

7 + 4tT 

1 J-~  (V 

\ a 

1 +4t2J 

= lim 

a — ► — oo  i 

fa  IWdt  + 

lim  f j-^72  dt  = lim 
b ->  oo  Jo  1+4t‘  - 

[tan 

00  L 

-oo  l+4t2 


= _ lim  (—  tan  1 2a)  + lim  ( tan  1 2b)  = | + | = 


21.  r = ti  + (sin  t)j  =>  v = i + (cos  t)j  =>  |v|  = y/l2  + (cos  t)2  = \J  1 + cos2 1 =>•  |v  (|)  | = y 1 + cos2  (§)  = 1;  T = ^ 

i + costj  dT  sin  t cost  ; L — sin  t ; _v  | dT  | |sin  t|  | dT  | ls^nfl  1 i Time  *.(n\  1 1 1 

“ y/TT^sh  dt  - (iwt)3/2li~  (l+cos2t)3/2j  ^ I dt  I - 1+cosV  I dt  lt=§  “ l+cos2(f)  ” 1 “ A<  1 nUS  K\l)  - 1 • 1 - 1 

=>■  p = j = 1 and  the  center  is  (| , 0)  =>  (x  - |)  ~ + y2  = 1 


22.  r = (21nt)i-(t+i)j  =4  v = (?)  i - (l  - £)  j =*  M = + (l  - £ f = =►  T = X = - ^|j; 


dT  _ — 2(t2  — 1) . 


(t2+iy  (t2+ir 


1 4(t2  - 1 r + 16t2  _ _J_  T|  _ J_  dT  _d_  _J_  _ 

(A  7 n4  — t2  + 1 • 1 11US  h — Ivl  dt  — t2  + 1 t2  + 1 — 


«(i)  = i 


= | =>  P = \ = 2.  The  circle  of  curvature  is  tangent  to  the  curve  at  P(0,  —2)  =i>  circle  has  same  tangent  as  the  curve 
=>  v(l)  = 2i  is  tangent  to  the  circle  =4-  the  center  lies  on  the  y-axis.  If  t ^ 1 ( t > 0),  then  (t  — 1 )2  > 0 
=M2  — 2t  + 1 > 0 =>  t2  + 1 > 2t  =>■  t2  + ' > 2 since  t>0  =>  t+i>2  _ (t  + y)  < -2  =4>  y<-2on  both 

sides  of  (0,  —2)  =>  the  curve  is  concave  down  =>■  center  of  circle  of  curvature  is  (0,  —4)  =>  x2  + (y  + 4)2  = 4 
is  an  equation  of  the  circle  of  curvature 
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23. 


y = 

=> 


x2  =>  f'(x)  = 2x  and  f"(x)  = 2 
K = 71  = 2 

(1  -f  (2x)2)3/2  (1+4x2)3/2 


24.  y = 

=>■ 


4 ^ 

K = 


f'(x)  = X3 

3x2| 


and  f "(x)  = 3x2 

3x2 

(1  +x6)3/2 


25. 


y = 

=> 


sin  x =>■  f'(x) 


K — 


|—  sin  x| 

77“  ; 7372 

( 1 + cos^  x)  ' 


cos  x and  f"(x)  = — sin  x 

|sin  x| 

(1  + cos2  x)3/2 


26. 


y = 


ex  =>  f'(x) 
leX| 

K = 

(l  + (ex) 


: ex  and  f"(x)  = ex 

7 = (1  +e2x)3^2 


y 


27-34.  Example  CAS  commands: 

Maple: 

with!  plots  ); 

r :=  t ->  [3*cos(t),5*sin(t)]; 
lo  :=  0; 
hi  :=  2*Pi; 
tO  :=  Pi/4; 

PI  :=  plot(  [r(t)[],  t=lo..hi]  ): 

display/  PI,  scaling=constrained,  title="#27(a)  (Section  13.4)" ); 

CURVATURE  :=(x,y,t)  ->simplify(abs(diff(x,t)*diff(y,t,t)-diff(y,t)*diff(x,t,t))/(diff(x,t)A2+diff(y,t)A2)A(3/2)); 
kappa  :=  eval(CURVATURE(r(t)[],t),t=tO); 

UnitNormal  :=  (x,y,t)  ->expand(  [-diff(y,t),diff(x,t)]/sqrt(diff(x,t)A2+diff(y,t)A2) ); 

N :=  eval(  UnitNormal(r(t)[],t),  t=t0  ); 

C :=  expand(  r(t0)  + N/kappa  ); 

OscCircle  :=  (x-C[l])A2+(y-CL2])A2  = l/kappaA2; 
evalf(  OscCircle ); 
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P2  :=  implicitplot(  (x-C[l])A2+(y-C[2])A2  = l/kappaA2,  x=-7..4,  y=-4..6,  color=blue  ): 
display!  [P1JP2],  scaling=constrained,  title="#27(e)  (Section  13.4)" ); 

Mathematica:  (assigned  functions  and  parameters  may  vary) 

In  Mathematica,  the  dot  product  can  be  applied  either  with  a period  or  with  the  word,  "Dot". 

Similarly,  the  cross  product  can  be  applied  either  with  a very  small  "x"  (in  the  palette  next  to  the  arrow)  or  with  the  word, 
"Cross".  However,  the  Cross  command  assumes  the  vectors  are  in  three  dimensions 

For  the  purposes  of  applying  the  cross  product  command,  we  will  define  the  position  vector  r as  a three  dimensional  vector 
with  zero  for  its  z-component.  For  graphing,  we  will  use  only  the  first  two  components. 

Clear[r,  t,  x,  y] 

r[t_]={3  Cos[t],  5 Sin[t]  } 

t0=  7r  /4;  tmin=  0;  tmax=  27t; 

r2[t_]={r[t][[l]],r[t][[2]]} 

pp=ParametricPlot[r2[t],  { t,  tmin,  tmax}]; 

mag[v_]=Sqrt[v.v] 

vel[t_]=  r'[t] 

speed  [t_]  =mag  [ vel  [t]  ] 

acc[t_]=  vel'ft] 

curv[t_]=  mag[Cross[vel[t],acc[t]]]/speed[t]3//Simplify 
unittan[t_]  = vel  [t]/speed  1 t]//Simplify 
unitnorm[t_]=  unittan'[t]  / mag[unittan'[t]] 
ctr=  r[t0]  + (1  / curv[t0])  unitnorm[tO]  //Simplify 
{ a,b } = (ctr[[l]],  ctr[[2]] } 

To  plot  the  osculating  circle,  load  a graphics  package  and  then  plot  it,  and  show  it  together  with  the  original  curve. 
«Graphics'  ImplicitPlot' 

pc=ImplicitPlotL(x  — a) 2 + (y  — b)2  ==  l/curv[t0]2  , {x,  —8,  8 }, { y,  —8,  8}] 
radius=Graphics[Line[{  {a,  b},  r2[tOJ } J] 

Show[pp,  pc,  radius,  AspectRatio  — » 1] 

13.5  TANGENTIAL  AND  NORMAL  COMPONENTS  OF  ACCELERATION 


1.  r = (a  cos  t)i  + (a  sin  t)j  + btk  =>  v = (—a  sin  t)i  + (a  cos  t)j  + bk  =£-  |v|  = (—a  sin  t)2  + (a  cos  t)2  + b2 

= a/ a2  + b2  =>  aT  = ^ |v|  = 0;  a = (—a  cos  t)i  + (—a  sin  t)j  =>  a = \J (—a  cos  t)2  + (—a  sin  t)2  = \f&  — |a| 

=>  aN  = \j |a|2  - a2  = ^/|a|2  - 02  = |a|  = |a|  =>  a = (0)T  + |a|  N = |a|  N 

2.  r = (1  + 3t)i  + (t  - 2)j  - 3tk  =»  v = 3i  + j - 3k  =>  |v|  = y/32  + l2  + (-3)2  = sf 19  =>  aT  = | |v|  = 0;  a = 0 


=>  aN  = y|a|2  -a2  = 0 =>  a = (0)T  + (0)N  = 0 

3.  r = (t  + l)i  + 2tj  + t2k  =>•  v = i + 2j  + 2tk  =>  |v|  = y/l2  + 22  + (2t)2  = y/5  + 4t2  =* 
= 4t (5  + 4t2)'1/2  aT(l)  =^  = |;a  = 2k  a(l)  = 2k  =>  |a(l)|  = 2 =»  aN  = 
= \ff  = =>  a(l)  = £ T + ^ N 


aT  = I (5  + 4t2)  1/2  (8t) 
/|a|a  -"aj  = - (i)= 


4.  r = (t  cos  t)i  + (t  sin  t)j  + t2k  =>-  v = (cos  t — t sin  t)i  + (sin  t + t cos  t)j  + 2tk 


|v|  = \J (cos  t — t sin  t)2  + (sin  t + t cos  t)2  + (2t)2  = y/5t2  + 1 =>  aT  = \ (5t2  + 1)  ^2(10t) 
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_ 5t 

7 5t2  + 1 


aT(0)  = 0;  a = (—2  sin  t — t cos  t)i  + (2  cos  t — t sin  t)j  + 2k  =>  a(0)  = 2j  + 2k 


|a(0)| 


= a/22  + 22  = 2^/2  =>  aN  = C|a|2  - a2  = J (2^)  - 02  = 2y/2  =»  a(0)  = (0)T  + 2i/2N  = 2y/2N 


5.  r = t2i  + (t  + j t3)  j + (t  — 1 13)  k =>■  v = 2ti+  (1  +t2)j  + (1  - t2)k  =>  |v|  = \J (2t)2  + (1  +t2)2  + (1  - t2)2 
= ^2  (t4  + 2t2  + 1)  = v/2  (1  + 12)  =>  aT  = 2tv/2  =>  aT(0)  = 0;  a = 2i  + 2tj  - 2tk  =>  a(0)  = 2i  =>  |a(0)|  = 2 
=>  aN  = \J |a|2  - a^  = V^2  - 02  = 2 =>•  a(0)  = (0)T  + 2N  = 2N 


6.  r = (e(  cos  t)  i + (el  sin  t)  j + y/2elk  =>  v = (e(  cos  t — ef  sin  t)  i + (e(  sin  t + e(  cos  t)  j + y^e'k 


=>  |v|  = y (e*  cos  t — e*  sin  t)2  + (el  sin  t + e(  cos  t)2  + = \J 4e2t  = 2el  =>  ax  = 2e‘  =>  ax(0)  = 2; 

a = (e1  cos  t — e'  sin  t — e'  sin  t — el  cos  t)  i + (el  sin  t + e*  cos  t + e*  cos  t — e*  sin  t)  j + \Z2e*k 
— (— 2el  sin  t)  i + (2e(  cos  t)  j + y/2efk  =$■  a(0)  = 2 j + \/2k  =>  |a(0)|  = \j 22  + (\/2)  = \f& 


=>  aN  = \ a 


a.j  — 


6 V — 22  = \pl  =>  a(0)  = 2T  + V^N 


7.  r = (cos  t)i  + (sin  t)j  — k =>  v = (—  sin  t)i  + (cos  t)j  =>  |v|  = \J (—  sin  t)2  + (cos  t)2  = 1 =>  T = ^ 

= (-  sin  t)i  + (cos  t)j  =>  T (f)  = - ^ i + J ^ T = (—  cos  t)i  — (sin  t)j  =>  jf  | = a/ (-  cos  t)2  + (-  sin  t)2 

i j k 

sin  t cos  t 0 

cos  t — sin  t 0 


/dT\ 

= 1 =>  N = W = (-  cos  t)i  - (sin  t)j 


Ni 


= j;B  = TxN  = 


= k 


B (?)  = k , the  normal  to  the  osculating  plane;  r (|)  = — k 


\/2  • , V2  . 


p={&4>~1)  11 


lies  on  the 


osculating  plane  =>  0 + 0 + (z  — (—1))  = 0 =>  z — — 1 is  the  osculating  plane;  T is  normal 

to  the  normal  plane  =>  (x  - j (y  - + 0(z  - (-1))  = 0 =»  - ^x+^y^O 


=>  —x  + y = 0 is  the  normal  plane;  N is  normal  to  the  rectifying  plane 

=►  (-^)  (x-  y*)  + (-^)  (y-  + 0(z  — (—1))  = 0 =►  -fx-f  y = -l  =*  x + y=y/2i 

rectifying  plane 


is  the 


8.  r = (cos  t)i  + (sin  t)j  + tk  =>  v = (—  sin  t)i  + (cos  t)j  + k =>■  |v|  = y/ sin2 1 + cos2 1 + 1 = \[2  =>•  T = A 

= (-75sint)i+(^COSt)j  + ^k  =*  Tif  = (_  72  C0S  t)  i + ("  y sin  t)j  =*  If  I 

= y x cos2 1 + \ sin2 1 = ^ =>  N = jxfj  = (—  cos  t)i  — (sin  t)j  ; thus  T(0)  = 7;  j + ^ k and  N(0)  = i 


=►  »(0) 


0 aA 

-1  0 


k 

1 

0 


— j + -f  k , the  normal  to  the  osculating  plane;  r(0)  = i =>  P(l,  0, 0)  lies  on 


the  osculating  plane  =>  0(x  — 1)  — ^ (y  — 0)  + (z  — 0)  = 0 =>  y — z = 0 is  the  osculating  plane;  T is  normal 
to  the  normal  plane  =>  0(x  — I ) + (y  0)  +■  y (z  — 0)  = 0 =>  y +■  z — 0 is  the  normal  plane;  N is  normal  to 
the  rectifying  plane  =>  — l(x  — 1)  + 0(y  — 0)  + 0(z  — 0)  = 0 =>  x = 1 is  the  rectifying  plane. 


Copyright  © 2010  Pearson  Education  Inc.  Publishing  as  Addison-Wesley. 


780  Chapter  13  Vector-Valued  Functions  and  Motion  in  Space 

9.  By  Exercise  9 in  Section  13.4,  T = (|  cos  t)  i + (—  | sin  t)  j + | k and  N = (—  sin  t)i  — (cos  t)j  so  that  B = T x N 

i j k 

= | cos  t — | sin  t | = (|  cos  t)  i — ( | sin  t)  j — | k . Also  v = (3  cos  t)i  + (—3  sin  t)j  + 4k 
— sin  t — cos  t 0 

i j k 

a = (—3  sin  t)i  + (—3  cos  t)j  =>  ^ = (—3  cos  t)i  + (3  sin  t)j  and  v x a = 3 cos  t —3  sin  t 4 

—3  sin  t —3  cos  t 0 

= (12  cos  t)i  — (12  sin  t)j  — 9k  =£•  |v  x a[~  = (12  cos  t)2  + (—12  sin  t)2  + (— 9)2  = 225.  Thus 

3 cos  t —3  sin  t 4 
—3  sin  t —3  sin  t 0 

_ -3  cost  3 sin  t 0 _ 4-(-9  sin2  t-9  cos2 1)  _ -36  _ 4 

T — 225  — 225  — 225  — 25 


10.  By  Exercise  10  in  Section  13.4,  T = (cos  t)i  + (sin  t)j  and  N = (—  sin  t)i  + (cos  t)j  ; thus  B = T x N 

i j k 

cos  t sin  t 0 = (cos2 1 + sin2 1)  k = k.  Also  v = (t  cos  t)i  + (t  sin  t)j 
— sin  t cos  t 0 

=>  a = (t(— sin  t)  + cos  t)i  + (t  cos  t + sin  t)j  ^ = (— t cos  t — sin  t — sin  t)i  + (— t sin  t + cos  t + cos  t)j 

i j k 

= (— t cos  t — 2 sin  t)i  + (2  cos  t — t sin  t)j.  Thus  v x a = t cos  t t sin  t 0 

(— t sin  t + cos  t)  (tcost+sint)  0 

= [(t  cos  t)(t  cos  t + sin  t)  — (t  sin  t)(— t sin  t + cos  t)]k  = t2k  =>  |v  x a|2  = (t2)2  = t4.  Thus 

t cos  t t sin  t 0 

cos  t — t sin  t sin  t + 1 cos  t 0 

— 2 sin  t — t cos  t 2 cos  t — t sin  t 0 0 r\ 

T = p — ^ — U 


11.  By  Exercise  1 1 in  Section  13 


A 'T  [ cos  t — sin  t \ j I | sin  t + cos  t | : „ „ j M [ — cos  t — sin  t j : _i_  | — sin  t + cos  t ] j • ’ 

' ’ “ V V2  J V V2  J J ~ V V2  J \ V2  )J ’ 


cos  t — sin  t sin  t + cos  t r\ 

B = TxN=  (73  x/2  0 

— cos  t — sin  t — sin  t + cos  t n 

U 


(cos2  t — 2 cos  t sin  t + sin2  t A ■ f sin2  t + 2 sin  t cos  t + cos2 1 A 
2 ) + { 2 )\ 


— — S1“ (-t)^  + ^1  + S1”(3l>  j k = k . Also,  v = (el  cos  t — el  sin  t)  i + (ef  sin  t + el  cos  t)  j 

=>  a = [ el(— sin  t — cos  t)  + e‘(cos  t — sin  t)  ] i + [ e((cos  t — sin  t)  + el(sin  t + cos  t)  ] j=(— 2el  sin  t)  i + (2e*  cos  t)  j 


^ = — 2el(cos  t -I-  sin  t)  i + 2el(— sin  t + cos  t)j.  Thus  v x a = el(cos  t — sin  t)  ef(sin  t + cos  t)  0 = 2e2tk 


— 2e‘  sin  t 


2e(  cos  t 0 


el  (cos  t — sin  t)  el  (sin  t + cos  t)  0 

— 2el  sin  t 2el  cos  t 0 

=*►  |v  x ai2  = (2e2t)2  = 4e4t.  Thus  r = -^‘(cost  + rint)  ^(-dnt+cost)  o = 


12.  By  Exercise  12  in  Section  13.4,  T = (||  cos  2t)  i — (||  sin  2t)  j + ^ k and  N = (—  sin  2t)i  — (cos  2t)j  so 

i j k 

B = TxN=  (||  cos  2t)  (— 1|  sin  2t)  n = (h?  cos  2t)  i — ( sin  2t)  j — ||  k . Also, 

(—  sin  2t)  (—  cos  2t)  0 

v = (12  cos  2t)i  — (12  sin  2t)j  + 5k  =>  a = (—24  sin  2t)i  — (24  cos  2t)j  and  ^ = (—48  cos  2t)i  + (48  sin  2t)j 

i j k 

yxa=  12cos2t  — 12  sin  2t  5 = (120  cos  2t)i  — (120  sin  2t)j  — 288k  =>  |v  x a|" 

—24  sin  2t  —24  cos  2t  0 

= (120  cos  2t)2  + (-120  sin  2t)2  + ( 288)2  = 1202(cos22t  + sin22t)  + 2882  = 97344.  Thus 


Copyright  © 2010  Pearson  Education  Inc.  Publishing  as  Addison-Wesley. 


Section  13.5  Tangential  and  Normal  Components  of  Acceleration  781 


12  cos  2t  — 12  sin  2t  5 
—24  sin  2t  —24  cos  2t  0 
—48  cos  2t  48  sin  2t  0 


97344 


5-(— 24-48) 
97344 


10 
' 169 


13.  By  Exercise  13  in  Section  13.4,  T = i + j and  N = i - 


so  that  B = TxN 


[ 

j 

1 

k 

t2 

t 

0 

4+T 

4+T 

0 

= — k.  Also,  v = t2i  + tj  =>  a = 2ti  + j =>  ^ = 2i  so  that 

2t 

1 

0 

1 

4+T 

-t 

44 

0 

2 

0 

0 

= 0 =>  t = 0 


14.  By  Exercise  14  in  Section  13.4,  T = (—  cos  t)i  + (sin  t)j  and  N = (sin  t)i  + (cos  t)j  so  that  B = T x N 

i j k 

— cos  t sin  t 0 = — k . Also,  v = (— 3 cos2 1 sin  t)  i + (3  sin2 1 cos  t)  j 
sin  t cos  t 0 

a = ^(—3  cos2 1 sin  t)  i + ^(3  sin2 1 cos  t)  j =>  ^ 3 cos2 1 sin  t))  i + ^(^(3  sin2 1 cos  t))  j 

—3  cos2 1 sin  t 3 sin2  t cos  t 0 I 


^(—3  cos2  t sin  t)  ^(3  sin2 1 cos  t)  0 

s(s(-3cos2tsin  9)  sin2 1 cost))  0 


= 0 =>-  r = 0 


15.  By  Exercise  15  in  Section  13.4.  T = ^ = (sech  t)  i + (tanh  t)  j and  N = (—  tanh  i)  i + (sech  t)  j so  that  B = 

i j k 

sech  Q ) tanh  Q)  0 = k.  Also,  v = i + (sinh  i)  j =>  a = Q cosh  t)  j =*  f = £ sinh  Q)  j 

— tanh(j)  sech(j)  0 

1 sinh  (‘)  0 

0 icoshQ)  0 j = 0 =>  t = 0 
0 A sinh  (A  0 


T x N 


I so  that 


16.  By  Exercise  16  in  Section  13.4,  T = tanh  t^  i — j + sech  t^)  k and  N = (sech  t)i  — (tanh  t)k  so  that 

tanh  tj  i + ^ j + sech  t^)  k.  Also,  v = (sinh  t)i  — (cosh  t)j  + 1 


B = T x N = 


i j k 

4-  tanh  t 4-  A-  sech  t 

4 4 4 

sech  t 0 — tanh  t 


a = (cosh  t)i  — (sinh  t)j  =>  4 = (sinh  t)i  — (cosh  t)j  and  v x a = 


sinh  t 
cosh  t 


j k 

cosh  t 1 
sinh  t 0 


= (sinh  t)i  + (cosh  t)j  + (cosh2t  — sinh2t)k  = (sinh  t)i  + (cosh  t)j  + k =>-  |v  x a|2  = sinh2 1 + cosh2 1 + 1.  Thus 


r = 


sinh  t — cosh  t 1 
cosh  t — sinh  t 0 
sinh  t — cosh  t 0 
sinh2 1 + cosh2 1+ 1 


-1 


-1 


sinh2  t + cosh2  t + 1 2 cosh2  t ’ 


17.  Yes.  If  the  car  is  moving  along  a curved  path,  then  k ^ 0 and  aN  = k |v|2  74  =>■  a = aTT  + aNN  7^  0 . 

18.  |v|  constant  =>-  aT  = 4 |v|  = 0 =$■  a = aNN  is  orthogonal  to  T =>  the  acceleration  is  normal  to  the  path 

19.  a ± v =>■  a _L  T =>  aT  = 0 =>■  ^ |v|  = 0 =>■  |v|  is  constant 

20.  a(t)  = aTT  + aNN,  where  aT  = ^ |v|  = ^ (10)  = 0 and  aN  = k |v|2  = 100k  =>  a = 0T  + 100kN.  Now,  from 

Exercise  5(a)  Section  12.4,  we  find  for  y = f(x)  = x2  that  k = ^ = (1+42x2)3/2  ; also, 


Copyright  © 2010  Pearson  Education  Inc.  Publishing  as  Addison-Wesley. 


782  Chapter  13  Vector-Valued  Functions  and  Motion  in  Space 


r(t)  = ti  + t2j  is  the  position  vector  of  the  moving  mass  =>  v = i + 2tj  =>  |v|  = \J 1 + 4t- 
=>  T = (i  + 2tj).  At  (0, 0):  T(0)  = i,  N(0)  = j and  k(0)  = 2 =>  F = ma  = iti(100k)N  = 200m j ; 

At(v/2,2):  t(v/2)  = | (i  + 2v/2j)  = \ i + j , N (y/l)  = - i + | j , and  k (\^)  = £ =>  F = ma 

= m(100/i)N  = (fpm)  (-  ^ i + jj)  = - fp  mj 


21.  By  a = ajT  + anN  we  have  v x a 


(lT)x 


dzs  ' 
dt2 


«(|)2n 


(|||)(TxT)  + k(^)3(TxN) 


= /t(^)3B.  It  follows  that  |v  x a = k 


K I v|3  =r*  K — 


|vxa| 

"ivp" 


22.  aN  = 0 =>  k | v| 2 = 0 =>  k = 0 (since  the  particle  is  moving,  we  cannot  have  zero  speed)  =>  the  curvature  is  zero 
so  the  particle  is  moving  along  a straight  line 

23.  From  Example  1,  |v|  = t and  aN  = t so  that  aN  = n |v|2  =>■  tc=j^p-  = j|  = Y,t7^0  =>  p = ^ = t 

24.  r = (x0  + At)i  + (y0  + Bt)j  + (z0  + Ct)k  =>  v = Ai  + Bj  + Ck  =>  a = 0 =>  vxa  = 0 =>  k — 0.  Since  the  curve 
is  a plane  curve,  r = 0. 


25.  If  a plane  curve  is  sufficiently  differentiable  the  torsion  is  zero  as  the  following  argument  shows: 
r = f(t)i  + g(t)j  =>  v = f'(t)i  + g'(t)j  =*  a = f"(t)i  + g"(t)j  =►  £ = f'"(t)i  + g"'(t)j 


f'(t) 

f"(t) 


g'(t) 

g"(t) 

g"'(t) 


= 0 


26.  v = — (asint)i  + (acost)j  + bk  and  a = — (acost)i  — (asint)j 


To  find  the  torsion:  r = 


— a sin  t a cos  t b 
—a  cost  — asint  0 
asint  —a  cost  0 


a\/  a2  + b2^ 


2 — 


b (a2cos2t  + a2sin2t)  a2b  (cos2t  + sin2t) 

a2  (a2  + b2)  a2(a2  + b2) 


i2 +F 


r'(b)  = 


a2-b2  . 

(a2+b2)2  ’ 


r'Cb)  = 0 


-b2 


(a2+b2)2 


= 0 =>  a2  — b2  = 0 =>■  b = ± a =>  b = a since  a,  b > 0.  Also  b < a =>■  t'  > 0 and  b > a 


t'  < 0 so  rmax  occurs  when  b = a 


2a 


27.  r(t)  = f(t)i  + g(t)j  + h(t)k  =>  v = f'(t)i  + g'(t)j  + h'(t)k;  v • k = 0 h'(t)  = 0 h(t)  = C 

r(t)  = f(t)i  + g(t)j  + Ck  and  r(a)  = f(a)i  + g(a)j  + Ck  = 0 f(a)  = 0,  g(a)  = 0 and  C = 0 =4>  h(t)  = 0. 


28.  From  Exercise  26,  v = —(a  sin  t)i  + (a  cos  t)j  + bk 


= \/a2  + b2 


rp  _V_ 

1 “ bl 


-(a  sin  t)i  + (a  cos  t)j  + bk] ; ^ = 


Va2+b2 

= —(cos  t)i  — (sin  t)j  ; B = T x N = 


. dT  _ 1 


dt  v/iT+b2 


(a  cos  t)i  — (a  sin  t)j] 


N = 


J 

a cos  t 


k 

b 


b sin  t 


b cos  t 


yWb2  v/a2+b2  Va2+b2 

- cos  t — sin  t 0 

dB  _ 


™ = 7^[(bcost)i  + (bsin, 


-V  dB  t V b 

dt  yWb2 


T I v I (dt  ’N)  ( v/a^Tb2)  ( v/a2Tb2) 


a2+b2 


, which  is  consistent  with  the  result  in  Exercise  26. 
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29-32.  Example  CAS  commands: 

Maple: 

with!  Linear  Algebra ); 
r :=  < t*cos(t)  | t*sin(t)  1 1 >; 
tO  :=  sqrt(3); 
it  :=  eval(  r,  t=tO  ); 
v :=  map(  diff,  r,  t ); 
vv  :=  eval(  v,  t=tO  ); 
a :=  map(  diff,  v,  t ); 
aa  :=  eval(  a,  t=tO  ); 

s :=  simplify(Norm(  v,  2 ))  assuming  t::real; 
ss  :=  eval(  s,  t=tO  ); 

T :=  v/s; 

TT  :=  vv/ss  ; 

ql  :=  map(  diff,  simplify(T),  t ): 

NN  :=  simplify(eval(  ql/Norm(ql,2),  t=tO  )); 

BB  :=  CrossProduct(  TT,  NN  ); 

kappa  :=  Norm(CrossProduct(vv,aa),2)/ssA3; 

tau  :=  simplify!  Determinant^  vv,  aa,  eval(map(diff,a,t),t=tO)  >)/Norm(CrossProduct(vv,aa),2)A3  ); 
a_t  :=  eval(  diff(  s,  t ),  t=tO  ); 
a_n  :=  evalf[4](  kappa*ssA2  ); 

Mathematica:  (assigned  functions  and  value  for  tO  will  vary) 

Clearft,  v,  a,  t] 

mag[vector_]:=Sqrt[vector.  vector] 

Print["The  position  vector  is  ",  r[t_]={  t Cos[t],  t Sinft],  t}] 

PrintL"The  velocity  vector  is  ",  v[t_]=  r'[t]] 

Print["The  acceleration  vector  is  ",  a[t_]=  v'[t]] 

Print[ "The  speed  is  ",  speed[t_]=  mag[v[t]]//Simplify] 

Print! "The  unit  tangent  vector  is  ",  utan[t_]=  v[t]/speed[t]  //Simplify] 

Print!"The  curvature  is  ",  curv[t_]=  mag[Cross[v[t],a!t]]]  / speed[t]3  //Simplify] 

Print["The  torsion  is  ",  torsion[t_]=  Det[{v!t],  aft],  a'[t]}]  / mag[Cross!v[t],a[t]]]2  //Simplify] 

Print!"The  unit  normal  vector  is  ",  unorm[t_]=  utanft]  / mag[utan'[t]]  //Simplify] 

Printf'The  unit  binormal  vector  is  ",  ubinorm[t_]=  Cross!utan[t],unorm[t]]  //Simplify] 

Print["The  tangential  component  of  the  acceleration  is  ",  at[t_]=a[t].utan[t]  //Simplify] 

Print["The  normal  component  of  the  acceleration  is  ",  an[t_]=a[t].unorm!t]  //Simplify] 

You  can  evaluate  any  of  these  functions  at  a specified  value  of  t. 
t0=  Sqrt[3] 

]utan[tO],  unorm[tO],  ubinorm[tO]} 

N[{utan[tO],  unormftO],  ubinormftO] }] 

{curvltO],  torsion[tO] } 

N[jcurv[tO],  torsion[tO]]J 
{ atftO],  an[tO] } 

N[{at[tO],  an[tO] }] 

To  verify  that  the  tangential  and  normal  components  of  the  acceleration  agree  with  the  formulas  in  the  book: 
at[t]==  speed'ft]  //Simplify 
an[t]==curv  It]  speed[t]2  //Simplify 
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13.6  VELOCITY  AND  ACCELERATION  IN  POLAR  COORDINATES 

1.  ^ — 3 = 0 0 = 0,  r = a(l  — cos  0)  r = asin0^  = 3a  sin  0 =>  r = 3a  cos  9^  = 9a  cos  0 

v = (3asin0)ur  + (a(l  — cos0))(3)ufl  = (3asin0)ur  + 3a(l  — cos0)ug 

a = ^9acos0  — a(l  — cos0)(3)2^ur  + (a(l  — cos  0)  ■ 0 + 2(3asin0)(3))ufl 
= (9a  cos  6 — 9a  + 9a  cos  0)ur  + ( 1 8a  sin  9)ug  = 9a(2  cos  9 — 1 )ur  + ( 1 8a  sin  0)ufl 

2.  ^ = 2t  = 9 9 — 2,  r = asin20  =>  r = a cos  20  • 2^  = 4tacos20  =>  r = 4ta  (— sin20  • 2^)  + 4a cos 29 

— — 16t2a  sin  20  + 4a  cos  20 

v = (4tacos20)ur  + (asin20)(2t)u0  = (4tacos20)ur  + (2tasin20)ii0 

a=  ( — 16t2a  sin20  + 4acos20)  — (asin20)(2t)2  ur  + [(asin20)(2)  + 2(4tacos20)(2t)]u# 

= — 16t2a  sin  29  + 4a  cos  29  — 4t2a  sin  29  ur  + [2a  sin  29  + 16t2a  cos  20]  ug 

= — 20t2a  sin20  + 4acos20  ur  + [2asin20  + 16t2acos20]us  = 4a(cos20  — 5t2sin20)ur  + 2a(sin20  + 8t2cos20)ue 

3.  f = 2 = 9 =>  9 = 0,r  = eafl  =>  f = ea9  • af  = 2aeafl  =>  r = 2a  ea0  • a^?  = 4a2  ea9 

dt  7 dt  dt 

v = (2aea9)ur  + (ea6l)(2)u6i  = (2aea0)ur+  (2eae)u<9 

a=  (4a2eafl)  - (ea9)(2)2  ur  + (eafl) (0)  + 2(2aeaff) (2)  = 4a2ea9-4ea®  ur  + 0 + 8aeafl 

= 4ea£*(a2  - l)ur  + (8aeafl)u(? 

4.  9 = 1 — e~l  =>  9 = e“l  =>•  9 = — e_t,  r = a(  1 + sin  t)  r = a cos  t =>■  r = — a sin  t 

v = (acost)ur  + (a(l  + sint))(e_t)u0  = (acost)ur  + ae-t(l  + sint)uo 

a=  ( — asint)  — (a(l  + sint))(e~t)2  ur  + (a(l  + sin t))(— e_t)  + 2(a cost) (e-t)  u# 

= —asint  — ae~2t(l  + sin t)  ur  + — ae~((l  + sint)  + 2ae~'cost  u® 

= — a(sint  + e~2t(l  + sint))ur  + ae_t(— (1  + sint)  + 2cost)u^ 

= — a(sint  + e~2t(l  + sint))ur  + ae_t(2cost  — 1 — sint)uo 


5.  0 = 2t=t>0  = 2=J>0  = O,  r = 2cos4t  =>  r = — 8 sin4t  =>■  i:  = — 32cos4t 
v=  (— 8 sin4t)ur  + (2cos4t)(2)ue  = — 8(sin4t)ur  + 4(cos4t)ue 
a = ^(— 32cos4t)  — (2cos4t)(2)2^ur  + ((2cos4t)  • 0 + 2(— 8 sin4t)(2))uo 
= (— 32cos4t  — 8cos4t)ur  + (0  — 32sin4t)uo  = — 40(cos4t)ur  — 32(sin4t)u0 


f.  - _ W»n  | v2  _ OMfe  + i) 

°’  e — CM  1 ^ V0  - ro 


Circle:  e = 0 


Ellipse:  0 < e < 1 =>  < v0  - 


Parabola:  e = 1 


Hyperbola:  e > 1 =>  Vq  > J =7^ 
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AA 


8.  AA  = | |r(t  + At)  x r(t)|  ^ 


^ x r(t) 


r(t  + At)-r(t)  + r(t) 


At 


X r(t) 


1 dr 

2 dt 


r<t+  A}Cr(t)  X r(t)  + St  F(t)  X r(t) 
x r(t)|  = 4 | r(t)  x ||  = i 


r(1  + ^Cr(t)  x r(t) 


=>  f = lim  i 
dt  At  ->  0 2 


r(t  + ^"r(t)  x r(t) 


r x r 


q t — ( 

1 r0v0 


e2  =>  T2  = 


(«)<>  -->=(«) 


( r°vQ 
y GM 


7 


(from  Equation  5) 


g2m2 


_ (47t2a4)  (2GM-r0v§) 
— r0G2M2 


( 

( 47r2a4  A _ ip  Vp  _i_  9 ( rovo  A ( 47r2a4  A 

- ^ r2v2  ) GW  ^Z{gm)\  ~ \t Wj 

= (4?r2a4)  (2™gmV°)  (m)  = (47f2a4)  (i)  (m)  (from  Equation  10)  =*►  T2  = ^ =>  £ = ^ 

10.  r = 365.256  days  = 365.256  days  x 24^  x 60™£>t^  x 605econ^  = 31,558,118.4  seconds  « 3.16  x 107, 

J J day  hour  minute  7 7 7 

G = 6.6726  x 10~n  and  the  mass  of  the  sun  M = 1.99  x 1030  kg.  § = fe-  =$■  a3  = T2  (pf 


3 = (3.16  x K)?)^6-672^10-1’^1-9^1030)  « 3.35863335  x 1033  =>  a = ^3.35863335  x 1033 


4n2 

« 149757138111  m « 149.757  billion  km 
CHAPTER  13  PRACTICE  EXERCISES 


1 . r(t)  = (4  cos  t)i  + ^ \fl  sin  t^  j =>  x = 4 cos  t 
and  y = \fl  sin  t =>  \ = 1 ; 

(—4  sin  t)i  + (\[7.  cos  tj  j and 
(-4  cos  t)i  — ( y/2  sin  t j j ; r(0)  = 4 i , v(0)  = y/2j  , 
a(0)  = — 4i ; r (|)  = 2y/2i  + j , v (|)  = + j , 

a (|)  = — 2\fl\  — j ; | v|  = \J  16  sin2 t + 2 cos2 1 


v = 
a = 


aT  - dt 

at  t = f : aT  = 


v = 


14  sin  t cos  t 
\/ 16  sin2  t+2  cos2  t ' 


; at  t = 0:  aT  = 0,  aN  = y |a|2  - 0 = 4,  a = 0T  + 4N  = 4N,  k = S = \ = 2; 


x/i+T 


— Z oM  — /g  _ 49  _ 4^2  _ , 4\/2^t  _ Jn  __  4 71 

— 3 , ax  — y v 9 — 3 .a  — 3 i + 3 K ~ iTF  — 27 


2.  r(t)  = ^\/3  sec  t^j  i + (^  \/3  tan  t^  j =>  x = y/3  sec  t and  y = y/3  tan  t =>  y — y = sec2 1 — tan2 1 = 1; 


^a/3  sec  t tan  tj  i + ^y/3  sec2  tj  j 


=>  x2  - y2  = 3;  v = 

and 

a = ^\/3  sec  t tan2 1 + \/?>  sec3 1^  i — ^2^/3  sec2 1 tan  t^  j ; 
r(0)  = y/3i , v(0)  = V^j , a(0)  = V^i ; 


|v|  = \f  3 sec2 1 tan2 1 + 3 sec4 1 

v ^ — lyl  6 sec2  t tan3 1 + 18  sec4 1 tan  t . 

T dt  I I 2y/ 3 sec2 1 tan2 1 + 3 sec4 1 ’ 

at  t = 0:  aT  = 0,  aN  = 


a = 0T  + y/3N  = \J 3N,  k = ^ 


a|2  - 0 = y/3, 
M2 
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3.  r = 


vdT?  ^ /T+F 

i 

l +t2 


v = -t  (1  + t2)~3/2i  + (1  + t2)_3/2j 


=»  v = 


1 We  want  to  maximize  Ivl : ^ = — =V-  and  ^ = 0 => 


t > 0, 


— 2t 

(1+tV 


< o 


dt  (l+t2)2 

occurs  when  t = 0 =>■  Ivl 


t(i+t2r3/2]'  + [(i+t2)~3/2] 

2V  > 0;  for 


,,  -,■>  =0  =>  t = 0.  For  t < 0, 

(t  + t2)  (i+t2) 


= 1 


4. 


r = (e(  cos  t)  i + (el  sin  t)  j =+  v = (el  cos  t — e‘  sin  t)  i + (e1  sin  t + el  cos  t)  j 
=>  a = (e1  cos  t — e*  sin  t — el  sin  t — el  cos  t)  i + (e1  sin  t + e*  cos  t + ef  cos  t — el  sin  t)  j 
= (— 2e*  sin  t)  i + (2ef  cos  t)  j . Let  9 be  the  angle  between  r and  a . Then  9 = cos-1  ( 7+4 


= cos  1 


-2e2t  sin  t cos  t+2e2t  sin  t cos  t 


(e*  cos  t)2+(el  sin  t)2 


-2el  sin  t)2+(2el  cos  t)2 


= cos  1 0 = | for  all  t 


5.  v = 3i  + 4j  and  a = 5i  + 15j  =+  v x a 


=>  n — 


|vxa|  _ 25  _ 1 

IvT  53  5 


i j k 

3 4 0 

5 15  0 


25k  =>  |v  x a|  = 25;  |v|  = V^2  + 42  = 5 


6. 


[i  + (yf] 


3/2  = ex(l+e2x)  3/2  =»  ^=ex(l+e2x)  3/2  + ex 


|(1+ e2x)  5/2  (2e2x) 


= ex  (1  + e2x)  3/2  - 3e3x  (1  + e2x)  5/2  = ex  (1  + e2x)  5/2  [(1  + e2x)  - 3e2x]  = ex  (1  + e2x)  5/2  (1  - 2e2x) ; 

^ = 0 =>■  (1  — 2e2x)  =0  =+  e2x  = \ =>  2x  = — In  2 =>  x = — | In  2 = — In  \J 2 =>•  y = ; therefore  k is  at  a 


maximum 


at  the  point  In  \J 2, 


7.  r = xi  + yj+>v=^i+^j  and  v - i = y =>  % = y.  Since  the  particle  moves  around  the  unit  circle 

x2  + y2  = 1,  2x  f + 2y  f = 0 +>  f = - j f =>  f = - p (y)  = -x.  Since  f = y and  f = -x,  we  have 
v = yi  xj  =>  at  (1, 0),  v = — j and  the  motion  is  clockwise. 


8.  9y  = x3  =+  9 = 3x2  ^ =>  ^ | x2  ^ . If  r = xi  + yj  , where  x and  y are  differentiable  functions  of  t, 

then  v = i + ^ j.  Hence  v • i = 4 =>  ^ = 4 and  v-j  = j = fx2  j = | (3)2(4)  = 12  at  (3, 3).  Also, 

a = §i+§jandy  = (fx)  ( + )2  + Gx2)  W-  Hence  a • i = —2  =*  = -2  and 

a • j = $ = | (3)(4)2  + i (3)2(— 2)  = 26  at  the  point  (x,  y)  = (3,  3). 

9.  ^ orthogonal  tor  =+  h=  + 'r=|+'r+^r'  + = 5j(r'r)  r • r = K,  a constant.  If  r = xi  + yj  , where 
x and  y are  differentiable  functions  of  t,  then  r • r = x2  + y2  =>•  x2  + y2  = K,  which  is  the  equation  of  a circle 
centered  at  the  origin. 


10.  (a) 

r(r)  = (ot  - sin  777)1  + (I  — cos  m)} 


(b)  v = (n  — 7r  cos  7rt)i  + (7 r sin  7rt)j 

=>  a = (7T2  sin  7rt)  i + (7T2  cos  7rt)  j ; 
v(0)  = 0 and  a(0)  = 7r2j  ; 
v(l)  = 27ri  and  a(l)  = — 7r2j  ; 
v(2)  = 0 and  a(2)  = 7r2j  ; 
v(3)  = 27ri  and  a(3)  = — 7r2j 
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(c)  Forward  speed  at  the  topmost  point  is  |v(l)|  = |v(3)|  = 27 r ft/sec;  since  the  circle  makes  1 revolution  per 
second,  the  center  moves  7r  ft  parallel  to  the  x-axis  each  second  =>  the  forward  speed  of  C is  7r  ft/sec. 


11.  y = y0  + (v0  sin  a)t  - 1 gt2  =>  y = 6.5  + (44  ft/sec)(sin  45°)(3  sec)  - | (32  ft/sec2)  (3  sec)2  = 6.5  + 66\/2  — 144 
« —44.16  ft  =>•  the  shot  put  is  on  the  ground.  Now,  y = 0 =>  6.5  + 22\[7A  — 16t2  = 0 =>■  t ss  2.13  sec  (the 
positive  root)  =>■  x ss  (44  ft/sec)(cos  45°)(2.13  sec)  « 66.27  ft  or  about  66  ft,  3 in.  from  the  stopboard 


17.  ymax 


»,  , (v0sina)2 

yo  + 


■7  A-  i [(80  ft/sec)(sin  45°)]2 
' 11  ' (2)  (32  ft/sec2) 


57  ft 


13.  x = (v0  cos  a)t  and  y = (v0  sin  a)t  — \ gt2  =>■  tan  <f>  = ^ = (v° SM  a)t  2 gt  = fv° SU1  a) — — 

7 / 2 © ^ x (vo  cos  o;)t  vo  cos  a 

=$■  Vq  cos  a tan  <j)  = Vq  sin  a — 1 gt  =>  t = 2v°  sm  a - 2v0  cos  a tan  4> , js  time  when  the  golf  ball 


hits  the  upward  slope.  At  this  time  x = (vo  cos  a)  ^ 

(2  \ / Vq  sin  a cos  a — Vg  cos2  a tan  4 > 

g ) V cos  <t> 


2vq  sin  a — 2vq  cos  a tan 


Now  OR  = -^-7  =>•  OR  = i 

COS  0 1 " 


) 


— ^ (vg  sin  a cos  a — Vq  cos2  a tan  0) . 


^ 2vq  cos  a ^ ^ si 

‘ 0 (‘ 


sin  a cos  a tan  0 

COS  4>  cos  4> 


( 2vq  co: 

V §" 


sin  a cos  0 — cos  a sin 
cos2  4> 


) 

in<A  j 


The  distance  OR  is  maximized 


= (5Sf)  [»”(»-«]■ 

when  x is  maximized: 
f = ^cos  2a  s'n  ^ a tan  0)  = 0 
=)•  (cos  2a  + sin  2 a tan  (f>)  = 0 =>  cot  2a  + tan  <f>  = 0 =>  + f 


14.  (a)  x = v0(cos  40°)t  and  y = 6.5  + Vo(sin  40°)t  — 1 gt2  = 6.5  + v0(sin  40°)t  — 16t2;  x = 262  ^ ft  and  y = 0 ft 


262.4167 


262  A = v0(cos  40°)t  or  v0  = and  0 = 6.5  + L(cos40,)t 

t « 3.764  sec.  Therefore,  262.4167  « v0(cos  40°)(3.764  sec) 

((91)(sin40°)): 


(sin  40°)t  — 16t2  =>  t2  = 14.1684 

262.4167  — v0«91ft/sec 


Vo 


(cos  40°)(3.764  sec) 


in'!  ,,  _ ,,  I (VQ  Sin  a)' 

(Uj  ymax  — yo  l 2g 


6.5  + 


(2X32) 


60  ft 


15.  r = (2  cos  t)i  + (2  sin  t)j  + t2k  =>  v = (—2  sin  t)i  + (2  cos  t)j  + 2tk 


v|  = \J (—2  sin  t)2  + (2  cos  t)2  + (2t)2 

1 V4 


= 2y/ 1 + t2  =►  Length  = ^2sJ  1 + t2  dt  = [ty7!  +t2  + In  |t  + y2!  +t2|]  * = \yj  1 + + In  (f  + yj  l + j) 


16.  r = (3  cos  t)i  + (3  sin  t)j  + 2t3/2k  =>  v = (—3  sin  t)i  + (3  cos  t)j  + 3t2/2k  =>  |v|  = \J (—3  sin  t)2  + (3  cos  t)2  + (311/2)2 
= y/9  + 9t  = 3y/TTt  =>  Length  = f°3  y/T+t  dt  = [2(1  + t)3/2]  J = 14 

17.  r = I (1  + t)3/2i  + | (1  - t)3/2j  + 1 tk  =►  v = | (1  + t)72i  - | (1  - t)E2j  + 1 

rrz  . - o i i . - o rr- o 


V = 


* 1 9 v / j 1 3 ' ’ 3 1 * 3 v ' .i  1 3 

/f | (1  + t)1/2]2  + [-  § (1  - t)i/2] 2 + Q)2  = 1 =►  T=  |(l+t)1/2i-|(l-t)1/2j+l 

O . O . 1 . 1 . , /o . 1 . I/O.  1 . 1 . I A I'  I 


=►  T(0)=|i-|j+ik;f  = i(l+t)-1/2i+l(l-t)-i/2j  =►  f (0)  = 


(0)  = |j  ^ If  (0)|  = # 

_J_  : _i L_ ; 4.  ^_k- 

3\/2  1 + 3\/2  ^ + 3V2  K’ 

| V ^ V ^ | 

= 1(1+  t)-1/2i  + I (1  - t rl!2i  =►  a(0)  = i i + i j and  v(0)  = | i - | j + 1 k =►  v(0)  x a(0) 


N(0)  = 7i  1 + Tr j : B(0)  = T(0)  X N(0)  = 


1 

2 
3 

1 1 

y/2  y/2 


j k 

2 1 
3 3 

0 
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2 

3 

1 

3 


= - si' 


U 


a = 


- i(l  +t)  3/2i+  1(1  -t)  3/2j 


k =>  |v  x a|  = 


m = -l 


y? 


K(0)=>va 


T(0)  = 


(f) 

l3 


y?. 

3 > 


(i)  J$)  = 

W ' 


18.  r = (e‘  sin  2t)  i + (el  cos  2t)  j + 2e'k  =>  v = (el  sin  2t  + 2e*  cos  2t)  i + (el  cos  2t  — 2e*  sin  2t)  j + 2e'k 

_V_ 

1 “ M 
k; 


dT 

dt 


f (0)1  = tv's 


a = 


- |y|  = y (el  sin  2t  + 2el  cos  2t)  + (el  cos  2t  — 2el  sin  2t)  + (2el)  = 3el 
(1  sin2t+  | cos  2t)  i + Q cos  2t  — | sin  2t)  j + | k =>  T(0)  = | i + | j 1 2 1 
= (|  cos  2t  — | sin  2t)  i + (—  | sin  2t  — | cos  2t)  j =>  ^ (0)  = | i — | j 

24  | i j k| 

N(0)  = = ^5 1 ^ 71  j ^ B(°)  = T<0)  x N(0)  = 

1 7!  ~ 75 

(4e'  cos  2t  — 3el  sin  2t)  i + (— 3el  cos  2t  — 4e‘  sin  2t)  j + 2elk  =>  a(0)  = 4i  — 3j  + 2k  and  v(0)  = 2i  + j + 2k 

j k| 

= 8i  + 4j  - 10k  =>  |v  x aj  = ^64  + 16  + 100  = 6^/5  and  |v(0)|  = 3 


2 12 

3 3 3 

0 


syr 


1 j . , g£k  • 

3y5J  3ysK’ 


v(0)  x a(0)  = 


1 2 
-3  2 


=»  K(0)  = ; 

a = (4el  cos  2t  — 8e‘  sin  2t  — 3el  sin  2t  — 6ef  cos  2t)  i + (— 3e‘  cos  2t  + 6e'  sin  2t  — 4e'  sin  2t  — 8e‘  cos  2t)  j + 2e*k 
= (— 2e*  cos  2t  — 1 le(  sin  2t)  i + (—  1 1 e(  cos  2t  + 2et  sin  2t)  j + 2elk  =>•  a(0)  = — 2i  — 1 lj  + 2k 


T(0)  = 


2 1 2 
4-3  2 

-2  -11  2 

Ivxal2 


-80 

180 


19.  r = ti  + 1 e2t j =>  v = i + e2tj  =$■  |v|  = \J  1 + e4t  T = 


dT 


— 2e41 


2ezl 


(l  + e4.)3/2i+  (l  +e4t)3'2  J 


B (In  2)  = T(ln  2)  x N(ln  2)  = 


i j k 

yr?  yn  u 

4 1 o 

yi7  yr?  u 


-\/l  + e4 


i + 


7^j=,T(1n2)=-lr?i+-^j; 


ftta2)=I^7i+n^J  =*  N(ln2)  = ^i+7i7j; 


= k ; a = 2e2t  j =>  a(ln  2)  = 8j  and  v(ln  2)  = i + 4j 


v(ln  2)  x a(ln  2)  = 


i j k 

1 4 0 
0 8 0 


= 8k 


x a = 8 and  |v(ln  2)\  — \/~vi  =>  K(ln  2)  = ; a = 4e2t  j 


a(ln  2)  - 1 6j  =4-  r(ln  2)  = 


1 4 0 

0 8 0 
0 16  0 
vxap 


= 0 


20.  r = (3  cosh  2t)i  + (3  sinh  2t)j  + 6tk  =4-  v = (6  sinh  2t)i  + (6  cosh  2t)j  + 6k 

=4  |v|  = yj 36  sinh2  2t  + 36  cosh2  2t  + 36  = 6\/2  cosh  2t  =4  T = ^ tanh  2t^j  i + j + sech  2t^ 

=*  T(ln2)  = I^i+^j  + I^k;f  = (75sech22t)i_(73sech2ttanh2t)k  =*  ^(ln2) 

= (y)  <a)!‘  - (y)  (*)  <«) k = 1 - sy  “ ^ i s «>”  2»i = = v 
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N(ln  2)  = fj  i - {§  k ; B(ln  2)  = T(ln  2)  x N(ln  2)  = 


17 


i j k 

15  1 8 

ny/2  y/l  I7x/2 

A 0 -15 

17  u 17 


-^_i 

Yls/2 


\ft J Xl'Jl 


k; 


a = (12  cosh  2t)i  + (12  sinh  2t)j  =>■  a(ln  2)  = 12  (y)  i + 12  (y)  j = y i + y j and 


v(ln  2)  = 6 (y)  i + 6 (y)  j + 6k=  y i + y- j + 6k  =>  v(ln  2)  x a(ln  2)  = 


i J k 

45  51  6 

4 4 u 

51  45  a 

to'-' 


= — 135i  + 153j  — 72k 


x a = 153 \fl  and  jv(ln  2)\  — y \fl  =4-  K(ln  2)  = 


_ 153y/2  _ 32  . 


"V2) 


867 


a = (24  sinh  2t)i  + (24  cosh  2t)j  =>  a(ln  2)  = 45i  + 5 lj  =4-  r(ln  2)  = 


45  51  6 

4 4 u 

51  45  0 

2 2 u 

45  51  0 


vxa 


_32_ 

2 — 867 


21.  r = (2  + 3t  + 3t2)  i + (4t  + 4t2)  j - (6  cos  t)k  =>  v = (3  + 6t)i  + (4  + 8t)j  + (6  sin  t)k 
=4  | v | = sj (3  + 6t)2  + (4  + 8t)2  + (6  sin  t)2  = sj 25  + lOOt  + 100t2  + 36  sin2 1 
=>  9Jxl  = | (25  + lOOt  + 100t2  + 36  sin2 t)“1/2(100  + 200t  + 72  sin  t cos  t)  =4-  aT(0)  = ^ (0)  = 10; 
a = 6i  + 8j  + (6  cos  t)k  =>■  |a|  = \J&  + 82  + (6  cos  t)2  = sj 100  + 36  cos2 1 =x  ja(0)|  = sj  136 
=>  aN  = \J |a|2  — a2  = a/136  — 102  = a/36  = 6 =>  a(0)  = 10T  + 6N 


22.  r = (2  + t)i  + (t  + 2t2)  j + ( 1 + t2)  k =>  v = i + (1  + 4t)j  + 2tk  =4  |v|  = a/12  + (1  + 4t)2  + (2t)2 
= ^/2  + 8t  + 20t2  =4  ^ = 1 (2  + 8t  + 20t2)_1/2(8  + 40t)  =>  aT  = ^ (0)  = 2^2;  a = 4j  + 2k 

=x  |a|  = ^42  + 22  = V'ZO  =4>  aN  = |a|2  - a2  = ^20  - (2^2j2  = s/l2  = 2a/3  =>  a(0)  = 2a/2T  + 2s/3N 


23.  r = 


dT 

dt 


(sin  t)i  + ^\/2  cos  t^  j + (sin  t)k  =>  v = (cos  t)i  — ^\/2  sin  t j j + (cos  t)k 

T = pf  = cos  t)  i - (sin  t)j  + cos  t)  k ; 


v = 


=4  N = 


\j (cos  t)2  + \pl  sin  t^j  + (cos  t)2  = a/2 

( 775  sin  0 1 ^ (cos  t)j  (vi  sin  0 

“ — = ^ sin  t)  i - (cos  t)j  - sin  t)  k ; 


4=  sin  t ) k =>  I ^ I = a / ( - -4=  sin  t 


a4 


sin  tj  + (—  cos  t)2  + -/  sin  tj  =1 


B = T x N = 


a/2 


cos  t 


1 


sin  t 


J 

- sin  t 
cos  t 


v/2 


COS  t 


sin  t 


= -/  i — -/  k ; a = (-  sin  t)i  — ^ \/~2  cos  t^j  j - (sin  t)k  =>  v x a = 
= a/24  — y^2k  =4-  |v  x a|  = \J~A  = 2 =4-  n — 


|vxa|  _ 
— 


|v|“ 


a _ J_  . A _ 

pf  V5’3" 


s/2  3111  1 1 s/2 

i j k 

cos  t -y/2  sin  t cos  t 

— sin  t —\J 2 cos  t — sin  1 1 

(—  cos  t)i  + [^J~2  sin  t j j — (cos  t)k 


COS  t -a/2  sin  t cos  t 

— sin  t — y/l  cos  t — sin  t 

— cos  t \fl  sin  t — cos  t 


|vxa| 


(cos  t)  ^ yj 2^  — sin  tj  (0)  + (cos  t)  s/l'j 

— 4 = ® 


24.  r = i + (5  cos  t)j  + (3  sin  t)k  =4-  v = (—5  sin  t)j  + (3  cos  t)k  =>  a = (—5  cos  t)j  — (3  sin  t)k 

=>  v • a = 25  sin  t cos  t — 9 sin  t cos  t = 16  sin  t cos  t;  v • a = 0 =4  16  sin  t cos  t = 0 =4-  sin  t = 0 or  cos  t = 0 
=4  t = 0,  | or  7T 
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25.  r = 2i  + (4  sin  |)  j + (3  — k =>  0 = r • (i  — j)  = 2(1)  + (4  sin  |)  (—1)  =>0  = 2 — 4 sin  | =>  sin  | = | =>  f = 
=>  t = 7 (for  the  first  time) 


26.  r(t)  = ti  + t2j  + t3k  =>  v = i + 2tj  + 3t2k  =>  |v|  = Rl  +4t2  + 9t4  =>  |v(l)|  = \JT\ 

_J_;  + _J_;  + _J_i 
/i41  + s/u 


T(  1)  = —j—  i -| — f—  j H — j—  k , which  is  normal  to  the  normal  plane 


=>  -j—  (x  — 1)  -| — j—  (y  — 1)  H — j—  (z  — 1)  = 0 or  x + 2y  + 3z  = 6 is  an  equation  of  the  normal  plane.  Next  we 


calculate  N(  1)  which  is  normal  to  the  rectifying  plane.  Now,  a = 2j  + 6tk 

J k 

= 6i  — 6j  + 2k 


a(l)  = 2j  + 6k  =>  v(l)  x a(l) 


1 2 3 
0 2 6 


HD  X a(D|  = ^76  =>  «(t)  = ^ ^ | = |v(t)|  =>  ff 


= 1(1  + 4t2  + 9t4)  1/2  (8t  + 36t3) 


22  , so  a = T + K(|)2N  =>  2j  + 6k 


Cl4  ' 


_ _22_  f i+2j+3k\  , y/19 

y/u  V vH  / 7/14 


14)'N  =>  N=^(-^i-fj+fk)  =>  — -y  (x  — 1)  — | (y  — 1)  + | (z  — 1) 


= 0 or  1 lx  + 8y  — 9z  = 10  is  an  equation  of  the  rectifying  plane.  Finally.  B(l)  = T(l)  x N(l) 

i j k| 


= (R±) 

\2VV9)  V \/l4 


1 2 3 

-11  -8  9 


= (3i  — 3j  + k)  =>  3(x  - 1 ) - 3(y  - 1)  + (z  — 1)  = 0 or  3x  - 3y  + z 


= 1 is  an  equation  of  the  osculating  plane, 

27.  r = e*i  + (sin  t)j  + In  (1  — t)k  =>  v = e‘i  + (cos  t)j  — ( k =>  v(0)  = i + j — k ; r(0)  = i =>  (1, 0,  0)  is  on  the  line 
=>  x = 1 + t,  y = t,  and  z = — t are  parametric  equations  of  the  line 


28.  r = v/2  COS  t i + 


i + [yj 2 sin  t^j  j + tk  =>  v = ^—y/2  sin  t^  i + (^\R  cos  t j j + k =>  v (|) 


= (_\/2  sin  Rj  i+  (^\R  cos  f ) j + k = -i  + j + k is  a vector  tangent  to  the  helix  when  t = | =>  the  tangent  line 
is  parallel  to  v (|)  ; also  r (|)  = 

=>  x = 1 — t,  y=l+t,  and  z = | + t are  parametric  equations  of  the  line 


2 cos  | j i + ^y/2  sin  | j j + | k =>  the  point  (l,  1,  |)  is  on  the  line 


29.  x2  = (vq  cos2  a)  t2  and  (y  + 3 gt2) 2 = (vq  sin2  a)  t2  =>  x2  + (y  + \ gt2) 2 = Vgt2 


30.  * = iV#  + ? = =>  x2  + y2-s2=x2+y2- 


(xx  + yy)2 


dt  v - ' J - v/jq=2  ^ * ' J “ 1 J x2+y2 

(X2  + y2)  (x2  + y2)  - (x2  X2  +2xXyy + y2  y2)  _ x2  y2  +y2  x2  -2xXyy  _ (xy  - yX)2 


x-+y2 


,/x2  + v2  - s2  - 

vx  +y  s - 


= (x2+y2)3/2  _ , 

|xy  — yx|  k ^ 


31.  s — 3.0  =>-  9 = - => 

a 


S . 7T  v d(f) 

a ' 2 ^ ds 


k = ^ = j since  a > 0 
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32.  (1) 

ASOT 

wATOD  => 

OT  . 
SO  ^ 

yo  6380 

6380  — 6380+437 

=4-  y0 

_ 63  802  _v  ^ 

- 68TT  ^ Yo  ~ 

5971  km; 

(2) 

VA  = i 

C6380  / / 

L2-xV1+0 

r»6817 

|)  dy 

= 2?rJ 

x/63802  - y2 

( 6380 

) dy 

V \J 63802  - y2 

J»6817  fio-i'7 

597i6380dy  = 27r[6380y]^ 

= 16,395,469  km2  « 1.639  x 107  km2; 

(3)  percentage  visible  w « 3.21% 


y 


CHAPTER  13  ADDITIONAL  AND  ADVANCED  EXERCISES 


1.  (a)  r (9)  = (a  cos  9) i + (a  sin  9) j + b0k  =>■  ^ = [(—a  sin  9) i + (a  cos  0)j  + bk]  ^ ; |v|  = ^/2gz  = 

= =*■  f = 

dd 


dr 

dt 


2gz  _ / 2gb6 

i2  + b2  _ V a2  + b2 


d# 

dt  0=27t 


_ / 47Tgb  _ o 

a2  + b2  _ Z 


TTgb 
i2  + b2 


(b)  f = 


2gW_ 


A 


2gb 


dt 


201/2  = /3S?t+C:t=0  =* 0=0 


= 0 =>  C = 0 


201/2  — V a2  + b2  1 ^ 0 _ 2 (a2  + b2)  ; Z “ b0  Z — 2 (I  + b2) 


(c)  v(t)  = ^ = [(-a  sin  0)i  + (a  cos  9) j + bk|  = [(-a  sin  0)i  + (a  cos  0)j  + bk]  ( ) , from  part  (b) 


v(t)  = 


(—a  sin  6) i + (a  cos  0)j  + bk 
y/  a2  + b2 


{ gbt 

V AAb v 


gbt 

A2  + b2 


T; 


= [(-a  cos  9)\  - (a  sin  0)j]  (f  )2  + [(-a  sin  9) i + (a  cos  9) j + bk]  0 

= (ifw)  t(_a  cos  0)'  ~ (a  sin  0^]  + K-a  sin  + (a  cos  0^  + bkl  (f+f) 

a sin  9)i  + (a  cos  9)j  + bk  ] + a (pfp)' ' [(-  COS  0)i  - (sin  0)j] 


A2  + b2 


- rh 

AAb2 


T + a 


(f+Tj2  ) bi  (there  is  no  component  in  the  direction  of  B). 


2.  (a)  r (9)  — (a 9 cos  0)i  + (a 9 sin  9) j + b0k  =>■  ^ = [(a  cos  9 — a9  sin  9) i + (a  sin  9 + a9  cos  0)j  + bk]  ^ ; 


— \/2gz  = |^|  — (a2  + a292  +b2)1/2  (^) 


d 6 


_Agbfl_ 


dt  ^a2  + a202  + b2 

(b)  s = £ |v|  dt  = £(a2  + a 2(92  + b2)1/2  f dt  = £( a2  + a26>2  + b2)1/2  d0  = £( a2  + a2u2  + b2)1/2  du 
= £ a £a~  ^b2  + u2  du  = a £ \J  & + u2  du,  where  c = £a|  b~ 

| a/c2  + u2  + ^ In  |u  + a/c2  + u2  = | ^0y/ c2  + 92  + c2  In  0 + ^/c2  + 02  — c2  In  c^j 


=>  s = a 


Q (l  + e)r0  _j.  dr  _ (1  + e)r0(e  sin  0)  . dr  _ n (1  + e)r0(e  sin  8)  _ n , , , „a„  /„  nr  _ n 

r - 1 +ecos9  =*  d$  - (1  + e cos  9)2  ’ 35  “ U (l+ecos9)2  -»=>(!+  e)r0(e  Sin  9)  - U 


sin  9 = 0 =>  9 = 0 or  n.  Note  that  ^ > 0 when  sin  9 > 0 and  ^ < 0 when  sin  9 < 0.  Since  sin  9 < 0 on 


—7 r < 0 < 0 and  sin  0 > 0 on  0 < 9 < it,  r is  a minimum  when  0 = 0 and  r(0)  = .(1+e)r°  = 

7 v 7 1 +e  cos  0 


r0 


4.  (a)  f(x)  = x—  1 — fshix  = 0 =>•  f(0)  = — 1 and  f(2)  = 2 — 1 — fsin2>  \ since  | sin  2 1 < 1;  since  f is  continuous 
on  [0, 2],  the  Intermediate  Value  Theorem  implies  there  is  a root  between  0 and  2 
(b)  Root  « 1.4987011335179 
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5.  (a)  v = x i + y j and  v = r ur  + r 9 u#  = (r)  [(cos  9) i + (sin  0)j]  + (r  9)  [(—  sin  9) i + (cos  9) j]  =>  v • i = x and 
v - i = r cos  9 — r 0 sin  0 =>  x = r cos  9 — r 0 sin  0;  v • j = y and  v • j = r sin  0 + r 0 cos  9 
=>  y = r sin  0 + r 0 cos  9 

(b)  ur  = (cos  9) i + (sin  9) j =$■  v • ur  = x cos  9 + y sin  9 

= (r  cos  9 — x9  sin  0)  (cos  9)  + (r  sin  9 + r 9 cos  9 ) (sin  9)  by  part  (a), 

=>  v • ur  = r ; therefore,  r = x cos  9 + y sin  9; 

U0  = —(sin  0)i  + (cos  9) j =>  v - u#  = — x sin  9 + y cos  9 

= (r  cos  9 — rO  sin  9 ) (—  sin  9)  + (r  sin  9 + i9  cos  9)  (cos  9)  by  part  (a)  =>•  v • U#  = x9  ; 
therefore,  r 9 = — x sin  9 + y cos  9 


6.  r = f(9) 


= f '(9) 


= m(f)2+mf;v=f  u,  + rfu( 


(i)2+r2(f)2]1/2=h2 


= (cos0|-rsin0f)i+(sin0|+rcos0f)j  =*  |v|  = [(f)2  + r2  (f)2]  “=  [(f')2  + f2]  " 
|v  x a = |xy  — y x| , where  x = r cos  9 and  y = r sin  9.  Then  ^ = (— r sin  9)  f + (cos  9)  f 
=►  § = (-2  sin  9)  f f - (r  cos  9)  (f  )2  - (r  sin  9)  § + (cos  9)  |f ; f = (r  cos  9)  f + (sin  9)  f 
=*•  0 = (2  cos  9)  f f - (r  sin  9)  (f  )2  + (r  cos  9)  + (sin  9)  . Then  |v  x a| 

= (after  much  algebra)  r2  (f  )3  + r f f - r f ff  + 2f(f)2  = (f  )3  (f2  - f • f"  + 2(f')2) 

_ |vxa|  _ f2  - f-f"  + 2(f')2 

K~  lvl  _ [(f')2  + f2]3/2 


7.  (a)  Let  r = 2 — t and  0 = 3t  =>  f = — 1 and  ^ = 3 =>  = 0.  The  halfway  point  is  (1, 3)  =>■  t = 1; 

v=£ur  + rfu,  =*  v(l)  = -ur  + 3u,;a=  [ff  - r )2]  ur  + [r§+2f  f]u9  =►  a(l)  = -9ur  - 6u* 
(b)  It  takes  the  beetle  2 min  to  crawl  to  the  origin  =>  the  rod  has  revolved  6 radians 

=*  L = /:  + [f m2  d 9 = /;  \J (2  - f)2  + (-  I)2  d9  = /;  ^4  - f + f + I d0 

= fc  V37^2^2  d0  = 5 fo  \/(e  - 6)2  + 1 dfl  = § [^  -6)2  + l + 1 In  |0  - 6 + ^/(0  - 6)2  + l|]  ® 

= ^/37  - i In  (^y/37  - 6^  « 6.5  in. 


8.  (a) 

(c) 


x = r cos  6*  =>  dx  = cos  9 dr  — r sin  9 d$;  y = r sin  9 =>  dy  = sin  9 dr  + r cos  0 d0;  thus 
dx2  = cos2  9 dr2  — 2r  sin  9 cos  9 dr  &9  + r2  sin2  9 dff2  and 
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i j k 

9.  (a)  u,  x v\/)  — cos  9 sin  6 0 = k =>  a right-handed  frame  of  unit  vectors 

— sin  9 cos  9 0 

(b)  w = (-  sin  9) i + (cos  9) j = ufl  and  ^ = (-  cos  9) i - (sin  9) j = -ur 

(c)  From Eq.  (7),  v = rur  + r9ug  + zk  =>  a = v = ( r ur  + r ur)  + (r 9ug  + r:9xng  + r9 ug)  + zk 

= — r 6~^J  ur  + (r 9 + 2r  9)  u#  + z k 

10.  L(t)  = r(t)  x mv(t)  =>  ^ x mv)  + x m =>  ^ = (v  x mv)  + (r  x ma)  = r x ma ; F = ma  ^ A r 

= ma  =)■  |=rx  ma  = rx  r)  = — ^ (r  x r)  = 0 =>  L — constant  vector 
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NOTES: 
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CHAPTER  14  PARTIAL  DERIVATIVES 


14.1  FUNCTIONS  OF  SEVERAL  VARIABLES 


1.  (a)  f(0,0)=0 

(d)  f(— 3,  -2)  = 33 

2.  (a)  f(2,  1)  = f 
(d)  f(— —7)  = — 1 

3.  (a)  f(3,  — 1,  2)  = j 
(d)  f(2,  2,  100)  = 0 


(b)  f(-l,l)=0 
(b)  f(— 3, 

(b)  = | 


4.  (a)  f(0,  0.  0)  = 7 

(d)  f(A  Ati) 


(b)  f(2,  -3,  6)  = 0 


(c)  f(2,  3)  = 58 

<c)  fE  ?)  = 75 
(c)  f(0,-i,0)  =3 
(c)  f(-l,2,3)  = v/35 


5.  Domain:  all  points  (x,  y)  on  or  above  the  line 
y = x + 2 


6.  Domain:  all  points  (x,  y)  outside  the  circle 

x2  + y2  = 4 


7.  Domain:  all  points  (x,  y)  not  liying  on  the  graph 
of  y = x or  y = x3 


8.  Domain:  all  points  (x,  y)  not  liying  on  the  graph 
of  x2  + y2  = 25 


y 


' 

/ /y-j> 

/ x y x 

/ > 

/ . x 

/ 

/ / 

/ / 

y 


6 

/ 

/ 2 
/ 

. . 1 i . . i 

.-.*2+/=25 

ss 

\ 

\ 

\ 

-6  ^ 4 -2 

\ -2 

\ 

V- 

-6 

. . . . | . r 

2 4 | 6 

/ 

/ 

/ 
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9.  Domain:  all  points  (x,  y)  satisfying 


10.  Domain:  all  points  (x,  y)  satisfying 


x2  - 1 < y < x2  + 1 


(x-l)(y+l)  >0 


y y=x2+\ 


11.  Domain:  all  points  (x,  y)  satisfying 


12.  Domain:  all  points  (x,y)  inside  the  circle 


(x-2)(x  + 2)(y^3)(y  + 3)  >0 


x2  + y2  = 4 such  that  x2  + y2  7^  3 


x = -2  y x = 2 


3 

II 

ss 

-2 

II 

-3 

13. 


14. 


17.  (a)  Domain:  all  points  in  the  xy-plane 
(b)  Range:  all  real  numbers 
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(c)  level  curves  are  straight  lines  y — x = c parallel  to  the  line  y = x 

(d)  no  boundary  points 

(e)  both  open  and  closed 

(f)  unbounded 

18.  (a)  Domain:  set  of  all  (x,  y)  so  that  y — x > 0 =>  y > x 

(b)  Range:  z > 0 

(c)  level  curves  are  straight  lines  of  the  form  y — x = c where  c > 0 

(d)  boundary  is  ^/y  — x = 0 =>  y = x,  a straight  line 

(e)  closed 

(f)  unbounded 

19.  (a)  Domain:  all  points  in  the  xy-plane 

(b)  Range:  z > 0 

(c)  level  curves:  for  f(x,  y)  = 0,  the  origin;  for  f(x,  y)  = c > 0,  ellipses  with  center  (0,  0)  and  major  and  minor 
axes  along  the  x-  and  y-axes,  respectively 

(d)  no  boundary  points 

(e)  both  open  and  closed 

(f)  unbounded 

20.  (a)  Domain:  all  points  in  the  xy-plane 

(b)  Range:  all  real  numbers 

(c)  level  curves:  for  f(x,  y)  = 0,  the  union  of  the  lines  y = ± x;  for  f(x,  y)  = c 7^  0,  hyperbolas  centered  at 
(0, 0)  with  foci  on  the  x-axis  if  c > 0 and  on  the  y-axis  if  c < 0 

(d)  no  boundary  points 

(e)  both  open  and  closed 

(f)  unbounded 

21.  (a)  Domain:  all  points  in  the  xy-plane 

(b)  Range:  all  real  numbers 

(c)  level  curves  are  hyperbolas  with  the  x-  and  y-axes  as  asymptotes  when  f(x,  y)  / 0,  and  the  x-  and  y-axes 
when  f(x,  y)  = 0 

(d)  no  boundary  points 

(e)  both  open  and  closed 

(f)  unbounded 

22.  (a)  Domain:  all  (x,  y)  7^  (0,  y) 

(b)  Range:  all  real  numbers 

(c)  level  curves:  for  f(x,  y)  = 0,  the  x-axis  minus  the  origin;  for  f(x,  y)  - c / 0,  the  parabolas  y = cx2  minus  the 
origin 

(d)  boundary  is  the  line  x = 0 

(e)  open 

(f)  unbounded 

23.  (a)  Domain:  all  (x,  y)  satisfying  x2+y2  < 16 

(b)  Range:  z>\ 

(c)  level  curves  are  circles  centered  at  the  origin  with  radii  r < 4 

(d)  boundary  is  the  circle  x2  + y2  = 16 


Copyright  © 2010  Pearson  Education  Inc.  Publishing  as  Addison-Wesley. 


798  Chapter  14  Partial  Derivatives 

(e)  open 

(f)  bounded 

24.  (a)  Domain:  all  (x,  y)  satisfying  x2  + y2  < 9 

(b)  Range:  0 < z < 3 

(c)  level  curves  are  circles  centered  at  the  origin  with  radii  r < 3 

(d)  boundary  is  the  circle  x2  + y2  = 9 

(e)  closed 

(f)  bounded 

25.  (a)  Domain:  (x,  y)  ^ (0, 0) 

(b)  Range:  all  real  numbers 

(c)  level  curves  are  circles  with  center  (0,  0)  and  radii  r > 0 

(d)  boundary  is  the  single  point  (0, 0) 

(e)  open 

(f)  unbounded 

26.  (a)  Domain:  all  points  in  the  xy-plane 

(b)  Range:  0 < z < 1 

(c)  level  curves  are  the  origin  itself  and  the  circles  with  center  (0, 0)  and  radii  r > 0 

(d)  no  boundary  points 

(e)  both  open  and  closed 

(f)  unbounded 

27.  (a)  Domain:  all  (x,y)  satisfying  —1  < y — x < 1 

(b)  Range:  - § < z < | 

(c)  level  curves  are  straight  lines  of  the  form  y — x = c where  — 1 < c < 1 

(d)  boundary  is  the  two  straight  lines  y = 1 + x and  y = — 1 + x 

(e)  closed 

(f)  unbounded 

28.  (a)  Domain:  all  (x,  y),  x ^ 0 

(b)  Range:  - | < z < | 

(c)  level  curves  are  the  straight  lines  of  the  form  y = c x,  c any  real  number  and  x^0 

(d)  boundary  is  the  line  x = 0 

(e)  open 

(f)  unbounded 

29.  (a)  Domain:  all  points  (x,  y)  outside  the  circle  x2  + y2  = 1 

(b)  Range:  all  reals 

(c)  Circles  centered  ar  the  origin  with  radii  r > 1 

(d)  Boundary:  the  cricle  x2  + y2  = 1 

(e)  open 

(f)  unbounded 

30.  (a)  Domain:  all  points  (x,  y)  inside  the  circle  x2  + y2  = 9 

(b)  Range:  z < In  9 

(c)  Circles  centered  ar  the  origin  with  radii  r < 9 

(d)  Boundary:  the  cricle  x2  + y2  = 9 
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61.  f(x,  y,  z)  = - y — In  z at  (3,  —1,1)  =>  w = - y — In  z;  at  (3,  —1, 1)  =>■  w = ^/3  — (-1)  — In  1 = 2 

=>■  ^/x  — y — In  z = 2 

62.  f(x,  y,  z)  = In  (x2  + y + z2)  at  (—1,  2, 1)  =>■  w = In  (x2  + y + z2) ; at  (— 1,  2, 1)  =>  w = In  ( 1 + 2 + 1)  = In  4 

=>  In  4 = In  (x2  + y + z2)  =>  x2  + y + z2  = 4 


63.  g(x,  y,  z)  = a/x2  + y2  + z2  at  =^>w  = ^/x2  + y2  + z2;  at  ^1,-1, 

— 2 =>  2 = ^/x2  + y2  + z2  =>  x2  + y2  + z2  = 4 


w=yi2  + (-l)2+(V2)2 


64.  g(x,  y,  z)  = 2xx+yy+zz  at  (1,0,  —2)  =>  w 
=>2x-y  + z = 0 


x — y + z 
2x  + y — z 


; at  (1. 0,  —2)  =>  w 


1-0  + (-2) 
2(1)  +0  — (—2) 


i 

4 


J_  x — y + z 

4 2x  + y — z 


- — for 

y-x 


oo  / \ n 

65'f(x'y)  =„?,(>)  =T% 

< 1 =>  Domain:  all  points  (x,  y)  satisfying  |x|  < |y|; 


at  (1,2) 


< 1 =>  z — 2_  j — 2 


=>  — = 2 =>  y = 2x 

y — x ^ 


OO  , | 

66.  g(x,  y,  z)  = JO  xn,zy)  = e^x+y^z  =>  Domain:  all  points  (x,  y,  z)  satisfying  z ^ 0;  at  (In  4,  In  9, 2) 

n=0 

=>  w = e(ln4+ln9)/2  = e(ln36)/2  = eln6  = 6 =>  6 = e(x+y)/z  =>•  ^ = In  6 

67.  f(x,y)  = J p = sin~'y  — sin_1x  =>-  Domain:  all  points 

(x,  y)  satisfying  1 < x < 1 and  — 1 < y < 1 ; L 

at  (0,  1)  =>■  sin-1 1 — sin_10  = | =£•  sin_1y  — sin~'x 
= |.  Since  — f < sin_1y  < | and  — | < sin_1x  < |,  in 

order  for  sin~'y  — sin^'x  to  equal  0 < sin_1y  < | and  II  I *x 

— | < sin^'x  < 0;  that  is  0 < y < 1 and  —1  < x < 0.  Thus 

y = sin(|  + sin_1x)  = y/ 1 — x2,  x < 0 

68.  g(x,  y,  z)  = J“  + f()  y4d9  = = tan~'y  — tan~'x  + sin-1  (|)  =>•  Domain:  all  points  (x,  y,  z)  satisfying  —2  < z < 2; 

at  (o.  1,  a/^)  =>  tan-1 1 — tan~!0  + sin-1  =>  tan~'y  - tan~'x  + sin-1  (|)  = ||.  Since  — | < sin-1  (|)  < 

Yj  < tan~'y  — tan_1x  < =>■  z = 2sin(  — tan_1y  + tan_1x),  22  < tan~'y  — tan^'x  < Ijy 

69-72.  Example  CAS  commands: 

Maple: 

with(  plots  ); 

f :=  (x,y)  ->  x*sin(y/2)  + y*sin(2*x); 
xdomain  :=  x=0..5*Pi; 
ydomain  :=  y=0..5*Pi; 
x0,y0  :=  3*Pi,3*Pi; 

plot3d(  f(x,y),  xdomain,  ydomain,  axes=boxed,  style=patch,  shading=zhue,  title="#69(a)  (Section  14.1)" ); 
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plot3d(  f(x,y),  xdomain,  ydomain,  grid=[50,50],  axes=boxed,  shading=zhue,  style=patchcontour,  orientation=[-90,0], 
title="#69(b)  (Section  14.1)" );  # (b) 

L :=  evalf(  f(x0,y0) );  # (c) 

plot3d(  f(x,y),  xdomain,  ydomain,  grid=[50,50],  axes=boxed,  shading=zhue,  style=patchcontour,  contours=[L], 
orientation=|-90,0],  title="#45(c)  (Section  13.1)" ); 

73-76.  Example  CAS  commands: 

Maple: 

eq  :=  4*ln(xA2+yA2+zA2)=l; 

implicitplot3d(  eq,  x=-2..2,  y=-2..2,  z=-2..2,  grid=[30,30,30],  axes=boxed,  title="#73  (Section  14.1)" ); 

77-80.  Example  CAS  commands: 

Maple: 

x :=  (u,v)  ->  u*cos(v); 
y :=  (u,v)  ->u*sin(v); 
z :=  (u,v)  ->  u; 

plot3d(  [x(u,v),y(u,v),z(u,v)],  u=0..2,  v=0..2*Pi,  axes=boxed,  style=patchcontour,  contours=[($0..4)/2],  shading=zhue, 
title="#77  (Section  14.1)" ); 


69-60.  Example  CAS  commands: 

Mathematica:  (assigned  functions  and  bounds  will  vary) 

For  69  - 72,  the  command  ContourPlot  draws  2-dimensional  contours  that  are  z-level  curves  of  surfaces  z = f(x,y). 
Clear[x,  y,  fj 

f[x_,  y_]:=  x Sin[y/2]  + y Sin[2x] 

xmin=  0;  xmax=  57r;  ymin=  0;  ymax=  57 r;  {x0,  yO }={ 37t,  3zr } ; 

cp=  ContourPlot[f[x,y],  {x,  xmin,  xmax),  {y,  ymin,  ymax},  ContourShading  — » False]; 

cp0=  ContourPlotL[f[x,y],  {x,  xmin,  xmax],  {y,  ymin,  ymax].  Contours  — > { f[x0,y0] } , ContourShading  — ► False, 
PlotStyle  ->  { RGBColorf  1,0,0]}]; 

Show[cp,  cpO] 

For  73  - 76,  the  command  ContourPlot3D  will  be  used.  Write  the  function  f[x,  y,  z]  so  that  when  it  is  equated  to  zero,  it 
represents  the  level  surface  given. 

For  73,  the  problem  associated  with  Log[0]  can  be  avoided  by  rewriting  the  function  as  x2  + y2  +z2  - el/4 
Clear[x,  y,  z,  f] 

f[x , y_,  z_]:=  x2  + y2  + z2  - Exp[  1/4] 

ContourPlot3D[f[x, y, z],  ]x,  -5,  5],  ]y,  -5,  5],  {z,  -5,  5],  PlotPoints  -c  {7,  7}]; 

For  77  - 80,  the  command  ParametricPlot3D  will  be  used.  To  get  the  z-level  curves  here,  we  solve  x and  y in  terms  of  z 
and  either  u or  v (v  here),  create  a table  of  level  curves,  then  plot  that  table. 

Clear[x,  y,  z,  u,  v] 

ParametricPlot3D[{u  Cos[v],  u Sin[v],  u],  {u,  0,  2],  ]v,  0,  2p}]; 
zlevel=  Table[{z  Cos[v],  z sin[v] },  {z,  0,  2,  .1 }]; 

ParametricPlot[Evaluate[zlevel],{v,  0,  27r}]; 

14.2  LIMITS  AND  CONTINUITY  IN  HIGHER  DIMENSIONS 


1. 


lim 

(x,  y)  — > (0,0) 


3x2  — y2  + 5 _ 3C0)2  — 02  + 5 
x2  + y2  + 2 02  + 02  + 2 


5 

2 


2. 


lim 

(x,y)- 


X 

(0,4)  ^ 
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3.  lim  v/x2  + y2  - 1 = V^2  + 42  - 1 = a/24  = 2y/6 
(xi  y)  ->  (3,4) 


4.  lim 

(x,y)  -»  (2,-3) 


(+/  = [! +(A)]!=«)2  = 


5.  lim  sec  x tan  y = (sec  0)  (tan  |)  = (1)(1)  = 1 

(x,y)  -»  (0,  |) 


6.  lim  cos  ( x +i . ) = cos  (====')  = cos  0 

(x,  y)  — > (o,  o)  Vx+y+1y  V°+0+1/ 


= l 


7.  lim  ex-y  = e°~ln2  = eln())  = i 

(x,  y)  — > (0,  In  2)  2 


8.  lim  In  |1  + x2y2|  = In  |1  + (1)2(1)2|  = In  2 

(X,  y)  — >■  (1,1) 


lim  sLinx  = lim  (ey)  ( sinx)  = e°  - lim  (^)  = 1 • 1 = 1 

(x,  y)  — > (0, 0)  x (x,  y)  — > (0,0)  V V x ’ x -►  0 V x > 


10.  lim  cos  ,3/xy  = cos  \ f 7r3  = cos  (?)  = i 

(x,  y)  — > (1/27, 7r3)  V 3 V ^ 2 


11.  lim 

(x,y)  ->  (l,7r/6) 


x sin  y ^'s^n(f)  1/2  1 

x2  + 1 — l2  + 1 — ~Y  ~ 4 


12.  lim  mi+1  = (cos°)  + ( = l+l  = -2 

(x, y)  — > (f,0)  y_slnx  °"sin(!)  -1 


13.  lim  x~~2xy  + r = lim  (x~y)  = lim  (x  — y)  = (1  — 1)  = 0 

(x,y)  — > (1, 1)  x"y  (x,y)-(l,l)  x“y  (x, y)  — > (1, 1) 

x / y 

14.  lim  = lim  (x  + y)(x~y)  = lim  (x  + y)  = (1  + 1)  = 2 

(x,y)  -» (1,1)  x"y  (x,y)  — > (1,  l)  x~y  (x, y)  - > (1, 1)  yJ 

x / y 


15.  lim  xy~y~2x  + 2 = lim 

X — 1 


(x,y)  — > (i,  i) 
x/l 


(x~1)(yr2)  = lim  (y  - 2)  = (1  - 2) 
(x,y)  ->  (1, 1)  x"‘  (x,y)  — » (l,  1) 


= -1 


x/l 


iim  y+4 — i;m  y+4 — 1 = I — 1 

(x,  y)  — H2,  —4)  x2y-xy  + 4x2-4x  (x,  y)  — H)2,  —4)  lKy  + 4)  (X)  y)  ™2,  -4)  x<x-0  212"0  2 

y jt  -4,  x ^ x2  y / -4.  x^x!  x ^ x2 


17.  lim  x-y+V^  = lim  (v/x-^Hv/x+^+2)  = lim  u/x 
(x, y)  — > (0,0)  vx-x/y  (x, y)  — > (o, o)  v*-\/y 

x/y  x/y 


(x,y)  — * (0,0) 


= V0  + 


= 2 


Note:  (x,  y)  must  approach  (0, 0)  through  the  first  quadrant  only  with  x/y. 


+ 2) 


18. 


lim  ) y 9 = lim 

(x,  y)  — ► (2, 2)  C^-2  (x,  y)  — > (2, 2) 

x+y/4  x + yyM 

= (a/2  + 2 + 2)  =2  + 2 = 4 


(+x  + y + 2)  (+x  + y-2) 
y/x+y-2 


lim 

(x,y)-»(2,2) 
x + y y44 


(\/x  + y + 2) 
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19.  lim  Xy y—r  = lim 

(x, y)  — > (2, 0)  2x-y-4  (x, y)  —*  (2,0) 

2x-y^4  2x-y^4 

_ 1 _ 1 _ 1 
a/C 2)(2)  ~ 0 + 2 2 + 2 4 


-rv  = lim 
-2)  (x,  y)  — > (2, 0) 


20  lim  v/x~v/y+T  = Hm  V^-Vy  + i = iim  1 

(x, y)  — > (4, 3)  x-y-1  (x, y)  — > (4, 3)  (+  + ++1)  (+" W+P)  (x, y)  — > (4, 3)  V*+Vy  + 1 

x-y^l  x-y / 1 

_ 1 _ 1 _ 1 
+ + + + 1 2 + 2 4 

21.  lim  sin(f  -f]  : lim  = lim  = lim  cos(r2 ) = 1 

(x,  y)  — > (0, 0)  x +y  r — > 0 r r ->  0 2r  r^O  v ’ 

22.  lim  = Hm  i^osu  = lim  «.=0 

(x, y)  — > (0,0)  xy  U^O  11  u^O  1 


23.  lim  x3  + y:'  = lim  (x  + y)  + -xy  + y*)  = lim 

(x,  y)  — ► (1,-1)  x + y (x,  y)  — > (1,  — 1)  x + y (x,  y)  — > (1,  — 1) 


(x2_xy  + y2)=  (12_(1)(_1)  + (_1)2X) 


7 A x y _ i-  x y _ 1 _ 1 _ J_ 

' (x,y)-^(2,2)  x4~y4  (x,y)-(2,2)  (x  + y)(x - y)(x2  + y2)  (Xj y)  -™(2, 2)  (x  + y)(x2  + r)  (2  + 2)(22  + 23)  32 


25.  lim  f I + I + I)  = i + i + i = 

p — > (i, 3,4)  Vx  ^ y ^ zj  1 3 4 


12  + 4 + 3 _ 19 
12  — 12 


9 f.  ] : 2xy  + yz  2(1)(—  1)  + (— 1)(— 1)  —2  + 1 1 

p (1,  — — 1)  x2  + z2  ~~  l2  + (-l)2  _ 1 + 1 ” 2 


27.  lim  (sin2  x + cos2  y + sec2  z)  = (sin2  3 + cos2  3)  + sec2  0 = 1 + l2  = 2 
P ->( 3,3,0) 

28.  lim  tan-1  (xyz)  = tan-1  (—  1 - | • 2)  = tan-1  (—  |) 

P ^ (—  ?>  f i 2) 


29.  lim  ze-2ycos2x  = 3e-2(0)cos27r  = (3)(l)(l)  = 3 
P^  (?r,  0,3) 


30.  lim  In  +X2  + y2  + z2  = In  Jl?  + (— 3)2  + 62  = In  +49  = In  7 
P — > (2,  —3,6)  v y v 


31.  (a)  All  (x,  y) 


(b)  All  (x,  y)  except  (0, 0) 


32.  (a)  All  (x,  y)  so  that  x ^ y 


(b)  All  (x,  y) 


33.  (a)  All  (x,  y)  except  where  x = 0 or  y = 0 


(b)  All  (x,  y) 


34.  (a)  All  (x,  y)  so  that  x2  — 3x  + 2 7^  0 =>  (x  — 2)(x  — 1)  / 0 =>■  x ^ 2 and  x ^ 1 
(b)  All  (x,  y)  so  that  y ^ x2 


35.  (a)  All  (x,  y,  z) 


(b)  All  (x,  y,  z)  except  the  interior  of  the  cylinder  x2  + y2  = 1 


36.  (a)  All  (x,  y,  z)  so  that  xyz  > 0 


(b)  All  (x,  y,  z) 


37.  (a)  All  (x,  y,  z)  with  z 7^  0 (b)  All  (x,  y,  z)  with  x2  + z2  ^ 1 
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38.  (a)  All  (x,  y,  z)  except  (x,  0, 0)  (b)  All  (x,  y,  z)  except  (0,  y,  0)  or  (x.  0, 0) 

39.  (a)  All  (x,  y,  z)  such  that  z > x2  + y2  + 1 (b)  All  (x,  y,  z)  such  that  z / •y/x2  + y2 

40.  (a)  All  (x,  y,  z)  such  that  x2  + y2  + z2  < 4 

(b)  All  (x,  y,  z)  such  that  x2  + y2  + z2  > 9 except  when  x2  + y2  + z2  = 25 

41.  lim  — 4 = = lim — — 7 = lim 4—  = lim — lim L = L ; 

(x, y)  — > (0,0)  Vx  +y  x = 0+  V*  +*  x — ♦ 0+  v2lxl  x 0+  v2x  x ->•  0+  v2  v2 


along  y = x 
x > 0 


lim  - , , , = lim 7=7 

(x,  y)  — > (0, 0)  V x2  + y2  X-+0-  V 2 I 

along  y = x 
x < 0 


= lim 4—  = lim — = lim  1 -\- 

x^0  V2  hi  x^O  V2(-x)  x^0  V2  V2 


4.4 

42.  lim  ~4~, — 2 = lim  4X  = 1;  lim 

(x, y)  — > (0,0)  x +y  x — 0 xJ  + °2  (x, y)  — > (0, ( 

along  y = 0 along  y = x: 


lim  4 2 = lim  , - ..,7 

(x,  y)  — > (0, 0)  x +y  x — > 0 x+(x) 


= lim  tL  = 4 

X ->  0 2x  2 


43.  lim  x4  y , = lim  4 — ^kx  A = lim  x4  , i4x4  = fxri  =>■  different  limits  for  different  values  of  k 

(x,  y)  — > (0,0)  x +y  x — » 0 x“  + (kx2)2  x^o  x+kx  1+k2 
along  y = kx2 

44.  lim  44  = lim  4^4=  lim  = lim  4,  ; if  k > 0,  the  limit  is  1 ; but  if  k < 0,  the  limit  is  — 1 

(x,  y)  — > (0,0)  lxyl  x — > 0 lx(kx,l  x-H-0  !>“- 1 x 0 lkl 

along  y = kx 
k^0 

45.  lim  x y = lim  x 7 kx  = | ' k =>•  different  limits  for  different  values  of  k,  k / - 1 

(x,  y)  — > (0,0)  x + y x — > 0 x + kx  1 + k r 

along  y = kx 

M— 1 

46.  lim  2 — ^ = lim  x~  ,kx  = lim  2 — \ = 7— 4 =>•  different  limits  for  different  values  of  k,  k A 1 

(x, y)  — > (0,0)  x~y  x->0  x"kx  x->0  '-k  '"k  r 

along  y = kx 

k 4 1 


47.  lim  x7±l  — 1 j m x2  + kx  — 1 2 k =>  different  limits  for  different  values  of  k,  k 4 0 

(x, y)  — > (0,0)  y x^o  >“2  k ’ r 

along  y = kx2 
k^0 


48.  lim  4x,y  2 = lim  4 kx,4,  4 = -r-Ar  =>■  different  limits  for  different  values  of  k 

(x, y)  — > (0,0)  x +y  X = 0 x +k~x  ‘~k 
along  y = kx2 


49.  lim  — — = lim  - — ' = lim  (y  + 1)  = 2;  lim  — — 

(x,y)  — > (1, 1)  y~‘  y -» 1 y”1  y-iu  ; ’ (x,y)-*(i,i)  y-' 


along  x = 1 


lim  ^ — 4 — lim  y — i = lim  (y2  + y + 1)  = 3 

(x,y)  — > (l,  1)  y-‘  y-l  y-:  y-iU  3 ’ 

along  y = x 


50.  lim  = lim  = lim  -=L  = <4;  lim  ^+4  = lim  = lim  , 

(x,y)-*  (1,-1)  x y X — > 1 x2->  X — » 1 x+!  2’  (x,y)  (1,-1)  x'-y-  x — » 1 x -x  x — » 1 (x+l)(x2  + l) 

nLnnw-’  1 ..2 


along  y =1 

_ 3 
2 


along  y = — x2 
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1 if  y > x4 
51.  f(x,  y)  = ^ 1 if  y < 0 
^ 0 otherwise 

(a)  lim  f(x,  y)  = 1 since  any  path  through  (0,  1)  that  is  close  to  (0,  1)  satisfies  y > x4 

(x,y)  — > (0, 1) 

(b)  lim  f(x,  y)  = 0 since  any  path  through  (2,  3)  that  is  close  to  (2,  3)  does  not  satisfiy  either  y > x4  or  y < 0 

(x,y)  ->  (2,3) 

(c)  lim  fix,  y)  = 1 and  lim  fix,  y)  = 0 =>  lim  fix,  y)  does  not  exist 

(x,y)  ^ (0,0)  (x,  y)  — > (0, 0)  (x,  y)  — > (0, 0) 

along  x = 0 along  y = x2 


52.  f(x,  y)  = x 3 


x2  if  x > 0 

x3  if  x < 0 


(a)  lim  f(x,  y)  = 32  = 9 since  any  path  through  (3,  —2)  that  is  close  to  (3,  —2)  satisfies  x > 0 

(x,y)  — > (3,  -2) 

(b)  lim  f(x,  y)  = (— 2)3  = —8  since  any  path  through  (—2,  1)  that  is  close  to  (—2,  1)  satisfies  x < 0 

(x,y)  -►  (-2,  l) 

(c)  lim  f(x,  y)  = 0 since  the  limit  is  0 along  any  path  through  (0,  0)  with  x < 0 and  the  limit  is  also  zero  along 

(x,y)  — > (0,0) 

any  path  through  (0,  0)  with  x > 0 

r\  2 

53.  First  consider  the  vertical  line  x = 0 =$■  lim  7X  y-  = lim  - 4 ' y,  = lim  0 = 0.  Now  consider  any  nonvertical 

(x,y)  ^ (0,0)  x +y  y = 0 (0)4  + y2  y^0  4 

along  x = 0 

through  (0,  0).  The  equation  of  any  line  through  (0,  0)  is  of  the  form  y = mx  =>  r lim  ^ f(x,  y)  = ^lirn  ^ o)  *^+y2 


(x,  y)  — *■  (0,0) 
along  y = mx 

= lim  (lnx^  = lim  42mx) = lim  ,,2™x3  ,,  = lim  , = 0.  Thus  lim 


along  y = mx 


1111 > 4 , , 71  — mil  ,4  i m2,.2  — mil  *22,2  m2|  — mil  , 2 , 

X — » 0 x4  + (mx)  X — ^QX+mx  x — > 0 x \x  + m j x — ► 0 lx  -i-  m 


(x,  y)  — » (0,0)  x + y' 

any  line  though  (0,  0) 


2x~y  - o 

4 , „2  — O. 


54.  If  f is  continuous  at  (xo,  yo),  then  lim  f(x,  y)  must  equal  f(xo,  yo)  = 3.  If  f is  not  continuous  at 

(x,  y)  — > (x0,  y0) 

(xq,  yo),  the  limit  could  have  any  value  different  from  3,  and  need  not  even  exist. 


55.  lim 

(x,  y)  — > (0,0) 


( 1 — = 1 and  lim  1 = I =>  lim  — — — = 1,  by  the  Sandwich  Theorem 

V 3 7 (x,  y)  — i (0,0)  (x,  y)  — > (0, 0)  xy 


Nxyl-fnr) 

56.  If  xy  > 0,  lim  V — - — 

(x,y)  -i  (0,0)  'xyl 

2Jxy[  _ 


lim  — — ^ 6 ^ = lim  (2  — =2  and 

(x,y)  — » (0,0)  xy  (x,  y)  — > (0, 0)  V 6J 


2|xy|  -m 


lim  -4-ft  = lim  2 = 2;  if  xy  < 0,  lim  

(x,  y)  — > (0, 0)  !xyl  (x,  y)  — > (0, 0)  (x,y)-»(0,0)  lxy'  (x,y)-»(0,0)  "xy 


= lim 


*y-(g) 


= lim  (2  + ^)  =2  and  lim  = 2 

. (c\  n\  V o / ^ ( n xy 


, _ . „ , -j — r — ± mu  i — i = 2,  by  the  Sandwich  Theorem 

(x,  y)  (o,  o)  v 02  (x,  y)  -+  (o,o)  lxyl  (x,y)-»(o,o)  'xyl 


lim 


4 — 4 cos  \/|xy[ 


57.  The  limit  is  0 since  sin  (1)  | < 1 =>  — 1 < sin  Q)  < 1 =>  — y < y sin  Q)  < y for  y > 0,  and  — y > y sin  ( D>  y for 
y < 0.  Thus  as  (x,  y)  — > (0,  0),  both  — y and  y approach  0 =>  y sin  Q)  — > 0,  by  the  Sandwich  Theorem. 


58.  The  limit  is  0 since 


^ j <!=>—!<  cos  Q j <1  =>  — x < x cos  j < x for  x > 0,  and  — x > x cos  ^ j > x 


for  x < 0.  Thus  as  (x,  y)  — ► (0, 0),  both  — x and  x approach  0 =>  xcos^i^  — > 0,  by 


the  Sandwich  Theorem. 


59.  (a)  f(x,  y)|  y=mx  = — i + tan^ g = S4n  20-  The  value  of  f(x,  y)  = sin  26  varies  with  6,  which  is  the  line's 

angle  of  inclination. 
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(b)  Since  f(x,y)|  = = sin  20  and  since  —1  < sin  26  < 1 for  every  9,  lim  f(x,  y)  varies  from  — 1 to  1 

y (x,y)  ->  (0,0) 

along  y = mx. 


60.  |xy  (x2  — y2)|  = |xy|  |x2-y2|  < |x|  |y|  |x2+y2|  = v^2  y/y2  |x2  + y2|  < -0CT7  |x2  + y2| 

( <<|^=x2+y2  =*  -(x2+y2)<^P<(x2+y2) 

0 0)  (X^  x2  + y2 ) = 0 by  the  Sandwich  Theorem,  since  ^ ^lim  ^ ± (x2  + y2)  = 0;  thus,  define  f(0, 0)  = 0 


= (x2  + y2)2 


lim 

(x,y)  — > (0,0) 


61.  iim  ^4  = Km  ^cosl0-^s^rlfe}  = lim  0 (c°s3  0 - cos  g sin+)  = 0 
(x,  y)  — > (0, 0)  x +>'  r — > 0 r2  cos2  9 + r2  sin2  9 r _>  0 1 


62. 


lim  cos  ( x2  O = lim  cos  f r2 cos!  e„,  4 sm!  0„ ) = 

(x, y)  — > (0, 0)  Vx-+y  / r — > 0 Vr  008  0 + 18111  V r 


= lim  cos 
0 


r (cos3  9 - sin3  9) 

I 


= cos  0=1 


63.  lim  ,Y  .,  = lim  1-2  s™~ 0 = lim  (sin2  9)  = sin2  0;  the  limit  does  not  exist  since  sin2  6 is  between 

(x, y)  — > (0, 0)  x +y  r^0  r-  r = 0 1 ’ 

0 and  1 depending  on  9 


64.  lim 

(x,y)->(0,0) 


2x 

x2+x  + y2 


lim 

r-*0 


2r  cos  6 i-m  2 cos  9 

r2  + r cos  6 r q r + cos  0 


2 cos/  ; the  limit  does  not  exist  for  cos  0 = 0 

cos  H 7 


65.  lim  tan 

(x,  y)  — > (0,0) 


|x|  + [y| 

x2  + y2 


= lim  tan  1 

r — * 0 


|r  cos  6 1 + |r  sin  (, 


— lim  tan  1 
r — * 0 


|r|  (|cos  0 1 + |sin  0|) 


if  r — > 0+ , then  lim  tan 

r = 0+ 

lim  tan"1  f lrl  (|cos  g|  + |sin  6*|) 
r-^  CT 


|r|  (|cos  6 1 + |sin  0|) 


= lim  tan  1 

r ->  0" 


= lim  tan  1 

r — > 0+ 

|cos  9\  + |sin  6\  ^ 


|cos  6\  + |sin  6\ 


= |;ifr  ->  0",  then 


the  limit  is 


66.  lim  x2  , L = lim  r~  cos~ 0 „ r~  sm~ 8 — lim  (cos2  9 — sin2  9)  = lim  (cos  29)  which  ranges  between 

(X, y)  — > (0,0)  x +y  r = 0 r-  r = 0 1 ’ r = 0 1 B 

— 1 and  1 depending  on  9 =>  the  limit  does  not  exist 


67. 


lim 

(x,  y)  — > (0,0) 

= lim  In  (3 

r — > 0 V 


In 


■»( 


3r2  cos2  6 - r4  cos2  6 sin2  6 + 3J2  sin2  6 


cos2  9 sin2  0)  = In  3 +>  define  f(0,  0)  = In  3 


68. 


lim 

(x,  y)  — > (0,0) 


3xy2 

x2_|_y2 


j-m  (3r  cos  g)  )!2  sin2  9) 


lim  3r  cos  0 sin2  0 = 0 =>  define  f(0, 0)  = 0 

r — > 0 


69.  Let  6 = 0.1.  Then  a/x2  + y2  < 6 =>  y/x2  + y2  < 0.1  =>  x2  + y2  < 0.01  =>  |x2  + y2  - 0|  < 0.01 
=+  |f(x,y)  — f(0, 0)|  <0.01  = e. 

70.  Let  6 = 0.05.  Then  |x|  < 6 and  |y|  < 8 =+  |f(x,  y)  - f(0, 0)|  = 1^-0]  = ^ < |y|  < 0.05  = e. 

71.  Let  6 = 0.005.  Then  |x|  < b and  |y|  < 6 =>  |f(x,y)  — f(0, 0)  | = - 0|  = |ppy|  < |x  + y|  < |x|  + |y| 

< 0.005  + 0.005  = 0.01  = e. 


72.  Let  6 = 0.01.  Since  — 1 < cos  x < 1 =>  1 < 2 + cos  x < 3 =>■  | < 2+c1os  - < 1 =>  Pp  < | 2x+py  x | < |x  + y| 

< |x|  + |y|.  Then  |x|  < 6 and  |y|  < S =>  |f(x,y)  - f(0,0)|  = < M + |y|  <0.01  + 0.01 

= 0.02  = e. 
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73.  Let  8 = 0.04.  Since  y2  < x2  + y2 


x3  + t 


< 1 => 


|x|y2 
x2  4-  y- 


< |x|  = a/?C  < a/x2  + y2  < 5 =>  |f(x,  y)  - f(0, 0)  | 


xy 


x2  4-  y2 


— 0 


< 0.04  = e. 


74.  Let  8 — 0.01.  If  |y|  < 1,  then  y2  < |y|  = y/y2  < \/x2  + y2,  so  |x|  = a/x2  < -\/x2  + y2  =>■  |x|  + y2  < 2^/x2  + y2.  Since 


x2  < x2  + y2  => 


x2  + y 

|f(x,  y)  — f(0, 0)  | = 


< 1 and  y2  < x2  + y 


< 1 . Then 


x3  +y4 
x2  +y2 


0 


x2  + y 

< 2(0.01)  = 0.002  = e. 


|x3+y4| 
x2  + y2 


< 


jirpM  + x^y2  ^ lxl  + y2  < 2S 


75.  Let  8 = 0.015.  Then  a/x2  + y2  + z2  < 8 =>  |f(x,  y,  z)  - f(0,0, 0)|  = |x2  + y2  + z2  - 0|  = |x2  + y2  + z2| 

= (Vx2  +t2  +x2)2  < (y/oms)-  = 0.015  = e. 

76.  Let  <5  = 0.2.  Then  |x|  < 8,  |y|  < 8,  and  |z|  < <5  =>  |f(x,  y,z)  — f(0,0,0)|  = |xyz  — 0|  = |xyz|  = |x|  |y|  \z\  < (0.2)3 
= 0.008  = e. 


77.  Let  8 = 0.005.  Then  |x|  < 6,  |y|  < 8,  and  |z|  < 8 =>  |f(x,  y,  z)  - f(0, 0, 0)|  = 

x + y + z 


x + y + z 


x2  + y2  + z2  + 1 


x2  + y2  + z2  + 1 

< |x  + y + z|  < |x|  + |y|  + |z|  < 0.005  + 0.005  + 0.005  = 0.015  = e. 


-0 


78.  Let  <5  = tan  1 (0.1).  Then  |x|  < 6,  |y|  < 8,  and  |z|  < <5  =>  |f(x,  y,  z)  — f(0, 0, 0)|  = |tan2  x + tan2  y + tan2  z\ 

< |tan2  x|  + |tan2  y|  + |tan2  z\  = tan2  x + tan2  y + tan2  z < tan2  8 + tan2  8 + tan2  8 = 0.01  + 0.01  + 0.01  = 0.03  = e. 


79.  lim  f(x,y,z)  = lim  (x  + y - z)  = x0  + y0  - z0  = f(x0,  y0,  z0)  =>  f is  continuous  at 

(x,  y,  z)  -*  (x0,yo,z0)  (x,y,z)  ->  (x0,y0,z0) 

every  (x0,y0)z0) 


80.  lim  f(x,  y,  z)  = lim  (x2  + y2  + z2)  = x(j  + yj]  + Zq  = f(xo,  yo,  zo)  =>•  f is  continuous  at 

(x,  y,z)  — > (x0,yo,z0)  (x, y,  z)  ->  (x0, y0,  z0) 

every  point  (x0)yo,z0) 


14.3  PARTIAL  DERIVATIVES 


3.  f =2x(y  + 2),f  =x2-l 
5.  | = 2y(xy  - 1),  | = 2x(xy  - 1) 

7 df  x df  y 

dx  yfiFT?’  dy  v^Ty2 


9. 


at 

dx 


odw  • £ (x  + y)  = - 


i at 

■ ■ v > dy 


2. 

4. 

6. 

8. 


I=2x-y,|^x  + 2y 
f =5y-14x  + 3,§=5x-2y-6 
| = 6(2x  - 3y)2,  | = — 9(2x  - 3y)2 

df  _ 2x2  df  _ 1 

9x  WH T)  ’ dy  3^x3 + (|) 


1 

(x  + y)2 


• By  (x  + y)  = - (^W 


1(1  9f  _ (x2  +y2)  (1)—  x(2x)  __  y2  -X2  df  _ (x2  +y2)  (0)  - x(2y)  __  _ 2xy 
dx  (x2+y2)2  (x2+y2)2’9y  (x2+y2)2  (x2+y2)2 


11  df  _ _ (xy  — 1)(1J  — fx  + yKyJ  _ -y2  - 1 df  _ (xy- 1)(1)  - (x  + y)(x)  _ -x2  - 1 
’ dx  (xy— l)2  (xy— l)2  ’ dy  (xy— l)2  (xy— l)2 
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19  df_  1 d (y\  y y df  l d / y \ l x 

dx  ~ i + (S)2  ' dx  \x)  ~ x2[1  + (|)21—  fc2  + y2  ’ dy  ~ nij|)2  ' 9y  \x)  ~ X[1:*(Z)21  — **+$? 

13.  |£  = e(x+y+1)  • ^ (X  + y + 1)  = e(x+y+1),  g = e(x+y+1)  - A (x  + y + 1)  = e(x+y+1) 

14.  |f  = — e~x  sin  (x  + y)  + e~x  cos  (x  + y),  4 = e_x  cos  (x  + y) 

15  — — 1 . JL  ix  _l  vi  — i §i  _ l . JL  (x  _l  vi  _ 1 

9x  — x + y Sx  'A  T — x + y ’ dy  — x + y dy  y ^ ~ x+y 

16.  I = exy  • & (xy)  • In  y = yexy  In  y,  § = exy  • | (xy)  ■ In  y + exy  • ± = xexy  In  y + f 

17.  |f  = 2 sin  (x  — 3y)  • Jf  sin  (x  — 3y)  = 2 sin  (x  — 3y)  cos  (x  — 3y)  • (x  — 3y)  = 2 sin  (x  — 3y)  cos  (x  — 3y), 

4 = 2 sin  (x  — 3y)  • sin  (x  — 3y)  = 2 sin  (x  — 3y)  cos  (x  — 3y)  • 4;  (x  — 3y)  = —6  sin  (x  — 3y)  cos  (x  — 3y) 


18.  = 2 cos  (3x  - y2)  • cos  (3x 
= —6  cos  (3x  — y2)  sin  (3x  — y2) 
§ = 2 cos  (3x  - y2)  • ^ cos  (3x 
= 4y  cos  (3x  — y2)  sin  (3x  — y2) 

19.  |£  = yxy_1,  §f  = xy  In  x 


y2)  = —2  cos  (3x  — y2)  sin  (3x 
y2)  = —2  cos  (3x  — y2)  sin  (3x 

20.  f(x,y) 


y2)  ■ §x  (3x  ~ y2) 
y2)-|(3x-y2) 

In  x x df_  1 anr | <9f  — In  x 

In  y ^ dx  x In  y dlAU  dy  y(ln  y)2 


21-  § = -g(x),  § = g(y) 


22.  f(x,  y) 
af  _ 

dy  - ' 


oo 

E (xy)”.  |xy|  < 1 =>  f(x,y) 

n=0 


o^W  • I ^ - xy} 


(1  -Xxy)2 


1 

1 — xy 


df_  _ 
dx 


1 

(1  — xy)2 


Jx(i-*y) 


y 

(1  — xy)2 


and 


23.  fx  = y2,  fy  = 2xy,  fz  = — 4z  24.  fx  = y + z,  fy  = x + z,  fz  = y + x 

as  f — i f — y f — z 

zo.  ix_i,ry_  ^rp^.iz- 

26.  fx  = -x  (x2  + y2  + z2)"372,  fy  = -y  (x2  + y2  + z2)"3/2,  fz  = -z  (x2  + y2  + z2)“3/2 

f — yz  f _ xz  r _ xy 

x y/1  — x2y2z2  ’ y y/1  — x2y2z2  ’ z \J  \ — x2y2z2 

08  f = ! f — Z f — > 

x |x  + yz|  \/(x  + yz)2-\  ’ y |x  + yz|  y/(x  + yz)2  - 1 z |x  + yz|  y/(x  + yz)2  - 1 

29  f = 1 f = 2 f = 1 

^y'  lx  x + 2y  + 3z’1y  x + 2y  + 3z’  z x + 2y  + 3z 

30.  fx  = yz  • ^ (xy)  = f , fy  = z In  (xy)  + yz  - ^ ln(xy)  = z ln(xy)  + g ^ (xy)  = z ln(xy)  + z, 

fz  = y In  (xy)  + yz  • ^ In  (xy)  = y In  (xy) 

31.  fx  = — 2xe-(x2+y2+z2) , fy  = — 2ye_  (x2+y2+z2) , fz  = -2ze- <x2+y2+z2) 

32.  fx  = — yze_xyz,  fy  = xze  xyz,  fz  = — xye_xyz 
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33.  fx  = sech2  (x  + 2y  + 3z),  fy  = 2 sech2  (x  + 2y  + 3z),  fz  = 3 sech2  (x  + 2y  + 3z) 

34.  fx  = y cosh  (xy  — z2) , fy  = x cosh  (xy  — z2) , fz  = — 2z  cosh  (xy  — z2) 

35.  = — 27t  sin(27rt  — oi),  ||  = sin(27rt  — a) 

36.  |s  = V2e(2u/v)  . 9 (2u\  = 2ve(2u/v),  = 2ve(2u/v)  + v2e(2u/v)  •#(-')  = 2ve(2u/v)  - 2ue(2u/v) 

on  on  \ v / ’ av  av  \ v / 

37.  ||  = sin  <j)  cos  9,  ||  = p cos  </>  cos  0,  ||  = — p sin  <j)  sin  9 


38.  |f  = 1 — cos  9,  |f  = r sin  9,  = — 1 


39.  Wp  = V,  Wv  = P + , W4  = , Wv  = , Wg  = - 


Vv2 


2 V<5v  V<5v 


V<5v2 


2g 


2g 


2g  “ g ’ "6 


2g2 


/i  ri  9A  9A  q 9A  m 9A  t , 9A  km  , h 

* 9c  ' 9h  2 ’ 9k  q ’ 9m  q ' ’ 9q  q2  ' 2 


41  * - 1 J.U  * - 1 xx  94—0  — — 0 -44-  — -44.  — 1 

9x  — 1 ^ y-  9y  — 1 ^ 9x2  — U’  9y2  — U’  9y9x  — 9x9y  — 1 


42.  = y cos  xy,  = x cos  xy,  ^4,  = — y2  sin  xy,  = — x2  sin  xy,  = -£4^  = cos  xy  — xy  sin  xy 


9y 


9x2 


9y2 


9y9x  9x9y 


43.  |f  = 2xy  + y cos  x,  f - = x2 


sin  y + sin  x,  = 2y 


y sin  x, 


9^g 

9y2 


= —cos  y. 


92g 

9y9x 


5xJy  = 2x  + COS  X 


44. 

45. 

46. 


<9h  py  dh  _ 

dx  ~ C ’ dy  ~ 

xey  + l,0 

X 

II 

<^>to 

o' 

II 

92h  92h 

9y9x  9x9y  ' 

= ey 

9r  _ 

1 9r  . 

1 dh 

-1 

92r  _ 

-1  92r  _ 

92r 

-1 

dx  x+y  ’ dy 

x+y  ’ dx2 

(x+y)2  * 

dy2  (x+y)2  ’ <9y<9x 

9x9y 

(x+y): 

2 

9s 

1 

SI® 

X M 

II 

1 

_ -y  9s 

1 

•!o:)  = G) 

1 

X 

9x  — 

4 + (i)2_ 

V x2  / 

1 >-> 

|CO 

Ik 

+ 

1 

.i+oto 

x2  + y2 

92s 

y(2x) 

2xy 

92s  _ 

— x(2y)  _ 

2xy 

92s 

92s 

_ (x2  +y2)  (— 1)  + y(2y)  . y 

2-x2 

9x2  — 

(x2+y2)2 

~ (x2+y2)2  ’ 

dy2  (x2  + y2)2 

(x2  +y2)2  ’ 

9y9x 

9x9y 

(x2  + y2)2 

(X2 

!+y2)2 

47.  |f  = 2xtan(xy)  + x2sec2(xy)  • y = 2xtan(xy)  + x2y  sec2(xy),  |f  — x2  sec2(xy)  • x = x3  sec2(xy), 

|4f  = 2tan(xy)  + 2x sec2(xy)  • y + 2xy  sec2(xy)  + x2y  (2sec(xy)sec(xy)  tan(xy)  • y) 

= 2tan(xy)  + 4xy  sec2(xy)  + 2x2y2  sec2(xy)  tan(xy),  Cjf  = x3(2sec(xy)sec(xy)  tan(xy)  • x)  = 2x4sec2(xy)  tan(xy) 
Jylx  = 97^  = 3x2  sec2(xy)  + x3(2sec(xy)sec(xy)  tan(xy)  • y)  = 3x2  sec2(xy)  + x3y  sec2(xy)  tan(xy) 


48.  ff  = yex2-y  • 2x  = 2xyeT~\  ff  = (l)ex2-y  + yex2-y  • (-1)  = ex2-y(l  -y), 

gf  = 2yex2-y  + 2xy(ex2-y  • 2x)  = 2yex2-y(l  + 2x2),  gf  = (V"?  ■ (-1))(1  - y)  +ex2-y(-l) 
= ex2-y(y  - 2),  gjf  = |ff  = (ex2-y  • 2x)  (1  - y)  = 2xex2-y(l  - y) 


49.  |f  = sin(x2y)  + xcos(x2y)  • 2xy  = sin(x2y)  + 2x2ycos(x2y),  = xcos(x2y)  • x2  = x3cos(x2y), 

= cos(x2y)  • 2xy  + 4xy  cos(x2y)  — 2x2y  sin(x2y)  • 2xy  = 6xy  cos(x2y)  — 4x3y2  sin(x2y), 

|ff  = —x3  sin(x2y)  • x2  = — x5  sin(x2y),  = 3x2cos(x2y)  — x3sin(x2y)  • 2xy  = 3x2cos(x2y)  — 2x4y  sin(x2y) 
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SO  dw  __  (x2  + y)  -(x-y)(2x)  _ — x2  + 2xy  + y dw  _ (x2  + y)  (-1)  - (x  - y)  _ -x2  - x 
dx  (x2  + y)2  (x2  + y)2  ’ dy  (x2+y)2  (x2  + y)2: 

92w  _ (x2  + y)2(— 2x  + 2y)  — (— x2  + 2xy  + y)2(x2  + y)  (2x)  _ 2(x3  - 3x2y -3  xy + y2) 


9x2 


-y)2] 


(x2  + y) 


_ (x2  + y)2-  Q — (—x2  — x)2(x2  + y) - 1 _ 2x2+2x  _ &w_  _ (x2 + y)2(2x+ 1)  - (-x2  + 2xy  + y)2(x2 + y)- 1 

dy'2  r,„2_L..^2l2  (x2  + y)3’  dydx  dxdy 


(x2  + y)2] 


(x2  + y)2 


2x3  + 3x2  - 2xy  - y 
(x2  + y)3 


^ ^ dw  2 dw 


a2w 


~6  , and  l-f  = ~6 


dx  2x  + 3y  ’ dy  2x  + 3y  ’ dydx  (2x  + 3y)2  ’ dxdy  (2x  + 3y)2 

52.  = ex  + In  y + y ^ + In  x,  = = 1 + 1 , and  = i + 1 

ax  J x 7 ay  y a\ax  v x 7 axa\  v x 


aydx 


, cniu  .~i  a — 

y x 7 axay  y x 


53.  |f  = y2  + 2xy3  + 3x2y4,  |f  = 2xy  + 3x2y2  + 4x3y3,  g = 2y  + 6xy2  + 12x2y3,  and  g = 2y  + 6xy2  + 12x2y3 

54.  |f  = sin  y + y cos  x + y,  |f  = x cos  y 4-  sin  x + x,  gf  = cos  y + cos  x + 1 , and  = cos  y + cos  x + 1 


55.  (a)  x first  (b)  y first  (c)  x first 


(d)  x first 


(e)  y first 


(f)  y first 


56.  (a)  y first  three  times  (b)  y first  three  times  (c)  y first  twice 


(d)  x first  twice 


57.  fx(l,2)=  lira  f(1+h’21|-f(1'2)  = lira  i1  - a + h>  + 2 - 60  + h)2]  - (2  - 6)  = lim  -h-6(l  + 2h  + h2)  + 6 


h -►  0 


IwO 


h — > 0 


= lim  -13h~6h2  = lim  (-13  - 6h)  = -13, 


h->0 


h->0 


fy  ( t , 2)  = lim  ^2  + 1rfU'2)  = lim  ll-l  + (2  + h)-3(2  + h)]-(2-6)=  lim  (2-6-2h)-t2-6) 


h = 0 

= lim  (-2)  = -2 
h->0 


h->0 


h->0 


58.  fx(-2,  1)  = lim  f(-2  + M)-f(-2,D  = lim  [4  + 2f-2  + h)-3- (— 2 + h)]-(-3  + 2) 


= lim 
h->0 


h -►  0 n h — > 0 

( 2h  — 1 — h)  + 1 _ 


= lim  1 = 1, 
h = 0 


fy(-2,l)=  lim 


f( — 2, 1 +h)  — f( — 2,  1 ) 


= lim 


[4  — 4 — 3(1  +h)  + 2(1  +h)2]  — (—3  + 2) 


= lim 
h — > 0 


h->0  h h = 0 h 

(-3-3h  + 2 + 4h  + 2h2)  + l = Um  h±2l(  = Hm  (1  + 2h)  = 1 
h h — 0 h h-»0  V ’ 


59.  fx(  — 2,  3)  = lim  f(~2  + h.3)-f(-2,3)  = lim  x/2(-2  + h)+9-T-V-4  + 9-l 
4 ’ ’ h->0  h IwO  h 

- lim  ^ + *~2  - lim  ( + 2 _ i 

-hTo  h “hlo  l 13  V^  + 2j  hTo  y^T4+2  “ 2’ 

fy(  — 2,  3)  = lim  f(— 2.3  + h)-f(— 2,3)  = lim  v/-4  + 3(3  + h) EWgHU 
yV  ’ ’ h->0  h h = 0 h 

= lim  ^~2=  lim  um  2 3 

h ->  0 h h — > 0 V h V3h  + 4 + 2 / h — > 0 \/2h  + 4 +2  4 


sin(h^  + 0^ 


60.  fx(0,0)=  lim  f(°  + h'gf(0'0)  = lim 

3 2 h — 0 h h =.  n h 


h = 0 


= lim 

h-»0 


sin  h3 


= l 


sin  (o  + h^ 


f (0,0)  = lim  f(°.°  + h) -f(0,°)  = um  ° = lim  g = lim  fh  • g)  =0-1=0 

n,2lwO  h h->0  h two  h h-^ol  h / 


61.  (a)  In  the  plane  x = 2 =4>  fy(x,  y)  = 3 =4>  fy  (2,  — 1)  = 3 =>-  m = 3 
(b)  In  the  plane  y = —1  =>■  fx(x,  y)  = 2 =>  fy (2,  — 1)  = 2 =>  m = 2 
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62.  (a)  In  the  plane  x = — 1 =>■  fy(x,y)  = 3y2  =>■  fy(—  1, 1)  = 3(1)2  = 3 =>  m = 3 
(b)  In  the  plane  y = 1 =>  fx(x,  y)  = 2x  =>  f y ( — 1 , 1)  = 2(—  1)  = —2  =>■  m = —2 


63.  fz(x0,y0,z0)  = lim  ^.yo.zo  + hl-ffa.yo.zo)  . 

h — > 0 

fz(l,  2,  3)  = lim  f(1'2,3+h) -f(i,2, 3)  = lim  2(3  + h)2  ^ 2(9)  = Um  m±2h!  = lim  (12  + 2h)  = 12 


64.  fy(xo,yo,z0)=hlimo 

fy(— 1, 0,  3)  = lim  f(-hh.3)-f(-1.0,3)  ^ Um  (2h2  + 9h)-0  = jim  (2h  + 9)  = 9 

y V ’ ’ Z h — > 0 h h->0  h IwO  V ’ 


65.  y + (3z2  x + z3  — 2y  = 0 =>■  (3xz2  — 2y)  ||  = — y — z3  =£■  at  (1, 1, 1)  we  have  (3  — 2)  = — 1 — 1 or  = — 2 

66.  (|)z  + x+(|)|-2x|=0^(z+|-2x)|  = -x^at(l,-l,-3)wehave(-3-l-2)|  = -lor|  = i 

67.  a2  = b2  + c2  — 2bc  cos  A =>■  2a  = (2bc  sin  A)  ^ =>  = bc  ?n  A ; also  0 = 2b  — 2c  cos  A + (2bc  sin  A) 

=>  2c  cos  A - 2b  = (2bc  sin  A)  §£  =>•  §£  = c^Ab 


68. 


a b 

sin  A sin  B 

( da  = 

V sin  A / dB 


(sin  A) 


gj-acosA  _ 

sin2  A 


b(—  esc  B cot  B)  => 


0 =>  (sin  A)  — a cos  A = 0 => 
f§  = — b esc  B cot  B sin  A 


da  _ a cos  A . 1 

dA  ~ sin  A ’ alSO 


69.  Differentiating  each  equation  implicitly  gives  1 = vx  In  u + (y)  ux  and  0 = ux  In  v + (^)  vx  or 


(In  u)  vx 

+ (u)  U*  - 1 ] 

1 l 

v 0 In  v 

— S-  — 

("K 

+ (In  v)  ux  = 0 J 

^ Vx  “ Inu  l 
“ In  v 

70.  Differentiating  each  equation  implicitly  gives  1 = (2x)xu  — (2y)yu  and  0 = (2x)xu  — yu  or 


(2x)xu  - (2y)yu  = 1 \ 

1 

0 

— 2y 

-1 

(2x)xu  - yu  = 0 J 

2x 

2x 

— 2y  1 ‘ 
-i 

1 2x  1 1 

„ _ 2x  0 _ — 2x  _ 2x 

l 

— 2x  + 4xy  — 2x  + 4xy  2x-4xy 

l-2y 

-l 

-2x  + 4xy 


1 

2x  - 4xy 


and 


; next  s = x2  + y2  =>  = 2x  + 2y 


dy 

du 


~ 2x  ( 2x  — 4xy ) "h  2y  ( l-2y) 


_y I 2y  . i + 2y 

1 - 2y  ~ 1 - 2y  1 - 2y 


71.  fx(x,y)  = 


0 if  y < 0 ^ fx('X’ y)  = 0 for  a11  points  (x’  y);  at  y = °>  fy(x> °)  = lim  f(x-0  + h(  flx'0j 


= lim = o because  lim  CCti  = iim  ^ = 0 and  lim  = lim  t = 0 =>  fv(x,  y)  = 
h— >0  11  h-K)-  11  h^O-  11  h^0+  11  h^0+  h 1 


= iima^ 

h^O  h 

f 3y2  ify  > 0 . 
\ — 2y  ify  < O’ 


fyx(x,  y)  = fxy(x,  y)  = 0 for  all  points  (x,  y) 


72.  At  x = 0,  fx  (0,  y)  = lim f(0 + h' y)  ~ f(0' y)  = lim f(h'  y)  ~ 0 


limf(h;y)  which  does  not  exist  because  lim  f(h: y) 
h— >0  h h^0-  h 


= lim  t = 0 and  lim  f(h’y)  = lim  ^ 
h^0-  11  h^0+  11  h^0+  11 


lim  ' 

h^0+  V h 


+ oo  =>  fx(x,  y) 


A=  if  x > 0 

2V  x • 

2x  if  x < 0 


fy(x,y) 


o 

o 


if  x > 0 
if  x < 0 


=>•  fy(x,  y)  = 0 for  all  points  (x,  y);  fyx(x,  y)  = 0 for  all  points  (x,  y),  while  fxy(x,  y)  = 0 for  all 


points  (x,  y)  such  that  x ^ 0. 
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73. 

74. 

75. 


QL  — 2x  ^ — 9V  — —4?  =>.  +1—9  — 2 — — 4 =>  ^+*  + *^7  + 2 + t— 4)  — 0 

ax  — ay  — az  — ^ ax2  — + ay2  — + az2  — H ^ ax2  ^ ay2  + az2  — z ^ z + — u 


I = -6*+f  = -6yz,f  =6z2-3(x2+y2),0  = -6z,g  = -6z,0  = 12z  =►  0 + 0 + 0 
= — 6z  — 6z  + 12z  = 0 


ax2  ^ ay2 


Ip  = — 2e  2y  sin  2x,  # = — 2e  2y  cos  2x,  0 = — 4e  2y  cos  2x,  0 = 4e  2y  cos  2x  =>  0 + 0 

ax  ay  axz  7 ay  axz  ay 

= — 4e~2y  cos  2x  + 4e~2y  cos  2x  = 0 


76. 

77. 

78. 


af  __  x at  _ y ah  _ y--x2  a+  _ x2-y2  ah  , ah  _ r-x2  , x2-y2  _ n 

dx  x2+y2  > ay  x2 + y2  > ax2  (x*^)2 ' ay2  (x2+y2j2  ^ ax2  ' ay2  (X2+yS)2  ' (x2  + y2 )2  v 


af  _ o af  — 9 a2f 
ax  — J ’ ay  — z > ax2 


— n +I—n 

— u > ay2  — u 


+f  + +f  - 0 + 0 - 0 
ax2  + ay2  — u + u — u 


af  _ l/y  _ y af  _ -x/y2  _ -x 
ax  i + (^2  y2++’ay  i + (0  ys  + x2 


+f  , +f  _ -2xy  , 2xy 

ax2  ' ay2  (y2+x2)2  (y2+x2)2 


= 0 


a2f  _ (y2  + x2)-0  — y-2x 
ax2  — (y2  +x2)2 


-2xy  a2f  _ (y2  + x2)-0  — (— x)-2y 
(y2  + x2)2  ’ dy2  (y2+x2)2 


2xy 

(y-  +x2)2 


79.  § = - \ (x2  + y2  + z2)“3/2(2x)  = -x  (x2  + y2  + z2)~  3/2,  g = - \ (x2  + y2  + z2)“3/2(2y) 

= -y  (x2  + y2  + z2)“3/2,  | = - I (x2  + y2  + z2)“3/2(2z)  = -z  (x2  + y2  + z2)“3/2; 

0 = - (x2  + y2  + z2)"3/2  + 3x2  (x2  + y2  + z2)"5/2,  g = - (x2  + y2  + z2)"3/2  + 3y2  (x2  + y2  + z2)"5/2. 


0 = — (x2  + y2  + z2)“3/2  + 3z2  (x2  + y2  + z2)"5/2 


+ 


- (x2  + y2  + z2)  3^2  + 3x2  (x2  + y2  + z2)  5 ^ 

- (x2  + y2  + z2)_3/2  + 3z2  (x2  + y2  + z2)_5/2 


+ 


ah  i ah  i ah 

ax2  ay2  'l“  az2 

- (x2  + y2  + z2)_3/2  + 3y2  (x2  + y2  + z2)_5/2 


= -3  (x2  + y2  + z2) — 3/2  + (3x2  + 3y2  + 3z2)  (x2  + y2  + z2)' 


80.  Ip  = 3e3x+4y  cos  5z,  Ip  = 4e3x+4y  cos  5z,  Ip  = — 5e3x+4y  sin  5z;  0 = 9e3x+4y  cos  5z,  0 = 16e3x+4y  cos  5z, 

0 = — 25e3x+4y  cos  5z  +>  0 + 0 + 0 = 9e3x+4y  cos  5z  + 16e3x+4y  cos  5z  - 25e3x+4y  cos  5z  = 0 

81.  0 = cos  (x  + ct),  0 = c cos  (x  + ct);  0 = — sin(x  + ct),  0 — — c2  sin(x  + ct)  =>  0 = c2  [—  sin(x  + ct)] 

82.  0 = —2  sin  (2x  + 2ct),  0 = —2c  sin  (2x  + 2ct);  0 = —4  cos  (2x  + 2ct),  0 = —4c2  cos  (2x  + 2ct) 

=>  0 = c2[— 4 cos  (2x  + 2ct)]  = c2  0 

83.  0 = cos  (x  + ct)  — 2 sin  (2x  + 2ct),  0 = c cos  (x  + ct)  — 2c  sin  (2x  + 2ct); 

0 = — sin  (x  + ct)  — 4 cos  (2x  + 2ct),  0 = — c2  sin  (x  + ct)  — 4c2  cos  (2x  + 2ct) 

=>  0 = c2[—  sin  (x  + ct)  — 4 cos  (2x  + 2ct)]  = c2  0 


04  <9w  1 <9w  c . d2w  —1  d2w  — c2 

* dx  x + ct  7 dt  x + ct  7 dx2  (x  + ct)2  ’ <9t2  (x  + ct)2 


d2 w _ 2 -1  _ r2  d2 w 

dt2  (x  + ct)2  dx2 


85.  0=2  sec2  (2x  — 2ct),  0 = —2c  sec2  (2x  — 2ct);  0 = 8 sec2  (2x  — 2ct)  tan  (2x  — 2ct), 

0 = 8c2  sec2  (2x  — 2ct)  tan  (2x  — 2ct)  =>■  ux0  = c2  [8  sec2  (2x  — 2ct)  tan  (2x  — 2ct)]  = c2  0 


5/2  = 0 


„2  +w 

c ax2 
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86. 


||  = — 15  sin  (3x  + 3ct)  + ex+ct,  ^ = —15c  sin  (3x  + 3ct)  + cex+ct;  = —45  cos  (3x  + 3ct)  + ex+ct, 
= —45c2  cos  (3x  + 3ct)  + c2ex+ct  =>  ^ = c2  [—45  cos  (3x  + 3ct)  + ex+ct]  = c2 


87. 


<9w  <9f  <9u  <9f 

dt  ~ du  dt  ~ du 


(ac)  => 


d2w 
dt 2 


= a 


2 <£f 

))u- 


d2w 

dt2 


— a 


2„2  SH 

L du2 


(ac)  (0)  (ac) 

(»2  0)  = 


— n2r2  d t 

- a c w 


2 <92w 
dx2 


dw  df_  du  df_  a 

dx  du  dx  du  * d 


d2  w 
dx2 


88.  If  the  first  partial  derivatives  are  continuous  throughout  an  open  region  R,  then  by  Theorem  3 in  this  section  of  the  text, 
f(x,  y)  = f(x0,  y0)  + fx(x0,  yo)  Ax  + fy(x0,  y0)  Ay  + ei  Ax  + e2 Ay,  where  ex,  e2  ->  0 as  Ax,  Ay  — > 0.  Then  as 

(x,  y)  — > (xo,  yo),  Ax  — ► 0 and  Ay  — > 0 =>■  lim  f(x,  y)  = f(xo,  yo)  =>  f is  continuous  at  every  point  (xo,  yo)  in 

(x,  y)  — * (x0,  y0) 

89.  Yes,  since  fxx,  fyy,  fxy,  and  fyx  are  all  continuous  on  R,  use  the  same  reasoning  as  in  Exercise  76  with 
fx(x,  y)  = fx(x0,  y0)  + fXx(x0,  yo)  Ax  + fxy(x0,  y0)  Ay  + ex Ax  + e2 Ay  and 

fy(x, y)  = fy(x0,  yo)  + fyx(x0,  yo)  Ax  + fyy(x0, y0)  Ay  +?i Ax  +72 Ay.  Then  / n lim  fx(x, y)  = fx(x0,  y0) 


(x, y)  -*■  (xo, yo) 


and  lim  fy(x,  y)  = fy(x0,  y0). 

(x,  y)  — > (x0,y0) 


90.  To  find  a and  (3  so  that  ut  = uxx  =>•  ut  = — (3  sin(a  x)e  ,3t  and  ux  = a cos(a  x)e  ;'1  =>  uxx  = —a2  sin(a  x)e  ,3t;  then 


Ut  = uxx  =>  —(3  sin(o;x)e  3t  = —a2  sin(ax)e  3t  , thus  ut  = uxx  only  if  j3  = 


— y-,,2 


91.  fx(0,0)  = limf(Q  + M>~f(0’0)  = lim^a — = |jmg  = 0;  fy(0,0)  = limf(0’0  + h^~f(0-Q)  = lim®f — = lim£  = 0; 

v 7 u ,n  ft  h— >0  n u.nft  7 v 7 u,n  ft  u,n  ft  u >r»ft 

(ky2)y2 


h^0 


h— >0 


h— >0 


lim 


(x,y)  — (0,0) 
along  x = ky2 

values  of  k - 


f (x,  y)  = lim 


= lim 


ky4 


= lim 


0 (ky2)2+y4  y^0k2y4  + y4  y^0k2  + 1 k2  + 1 


h— >0  11  h— >0 

different  limits  for  different 


lim  f (x,  y)  does  not  exist  =>■  f (x,  y)  is  not  continuous  at  (0, 0)  =>  by  Theorem  4,  f (x,  y)  is  not 

(x,  y)  — > (0,0) 


differentiable  at  (0,0). 

92.  fx(0, 0)  = iimf(o  + hT)-f(o.o)  = limf(h,o)-t  = limi_i  = 0 f (0  0)  = limf(o,o+h)-f(o,o)  = limf(o,h)-t  = = 0 

v ’ h^0  h h^O  h h^O  h n ’ h^O  h h^0  h h^0  h 

lim  f(x,  y)=  lim  0 = 0 but  lim  f(x,  y)=  lim  1 = 1 =>■  lim  f(x,  y)  does  not  exist 

(x, y)  — » (0,0)  y^O  (x,y)->(0,0)  ; y^o  (x,y)->(0,0) 

along  y = x2  along  y = 1 ,5x2 

=>  f (x,  y)  is  not  continuous  at  (0,0)  =>  by  Theorem  4,  f (x,  y)  is  not  differentiable  at  (0, 0) . 


14.4  THE  CHAIN  RULE 


1.  (a)  = 2x,  |j^  = 2y,  ^ = — sin  t,  ^ = cos  t =>  = — 2x  sin  t + 2y  cos  t = —2  cos  t sin  t + 2 sin  t cos  t 

= 0;  w = x2  + y2  = cos2 1 + sin2 1 = 1 =>  ^ = 0 
(b)  ^(7T)  = 0 

2.  (a)  §^=2x,  ^=2y,  | = -sint  + cost,  g = - sin  t - cos  t =>  g 

= (2x)(—  sin  t + cos  t)  + (2y)(—  sin  t — cos  t) 

= 2(cos  t + sin  t)(cos  t — sin  t)  — 2(cos  t — sin  t)(sin  t + cos  t)  = (2  cos2  t 
= 0;  w = x2  + y2  = (cos  t + sin  t)2  + (cos  t — sin  t)2  = 2 cos2 1 + 2 sin2  t 

(b)  f(0)  = 0 


- 2 sin2 1)  - (2  cos2 1 - 2 sin2 1) 

= 2 =>  ^ = 0 
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3 ('o')  <9w  _ I aw  _ 1 aw  _ 

x 7 dx  7 ’ dv  7.  ’ r)7 


<9w  

ay 


9w 

9z 


_ -fx  + y) 


% = — 2 cos  t sin  t,  $ = 2 sin  t cos  t,  = = — 


dw 

dt 


= cos  t sin  t + \ sin  t cos  t + ^4  = 


dt 

cos2 1 + sin2  t 


1 . XT,  x I y cos  t I sin  t 

— 1,W  — ; + -tty  -t"  TTY 


1 
t2 

cos2  t I sinz  t t 

i / t \ — l 


a)  a) 


(b) 


f (3)  = 1 


dw  | 

dt  — 1 


4.  (a) 


(b) 


dw  2x  <9w  2y  <9w  2z  dx  „:n  t dy  ^ dz 

dx  ~ x2  + y2  + z2  » dy  ~ x2+y2+z2  ’ dz  ~ x2  + y2  + z2  ’ dt  ~ M11  L’  dt  — L’  dt 


2ri/2 


dw  _ — 2x  sin  t , 2y  cos  t . 4zr1-'2  _ -2  cos  t sin  t + 2 sin  t cos  t + 4 (4C2)  t V2 

^ dt  — x2  + y2  + z2  ' x24-y2  + z2  ' x2  + y2+z2  — cos2 1 + sin2 1+ 16t 

= ,Yt ; w = In  (x2  + y2  + z2)  = In  (cos2 1 + sin2  t + 16t)  = In  (1  + 16t)  =>  d™ 


16 

1 + 16t 


dw 

dt 


(3) 


16 

49 


5.  (a) 


(b) 


<9w  9wx  dw  9 x dw  1 dx  2t  dy  1 dz  „t  v dw  4ytex  , 2ex  _ 

dx  J ’ dy  ’ dz  z ’ dt  t2+l  ’ dt  t2+l  ’ dt  dt  t2  + 1 ' t2  + 1 z 

= l40(a;;y  + i’  + 7+±ii  — I*  = 4t  tan”1 1 + 1;  w = 2yex  - In  z = (2  tan”1 1)  (t2  + 1)  - t 
=>  ^ = (pTt)  (t2  + t)  + (2  tan-1 1)  (2t)  - 1 = 4t  tan-1 1 + 1 
^(D  = (4)(l)(f)  + l=  7r+l 


6.  (a) 


(b) 


fx  = — y COS  xy,  = 

= —(In  t)[cos  (t  In  t)]  — 


-x  cos  xy 

t cos  (t  In  t) 


dw  | dx  | dy  1 dz  _ 

dz  ~ A’  dt  — A’  dt  — t ’ dt  — 


dw 


= — y cos  xy  — 


x cos  xy 


+ el- 


sin  (t  In  t) 

dt  (1)  = 1 - (1  + 0)(1)  = 0 


= e 

dw 


dw  „t-l 

dt  _ C 


+ e‘  1 = —(In  t)[cos  (t  In  t)]  — cos  (t  In  t)  + e‘  w = z — sin  xy 
[cos  (t  In  t)]  [ln  t + 1 (i)]  = et_1  — (1  + In  t)  cos(t  In  t) 


7. 


W l = ll  + |l  = (4eX  111  7)  ( S)  + { f ) (sin  v)  = YY  + ^ 

= 4tn  cos  v)  In  (u  sin  v)  4(u  cos  v)(sin  v)  = (4  } j ( j v)  + 4 cos  V; 

u u sin  v v 7 v 7 ’ 

1 = 11  + 11  = (4eX  ln  y)  (ToY)  + (f) (u  cos  v)  = - (4eX  ln  y)  <tan  v>  + 

= [— 4(u  cos  v)  ln  (u  sin  v)](tan  v)  + 4fu  co([  YVC°S  V>  = (~4u  sin  v)  ln  (u  sin  v)  + Yn  y v ; 
z = 4ex  ln  y = 4(u  cos  v)  ln  (u  sin  v)  =>■  + = (4  cos  v)  ln  (u  sin  v)  + 4(u  cos  v)  (us[°nvv) 

= (4  cos  v)  ln  (u  sin  v)  + 4 cos  v;  also  = (— 4u  sin  v)  ln  (u  sin  v)  + 4(u  cos  v)  ( “ [°s ) ) 

= (— 4u  sin  v)  ln  (u  sin  v)  + 

(b)  At  (2,  |)  : |=4  cos  f ln  (2  sin  f)  + 4 cos  f = 2^2  ln  y/l  + 2s/2  = vYln  2 + 2); 

| = (— 4)(2)  sin  | ln  (2  sin  f ) + (4)(2^4)  = -4^2  ln  x/2  + 4^2  = -2^2  ln  2 + 4^2 


dz  

" (!)  " 

du  ~ 

L(i)  +1J 

dz 

' (!)  " 

dw 

/x\2 

L(y)  +1J 

COS  V 


+ 1 


ir  _ ycosv  x sin  v _ (u  sin  v)(cos  v)  - (u  cos  v)(sin  v)  n. 

sm  V — x2+y2  x2+y2  — u2  — U, 


= —sin 

-l 


(!) 

(— u sin  v)  + 

in2  v — cos2  v = — 1;  z = tan-1  = tan-1  (cot  v)  =>  = 0 and  = (1+<!ot2v)  (—  esc2  v) 


(y)! 


+ i 


yusinv  xucosv  -(usin  v)(usin  v)  - (ucos  v)(ucos  v) 

LI  COS  V 9 . 9 9 . 9 9 

xz  + yz  xz  + yz  uz 


= -l 


sin2  v + cos2  v 

(b)  At  (1.3,1):  i=0andff  = -l 
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9.  (a)  ir  = & fu  + % 5u  + !?  t =(y  + z)(l)  + (x  + z)(l)  + (y  + x)(v)  = x + y + 2z  + v(y  + X) 

= (u  + v)  + (u-v)  + 2uv  + v(2u)  = 2u  + 4uv;^  = ^ | + f ^ + f | 

= (y  + z)(l)  + (x  + z)( — 1)  + (y  + x)(u)  = y-  x + (y  + x)u  = -2v  + (2u)u  = -2v  + 2u2; 
w = xy  + yz  + xz  = (u2  — v2)  + (u2v  — uv2)  + (u2v  + uv2)  = u2  — v2  + 2u2v  =>■  = 2u  + 4uv  and 

§*  = -2v  + 2u2 

(b)  At  (1,1):  ^ = 2(I)+4(I)(l)  = 3and^  = -2(l)  + 2(I)2  = -| 


10.  (a) 


(b) 


<9w 

du 


( 


2x 


xz  + yz  + zl 


ev  sin  u + ue' 


cos  u)  + (x.+y2  + z2)  (ev  cos  u - uev  sin  u)  + (x.+p  + z?)  (ev) 


= ( o ,T  . o 2ue!?vnu  o , o ,v)  (ev  sin  u + uev  cos  u) 

V uzezv  sinz  u + uzezv  cos2  u + uzeZv  / v / 

+ ( j 2v  ■ 2 2ue!c°su  7 i mr)  (ev  cos  u — uev  sin  u) 

V uzeZv  sin2  u + u2e2v  cos2  u + u2e2v  / V / 


+ (u‘ 


<9w  [ 

dv  ~ \ v2 


i2e2v  sin2  u + u2e2v  cos2 
2x 


x2  + y2  + z2 


2uev  \ /pv\  _ 2. 

u + u2e2v  / ^ 2 u ’ 

x^+f+zO  (UeV  C0S  U)  + ( 


ue  sin  u 


2z 


x2  + y2  + z- 


) (ueV) 


= ( u2e2v  sin-  u ^u^e^cos2  u + u2e2v  ) sin  u) 

+ ( 2 2v  ■ 2 2UC2C°SU  2 i 2 iy)  (ueV  COS  u) 
V u2e2v  sin2  u + u2e2v  cos2  u + u2e2v  / V / 

2ue 


+ (gWiWiaw)  (ueV)  = 2;  w = ln  (u2e2v  sin2  u + u2e2v  cos2  u + u2e2v)  = In  (2u2e2'') 


= In  2 + 2 In  u + 2v  =>  ^ = 2 and  = 2 

o u u o\ 

At  (-2,0):  & = ^ = -t  and  ^=2 


1 1 fVl  85_3u3pi.8i35i9«9!_  _1 , r-  P , p-q  _ q-r  + r-  p + p-  q 

W dx  ~ Op  dx  _r  Oq  dx  3r  9x  “ q-r  ^ (q-r)2  _r  (q-r)2  — 


Ou  3u  3p  I 9u  3q 

Oy  ~ Op  dy  f dq  dy 


du  fa  _ Jl 
di  dy  q - 

(2x  + 2y  + 2z)  — (2x  + 2y  — 2z)  

(2z-2y)2  “ 

_J L r-p p-q  _ g-r  + r-p-p  + q _ 2q-2p  _ -4y  _ 

~ (q-r)2  ~ (2z  — 2y)2 


••  - r)2 
2y 


2z  — 2y 


(q-r)2 

_ y 
z-y 


r~P 
(q-r)2 

z . du  On  Op 

(z  — y)2  1 dx  Op  dz 

+ r — P~ 

(q-r)2 


(q-r)2 

P~q  g-r-r+p+p- 
(q  - r)2  (q  - r)2 

0u  Oq  , 0u  Or 
Oq  dz  ' Or  dz 


= 0; 


2p  — 2r 

(cFb1 


(z-y)2 


Ou  _ r.  Ou  _ (z-y)-y(-l)  _ 
Ox  — u’  Oy  — 


(z  - y)2 


(z-y)2 


, and  f = 


Ou  _ (z  — y)(0)  — y(l) 


(z  - y)2 


(z-y)2 


(b)  At 


(\/3,2,l)  : 


du  n du  1 

dx  ~ u’  dy  ~ (1  - 2)2 


= 1.  and  % = 


-2 

(1  — 2)2 


= -2 


12.  (a)  f (cos  x)  + (reqr  sin-1  p)  (0)  + (qeqr  sin-1  p)  (0)  = ^2^  = -^SLL  = yzif-f<x<§ 


0u 

Oy 

Ou 

dz 


(0)  + (reqr  sin  1 p)  ^y^  + (qeqr  sin  1 p)  (0)  = 


z2  reqr  sin  1 p 


Lilly!: 


= xzy 


x/T-p2  --  r' \y  J 1 v_1~  — y y 

y ^ (0)  + (re<)r  sin-1  p)  (2z  In  y)  + (qeqr  sin-1  p)  (-  7\ ) = (2zreqr  sin-1  p)  (In  y) 


Z— 1 . 


qeqr  sin  1 p 


I =yz 


= (2z)  (i)  (yzx  In  y)  — (z  ln  yJ  1 x = xyz  In  y;  u = ezlny  sin  1 (sin  x)  = xyz  if  — f < x < | 

= xzyz“',  and  % = = xyz  ln  y from  direct  calculations 

(b)  At  (I,  l-l):  | = G)-1/2  = y/2,%  = (f)  (-  ±)  Q)™"1  = - ^ , | = (f)  (D_1/2  ln  G) 


TTV^  In  2 
4 
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10  dz  dz  dx  | dz  dy 

* dt  dx  dt  ' dy  dt 


z 


u 


1 dx_  <9w  ds_  , <9w  at 

10-  ax  _ ar  ^ ^ as  ax  at  ax 


i n aw aw  ax  ■ aw  ay 

1 ' • au  — ax  au  ay  au 


u 


i a dz  az  du  <9z  dv  _i_  dx  dw 

‘ dt  au  dt  ' dv  dt  ' aw  dt 


z 


t 


aw  aw  dx  | dw  dy  , dw  dz 

dv  ~ dx  dv  ^ dy  dv  dz  dv 


w 


V 


dw  dw  dr  . aw  as  , aw  at 

dy  ~ dr  dy  ^ ds  dy  ^ dt  dy 


W 


v 
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in  dz  dz  dx  | dz  dy 

Ly-  dt  ~ dx  dt  dy  dt 


dz  dz  dx  | dz  dy 

ds  dx  ds  dy  ds 
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94.  dw  dw  dx  | dw  dy 

5s  dx  ds  ' dy  ds 

W 


25.  Let  F(x,  y)  = x3  - 2y1 2  + xy  = 0 =>■  Fx(x,  y)  = 3x2  + y 
and  Fy(x,  y)  = —Ay  + x =►  % = - | 

=*  £(M)  = f 


26.  Let  F(x,  y)  = xy  + y2  - 3x  - 3 = 0 =>  Fx(x,  y)  = y - 3 and  Fy(x,  y)  = x + 2y  =>  g = -|  = _ L_|. 

=*  gC-l,D  = 2 

27.  Let  F(x,  y)  = x2  + xy  + y2  — 7 = 0 =►  Fx(x,  y)  = 2x  + y and  Fy(x,  y)  = x + 2y  =►  g = - | ~ 

=*  ^Cl,2)= 


28.  LetF(x,  y) 


=t> 


dy  _ 

dx 


xey  + sin  xy  + y — In  2 = 0 =>  Fx(x,  y)  = ey  + y cos  xy  and  Fy(x,  y) 


L 

Fy 


ey  + y cos  xy 
xey  + x sin  xy  + 1 


| (0,  In  2)  = -(2  + In  2) 


xey  + x sin  xy  + 1 


29.  Let  F(x,  y,  z)  = z3  - xy  + yz  + y3  - 2 = 0 =>  Fx(x,  y.  z)  = -y,  Fy(x,  y,  z)  = -x  + z + 3y2,  Fz(x,  y,  z) 


=> 


dz  _ Fx 
dx  Fz 


=> 


dz 

dy 


(1,1,D  = 


-y 

3z2  +y 

3 

4 


y 

3z2  + y 


t(M,D  = 


1 . dz  _ 
4 ’ dy 


L 

Fz 


-X  + z + 3y2  _ x - z - 3y2 
3z2  + y 3z2  + y 


3z2  + y 


30.  LetF(x,y,z)  = i + i + i 


1 = 0 =>  Fx(x,  y,  z)  = - i , Fy(x,  y,  z) 

=*  |(2,3,6)  = -9;|  = -|  = 


^ , Fz(x,  y,  z)  = - |f 


| (2, 3,6)  = -4 


31.  Let  F(x,  y,  z)  = sin(x  + y)  + sin  (y  + z)  + sin  (x  + z)  = 0 =>  Fx(x,  y,  z)  = cos  (x  + y)  + cos  (x  + z), 
Fy(x,  y,  z)  = cos  (x  + y)  + cos  (y  + z),  Fz(x,  y,  z)  = cos  (y  + z)  + cos  (x  + z)  =>  ^ ^ 

_ _ cos  (x  + y)  + cos  (x  + z)  dz/  x_i.dz__Fy__  cos  (x  + y)  + cos  (y  + z)  dz  / \ _ 

cos  (y  + z)  + cos  (x  + z)  dx  x 5 5 ' ’ dy  Fz  cos  (y  + z)  + cos  (x  + z)  dy  ' 5 ’ ' 


32.  Let  F(x,  y,  z)  = xey  + yez  + 2 In  x — 2 — 3 In  2 = 0 =>  Fx(x,  y,  z)  = ey  + \ , Fy(x,  y,  z) 


xey  + ez,  Fz(x,  y,  z)  = yez 


=> 


dz  _ _ gc 
dx  Fz 


(g±j) 

yez 


| (1,  In  2,  In  3) 


4 . dz  

3 In  2 ’ dy  — Fz 


xey+ez 

yez 


| (1,  In  2,  In  3) 


5 

3 In  2 


33.  W = fl  f?  + If  * + fi  = 2(x  + y + z)(!)  + 2(x  + y + z)[  sin (r  + s)]  + 2(x  + y + z)[cos (r  + s)] 

= 2(x  + y + z)[  1 — sin  (r  + s)  + cos  (r  + s)]  = 2[r  — s + cos  (r  + s)  + sin  (r  + s)  j [ 1 — sin  (r  + s)  + cos  (r  + s)] 

=*  fl^-x  = 12 


34. 


d w 
dv 


dw  dx 
dx  dv 


% I + 1 t = y (t)  + x(!)  + G)  (0)  = (u  + (if) 


dw 

dv  u=-l,v=2 


(i)(2r)  + B)  = -8 


o c dw  dw  dx  _j_  dw  dy 

* dv  — dx  dv  dy  dv 


dw 

dv 


u=0,v— 0 


— 7 


(2x-L)(_2)+(1)(1) 


2(u  - 2v  + 1)  - 


2u  + v — 2 
(u-2v+l)2 


(-2)  + 


l 

u - 2v  + 1 
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36.  ft  = if  t)  + % % = (y  cos  xy  + sin  y)(2u)  + (x  cos  xy  + x cos  y)(v) 

= [uv  cos  (u3v  + uv3)  + sin  uv]  (2u)  + [(u2  + v2)  cos  (u3v  + uv3)  + (u2  + v2)  cos  uv]  (v) 


dz 

du  u=0,v= 


j = 0 + (cos  0 + cos  0)(1)  = 2 


dz 

dz  dx 

(_5_1  eu  _ 

5 

qU  x dz  _ 

5 

du 

dx  du 

t 1 + X2  1 e - 

1 + (eu  + In  v)2 

5u  u=ln  2,v=l 

[l+(2)aJ 

dz  dz  <9x  / 5 \ / 1\  _ 

d\  dx  dv  \ 1 + x2  / V v / 


L 1 + (eu  + In  v)  J 


(II  9z 

V v ) dv  u=lr 


1 + (2)2 


(2)  = 2; 
(1)  = 1 


o o dz  dz  dq 

du  dq  du 


dz 

dv 


dz  dq 
dq  dv 


(i\  = ( i A 

\q/  y 1 + u2  J \ y/\  + 3 tan-1  u ) \ 1+u2  J 

tan-1  u 

2^/V+i  J 


(tan-1  u)  (1+u2; 

1 V 


(0(^)  = ( 


Ktan  1 u A 

2yJ\  + 3 / _ 2(v  + 3) 


dz 

du  u=l,v=— 2 


(tan  1 1) (1  + l2)  7 r ' 


dz 

dv  u=  1 ,v= 


39.  Let  x = s3  + 12  w = f(s3  + 12)  = f(x)  =>  §f  = g f = f'(x)  • 3s2  = 3s2es3+t\  g ft  = f'(x)  • 2t  = 2tes3+‘2 

40.  Let  x = t s2  and  y = f =>  w = f(t  s2,  f ) = f(x,  y)  =*►  f = f | + §f  % = f*(x,  y)  • 2t  s + fy (x.  y)  • { 

= (ts2)(f).2ts+(t^.i=2s4t+^=^;  f = + ff  |=fx(x,y).s2  + fy(x,y).^ 


= (ts2)(f).s2  + ^-(-A)=s5-|  = f 


4L  V = IR  =*  f = Rand  f = I;  % = f f = R § +1  § =>  -0.01  volts/sec 


dl  ~ dR  ~ A’  dt  — dl  dt  1 dR  dt 

= (600  ohms)  + (0.04  amps) (0.5  ohms/sec)  =>  ^ 


dt  1 A dt 

= —0.00005  amps/sec 


dV 

dt 


dV  da 
da  dt 


+ f f H £ = (be)  da 


dV  dc 
dc  dt 


dt 


(ac)  f + (ab)  | 


42.  V = abc 

=>  TE  | a=i  b=2  c=3  = (2  m)(3  m)(l  lr|/sec)  + (1  m)(3  m)(l  m/sec)  + (1  m)(2  m)(— 3 m/sec)  = 3 m3/sec 
and  the  volume  is  increasing;  S = 2ab  + 2ac 

da  i o/o  i db  | | L.  dc  . dS 


9h„  -K  dS_c«da,aSdb,aSdc 
z-uc  ^ dt  — 9a  dt  ~r  9b  dt  9c  dt 


- 2(b  + c)  + 2(a  + c)  ¥ + 2(a  + b)  ft  =>  ^ | a=l  b=2  c=3 

= 2(5  m)(l  m/sec)  + 2(4  m)(l  m/sec)  + 2(3  m)(— 3 m/sec)  = 0 m2/sec  and  the  surface  area  is  not  changing; 
D = t/a 


u2  i r2  .— v dD  dD  da  _i_  dD  db  i dD  dc  1 

' dt  da  dt  ' db  dt  ' dc  dt  £ _j_  j-,2  _|_  c2 


(a|  + b|+c|)  =*  f|a=1 


= ^ ^ |(1  m)(l  m/sec)  + (2  m)(l  m/sec)  + (3  m)(— 3 m/sec)]  = — ~^=  m/sec  < 0 =>  the  diagonals  are 

decreasing  in  length 


« 9f  9f  9u 

9x  — 9u  9x 

9f  9f  9u 

9y  — 9u  9y 

9f  9f  9u 

9z  9u  9z 


9f  9v  . df_  9w  9f  / 1 . . 9f  m\  i 9f  / it  9f  9f 

flv  flv  ' A w flv  — /),.  t * t r to;  -r  t i)  — fll,  , 


9v  dx 
9f  9v 
9v  9y 
9f  9v 


9w  dx 
9f  9w 
9w  9y 
9f  9w 


9v  dz  ”b  9w  dz 


9u 
9f 
9u  1 
9f  , 
9u 


dv 

= I(0)  + |(-D  + 1(D  = 


dv/ 

d 

dv/ 
9f  | 
9w 


du 


9w  ' 


= £(-!)+ f (D+£(0)  = -I  + i,and 


9f  , 9f 
dv  — 9w 


9f  , 9f  , 9f  _ n 
9x  — 9y  — 9z  U 


44.  (a)  ^ = fx  + fy  ^ = fx  cos  0 + fy  sin  9 and  ||  = fx(-r  sin  9)  + fy(r  cos  9)  =>  1 = — f*  sin  9 + fy  cos  9 

(b)  ^ sin  9 = fx  sin  9 cos  9 + fy  sin2  9 and  (£2ii)  ||  — — fx  sin  9 cos  9 + fy  cos2  9 

=►  fy  = (sin  0)  ^ + (^»)  § ; then  ^ = fx  cos  0 + [(sin  0)  f + (^)  (sin  9)  =►  fx  cos  0 
= f - (sin2  0)  ^ If  = (1  - sin2  0)  ^ If  ^ fx  = (COS  0)  - (^)  |f 


and 


(c)  (fx)2  = (cos20)  (f  )2  - (1^)  (f  If)  + (^)  (If) 

(fy)2  = (sin2  9)  (f  )2  + If)  + (erfij  (If)2  ^ (fx)2  + (fy)2  = (^)2  + I (H 
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a c ...  dw  dw  du  , dw  dy  dw  . <9w  <9w  , d_  ( dw\  , d_  ( <9w\ 

H-J.  Wx  — dx  — du  dx  -r  gv  gx  — x du  -t-  y 9v  wxx  — du  -r  A dx  ydu  j y ax  ^ dv  j 

— ^-j-y^2^2h4_  44.  i / 44  I , „ ( Y 44  , 

— <9u  ■*"  A ^ 9u2  5x  c>vdu  5x  y ^ ^ dudv  dx  ^ dv2  dx ) ~ du  ^ x \x  du2  ^ J dvdu  J 'r  J dudv  ^ J dv2  J 

dw  . 2 d2w  i 9 d2w  . 2 d2w  . dw  dw  du  . dw  dv  dw  . dw 

— du  du2  ' ZAy  dvda  1-2  dv2  ’ WY  — dy  ~ du  dy  ~t~  dv  dy  ~ ■>  du  ^ dv 

...  Sw  _ / d2w  du  I d2w  dv3  ( d2w  du  I d2w  dv\ 

Wyy  — 9u  y ^ du2  9y  T dvdu  dy  J A ^ dudv  dy  'r  dv2  dy  ^ 

= -£-y(-y&  + xS;)+x(-yi&  + xSs;)  = -£  + y2S?-2xySi  + x2&;thuS 

Wxx  + Wyy  = (x2  + y2)  + (x2  + y2)  0 = (x2  + y2)  (wuu  + wvv)  = 0,  since  wuu  + wvv  = 0 

46.  £ = f'(u)(l)  + g'(v)(l)  = f'(u)  + g'(v)  =►  wxx  = f"(u)(l)  + g"(v)(l)  = f"(u)  + g"(v); 

% = f'(u)(i)  + g'(v)(-i)  =»  Wyy  = f"(u)  (i2)  + g"(v)  (i2)  = -f"(u)  - g"(v)  =>  wxx  + w„  = 0 

47.  fx(x,  y,  z)  = cos  t,  fy(x,  y,  z)  = sin  t,  and  fz(x,  y,  z)  = t2  + t - 2 =>  f = ff  + §f  + if 

= (cos  t)(-  sin  t)  + (sin  t)(cos  t)  + (t2  + t — 2)(1)  = t2+t  — 2;^j=0  =>■  t2  + t - 2 = 0 =>■  t = — 2 

or  t = 1 ; t = — 2 =>■  x = cos  (—2),  y = sin  (—2),  z = —2  for  the  point  (cos  (—2),  sin  (—2),  —2);  t = 1 =>•  x = cos  1, 

y = sin  1,  z = 1 for  the  point  (cos  1,  sin  1, 1) 


48.  f = + + = (2xe2y  cos  3z)  (-  sin  0 + (2x2e2y  cos  3z)  (f^)  + (~3x2e2y  sin  3z)  (1) 


= — 2xe2y  cos  3z  sin  t + 2xa<^",3z 


3x2e2y  sin  3z;  at  the  point  on  the  curve  z = 0 =>  t = z = 0 


dw  r\ 

dt  (1, In  2,0)  _ U 


2(1)2(4)(1) 

2 


49.  (a)  §f  = 8x  - 4y  and  g = 8y  - 4x  =>  f = f£f  + f^f=(8x-  4y)(-  sin  t)  4-  (8y  - 4x)(cos  t) 

= (8  cos  t — 4 sin  t)(—  sin  t)  + (8  sin  t — 4 cos  t)(cos  t)  = 4 sin2 1 — 4 cos2 1 =>  y = 16  sin  t cos  t; 

= 0 =>  4 sin2 1 — 4 cos2 1 = 0 =C  sin2 1 = cos2 1 =>  sin  t = cos  t or  sin  t = — cos  t =>  t = ?,  x on 


the  interval  0 < t < 2n; 

Cj  I = 16  sin  ? cos  j > 0 T has  a minimum  at 


3 = 16  sin  cos  ^ < 0 =>  T has  a maximum 


^4-  =16  sin  cos  > 0 =>  T has  a minimum  at 

dt2  t=57T  4 4 


(x>  y)  = 

at  (x,  y)  = (-^r  .^)  J 


Cl  =16  sin  C cos  < 0 =>  T has  a maximum 

dtz  t Itt  4 4 


at(x,y)= 

at(x,y)=  (f  : - i2) 


(b)  T = 4x2  - 4xy  + 4y2 


= 8x  — 4y,  and  ^ = 8y  — 4x  so  the  extreme  values  occur  at  the  four  points 


mnd  in  part  (a):  T ^ j ~ T (-^  , — ^ j = 4 (|)  - 4 (-  |)  + 4 (|)  =6,  the  maximum  and 

' ^ ) = T (-  ^ ^ ) = 4 (D  - 4 (5)  + 4 (5)  = 2> the  minimum 


50.  (a)  g=yandf  =x  =4  ^ = § | + f | = y (-2^2  sin  t)  + x (y/l  cos  t) 

= (^\/2  sin  t^j  2y/2  sin  t^j  + (2\/2  cos  t^j  (^\/2  cos  t^j  = —4  sin2  t + 4 cos2 1 = —4  sin2  t + 4 (1  — sin2 1) 

= 4 — 8 sin2 1 =>■  C?  = — 16  sin  t cost  t;C=0  =>  4 — 8 sin2 1 = 0 =4-  sin2 1 = 1 sin  t = ±4^  t = 


C,  C’  T on  ti16  interval  0 < t < 27r; 

^ = — 8 sin  2 (|)  = — 8 =>  T has  a maximum  at  (x,  y)  = (2, 1); 

t=4 

Cr  i = — 8 sin  2 (C)  = 8 T has  a minimum  at  (x,  y)  = (— 2, 1); 
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d2T 

dt2 


d2T 

dt2 


51 


s = —8  sin  2 = — 8 =>  T has  a maximum  at  (x,y)  = (—2,  —1); 

t=  T 

i — —8  sin  2 (^)  = 8 =>  T has  a minimum  at  (x,  y)  = (2,-1) 

t=T 

(b)  T = xy  — 2 =>-  |1  = y and  ^1—  x so  the  extreme  values  occur  at  the  four  points  found  in  part  (a): 
T(2, 1)  = T(— 2,  — 1)  = 0,  the  maximum  and  T(— 2, 1)  = T(2,  — 1)  = —4,  the  minimum 

G(u,  x)  = £ g(t,  x)  dt  where  u = f(x)  =>•  + S(u’  x)f,(x)  + £ gx(t,  x)  dt;  thus 

F(x)  = £ \/t4  + x3  dt  =►  F'(x)  = \J (x2)4  + x3  (2x)  + £ | \/t4  + x3  dt  = 2x\/x8  + x3  + £ 


52.  Using  the  result  in  Exercise  51,  F(x)  = J y/t3  + x2  dt  = — £ \/t3  + x2  dt  =>■  F 


!'(x) 


V (*=)3 + dt]  = _xVx« + x*  + £ ^ 


dt 


14.5  DIRECTIONAL  DERIVATIVES  AND  GRADIENT  VECTORS 


9 9f  — 

dx  ~ 


2x 

x2  +y2 


=>  f (i.D  = i;i  = 


af 


2y 


dx 


=>  I (1,1)  = 1 =>  Vf  = j 
= In  (x2  + y2)  =>■  2 = x2 


dy  xz  + y'z 

j ; f(l> 1)  — In  2 


In  2 


y 2 is  the  level  curve 


y 


3-  IS  = y2  =>  IS (2> -1)  = 1;  g = 2xy  =>  l(2,-l)  = -4; 

V g = i - 4j  ; g(2,  -1)  = 2 =>•  x = ^ is  the  level 
curve 


4-  t=*  =>  |(^i)  = v^;|  = -y 

=►  S(v/2>l)=-1  =>  V g = \/2i  - j ; 
g l)  = 5 =>  1 = y - \ or  1 = x2  — y2  is  the  level 
curve 
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5. 


df 


=>  — t-1  2)  = — 

^ dx  3 *■>  2’  dv  — 


dx  <j2x  + 3y  dx  y 2 ’ dy  2v/2x  + 3y 

=►!(-!, 2 )=§;=>  Vf=  |j;f(-l,2)  = 2 
=>  4 = 2x  + 3y  is  the  level  curve 


6. 


df 


df 

dx 


(4,  -2)  = 


j_. 

16’ 


dx  2y1Jx  + 2 x3/1 

— \/*_  M (A  _2i  — _I  V7  f — _ J_5  _ I;  • 

dy  2y2  + x ^ 3y  Vb  ~ 4 ^ V 1 ~ 161  4->  ’ 

f (4,  —2)  = — j =>  y = — Vx  is  the  level  curve 


7-  I=2x+f  =*  I(l,l,D  = 3;|=2y  =»  |(l!l,D  = 2;|  = -4z  + lnx  =*  *(1,1,1)  = -4; 

thus  v f = 3i  + 2j  — 4k 


8. 


df  _ 

dx 


= ~6xz  + VA+T  =*>  f (!,  !,  !)  = - T ; ay  = -6yz  ^ £ (!» 1, 1)  = -6;  % = 6z2  - 3 (x2  + y2)  + 


2 ’ ay 


ay 


x2z2  + 1 


=>  § (1, 1, 1)  = \ ; thus  vf=-ii-6j  + 5k 


g df  x | 1 _x.  df  /i  9 _ _ 26  . df  y 

dx  (x2  _|_v2  _i_72')3/2  _r  x <9x  ' ’ ’ ' 21  ' dy  (x2  + y2  + z2)3/2  1 y 


(x2  _|_y2  _|_z2)3/2  1 X ^ <9x  V ^ 21  ' dy 

df  z ,1  x df  /I  ? _ 23  . tb  f _ _ 26  i _l  23  i 23 

az  — Z„2  , „2  , ,2x3/2  + z ^ dj.  V — 54  ’ mus  V 1 — 27  1 


, I _v  af  /j  2 -21  = — • 
T v ^ ay  3 ’ 1 ^ 54  ’ 


(x2  + y2+z2)3/2  T i -54,U1U»  V1  27  1 ^ 54  J 54k 


10.  f = ex+y  cos  z + 3 + 1 

ox  VI  - X 


af 

ax 


df  pX+y  o ; 


dz 


— _eA^y  sin  z => 


(°,  °,  |)  =t!|jf  + !;  § = ex+y  cos  z + sin  xx  =>  g(0,0,  §) 
(0,0,|)=-i;thus  Vf=  (^i+fj-lk 


= Vl. 

2 ’ 


11.  u=  ,£|  = = fi+fj;fx(x,y)  = 2y  =*  fx(5, 5)  = 10;  fy(x, y)  = 2x  - 6y  =►  fy(5, 5)  = —20 

=*•  V f — 10i  — 20j  =►  (Duf)Po  = Vf-u=  10(f)  -20(f)  = -4 

12.  u=w\  = y/32  + (4j4)2  - 1 1 - 5 j ; fx(x,  y)  - 4x  =*  fx(-l,l)  = -4;fy(x,y)  = 2y  =>  fy(-l,  1)  = 2 
=>  v f = -4i  + 2j  =>  (Duf)Po  = vf-u=-f-f  = -4 

13-  u=  W\  = Vi22++52  = ^1+  nj;§x(x’y)  = (xy  + 2")2  =>gx(1’-1)  = 31  »y(x’  y)  = _(xXy  + 22)2  ^ gy(!>  -1)  = -3 


=>  V g = 3i  - 3j  =>•  (Dug)Po  = vg-u=ff-ff  = ff 


14  n — — — 31  -2J  - 

|A|  v^+(^ 


JSWL 


hy(x,  y)  = T^f^-r  + (a)^ 


(ir+ 1 


= i j.  h / . _ VxV  , 151  V" 

+<-2>2  y/13  v/l3J’  xX  ,y>  (|)2  + 1 + 

=$■  hy  ( 1 , 1)  = 2 ^ V h = 9 i "h  2 j 


1 - (5T 


hx(l,  1)  = 4; 


( DUh)P(]  - Vll'U-  2y|3 


_ _ 3 

2-v/l3 
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15-  u=  ]5|  = x/3321+|  + (2k2)2  = fi+f  j - fk;fx(x,y,z)  = y + z fx(l,  —1,2)  = 1;  fy(x,y, z)  = x + z 

=>  fy(l,  —1,2)  = 3;  fz(x,y,z)  = y + x =$■  fz(l,  —1,2)  = 0 =*►  vf=i  + 3j  =>  (Duf)Po  = vf‘»=  f + y = 3 

16-  u=  1ST  = 7PTFTP  = 73 i+  7fj+  7jk;fx(x,y,z)  = 2x  =►  fx(l,  1)  1)  — 2;  fy(x,  y,  z)  = 4y 

=*>  fy(l,  1, 1)  = 4;fz(x,y,z)  = -6z  =>  fz(l,  1, 1)  = —6  =►  v f = 2i  + 4j  - 6k  =>  (Duf)Po  = vf-  u 

= 2fe)+4(73)-6(75)=° 

17.  u = = |i+3j-|k;  gx(x,  y,  z)  = 3ex  cos  yz  =>  gx(0, 0,  0)  = 3;  gy(x,  y,  z)  = -3zex  sin  yz 

=>  gy (0 . 0, 0)  = 0;  gz(x,  y,  z)  = -3yex  sin  yz  =>  gz(0, 0, 0)  = 0 =>  v g = 3i  =>  (Dug)Po  = V g • u = 2 


18-  a = w\  = Jm+v  = 5 1 + f J + 1 k ’ hx(x=  y, z)  = -y sin  xy  + ^ 

hy(x,  y,  z)  = -x  sin  xy  + zeyz  =>  hy  (l,  0,  1)  = \\  hz(x,  y,  z)  = yeyz  - 
=>  (Duh)p0  = vh'u=5  + | + f=  2 

19.  Vf=  (2x  + y)i  + (x  + 2y)j  =>  V f(~l,  1)  = *“i  + j =>  u = ^ 

most  rapidly  in  the  direction  u — — ^ i + ^ 

(Duf)Po  = V f • u = | V f I = and  (D_uf)P, 


hz  (1,0,1) 


ivii  v(-i) +1  v 

= 7;  i H — ^ j and  decreases  most  rapidly  in  the  direction 


7P^  = “^i+^j;fincreases 


-y/2 


20.  v f = (2xy  + yexy  sin  y)  i + (x2  + xexy  sin  y + exy  cos  y)  j =>•  v f(  1 , 0)  = 2j  =>  u = = j ; f increases  most 

rapidly  in  the  direction  u = j and  decreases  most  rapidly  in  the  direction  — u = — j ; (Duf)Po  = v f • u = | V 1 1 
= 2 and  (D_uf)Po  = -2 


21.  vf  = 


(^+z)j 


yk  =>  v f(4, 1, 1)  = i - 5j 


k^u=^ 


i - 5j  - k 

v/l2+(-5)2+(_l)2 


4-1 

3y/3 


3y/3  J 


~b~  k ; 

3 \/3 


f increases  most  rapidly  in  the  direction  of  u = -^tt  i — 7777  j — 7^7-  k and  decreases  most  rapidly  in  the  direction 
-u=-j^i+^j  + ^k;  (Duf)Po  = Vf-u=  | Vf|  =3y/3and(D_uf)Po  = -343 


22.  Vg  = eyi  + xeyj+2zk  ^ V g (h  In  2, 1)  = 2i  + 2j  + k =>  u = = | i + f j + | k; 

g increases  most  rapidly  in  the  direction  u = fi+fj  + jk  and  decreases  most  rapidly  in  the  direction 
— u = — |i  |j  — 1 k ; (Dug)Po  = vg  u = I Vg|  = 3 and  (D_ug)Po  = -3 


23.  Vf=«  + l)l+(l  + ‘)j  + (l  + ‘)k  =► 

f increases  most  rapidly  in  the  direction  u = i 

-u  = -7Ii-73j-7!k;(D“f)p»=  Vf-u 


Vf(l,l,D  = 2i  + 2j  + 2k^u=^  = ^i+ij  + 
+ -^  j + -^  k and  decreases  most  rapidly  in  the  direction 
= | V f|  = 23/3  and  (D_uf)Po  = -2-^3 


1 

C3 


k; 


24.  Vh=(F^T)i+(F^T  + l)j  + 6k  =>  V h(l,  1, 0)  = 2i  + 3j  + 6k  =>  u = ^ ^ 

= §i+fj  + fk;h  increases  most  rapidly  in  the  direction  u=|i+Ij  + lk  and  decreases  most  rapidly  in  the 
direction  -u  = -^i-fj-®k;  (Duh)Po  = v h • u = | V h|  = 7 and  (D_uh)Po  = -7 
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25.  vf=2xi  + 2yj  =>  v f (\/2>  — 2\/2i  + 2\fl  j 

=>  Tangent  line:  2y/2  — y/ I'j  + 2\[2  — \fl ''j  — 0 

=>  \[2.x  + \/2y  = 4 


26. 


V f = 2xi  - j =>• 

=>  Tangent  line:  2 


Vf(\/2d)  = 2\fl\  — j 

(x  - y/2j  - (y  - 1)  = 0 


y — 2\j 2x  — 3 


y 


27.  V f = y<  + xj  =>  V f(2,  -2)  = — 2i  + 2j 
=>  Tangent  line:  — 2(x  — 2)  + 2(y  + 2)  = 0 

=>  y = x - 4 


28.  Vf=(2x-y)i  + (2y-x)j  =►  V f(-l, 2)  = -4i  + 5j 
=>■  Tangent  line:  — 4(x  + 1)  + 5(y  — 2)  = 0 
=>  -4x  + 5y  - 14  = 0 


29.  v f = (2x  - y)i  + (-x  + 2y  - l)j 

(a)  v f(l,  -1)  = 3i  - 4j  =>•  | v f(l,  —1)|  = 5 =>  Duf(l,  -1)  = 5 in  the  direction  of  u = |i  - jj 

(b)  - v f(l,  -1)  = — 3i  + 4j  =>  | v f(l,  -1)|  = 5 =>  Duf(l,  —1)  = -5  in  the  direction  of  u = — |i  + |j 

(c)  Duf(l,  —1)  = 0 in  the  direction  of  u = |i  + |j  or  u = — |i  — |j 

(d)  Let  u = uji  + u2j  =>■  |u|  = y/ui  + u2  = 1 =>  u?  + uj  = 1;  Duf(l,  -1)  = v f(l,  -1)  • u = (3i  - 4j)  • (u1i  + u2j) 

= 3ui  - 4u2  = 4 =>•  u2  = fm  - 1 =>  uf  + (fm  - l)2  = 1 =>  yfuj  - fm  = 0 =>  m = Oorm  = ff; 

m = 0 =$►  u2  = - 1 =s>  u = -j,  or  m = =>  u2  = - ^ =*>  u = f|i  - 

(e)  Let  u = uji  + u2j  =>  |u|  = i/uf  + uf  = 1 =>  u|  + u?  = 1;  Duf(l,  -1)  = v f(l»  -1)  • u = (3i  - 4j)  • (mi  + u2j) 

= 3ui  - 4u2  = -3  =>  ui  = |u2  - 1 =>  (|u2  - l)2  + uf  = 1 =>•  |u?  - |u2  = 0 =>•  u2  = 0oru2  = f|; 

u2  = 0 =>  Ui  = — 1 =>  u = — i,  or  u2  = ||  =>■  u2  = ^ =$■  u = 


30. 


Y7  f = — ,i — — , j 

V (x  + y)2*  (x  + y)2j 

(a)  Vf(-5>  |)  = 3i+j  =H  Vf(~5.  |)l  = =>  Duf(-f,  2)  = aAo  in  the  direction  of  u = ^i  + 

(b)  - Vf(-i  |)  = — 3i  — j =>  | V f(-s.  |)|  = Duf(l,  -1)  = -v^  in  the  direction  of  u = -^i  - y'|Qj 
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(c)  Duf(-i,  |)  = 0 in  the  direction  of  u = or  u = 

(d)  Let  u = uji  + u2j  =>  |u|  = y/uj  +uj  = 1 =>•  u|  + u?  = l;Duf(-l,  \)  = §)  • u = (3i+ j)  • (uii  + u2j) 


= 3ui  + u2  = — 2 =>  u2  = — 3ui  — 2 =>  u|  + (— 3ui  — 2)“  = 1 =>  lOuj  + 12ui  + 3 = 0 =>  Ui  = 


-6±y/6 


10 


Ui  = 


_ —6  + \/6 


10 


=>  u2  = 


_ -2-3-/6  . „ _ -6+C6;  , -2-3^6; 


10 


10 


10 


J,  or  Ui  = 


_ -6-  \/6 


10 


=>  u2  = 


_ ~2  + 3y/6 


10 


6 - y'h.  , -2  + 3^6; 


10 


10 


(e)  Let  u = uji  + u2j  =>  |u|  = y/u\  + uj  = 1 ^ uj  + u?  = l;Duf(-l,  §)  = vf(_2’  §)  • u = (3i+ j)  • (uii  + u2j) 

3. 

5’ 


= 3ui  + u2  = 1 =>•  u2  = 1 - 3ui  =>■  Uj  + (1  - 3ui)2  = 1 =>  lOuj  — 6ui  = 0 =>  Ui  = 0 or  ui  = 


uj  = 0 =>  u2  = 1 =>  u = j,  or  Ui  = | =>  u2  = -5  =>•  u = |i  - |j 


31.  vf=yi  + (x  + 2y)j  =>  V f(3, 2)  = 2i  + 7j  ; a vector  orthogonal  to  v f is  v = 7i  — 2j 
= i — j and  u = — i + j are  the  directions  where  the  derivative  is  zero 


= X _ 7i~2j 

M y/V+{~2)2 


32.  v f — 


4xy2 


U = o = 


4x2y 


i+J  _ 1 


V f(l,  1)  = i — j ; a vector  orthogonal  to  \7  f is  v = i H-  j 


|v|  /LTT2  y/2  ' \p2 


— i + -^  j and  u — - -C  i - -C  j are  the  directions  where  the  derivative  is  zero 


33.  v f = (2x  - 3y)i  + (-3x  + 8y)j  =>  v f(l,2)  = -4i  + 13j  =*  | v f(l,  2)|  = a/(— 4)2  + (13)2  = a/185  ; no.  the 
maximum  rate  of  change  is  yd  85  <14 

34.  vT  = 2yi  + (2x-z)j-yk^  V T(l,-1, 1)  = -2i  + j + k =>  |VT(1, -1,1)1  = y/(~2)2  + 12  + 12  = ; n 

minimum  rate  of  change  is  —y/6  > —3 


35.  Vf=t(l,2)i  + fy(l,2)iandUl  = 7i±jLr=^-i+^j  =S-  (Duif)(l,2)  = fx(l,2)  +fy(l,2) 

= 2^2  =►  fx(l,  2)  + fy(l,  2)  = 4;  u2  = — j =►  (DU2f)(l,  2)  = fx(l,  2)(0)  + fy(l,  2)(-l)  = -3  =►  -fy(l,2)  = -3 
=*  fyd,  2)  = 3;  then  fx(l,2)  + 3=4^  fx(l,  2)  = 1;  thus  V f(l,  2)  = i + 3j  and  u = ^ = V(_~^+(_2y2 


y/5*  =►  (D-dro  - Vf-U-  ^ y5 


7 


36.  (a)  (Duf)p  = 2y/3  =►  | V f|  = ^ u = ft  = = % i + ^ j - ^ k;  thus  u = ^ 

=*►  Vf=l  Vf|u  =►  Vf=2y3(ii+ij-ik)  =2i  + 2j-2k 


(b)  v = i+j 


u=  M = 


7PW  = V2i+72j  =*  (DA=Vf-u=2(^)+2(-L)-2(0)  = 2V2 


37.  The  directional  derivative  is  the  scalar  component.  With  v f evaluated  at  Pq,  the  scalar  component  of  v f in  the 
direction  of  u is  yf-ii  = (Duf)P() . 

38.  Djf  = v f ' i = (fxi  + fyj  + fzk)  • i = fx;  similarly,  D,f  = v f • j = fy  and  Dkf  = v f ■ k = fz 


39.  If  (x,  y)  is  a point  on  the  line,  then  T(x,  y)  = (x  — Xo)i  + (y  — yo)j  is  a vector  parallel  to  the  line  =>  T • N = 0 
=>  A(x  — Xq)  + B(y  — yo)  = 0,  as  claimed. 


40.  (a)  V(kf)=^i+^j+1fk  = k(|)i  + k(|)j+k(|)k  = k(|i. 


|j  + |k)=kV 
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(i  + gl)i  + (§  + § f)j+  (l  + gf) 


(b)  v(f  + g)=  ^i+^j  + w+g)k  = 

= i;i  + 5fi+fj  + §fj  + ik+ifk  = (§i  + + §k)  + (tM  + i|j  + if k)  = vf+  vg 

(c)  v(f_E)  = VD  Ve  (Substitute  — g for  g in  part  (b)  above) 

W VCfgl^i  + T^i+^k"  (Sg  + |f)i+  (|g  + lf)J+  (ls+if)k 

= (£g)i+(|f)l+(gs)j+(gf)j  + (SU)'*+(|f)'* 


= f 


'(5fi+§fj  + gfk)+g(§i+lfj  + ik)  -fvg  + gvf 
(e)  V(§)  = #i+#j+#k=(^)i+(^)j 


fgjMjn 

v g2  / 


gyf 


'+g£j+g7 


fyg  _ gyf-fyg 
g2  g2 


Hli+fj  + fk) 


14.6  TANGENT  PLANES  AND  DIFFERENTIALS 


1.  (a)  V f = 2xi  + 2yj  + 2zk  =>  V f(l,  1,  1)  = 2i  + 2j  + 2k  =>  Tangent  plane:  2(x  — 1)  + 2(y  — 1)  + 2(z  — 1)  = 0 

=>  x + y + z = 3; 

(b)  Normal  line:  x = 1 + 2t,  y = 1 + 2t,  z = 1 + 2t 

2.  (a)  v f = 2xi  + 2yj  — 2zk  =>■  v 1(3, 5,  —4)  = 6i  + lOj  + 8k  =>  Tangent  plane:  6(x  — 3)  + 10(y  — 5)  + 8(z  + 4)  = 0 

=t>  3x  + 5y  + 4z  = 18; 

(b)  Normal  line:  x = 3 + 6t,  y = 5 + lOt,  z = —4  + 8t 

3.  (a)  V f = — 2xi  + 2k  =>  V f(2, 0, 2)  = — 4i  + 2k  =>■  Tangent  plane:  — 4(x  — 2)  + 2(z  — 2)  = 0 

=>  — 4x  + 2z  + 4 = 0 =t>  — 2x  + z + 2 = 0; 

(b)  Normal  line:  x = 2 — 4t,  y = 0,  z = 2 + 2t 

4.  (a)  v f = (2x  + 2y)i  + (2x  — 2y)j  + 2zk  =>  v f(l , — 1, 3)  = 4j  + 6k  =>  Tangent  plane:  4(y  + 1)  + 6(z  — 3)  = 0 

=>  2y  + 3z  = 7; 

(b)  Normal  line:  x = 1,  y = — 1 + 4t,  z = 3 + 6t 

5.  (a)  V f = (~n  sin  nx  ~ 2xy  + zexz)  i + (— x2  + z)  j + (xexz  + y)  k =>■  v 1(0*  1, 2)  = 2i  + 2j  + k =>■  Tangent  plane: 

2(x  - 0)  + 2(y  - 1)  + l(z  - 2)  = 0 =>  2x  + 2y  + z - 4 = 0; 

(b)  Normal  line:  x = 2t,  y = 1 + 2t,  z = 2 + t 

6.  (a)  v f = (2x  — y)i  — (x  + 2y)j  k =>  v f(l>  T — 1)  = i — 3 j — k=>  Tangent  plane: 

1 (x  - 1)  - 3(y  - 1)  - l(z  + 1)  = 0 =>  x - 3y  - z = -1; 

(b)  Normal  line:  x = 1 + t,  y = 1 — 3t,  z = — 1 — t 

7.  (a)  v f = i + j + k for  all  points  =>  V f(0, 1, 0)  = i + j + k =>•  Tangent  plane:  l(x  — 0)  + l(y  — 1)  + l(z  — 0)  = 0 

=>  x + y + z-  l=0; 

(b)  Normal  line:  x = t,  y = l+t,  z = t 

8.  (a)  v f = (2x  — 2y  — l)i  + (2y  — 2x  + 3)j  — k =>  v f(2,  —3, 18)  = 9i  — 7j  — k =>  Tangent  plane: 

9(x  - 2)  - 7(y  + 3)  - l(z  - 18)  = 0 =►  9x  - 7y  - z = 21; 

(b)  Normal  line:  x = 2 + 9t,  y = — 3 — 7t,  z = 18  — t 
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9.  z = f(x,  y)  = In  (x2  + y2)  =>  fx(x,  y)  = and  fy(x,  y)  = =4>  fx(l,  0)  = 2 and  fy(l,  0)  = 0 =>  from 

Eq.  (4)  the  tangent  plane  at  ( 1 , 0, 0)  is  2(x  — 1)  — z = 0or2x  — z — 2 = 0 

10.  z = f(x,  y)  = e~  (x2+y2)  =>  fx(x,  y)  = -2xe“  (x2+x2>  and  fy(x,  y)  = -2ye“  (x2+>'2)  =>  fx(0, 0)  = 0 and  fy(0, 0)  = 0 

=>  from  Eq.  (4)  the  tangent  plane  at  (0,  0, 1)  is  z — 1 = 0 or  z = 1 

11.  z = f(x,  y)  = yy  - x =>  fx(x,y)  = - i(y  - x)-1/2  andfy(x,y)  = |(y  - x)”1/2  =*•  fx(l,  2)  = - \ and  fy(l,  2)  = \ 

=>  from  Eq.  (4)  the  tangent  plane  at  (1, 2, 1)  is  — 4 (x  — 1)  + | (y  — 2)  — (z  — 1)  = 0 =>  x — y + 2z  — 1 = 0 

12.  z = f(x,  y)  = 4x2  + y2  =>  fx(x,  y)  = 8x  and  fy(x,  y)  = 2y  =>  fx(l,  1)  = 8 and  fy(l,  1)  = 2 =>  from  Eq.  (4)  the 

tangent  plane  at  (1, 1, 5)  is  8(x  — 1)  + 2(y  — 1)  — (z  — 5)  = 0 or  8x  + 2y  — z — 5 = 0 

13.  v f = i + 2yj  + 2k  =>•  v f(l,  1, 1)  = i + 2j  + 2k  and  v g = > for  all  points;  v = v f x V g 

i j k 

=>•  v = 1 2 2 = 2j  — 2k  =>  Tangent  line:  x = 1,  y = 1 + 2t,  z = 1 — 2t 

1 0 0 


14.  v f = yzi  + xzj  + xyk  =>  vf(l)  1)  f)  = i+  j + k;  V g = 2xi  + 4yj  + 6zk  =>  v g(l,  1;  1)  = 2i  + 4j  + 6k ; 

1 j k 

v = yfx  vg  ^ 1 1 1 = 2i  — 4j  + 2k  Tangent  line:  x = 1 + 2t,  y = 1 — 4t,  z = 1 + 2t 

2 4 6 

15.  v f = 2xi  + 2j  + 2k  =>  v f (l , 1 , 5)  = 2i  + 2j  + 2k  and  v g = j f°r  all  points;  v = v f x V g 

i j k 

=>  v = 2 2 2 = — 2i  + 2k  =>  Tangent  line:  x = 1 — 2t,  y = 1,  z = 4 + 2t 

0 10 

16.  V f = i + 2yj  + k =>•  V f (5, 1,  5)  = i + 2j  + k and  v g = j for  all  points;  v = vfx  V g 

i j k 

=>  v = 1 2 1 = — i + k =>  Tangent  line:  x = 4 — t,  y=l,z=4+t 

0 10 

17.  v f = (3x2  + 6xy2  + 4y)  i + (6x2y  + 3y2  + 4x)  j - 2zk  =>■  v f(l > 1,3)  = 13i  + 13j  — 6k ; V g = 2xi  + 2yj  + 2zk 

1 j k 

=>  V g(l,  1, 3)  = 2i  + 2j  + 6k ; v = V f x V g =>  v = 13  13  —6  = 90i  — 90j  =>■  Tangent  line: 

2 2 6 

x = 1 + 90t,  y = 1 — 90t,  z = 3 


18.  V f — 2xi  + 2yj  =>  v f (v%  \/2> 4)  = 2^1  + 2y/2 j : V g = 2xi  + 2yj  - k =>  v g (\/2,  y/2,4^ 

i j k 

= 2y/2i  + 2y/2j  — k ; v = yfx  Vg  v=  2y/2  2\fl  0 = — 2\f2'\  + 2\[2  j =>  Tangent  line: 

2y/2  2\[2  -1 

x = \J~2  — 2\J~2i,  y = \J~2  + 2y/2t,  z = 4 

V f = ( x2  + y2  + z2  ) * + ( x2  + y2  + z2  ) j + ( x2  + f-  + z2  ) k =>  V f(3 , 4,  1 2)  = jfg  i + ^=9  j + Jgg  k J 

“ = ft  = vfr  + = 7i+f-Mk  =►  Vf-u=  T^5anddf=(vf-u)ds=  (0.1)  « 0.0008 
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20.  vf=  (excosyz)i-(zexsinyz)j-(yexsinyz)k  =>  v f(0, 0,  0)  = i ; u = ^ + (-2? 

= 73i+7Ij^73k=>  Vf-u=  ^anddf=(Vf-u)ds=  ^(0.1)  « 0.0577 

21.  vg  = (l+  cos  z)i  + (1  — sin  z)j  + (— x sin  z — y cos  z)k  =>  v g(2,  — 1, 0)  = 2i  + j + k;  A = PqPi  = — 2i  + 2j  + 2k 

=►  u = ^ =-V5i+75i+V5k  ^ Vg-u  = Oanddg  = (vg-u)ds  = (0)(0.2)  = 0 

22.  V h = [— 7ry  sin(7rxy)  + z2]  i — [7rx  sin(7rxy)]  j + 2xzk  =>■  v h( — 1 , — 1,  — 1)  = (n  sin  tt  + l)i  + (n  sin  7r)j  + 2k 

= i + 2k;v  = P^P1=i+j  + kwhereP1  =(0,0,0)  =*  u = ^ = pi+p^+pk 

=+  v h • u = ^ = \/3  and  dh  = ( v h • u)  ds  = \/3(0.1)  w 0.1732 

23.  (a)  The  unit  tangent  vector  at  ( \ , in  the  direction  of  motion  isu  = ^ i — y j ; 

V T = (sin  2y)i  + (2x  cos  2y)j  =►  vt(|,  |)  = (sin  y/f)  i + (cos  v^)  j =►  D„T  (i,  ^)  = V T • u 
= If  sin  V^3  - \ cos  a/3  « 0.935°  C/ft 

(b)  r(t)  = (sin  2t)i  + (cos  2t)j  +>  v(t)  = (2  cos  2t)i  - (2  sin  2t)j  and  |v|  = 2;  ^ = §£  ^ f 

= V T • v = ( V T • ]Vj)  |v|  = (D„T)  |v| . where  u = ^ ; at  (|,  we  have  u = p i - \ j from  part  (a) 

=>■  ^ = pp  sin  \/3  — ^ cos  y/3^  ■ 2 = y/3  sin  \Jl  — cos  y/3  « 1.87°  C/sec 

24.  (a)  yT  = (4x  — yz)i  — xzj  — xyk  =4  v T(8, 6,  —4)  = 56i  + 32j  — 48k  ; r(t)  = 2t2i  + 3tj  — t2k  =4-  the  particle  is 

at  the  point  P(8, 6,  —4)  when  t = 2;  v(t)  = 4ti  + 3 j — 2tk  =>  v(2)  = 8i  + 3j  — 4k  =>  u = XI 

= ^i+^j-7fek  =*  D"T(8’6’-4)=  VT-u=^[56. 8 + 32- 3 -48- (-4)]  = 2|°C/m 
W £ = St  + f!  = V T - v = ( V T - u)  |v|  =*  att  = 2,f  =D„T|t=2v(2)=(^)v/89  = 736°  C/sec 

25.  (a)  f(0, 0)  = 1,  fx(x,  y)  = 2x  =>  fx(0, 0)  = 0,  fy(x,  y)  = 2y  =>  fy(0, 0)  = 0 =>  L(x,  y)  = 1 + 0(x  - 0)  + 0(y  - 0)  = 1 

(b)  f(l,  1)  = 3,  fx(l,  1)  = 2,  fy(l,  1)  = 2 =+  L(x,  y)  = 3 + 2(x  — 1)  + 2(y  — 1)  = 2x  + 2y  — 1 

26.  (a)  f(0, 0)  = 4,  fx(x,  y)  = 2(x  + y + 2)  =+  fx(0, 0)  = 4,  fy(x,  y)  = 2(x  + y + 2)  =4  fy(0,0)  = 4 

=>  L(x,  y)  = 4 + 4(x  - 0)  + 4(y  - 0)  = 4x  + 4y  + 4 

(b)  f(l,  2)  = 25,  fx(l,  2)  = 10,  fy(l, 2)  = 10  =>  L(x,y)  = 25  + 10(x  - 1)  + 10(y  - 2)  = lOx  + lOy  - 5 

27.  (a)  f(0, 0)  = 5,  fx(x,  y)  = 3 for  all  (x,  y),  fy(x,  y)  = —4  for  all  (x,  y)  +>  L(x,  y)  = 5 + 3(x  — 0)  - 4(y  — 0)  = 3x  - 4y  + 5 

(b)  f(l,  1)  = 4,  fx(l,  1)  = 3,  fy(l,  1)  = —4  =►  L(x,  y)  = 4 + 3(x  — 1)  — 4(y  — 1)  = 3x  — 4y  + 5 

28.  (a)  f(l,  1)  = 1,  fx(x,y)  = 3x2y4  =4  fx(l,  1)  = 3,  fy(x,y)  = 4x3y3  =4  fy(l,  1)  = 4 

=>  L(x,  y)  = 1 + 3(x  - 1)  + 4(y  - 1)  = 3x  + 4y  - 6 
(b)  f(0, 0)  = 0,  fx(0, 0)  = 0,  fy(0, 0)  = 0 =+  L(x,  y)  = 0 

29.  (a)  f(0, 0)  = 1,  fx(x,  y)  = ex  cos  y +>  fx(0, 0)  = 1,  fy(x,  y)  = -ex  sin  y +>  fy(0,  0)  = 0 

=►  L(x,  y)  = 1 + l(x  - 0)  + 0(y  - 0)  = x + 1 

(b)  f (0,  f)  = 0,  fx  (0,  !)  =0,fy(0,§)  =-l  =>  L(x,  y)  = 0 + 0(x  — 0)  — 1 (y  — |)  = — y + | 
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30.  (a)  f(0, 0)  = 1,  fx(x,  y)  = -e2^  =>  fx(0, 0)  = -1,  fy(x,  y)  = =>  fy(0, 0)  = 2 

=+  L(x,  y)  = 1 - l(x  - 0)  + 2(y  - 0)  = -x  + 2y  + 1 

(b)  f(l,  2)  = e3,  fx(l.  2)  = — e3,  fy(l,  2)  = 2e3  =>  L(x,  y)  = e3  - e3(x  - 1)  + 2e3(y  - 2)  = -e3x  + 2e3y  - 2e3 

31.  (a)  W(20,  25)  = 1 1°F;  W(30,  —10)  = — 39°F;  W(15,  15)  = 0°F 

(b)  W(10,  -40)  = — 65.5°F;  W(50,  -40)  = -88°F;  W(60,  30)  = 10.2°F; 

(c)  W(25,  5)  = — 17.4088°F;  =>  (25,  5)  = -0.36;  §f  = 0.6215  + 0.4275v016 

+>  ff  (25,  5)  = 1.3370  =>  L(V,  T)  = -17.4088  - 0.36(V  - 25)  + 1.337(T  - 5)  = 1.337T  - 0.36V  - 15.0938 

(d)  i)  W(24,  6)  w L(24,  6)  = —15.7118  ps  — 15.7°F 
ii)  W(27,  2)  w L(27,  2)  = -22.1398  « -22.1°F 

ii)  W(5,  —10)  ps  L(5,  —10)  = —30.2638  ps  — 30.2°F  This  value  is  very  different  because  the  point  (5,  —10)  is  not 
close  to  the  point  (25,  5). 

32.  W(50,  -20)  = — 59.5298°F;  ff  = -|g  + ^ |w^  _20)  = _0.2651;  ff  = 0.6215  + 0.4275v016 

=+  If  (50,  -20)  = 1.4209  +>  L(V,  T)  = -59.5298  - 0.2651(V  - 50)  + 1.4209(T  + 20) 

= 1.4209T  - 0.2651V  - 17.8568 

(a)  W(49,  -22)  ps  L(49,  -22)  = -62.1065  ps  -62.1°F 

(b)  W(53,  -19)  ps  L(53,  -19)  = -58.9042  ps  -58.9°F 

(c)  W(60,  -30)  ps  L(60,  -30)  = -76.3898  ps  -76.4°F 

33.  f(2, 1)  = 3,  fx(x,  y)  = 2x  — 3y  =>  fx(2, 1)  = 1,  fy(x,  y)  = -3x  =+  fy(2, 1)  = -6  =>  L(x,  y)  = 3 + l(x  - 2)  - 6(y  - 1) 

= 7 + x-  6y;  fxx(x,y)  = 2,  fyy(x,y)  = 0,  fxy(x,y)  = -3  +>  M = 3;  thus  |E(x,y)|  < (±)  (3)  (|x  — 2|  + |y  - 1|)2 

< (|)  (0.1+ 0.1)2  = 0.06 

34.  f(2, 2)  = 11,  fx(x,  y)  = x + y + 3 =►  fx(2, 2)  = 7,  fy(x,  y)  = x + | - 3 =+fy(2,2)  = 0 
+>  L(x,  y)  = 11  + 7(x  - 2)  + 0(y  - 2)  = 7x  - 3;  fxx(x,y)  = 1,  fyy(x,y)  = i,  fxy(x,y)  = 1 
=>  M=  1;  thus  |E(x,  y)|  < (i)  (l)(|x-2|  + |y  - 2|)2  < Q)  (0.1  + 0.1  )2  = 0.02 

35.  f(0, 0)  = 1,  fx(x,  y)  = cos  y +>  fx(0, 0)  = 1,  fy(x,  y)  = 1 - x sin  y =+  fy(0, 0)  = 1 

+>  L(x,  y)  = 1 + l(x-0)  + l(y-0)  = x + y + 1;  fxx(x,y)  = 0,  fyy(x,y)  = -x  cos  y,  fxy(x,y)  = - sin  y =>  M = 1; 
thus  |E(x, y)|  < (i)(l)(|x|  + |y|)2  < (|)  (0.2  + 0.2)2  =0.08 

36.  f(l,  2)  = 6,  fx(x,  y)  = y2  — y sin(x  - 1)  =>  fx(l, 2)  = 4,  fy(x, y)  = 2xy  + cos (x  - 1)  +>  fy(l,2)  = 5 

+>  L(x,  y)  = 6 + 4(x  — 1)  + 5(y  — 2)  = 4x  + 5y  — 8;  fxx(x,  y)  = -y  cos  (x  - 1),  fyy(x,  y)  = 2x, 
fxy(x,  y)  = 2y  — sin  (x  — 1);  |x  — 1 1 < 0.1  =+  0.9  < x < 1.1  and  |y  — 2|  < 0.1  +>  1.9  < y < 2.1;  thus  the  max  of 
|fxx(x,  y) | on  R is  2.1,  the  max  of  | fyy (x , y)|  on  R is  2.2,  and  the  max  of  |fxy(x,  y)|  on  R is  2(2.1)  — sin  (0.9  — 1) 

< 4.3  =>  M = 4.3;  thus  |E(x,y)|  < (i)  (4.3)  (|x  — 1|  + |y  - 2|)2  < (2.15)(0.1  + 0.1)2  = 0.086 

37.  f(0, 0)  = 1,  fx(x,  y)  = ex  cos  y +>  fx(0, 0)  = 1,  fy(x,  y)  = -ex  sin  y +>  fy(0, 0)  = 0 

+>  L(x,  y)  = 1 + l(x  - 0)  + 0(y  - 0)  = 1 + x;  fxx(x,  y)  = ex  cos  y,  fyy(x,  y)  = -ex  cos  y,  fxy(x,  y)  = -ex  sin  y; 

|x|  < 0.1  +>  — 0.1  < x < 0.1  and  jy|  < 0.1  =>  — 0.1  < y < 0.1;  thus  the  max  of  jfxx(x,  y)|  on  R is  e01  cos  (0.1) 

< 1.11,  the  max  of  |fyy(x,  y)|  on  R is  e01  cos  (0.1)  < 1.11,  and  the  max  of  |fxy(x,  y)|  on  R is  e01  sin  (0.1) 

< 0.12  +>  M = 1.11;  thus  |E(x,y)|  < (|)  (1.11)  (|x|  + |y|)2  < (0.555)(0.1  + 0.1)2  = 0.0222 
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38.  f(l,  1)  — 0,  fx(x, y)  = j =>•  fx(l,l)=  l,fy(x,y)=  i =►  fy(l,  1)  = 1 =►  L(x, y)  = 0 + l(x  — 1)  + l(y  — 1) 
= x + y — 2;  fxx(x,y)  = — 4 , fyy(x,  y)  = — ^ , fxy(x,y)  = 0;  |x  — 1|  < 0.2  =>  0.98  < x < 1.2  so  the  max  of 
|fxx(x,  y)|  on  R is  (0 g8)2  < 1.04;  |y  — 1|  < 0.2  =>  0.98  < y < 1.2  so  the  max  of  |fyy(x,  y)|  on  R is 
<0^  < 1.04  =>  M = 1.04;  thus  |E(x,y)|  < Q)  (1.04)  (|x  — 1|  + |y  - 1|)2  < (0.52)(0.2  + 0.2)2  = 0.0832 


39.  (a)  f(l,  1, 1)  = 3,  fx(l,  1, 1)  = y + z|(lilil) 


2,fy(l,  1, 1)  = x + z|(M1) 


2,fz(i,i,D  = y + x|(liljl)  = 2 


=>  L(x,y,  z)  = 3 + 2(x  — 1)  + 2(y  — 1)  + 2(z  — 1)  = 2x  + 2y  + 2z  — 3 

(b)  f(l,0, 0)  = 0,  fx(l,0,0)  = 0,  fy(l,0, 0)  = l,fz(l,0,0)  = 1 =>  L(x,y,z)  = 0 + 0(x-  1)  + (y  - 0)  + (z  - 0) 

(c)  f(0, 0, 0)  = 0.  fx(0, 0, 0)  = 0,  fy(0, 0, 0)  = 0,  fz(0, 0, 0)  = 0 =>  L(x,  y,  z)  = 0 


40.  (a) 


(b) 

(c) 


f(l,  1, 1)  = 3.  fx(l,  1, 1)  = 2x|(111)  = 2,  fy(l,  1, 1)  = 2y|(111)  = 2,  fz(l,  1,  1)  = 2z|(111)  = 2 
=>  L(x,  y,  z)  = 3 + 2(x  — 1 ) + 2(y  — 1 ) + 2(z  — 1)  = 2x  + 2y  + 2z  — 3 

f(0, 1, 0)  = 1,  fx(0, 1, 0)  = 0,  fy(0, 1, 0)  = 2,  fz(0, 1, 0)  = 0 =►  L(x,  y,  z)  = 1 + 0(x  - 0)  + 2(y  - 1)  + 0(z  - 
= 2y— 1 

f(l, 0, 0)  = 1,  fx(l,  0, 0)  = 2,  fy(l,  0, 0)  = 0,  fz(l,  0, 0)  = 0 =*  L(x, y,  z)  = 1 + 2(x  - 1)  + 0(y  - 0)  + 0(z  - 


= 2x  — 1 


41.  (a)  f(l;  0, 0)  = 1,  fx(l,  0, 0) 


X 

y/x2  + y2  + z2 


(1,0,0) 


l,fy(l,0,0) 


y 

y/  X2  + y2  + z2 


= 0, 

(1,0,0) 


(b) 

(c) 


fzd.0,0) 


z 

yfx2  + y2  + z2 


(1,0,0) 


0 =>  L(x,y,z) 


1 + l(x  - 1)  + 0(y  - 0)  + 0(z  - 0)  = x 


f(l,l,0)=  V/2,fx(l,l,0)=  -^,fy(l,l,0)=  ^,fz(l,l,0)  = 0 
=>  L(x, y,z)  = v^+^(x-l)+^(y-l)  + 0(z-0)=^x+^y 

f(l,  2, 2)  = 3,  fx(l, 2, 2)  = i,fy(l,2,2)=  |,fz(l,2,2)=  § =►  L(x, y,  z)  = 3 + * (x  - 1)  + § (y  - 2)  + § (z 

= |x+jy+|z 


42.  (a) 


(b) 


f(f.M) 
fz(f.i.i) 
f(2, 0, 1)  = 


i,fx(l,i,i)  = ^|(|>w)=o,fy  (1,1,1) 


x cos  xy  

(l-.i.i)  _ 


— sin  xy 


ft, i.i) 

0,  fx(2, 0, 1)  = 


= -l  =►  L(x, y, z)  = 1 + 0 (x  — l)  + 0(y  — 1)—  l(z  — 1)  = 2 — z 
0,  fy(2, 0, 1)  = 2,  fz(2, 0, 1)  = 0 =>  L(x,y,z)  = 0 + 0(x  - 2)  + 2(y  - 0)  + 0(z - 


43.  (a)  f(0, 0, 0)  = 2,  fx(0,  0, 0)  = ex|  (0  0 0)  = 1,  fy(0, 0,  0)  = - sin(y  + z)|  (00j0)  = 0, 

f2(0, 0, 0)  = — sin  (y  + z)|  (0  0 0)  = 0 =>  L(x,  y,  z)  = 2 + l(x  - 0)  + 0(y  - 0)  + 0(z  - 0)  = 2 + x 

(b)  f (0,1,0)  = l,fx  (0,1,0)  = 1,  fy  (0, 1,0)  =-l,fz  (0,1,0)  = -1  =>  L(x, y, z) 

= 1 + l(x  - 0)  - 1 (y  - f ) - l(z  - 0)  = x - y - z + 1 + 1 

(c)  f (0,  |,  l)  = 1,  fx  (0,  |,  l)  = 1,  fy  (0,  |,  l)  = — 1,  fz  (0,  |,  I)  = — 1 =*  L(x,  y,  z) 

= 1 + l(x  - 0)  - 1 (y  - J)  - 1 (z  - J)  = x - y - z + 1 + 1 


44.  (a)  f(l,  0, 0)  = 0.  fx(l , 0, 0)  = 


f*(l>  0,0)  =5^+1 


(1,0,0) 


(1,0,0) 

= 0 =>  L(x,  y,  z)  = 0 


= 0,  fy(l,  0, 0)  = 


(xyz)2  + 1 


(1,0,0) 


= 0. 


(b)  f(l,  1,0)  = 0.  fx(l,  1,0)  = 0,  fy(l,  1,0)  = 0,  fz(l,  1,0)  = 1 =>  L(x, y, z)  = 0 + 0(x  - 1)  + 0(y  - 1)  + l(z  - 

(c)  f(l,  1, 1)  = f,  fx(l,  1, 1)  = fy(l,  1,  1)  = fz(l,  1, 1)  = | =*  L(x,y,z)  = f + i(x-l)  + i(y-l)+i(; 

= 5x+b+5z+|-l 
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= y + z 


-2) 


D = 2y 


0)  = z 
- 1) 
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45.  f(x,  y,  z)  = xz  — 3yz  + 2 at  P0(l,  1,2)  =>■  f(l,  1, 2)  = — 2;  fx  = z,  fy  = — 3z,  fz  = x — 3y  =>■  L(x,  y,  z) 

= — 2 + 2(x  — 1)  — 6(y  — 1)  — 2(z  — 2)  = 2x  — 6y  — 2z  + 6;  fxx  = 0,  fyy  = 0,  fzz  = 0,  fxy  = 0,  fyz  = —3 
=>  M = 3;  thus,  |E(x, y, z)|  < (I)  (3)(0.01  + 0.01  + 0.02)2  = 0.0024 

46.  f(x,y, z)  = x2  +xy  + yz  + 1 z2  atP0(l,  1,2)  =>  f(l,  1, 2)  = 5;  fx  = 2x  + y,  fy  = x + z,  fz  = y + \ z 

=+  L(x,  y,  z)  = 5 + 3(x  - 1 ) + 3(y  - 1)  + 2(z  - 2)  = 3x  + 3y  + 2z  - 5;  fxx  = 2,  fyy  = 0,  fzz  = 1,  fxy  = 1,  fxz  = 0, 

fyz  = 1 =+  M = 2;  thus  |E(x,  y,  z)|  < (|)  (2)(0.01  + 0.01  + 0.08)2  = 0.01 

47.  f(x,  y,  z)  = xy  + 2yz  - 3xz  at  P0(l,  1,0)  =+  f(l,  1,0)  = 1;  fx  = y — 3z,  fy  = x + 2z,  fz  = 2y  - 3x 

=>  L(x,  y,  z)  = 1 + (x  — 1)  + (y  — 1)  — (z  — 0)  = x + y — z — 1;  fxx  = 0,  fyy  = 0,  fzz  = 0,  fxy  = 1,  fxz  = -3, 

fyz  = 2 =+  M = 3;  thus  |E(x,  y,  z)|  < Q)  (3)(0.01  + 0.01  + 0.01)2  = 0.00135 

48.  f(x,  y,  z)  = \fl  cos  x sin(y  + z)  at  P0  (0, 0,  |)  =>  f (0, 0,  |)  = 1;  fx  = — \fl  sin  x sin  (y  + z), 

fy  = \fl  cos  x cos  (y  + z),  fz  = \fl  cos  x cos  (y  + z)  =$■  L(x,  y,  z)  = 1 — 0(x  — 0)  + (y  — 0)  + (z  — |) 

= y + z—  | + 1 ; fxx  = — \pl  cos  x sin  (y  + z),  fyy  = —\fl  cos  x sin  (y  + z),  fzz  = — \fl  cos  x sin  (y  + z), 
fxy  = — y/2  sin  x cos  (y  + z),  fxz  = — y2  sin  x cos  (y  + z),  fyz  = — \/2  cos  x sin  (y  + z).  The  absolute  value  of 
each  of  these  second  partial  derivatives  is  bounded  above  by  \/2  =>  M = a/2;  thus  |E(x,  y,  z)| 

< (|)  (v^)  (0.01  +0.01  +0.01)2  = 0.000636. 


49.  Tx(x,  y)  = ey  + e y and  Ty(x,  y)  = x (ey  - e y)  =>  dT  = Tx(x,  y)  dx  + Ty(x,  y)  dy 

= (ey  + e~y)  dx  + x (ey  — e~y)  dy  =>  dT|^21n2j  = 2.5  dx  + 3.0  dy.  If  |dx|  < 0.1  and  jdy|  < 0.02,  then  the 
maximum  possible  error  in  the  computed  value  of  T is  (2.5)(0. 1 ) + (3.0)(0.02)  = 0.3 1 in  magnitude. 

50.  Vr  = 27rrh  and  Vh  = 7rr2  =+  dV  = Vr  dr  + Vh  dh  =>  f = 2?rrh dh  = \ dr  + £ dh;  now  | f - 100|  < 1 and 
\f  ■ 100|  <1  +>  |f  • 100|  < | (2  f)  (100)+  (f)  ( 1 00) | < 2 |f  - 100|  + |f  • 100|  < 2(1)  + 1 = 3 =>  3% 


51.  ^ < 0.02,  * < 0.03 

x — ’ y — 

(a)  S = 2x2  + 4xy  =+  dS  = (4x  + 4y)dx  + 4xdy  = (4x2  + 4xy)f  + 4xy  f < (4x2  + 4xy)(0.02)  + (4xy)(0.03) 
= 0.04(2x2)  + 0.05 (4xy)  < 0.05 (2x2)  + 0.05 (4xy)  = (0.05)  (2x2  + 4xy)  = 0.05S 

(b)  V = x2y  +>  dV  = 2xy  dx  + x2dy  = 2x2y  f + x2yf  < (2x2y)(0.02)  + (x2y)(0.03)  = 0.07(x2y)=0.07V 

52.  V = f r3  + 7rr2h  +>  dV  = (4;rr2  + 27rrh)dr  + ?rr2dh;  r = 10,  h = 15,  dr  = \ and  dh  = 0 => 
dV  = ^47t(10)2  + 2tt(10)(15))  Q)  + 7r (10)"(0)  = 3507T  cm3 


53.  Vr  = 27rrh  and  Vh  = 7rr2  =>■  dV  = Vr  dr  + Vh  dh  =>  dV  = 27rrh  dr  + 7rr2  dh  =>■  dVf  U)  — 120n  dr  + 257r  dh; 
|dr|  < 0.1  cm  and  |dh|  < 0.1  cm  +>  dV  < (120tt)(0.1)  + (25tt)(0.1)  = 14.57 r cm3;  V(5, 12)  = 300tt  cm3 
=>  maximum  percentage  error  is  ± x 100=  ±4.83% 


54.  (a)  i = £ + i =>  - f dR  = - dRr 


(b)  dR  = R2 


R- 

(i)  dR,  + (i)  dR2]  =>  dR| 


4 dR2  =>  dR  = ( £ 


(|)_dR1+(| 


i-V 


sensitive  to  a variation  in  Ri  since 


(100)2 


> 


(100,400) 

1 

(400)2 


= R2 


(100)2  5"  (400 }2  ^2 


dR2 

=+  R will  be  more 
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(c)  From  part  (a),  dR  = ^ 'j  dRj  + ^ j dR2  so  that  Rx  changing  from  20  to  20.1  ohms  =>  dR!  = 0.1  ohm 
and  R2  changing  from  25  to  24.9  ohms  =>  dR2  — —0.1  ohms;  ^ ^ ^ p _ Ml  0hms 

/'lOO'l2  I'JOO'I2 

=>  dR|  (2025)  = r290)'  (0.1)  + l(295)i  (-0.1)  « 0.011  ohms  =>  percentage  change  is  df  | (20  2J)  x 100 
= x 100  « 0.1% 

\ 9 ) 

55.  A = xy  =>■  dA  — x dy  + y dx;  if  x > y then  a 1-unit  change  in  y gives  a greater  change  in  dA  than  a 1-unit  change  in  x. 
Thus,  pay  more  attention  to  y which  is  the  smaller  of  the  two  dimensions. 

56.  (a)  fx(x,  y)  = 2x(y  + 1)  =>■  fx(l,  0)  = 2 and  fy(x,  y)  = x2  =>  fy(l,0)=l  =>  df  = 2 dx  + 1 dy  =>  df  is  more 

sensitive  to  changes  in  x 

(b)  df  = 0 M 2 dx  + dy  = 0 =>  2 | + 1 = 0 M | = - \ 

57.  (a)  r2  = x2  + y2  =>  2r  dr  = 2x  dx  + 2y  dy  =>  dr  = f dx  + y-  dy  =>  dr|(3j4)  = (§)  ( ± 0.01)  + (f) ( ± 0.01) 

= ± 0|7  = ± 0.014  =>  | x 100|  = | ± x 100|  = 0.28%;  d9  = dx  + dy 

= FT?  dx  + fmp  dy  =*  M\,A)  = (2d)(  I 0.01)  + (I)  ( ± 0.01)  = + :!jf 

=>  maximum  change  in  d9  occurs  when  dx  and  dy  have  opposite  signs  (dx  = 0.01  and  dy  = —0.01  or  vice 
versa)  =>•  dd  = ^ « ± 0.0028;  9 = tan”1  (f)  « 0.927255218  M |f  x 100|  = | o.^^tg  x 100l 
« 0.30% 

(b)  the  radius  r is  more  sensitive  to  changes  in  y,  and  the  angle  9 is  more  sensitive  to  changes  in  x 

58.  (a)  V = 7rr2h  =>  dV  = 2-7rrh  dr  + 7tr2  dh  =>■  at  r = 1 and  h = 5we  have  dV  = 10-7T  dr  + 7r  dh  =>  the  volume  is 

about  10  times  more  sensitive  to  a change  in  r 

(b)  dV  = 0 =>  0 = 27rrh  dr  + 7rr2  dh  = 2h  dr  + r dh  = 10  dr  + dh  =>  dr  = — ^ dh;  choose  dh  = 1.5 
=>  dr  = —0.15  =>  h = 6.5  in.  and  r = 0.85  in.  is  one  solution  for  AV  « dV  = 0 

59.  f(a.  b.  c,  d)  = ^ ^ = ad  — be  =>■  fa  = d,  fb  = — c,  fc  = — b,  fd  = a =>  df  = d da  — c db  — b dc  + a dd;  since 

|a|  is  much  greater  than  |b| , |c| , and  jd| , the  function  f is  most  sensitive  to  a change  in  d. 

60.  ux  = ey,  uy  = xey  + sin  z,  uz  = y cos  z =>  du  = ey  dx  + (xey  + sin  z)  dy  + (y  cos  z)  dz 

=>  duj  p ln3  = 3 dx  + 7 dy  + 0 dz  = 3 dx  + 7 dy  =>  magnitude  of  the  maximum  possible  error 
< 3(0.2)  + 7(0.6)  = 4.8 

61  Qk  = I m-''2  (¥)  .0-  = 1 (f ) .andQ,  = I 

=>  dQ  = I (M)_’/2  (”)  dK+  5 (tM  (?)  ™ + I (MM2  (=¥“)  ■«> 

= 1 (2B!) -■«  [M  dK  + a dM  - 2g!  dh]  ^ dQ| 

= ; <”%”>  1/2  dK  + odd  dM  - dh  = (0.0125X800  dK  + 80  dM  - 32.000  dh) 

=>  Q is  most  sensitive  to  changes  in  h 

62.  A = i ab  sin  C =>■  Aa  = | b sin  C,  Ab  = \ a sin  C,  Ac  = \ ab  cos  C 

=>  dA  = (|  b sin  C)  da  + a sin  C)  db  + ab  cos  C)  dC;  dC  = |2°|  = |0.0349|  radians,  da  = |0.5|  ft, 

db  = |0.5|  ft;  at  a = 150  ft,  b = 200  ft,  and  C = 60°,  we  see  that  the  change  is  approximately 

dA  = \ (200)(sin  60°)  |0.5|  + \ (150)(sin  60°)  |0.5|  + \ (200)(150)(cos  60°)  |0.0349|  = ± 338  ft2 
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63.  z = f(x,y)  =>  g(x,  y,  z)  = f(x,  y)  - z = 0 +>  gx(x,y,z)  = fx(x,y),  gy(x,y,z)  = fy(x,y)  and  gz(x,y,z)  = -1 

=>  gx(x0,yo,f(x0,yo))  = fx(xo,yo),  gy(xo,yo,f(xo,yo))  = fy(xo,yo)andgz(x0,yo,f(xo,yo))=  -1  =>  the  tangent 
plane  at  the  point  P0  is  fx(x0,  y0)(x  - x0)  + fy(x0,  y0)(y  - yo)  - [z  - f(x0,  y0)]  = 0 or 
z = fx(x0,  y0)(x  - x0)  + fy(xo,  y0)(y  - y0)  + f(x0,  y0) 

64.  v f = 2xi  + 2yj  = 2(cos  t + t sin  t)i  + 2(sin  t — t cos  t)j  and  v = (t  cos  t)i  + (t  sin  t)j  =>  u = A 

= JZw  = <cos  •»  + (sin  t)j  since  t > 0 ^ (D„f)P.  = V f • » 

= 2(cos  t + 1 sin  t)(cos  t)  + 2(sin  t — t cos  t)(sin  t)  = 2 

65.  v f — 2xi  + 2yj  + 2zk  = (2  cos  t)i  + (2  sin  t)j  + 2tk  and  v = (—  sin  t)i  + (cos  t)j  + k =>  u = 

- v/f-ntf  + tcostf  + r - V Vl  )1+{V~2j  i+  ( U )P°  “ V " 

= (2  cos  t)  + (2  sin  t)  + (2t)  ^ =►  (Duf)  (^)  = ^ > (D»f)(0)  = 0 and 

66.  r=  yti+0j- i(t  + 3)k  v=ir1/2i+Iri/2j_ik;t=l  =►  x = 1,  y = 1,  z = — 1 =►  P0  = (1, 1,  — 1) 
and  v(l)  = \ i + | j - \ k ; f(x,  y,  z)  = x2  + y2  - z - 3 = 0 =+  v f = 2xi  + 2yj  - k 

=>■  y f(M . I ) = 2i  I - 2 j k ; therefore  v = \ ( V f)  =>■  the  curve  is  normal  to  the  surface 

67.  r = y/ti  + y/tj  + (2t  — 1 )k  =>  v=  \ U^i  + \ r^j  + 2k ; t = 1 =>x=l,y=l,z=l  =>  P0  = (1, 1, 1)  and 

v(l)  = \ i + \ j + 2k;  f(x,  y,z)  = x2  + y2  - z - 1 = 0 +>  v f = 2xi  + 2yj  - k =+  v f(l,  1, 1)  = 2i  + 2j  - k ; 

now  v(l)  • V f(l,  1,  1)  = 0,  thus  the  curve  is  tangent  to  the  surface  when  t = 1 

14.7  EXTREME  VALUES  AND  SADDLE  POINTS 

1 . fx(x,  y)  = 2x  + y + 3 = 0 and  fy(x,  y)  = x + 2y  — 3 = 0 =+  x = — 3 and  y = 3 =>  critical  point  is  (—3,  3); 
fxx(— 3, 3)  = 2,  fyy(— 3,  3)  = 2,  fxy(— 3,  3)  = 1 =>  fxxfyy  — fxy  = 3 > 0 and  fxx  > 0 =>■  local  minimum  of 

f( — 3, 3)  = -5 

2.  fx(x,  y)  = 2y  — lOx  + 4 = 0 and  fy(x,  y)  = 2x  — 4y  + 4 = 0 =+  x = | and  y = f =>•  critical  point  is  (|,  |)  ; 
fxx  (|,  |)  = -10,  fyy  (§,  |)  = —4,  fxy  (|,  |)  = 2 =>  fxxfyy  - fxy  = 36  > 0 and  fxx  < 0 =>  local  maximum  of 

f(§4)  = ° 

3.  fx(x,  y)  = 2x  + y + 3 = 0 and  fy(x,  y)  = x + 2 = 0 =>  x = —2  and  y = 1 =>■  critical  point  is  (—2, 1); 

fxx(— 2.  1)  = 2,  fyy( — 2,  1)  = 0,  fxy(— 2, 1)  = 1 =>  fxxfyy  - fxy  = — 1 < 0 =+  saddle  point 

4.  fx(x,  y)  = 5y  — 14x  + 3=0  and  fy(x,  y)  = 5x  — 6 = 0 =>  x = | and  y = ® =>  critical  point  is  (|,  ||)  ; 

fxx  (f . |)  = -14,  fyy  (f , I)  = o,  fxy  (f , |)  = 5 =*►  fxxfyy  - fx2y  = -25  < 0 =►  saddle  point 

5.  fx(x,  y)  = 2y  — 2x  + 3 = 0 and  fy(x,  y)  = 2x  — 4y  = 0 =>  x = 3 and  y = 2 =.  critical  point  is  (3,  f ) ; 

fxx  (3,  |)  = -2,  fyy  (3,  |)  = —4,  fxy  (3,  |)  = 2 =>  fxxfyy  — fxy  = 4 > 0 and  fxx  < 0 =>  local  maximum  of 

f(3.§)  = ? 

6.  fx(x,  y)  = 2x  — 4y  = 0 and  fy(x,  y)  = — 4x  + 2y  + 6 = 0 =+  x = 2 and  y = 1 =>  critical  point  is  (2, 1); 

fxx(2, 1)  = 2,  fyy (2 ^ 1)  = 2,  fxy(2, 1)  = — 4 =>■  fxxfyy  — fxy  = — 12  < 0 =>  saddle  point 
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7.  fx(x,  y)  = 4x  + 3y  — 5 = 0 and  fy(x,  y)  = 3x  + 8y  + 2 = 0 =>•  x = 2 and  y = — 1 =>■  critical  point  is  (2,  — 1 ); 

fxx(2,  —1)  = 4,  fyy(2,  —1)  = 8,  fxy(2,  —1)  = 3 =>  fxxfyy  — fxy  = 23  > 0 and  fxx  > 0 =>  local  minimum  of  f(2,  —1)  = —6 

8.  fx(x,  y)  = 2x  — 2y  — 2 = 0 and  fy(x,  y)  = — 2x  + 4y  + 2 = 0 =>  x = 1 and  y = 0 =>■  critical  point  is  (1,0); 

fxx(l,0)  = 2,  fyy ( 1 , 0)  = 4,  fxy(l,  0)  = — 2 =>■  fxxfyy  fxy  — 4 > 0 and  fxx  > 0 =>■  local  minimum  of  f(l,  0)  = 0 

9.  fx(x,  y)  = 2x  — 2 = 0 and  fy(x,  y)  = — 2y  + 4 = 0 =>■  x=l  and  y = 2 +>  critical  point  is  (1 , 2);  fxx(  1 , 2)  = 2, 
fyy (1,2)  = -2,  fxy(l,  2)  = 0 +>  fxx fyy  - fxy  = -4  < 0 =>  saddle  point 


10.  fx(x,  y)  = 2x  + 2y  = 0 and  fy(x,  y)  = 2x  = 0 =>  x = 0 and  y = 0 =>•  critical  point  is  (0,  0);  fxx(0, 0)  = 2, 
fyy (0, 0)  = 0,  fxy(0, 0)  = 2 =>  fxxfyy  — fxy  = —4  < 0 =>  saddle  point 


1L  f^X’y)  = v/56^-8+~_8i6x_31  ~ 

f»(f.o)4y!,(fto)  = 

f(f,0)=-f 


= 0 and  fy(x,  y)  = V56x2_8y2y_16x_31  = 0 =►  critical  point  is  (^,  0) ; 

, fxy  ( y , 0)  = 0 =+  fxxfyy  — fxy  = ^ > 0 and  fxx  < 0 =>■  local  maximum  of 


12.  fx(x,  y)  = 


— 2x 


3(x2 


= 0 and  fy(x,y)  = 


-2y 


3(x2 


= 0 =+  there  are  no  solutions  to  the  system  fx(x,  y)  = 0 and 


fy(x,  y)  = 0,  however,  we  must  also  consider  where  the  partials  are  undefined,  and  this  occurs  when  x = 0 and  y = 0 
=>  critical  point  is  (0, 0).  Note  that  the  partial  derivatives  are  defined  at  every  other  point  other  than  (0, 0).  We  cannot  use 
the  second  derivative  test,  but  this  is  the  only  possible  local  maximum,  local  minimum,  or  saddle  point.  f(x,  y)  has  a local 
maximum  of  f(0, 0)  = 1 at  (0, 0)  since  f(x,  y)  = 1 — -y/x2  + y2  < 1 for  all  (x,  y)  other  than  (0,  0). 


13.  fx(x,  y)  = 3x2  — 2y  = 0 and  fy(x,  y)  = — 3y2  — 2x  = 0 =$■  x = 0 and  y = 0,  or  x = — | and  y = = +-  critical  points 

are  (0, 0)  and  (-  §,  §)  ; for  (0, 0):  fxx(0, 0)  = 6x|  (0  0)  = 0,  fyy(0, 0)  = — 6y|  (0  0)  = 0,  fxy(0, 0)  = -2 

=>  fxxfyy  - fXy  = -4  < 0 =>  saddle  point;  for  (-  §,  |)  : fxx  (-  §,  |)  = -4,  fyy  (-  |,  |)  = -4,  fxy  (—  |,  |)  = -2 

=>■  fxx fyy  — fxy  = 12  > 0 and  fxx  < 0 =+  local  maximum  of  f (—  |)  = ™ 


14.  fx(x,  y)  = 3x2  + 3y  = 0 and  fy(x,  y)  = 3x  + 3y2  =0  =>  x = 0 and  y = 0,  or  x = — 1 and  y = — 1 =>  critical  points 
are  (0, 0)  and  (-1,  -1);  for  (0,  0):  fxx(0,  0)  = 6x|  (0  0)  = 0,  fyy(0, 0)  = 6y|  (0  0)  = 0,  fxy(0, 0)  = 3 =>  fxxfyy  - f2y 
= — 9 < 0 =>■  saddle  point;  for  (-1,-1):  fxx(-l, -1)  = -6,  fyy(-l, -1)  = -6,  fxy(-l, -1)  = 3 =►  fxxfyy  - f2y 
= 27  > 0 and  fxx  < 0 =>  local  maximum  of  f(— 1,  — 1)  = 1 


15.  fx(x,  y)  = 12x  — 6x2  + 6y  = 0 and  fy(x,  y)  = 6y  + 6x  = 0 +•  x = 0 and  y = 0,  or  x = 1 and  y = — 1 =>  critical 
points  are  (0, 0)  and  (1,  —1);  for  (0, 0):  fxx(0, 0)  = 12  — 12x|  (0  0)  = 12,  fyy(0, 0)  = 6,  fxy(0, 0)  = 6 =>  fxxfyy  — fxy 

= 36  > 0 and  fxx  > 0 =>  local  minimum  of  f(0, 0)  = 0;  for  (1,  —1):  fxx(l,  — 1)  = 0,  fyy(l,  —1)  = 6, 
fxy(l,  —1)  = 6 =>  fxxfyy  — fxy  = —36  < 0 =>■  saddle  point 

16.  fx(x,  y)  = 3x2  +6x  = 0 +>  x = 0 or  x = —2;  fy(x,  y)  = 3y2  — 6y  = 0 +>  y = 0ory  = 2 =>  the  critical  points  are 
(0, 0),  (0, 2),  (-2, 0),  and  (-2, 2);  for  (0, 0):  fxx(0, 0)  = 6x  + 6|  (0  0)  = 6,  fyy(0, 0)  = 6y  - 6|  (0  0)  = -6, 

fxy(0, 0)  = 0 =>  fxxfyy  — fxy  = -36  < 0 =>  saddle  point;  for  (0,  2):  fxx(0,  2)  = 6,  fyy(0,  2)  = 6,  fxy(0,  2)  = 0 
fxxfyy  — fxy  = 36  > 0 and  fxx  > 0 =>  local  minimum  of  f(0, 2)  = —12;  for  (—2, 0):  fxx( — 2,  0)  = —6, 
fyy ( 2, 0)  = —6,  fxy(— 2, 0)  = 0 =>  fxxfyy  — f2y  = 36  > 0 and  fxx  < 0 =>  local  maximum  of  f( — 2,  0)  = —4; 
for  (—2, 2):  fxx(— 2, 2)  = —6,  fyy(— 2, 2)  = 6,  fxy(— 2, 2)  = 0 =>  fxxfyy  — fxy  = —36  < 0 =>  saddle  point 
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17.  fx(x,  y)  = 3x2  + 3y2  — 15  = 0 and  fy(x,  y)  = 6xy  + 3y2  — 15  = 0 =>  critical  points  are  (2, 1),  (—2,  —1),  ^0,  y/5^ , and 

(0,-^5);  for  (2,1):  fxx(2, 1)  = 6x|  (2>1)  = 12,  fyy(2, 1)  = (6x  + 6y)|  (21)  = 18,  fxy(2, 1)  = 6y|  (21)  = 6 

=>■  fxxfyy  — fxy  = 180  > Oand  fxx  > 0 =>-  local  minimum  of  f(2.  1)  = —30;  for  (—2,  —1):  fxx(— 2,  — 1)  = 6x|  (_2 -1) 

= -12,  fyy(— 2,  —1)  = (6x  + 6y) | (_2  _1)  = —18,  fxy(-2, -1)  = 6y|  (_2  _1}  = -6  ^ fxxfyy  - fx2y  = 180  > Oand 


= 0,  fyy  0,  V5 


= 6\/~5,  fxy  fo,  \/5)  = 6y  . , = 6y/5  =>  fxxfyy  — f2  = -180  < 0 =>  saddle  point 


fxx  < 0 =>  local  maximum  of  f( — 2,  — 1)  = 30;  for  ( 0,  y/5  ) : fxx  ( 0,  \f  . 5 ) = 6x 


= (6x  + 6y)| 

?°r  (0,-^5):  fxx (0,  — =6x|^_^  =0,fyy (0,-^5)  =(6x  + 6y)|^_^  =-6^5, 

"xy  (0,  - v^)  = 6y 


-Vs) 


= — 6y/5  =>  fxxfyy  — fxy  = —180  < 0 =>■  saddle  point. 


18.  fx(x,y)  = 6x2  - 18x  = 0 =>  6x(x  - 3)  = 0 =>  x = 0 or  x = 3;  fy(x,y)  = 6y2  + 6y  — 12  = 0 =>  6(y  + 2)(y  — 1)  = 0 

=>  y = —2  or  y = 1 =>  the  critical  points  are  (0,  —2),  (0, 1),  (3,  —2),  and  (3, 1);  fxx(x,  y)  = 12x  — 18, 

fyy(x,  y)  = 12y  + 6,  and  fxy(x,y)  = 0;  for  (0,  -2):  fxx(0,  -2)  = -18,  fyy(0,  -2)  = -18,  fxy(0,  -2)  = 0 
=>  fxxfyy  — fxy  — 324  > 0 and  fxx  < 0 =>  local  maximum  of  f(0,  —2)  = 20;  for  (0,  1):  fxx(0,  1)  = —18, 
fyy(0, 1)  = 18,  fxy(0, 1)  = 0 =*•  fxxfyy  - f2y  = -324  < 0 =>  saddle  point;  for  (3,  -2):  fxx(3,  -2)  = 18, 
fyy ( 3 , -2)  = -18,  fxy(3,  -2)  = 0 =>  fxxfyy  - fx2y  = -324  < 0 =>  saddle  point;  for  (3, 1):  fxx(3, 1)  = 18, 
fyy (3 , 1)  = 18,  fxy(3, 1)  = 0 =>  fxxfyy  — fjy  = 324  > 0 and  fxx  > 0 =>  local  minimum  of  f(3, 1)  = —34 

19.  fx(x,  y)  = 4y  — 4x3  = 0 and  fy(x,  y)  = 4x  — 4y3  = 0 =>  x = y =>  x(l—  x2)  = 0 x = 0,  1,  — 1 =>  the  critical 

points  are  (0,0),  (1, 1),  and  (-1,-1);  for  (0,  0);  fxx(0,0)  = -12x2|(00)  = 0,  fyy(0,0)  = -12y2|(00)  = 0, 

fXy(0,0)  = 4 =►  fxxfyy  - fXy  = -16  <0  =►  saddle  point;  for  (1,1):  fxx(l,  1)  = -12,  fyy(l,  1)  = -12,  fxy(l,  1)  = 4 
=>■  fxxfyy  — fxy  = 128  > 0 and  fxx  < 0 =>  local  maximum  of  f(l,  1)  = 2;  for  (—1,  —1):  fxx(— 1,  — 1)  = —12, 
fyy ( 1 , —1)  = —12,  fxy(— 1,  — 1)  = 4 =>  fxxfyy  — fxy  = 128  > 0 and  fxx  < 0 =£•  local  maximum  of  f(— 1,  —1)  = 2 

20.  fx(x,y)  = 4x3  + 4y  = 0 and  fy(x,  y)  = 4y3  +4x  = 0 =>  x = — y =>  — x3  + x = 0 =>  x (1  — x2)  = 0 x = 0,  1,  — 1 

=>  the  critical  points  are  (0, 0),  (1,  —1),  and  (—1, 1);  fXx(x,  y)  = 12x2,  fyy(x,  y)  = 12y2,  and  fxy(x,  y)  = 4; 

for  (0, 0):  fxx(0, 0)  = 0,  fyy(0, 0)  = 0,  fxy(0, 0)  = 4 =>  fxxfyy  — fxy  = -16  < 0 =>  saddle  point;  for  (1,  -1); 
fxx ( 1 j — 1)  = 12,  fyy ( 1 , —1)  = 12,  fxy(l,  —1)  = 4 =>■  fxxfyy  — fjy  = 128  > 0 and  fxx  > 0 =>■  local  minimum  of 

f(l,  -1)  = -2;  for  (-1, 1):  fxx(-l,  1)  = 12,  fyy(-l,  1)  = 12,  fxy(-l,  1)  = 4 =*  fxxfyy  - fx2y  = 128  > 0 and 

fxx  > 0 =>  local  minimum  of  f(—  1, 1)  = —2 


Y = 0 and  fy(x,  y)  = 


21.  fx(x,y)  (x?  , y:;  . -yy-u,  (x2  + y- 

— 2x2  4-  4y2  + 2 f 

n 9 ^xy 


f — 

Axx 


4x2  - 2y2  + 2 r 

(x2  + y2  - l)3  ’ ^ — (x2  + y2  - l)3 


f f 

AxxAyy 


fx2y  = 4 > 0 and  fxx 


< 0 


(xj.^_1)3  ; fxx(0,  0)  = -2,  fyy(0,  0)  = -2,  fXy(0,  0)  = 0 

local  maximum  of  f(0, 0)  = — 1 


22. 


fx(x,  y)  = - jr  + y = 0 and  fy(x,  y)  = x - X = 0 =>  x = 1 and  y = 1 =>  the  critical  point  is  (1,  1);  fxx  = Jr , fyy  = ^ ’ 
fxy  = 1;  fxx(l,  1)  = 2,  fyy ( 1 , 1)  = 2,  fxy(l,  1)  = 1 =>  fxxfyy  - fx2y  = 3 > 0 and  fxx  > 2 =>  local  minimum  of  f(l,  1)  = 3 


23.  fx(x,  y)  = y cos  x = 0 and  fy(x,  y)  = sin  x = 0 =>  x = n7r,  n an  integer,  and  y = 0 =>  the  critical  points  are 
(n7r,  0),  n an  integer  (Note:  cos  x and  sin  x cannot  both  be  0 for  the  same  x,  so  sin  x must  be  0 and  y = 0); 
fxx  = — y sin  x,  fyy  = 0,  fxy  = cos  x;  fxx(n7r,  0)  = 0,  fyy(n7r,  0)  = 0,  fxy(n7r,  0)  = 1 if  n is  even  and  fxy(n7r,  0)  = — 1 
if  n is  odd  =>■  fxxfyy  — fjy  = — 1 < 0 =>  saddle  point. 
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24.  fx(x,  y)  = 2e2x  cos  y = 0 and  fy(x,  y)  = — e2x  sin  y = 0 =>  no  solution  since  e2x  ^ 0 for  any  x and  the  functions 
cos  y and  sin  y cannot  equal  0 for  the  same  y =>■  no  critical  points  =>■  no  extrema  and  no  saddle  points 

25.  fx(x,y)  = (2x  — 4)ex~  + y2~4x  = 0 and  fy(x,  y)  = 2yex‘+y2_4x  = 0 =>■  critical  point  is  (2, 0);  fxx(2, 0)  = fxy  (2, 0)  = 0, 

fyy (2,  0)  = ^ =>  fxxfyy  - fxy  = ^ > 0 and  fxx  > 0 =>-  local  mimimum  of  f(2, 0)  = ^ 

26.  fx(x,y)  = — yex  = 0 and  fy(x,  y)  = ey  — ex  = 0 =>  critical  point  is  (0, 0);  fxx(2, 0)  = 0,  fxy  (2, 0)  = — 1,  fyy  (2,  0)  = 1 

=>  fxxfyy  f 2 — - 1 < 0 =>■  saddle  point 

27.  fx(x,  y)  = 2xe_y  = 0 and  fy(x,  y)  = 2ye“y  — e_y(x2  + y2)  = 0 =>  critical  points  are  (0, 0)  and  (0, 2);  for  (0, 0): 

M0, 0)  = 2e-y|  (00)  = 2,  fyy (0,  0)  = (2e-y  - 4ye“y  + e~y(x2  + y2))|  (00)  = 2,  fxy(0, 0)  = -2xe-y|  (00)  = 0 

=>■  fxxfyy  — fxy  = 4 > 0 and  fxx  > 0 =$-  local  mimimum  of  f(0,  0)  = 0;  for  (0, 2):  fxx(0, 2)  = 2e~y|  (02^  = 
fyy(0,  2)  = (2e-y  - 4ye-y  + e-y(x2  + y2))|  (02)  = fxy(0, 2)  = ^2xe-y|  (Q2)  = 0 =*  fxxfyy  - f2y  = < 0 

saddle  point 

28.  fx(x,  y)  = ex(x2  — 2x  + y2)  = 0 and  fy(x,  y)  = — 2yex  = 0 =>•  critical  points  are  (0, 0)  and  (—2, 0);  for  (0, 0): 

M0, 0)  = ex(x2  + 4x  + 2 - y2)|  (00)  = 2,  fyy(0, 0)  = -2ex|  (00)  = -2,  fxy(0, 0)  = -2yex|  (00)  = 0 

=>■  fxxfyy  - fxy  = -4  < 0 and  fxx  > 0 =>•  saddle  point;  for  (-2,  0):  fxx(-2, 0)  = ex(x2  + 4x  + 2 - y2)|  (_20)  = -p., 
fyy (—2,  0)  = — 2ex | (_2j0)  = -p,  fxy(-2, 0)  = -2yex|  = 0 =>•  fxxfyy  - fxy  = ^ > 0 and  fxx  < 0 =>  local  maximum 
off(— 2,0)=  4 

29.  fx(x,  y)  = -4  + \ = 0 and  fy(x,  y)  = -1  + ^ = 0 =>  critical  point  is  Q,  l)  ; fxx(j,  l)  = -8,  fyy ( 5 , 1 ) = — 1 , 
fxy(y,  l)  = 0 =>  fxx fyy  — fxy  = 8 > Oand  fxx  < 0 =>  local  maximum  of  f( 2,  l)  = — 3 — 21n2 

30.  fx(x,  y)  = 2x+  ^ = 0 and  fy(x,y)  = -1  + ^=0=^  critical  point  is  \)  ; fXx(-|,  §)  = 1,  fyy  (-5,  \)  = -1, 
f xy  ( — 5,  |)  = — 1 =>  fxxfyy  — fxy  = -2  < 0 =>  saddle  point 

31.  (i)  On  OA,  f(x,  y)  = f(0,  y)  = y2  — 4y  + 1 on  0 < y < 2; 

f'(0,y)  = 2y-4  = 0 =>  y = 2; 
f(0,0)  = 1 and  f(0,  2)  = -3 

(ii)  On  AB,  f(x,  y)  = f(x,  2)  = 2x2  — 4x  — 3on0<x<  1; 
f'(x,  2)  = 4x  — 4 = 0 =>  x=  1; 
f(0, 2)  = —3  and  f(  1,2)  = -5 

(iii)  On  OB,  f(x,  y)  = f(x,  2x)  = 6x2  — 12x  + 1 on 

0 < x < 1;  endpoint  values  have  been  found  above; 

f'(x,  2x)  = 12x— 12  = 0 =>  x = 1 and  y = 2,  but  (1,  2)  is  not  an  interior  point  of  OB 

(iv)  For  interior  points  of  the  triangular  region,  fx(x,  y)  = 4x  — 4 = 0 and  fy(x,  y)  = 2y  — 4 = 0 

=>•  x = 1 and  y = 2,  but  (1,2)  is  not  an  interior  point  of  the  region.  Therefore,  the  absolute  maximum  is 

1 at  (0, 0)  and  the  absolute  minimum  is  —5  at  (1,  2). 
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32.  (i)  On  OA,  D(x,  y)  = D(0,  y)  = y2  + 1 on  0 < y < 4; 

D'(0,  y)  = 2y  = 0 =>  y = 0;  D(0,  0)  = 1 and 
D(0, 4)  = 17 

(ii)  On  AB,  D(x,  y)  = D(x,  4)  = x2  - 4x  + 17  on 
0 < x < 4;  D'(x,  4)  = 2x  - 4 = 0 =>  x = 2 and  (2, 4) 
is  an  interior  point  of  AB;  D(2, 4)  = 13  and 
D(4, 4)  = D(0, 4)  = 17 

(iii)  On  OB,  D(x,  y)  = D(x,  x)  = x2  + 1 on  0 < x < 4; 

D'(x,  x)  = 2x  = 0 =>  x = 0 and  y = 0,  which  is  not  an  interior  point  of  OB;  endpoint  values  have  been  found 
above 

(iv)  For  interior  points  of  the  triangular  region,  fx(x,  y)  = 2x  — y = 0 and  fy(x,  y)  = — x + 2y  = 0 =>  x — 0 and  y = 0, 
which  is  not  an  interior  point  of  the  region.  Therefore,  the  absolute  maximum  is  17  at  (0, 4)  and  (4, 4),  and  the 
absolute  minimum  is  1 at  (0,  0). 

33.  (i)  On  OA,  f(x,  y)  = f(0,  y)  = y2  on  0 < y < 2; 

f'(0,  y)  = 2y  = 0 =>  y = 0 and  x = 0;  f(0, 0)  = 0 and 

f(0,  2)  = 4 

(ii)  On  OB,  f(x,  y)  = f(x,  0)  = x2  on  0 < x < 1 ; 

f'(x,  0)  = 2x  = 0 =>  x = 0 and  y = 0;  f(0, 0)  = 0 and 

f(l,0)=  1 

(iii)  On  AB,  f(x,  y)  = f(x,  — 2x  + 2)  = 5x2  — 8x  + 4 on 
0 < x < 1;  f'(x,  -2x  + 2)  = lOx  - 8 = 0 x = f 
and  y = | ; f (5,  |)  = |;  endpoint  values  have  been  found  above. 

(iv)  For  interior  points  of  the  triangular  region,  fx(x,  y)  = 2x  — 0 and  fy(x,  y)  = 2y  = 0 =>■  x = 0 and  y — 0,  but  (0, 0)  is 
not  an  interior  point  of  the  region.  Therefore  the  absolute  maximum  is  4 at  (0, 2)  and  the  absolute  minimum  is  0 at 
(0,0). 

34.  (i)  On  AB,  T(x,  y)  = T(0,  y)  = y2  on  -3  < y < 3; 

T'(0,  y)  = 2y  = 0 y = 0 and  x = 0;  T(0, 0)  = 0, 

T(0,  -3)  = 9,  and  T(0,  3)  = 9 

(ii)  On  BC,  T(x,  y)  = T(x,  3)  = x2  - 3x  + 9 on  0 < x < 5; 

T'(x,  3)  = 2x  — 3 = 0 =>•  x = | and  y = 3; 

T (|, 3)  = fandT(5,3)  = 19 

(iii)  On  CD,  T(x,  y)  = T(5,  y)  = y2  + 5y  - 5 on 
-3  < y < 3;T'(5,y)  = 2y  + 5 = 0 =>  y = - § and 
x = 5;T (5,  — |)  = - f ,T(5,-3)  = -11  andT(5,3)  = 19 

(iv)  On  AD,  T(x,  y)  = T(x,  —3)  = x2  — 9x  + 9 on  0 < x < 5;  T'(x,  —3)  = 2x  — 9 = 0 =>  x = | and  y = —3; 

T (|,  -3)  = - f , T(0,  -3)  = 9 and  T(5,  -3)  = -11 

(v)  For  interior  points  of  the  rectangular  region,  Tx(x,  y)  = 2x  + y — 6 = 0 and  Ty(x,  y)  = x + 2y  = 0 =>  x = 4 
and  y = — 2 =>■  (4, —2)  is  an  interior  critical  point  with  T(4, —2)  = —12.  Therefore  the  absolute  maximum 
is  19  at  (5, 3)  and  the  absolute  minimum  is  — 12  at  (4,  —2). 
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35.  (i)  On  OC.  T(x,  y)  = T(x,  0)  = x2  - 6x  + 2 on 

0 < x < 5;  T'(x,  0)  = 2x  — 6 = 0 =>  x = 3 and 
y = 0;  T(3, 0)  = -7.  T(0, 0)  = 2,  and  T(5, 0)  = -3 

(ii)  On  CB,  T(x,  y)  = T(5,  y)  = y2  + 5y  - 3 on 
-3  < y < 0;  T'(5,y)  = 2y  + 5 = 0 =>  y = - § and 
x = 5;  T (5,  - |)  = - f and  T(5,  -3)  = -9 

(iii)  On  AB,  T(x,  y)  = T(x,  -3)  = x2  - 9x  + 1 1 on 

0 < x < 5;  T'(x,  —3)  = 2x  — 9 = 0 =>  x = | and 

y = -3;  T (§,  -3)  = - f and  T(0,  -3)  = 11 

(iv)  On  AO,  T(x,  y)  = T(0,  y)  = y2  + 2 on  -3  < y < 0;  T'(0,  y)  = 2y  = 0 =>  y = 0 and  x = 0,  but  (0, 0)  is 
not  an  interior  point  of  AO 

(v)  For  interior  points  of  the  rectangular  region,  Tx(x,  y)  = 2x  + y — 6 = 0 and  Ty(x,  y)  = x + 2y  = 0 =>  x = 4 

and  y = —2,  an  interior  critical  point  with  T(4,  —2)  = —10.  Therefore  the  absolute  maximum  is  1 1 at 

(0,  —3)  and  the  absolute  minimum  is  — 10  at  (4,  —2). 

36.  (i)  On  OA,  f(x,  y)  = f(0,  y)  = -24y2  on  0 < y < 1 ; 

f'(0,  y)  = — 48y  = 0 =>■  y = 0 and  x = 0,  but  (0, 0)  is 
not  an  interior  point  of  OA;  f(0, 0)  = 0 and 
f(0, 1)  = -24 

(ii)  On  AB,  f(x,  y)  = f(x,  1)  = 48x  - 32x3  - 24  on 

0 < x < 1;  f'(x,  1)  = 48  - 96x2  = 0 =>  x = -^  and 

y = 1,  or  x = — and  y = 1 , but  1 j is  not  in 

the  interior  of  AB;  f 1^  = l6\/2  — 24  and  f(l,  1)  = —8 

(iii)  On  BC,  f(x,  y)  = f(l,  y)  = 48y  — 32  — 24y2  on  0 < y < 1;  f'(l,  y)  = 48  — 48y  = 0 =>  y = 1 and  x = 1,  but 

(1, 1)  is  not  an  interior  point  of  BC;  f(l,  0)  = —32  and  f(l,  1)  = —8 

(iv)  On  OC,  f(x,  y)  = f(x,  0)  = — 32x3  on  0 < x < 1;  f'(x,  0)  = — 96x2  =0  =>  x = 0 and  y = 0,  but  (0, 0)  is  not  an 
interior  point  of  OC;  f(0, 0)  = 0 and  f(l,  0)  = —32 

(v)  For  interior  points  of  the  rectangular  region,  fx(x,  y)  = 48y  — 96x2  = 0 and  fy(x,  y)  = 48x  — 48y  = 0 

=>  x = 0 and  y = 0,  or  x = 1 and  y = \ , but  (0, 0)  is  not  an  interior  point  of  the  region;  f (|  ,|)  =2. 
Therefore  the  absolute  maximum  is  2 at  (|,  |)  and  the  absolute  minimum  is  —32  at  (1,0). 

37.  (i)  On  AB,  f(x,  y)  = f(l , y)  = 3 cos  y on  — | < y < | ; 

f'(l,  y)  = — 3 sin  y = 0 =>■  y = 0andx=l; 
f(l,  0)  = 3,  f (l,  — |)  = ^,andf(l,f)  = — 2~ 

(ii)  On  CD,  f(x,  y)  = f(3,  y)  = 3 cos  y on  — | < y < | ; 
f'(3,y)  = -3  sin  y = 0 =>■  y = 0 and  x = 3; 
f(3,0)  = 3,  f (3,  — |)  = ^andf(3,|)  = 

(iii)  On  BC,  f(x,  y)  = f (x,  f ) = ^ (4x  - x2)  on 

1 < x < 3;f'  (x,  |)  = y/2(2-x)  = 0 =s>  x = 2andy  = |;f(2,|)  =2v/2,f(l,f)  = ^ , and 

f(3,i)  = ¥ 

(iv)  On  AD,  f(x,  y)  = f (x,  - |)  = ^ (4x  - x2)  on  1 < x < 3;  f (x,  - |)  = \fl(2  -x)  = 0 =»  x = 2 and  y = - 
f(2,-f)  =2v/2,f(l,-|)  = ^,andf(3,-|)  = 
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(v)  For  interior  points  of  the  region,  fx(x,  y)  = (4  — 2x)  cos  y = 0 and  fy(x,  y)  = — (4x  — x2)  sin  y = 0 =>  x — 2 
and  y = 0,  which  is  an  interior  critical  point  with  f(2, 0)  — 4.  Therefore  the  absolute  maximum  is  4 at 

(2. 0)  and  the  absolute  minimum  is  ly?  at  (3,  — |)  , (3,  |)  , (l, — |)  , and  (l,  |)  . 

38.  (i)  On  OA,  f(x,  y)  = f(0,  y)  = 2y  + 1 on  0 < y < 1; 

f'(0,  y)  — 2 =>  no  interior  critical  points;  f(0, 0)  = 1 
and  f(0, 1)  = 3 

(ii)  On  OB,  f(x,  y)  = f(x,  0)  = 4x  + 1 on  0 < x < 1; 
f'(x,  0)  = 4 =>  no  interior  critical  points;  f(l,  0)  = 5 

(iii)  On  AB,  f(x,  y)  = f(x,  — x + 1)  = 8x2  — 6x  + 3 on 
0 < x < 1 ; f'(x,  — x + 1)  = 16x  - 6 = 0 =>  x = | 
and  y = |;f(|,|)  = f , f(0, 1)  = 3,  and  f(l,  0)  = 5 

(iv)  For  interior  points  of  the  triangular  region,  fx(x,  y)  = 4 — 8y  = 0 and  fy(x,  y)  = — 8x  + 2 = 0 

=>  y = i and  x = 1 which  is  an  interior  critical  point  with  f ( 1,  1)  =2.  Therefore  the  absolute  maximum  is  5 at 

(1.0)  and  the  absolute  minimum  is  1 at  (0,  0). 

Xb 

(6  — x — x2)  dx  where  a < b.  The  boundary  of  the  domain  of  F is  the  line  a = b in  the  ab-plane,  and 

. 

F(a,  a)  = 0,  so  F is  identically  0 on  the  boundary  of  its  domain.  For  interior  critical  points  we  have: 

H = — (6  — a — a2)=0=>a  = —3,  2 and  ||  = (6  — b — b2)  = 0 =>  b = —3,  2.  Since  a < b,  there  is  only  one 

interior  critical  point  (—3, 2)  and  F(— 3, 2)  = J*  ( 6 — x — x2)  dx  gives  the  area  under  the  parabola  y = 6 — x — x2  that  is 
above  the  x-axis.  Therefore,  a = — 3 and  b = 2. 

Xb  1 j o 

(24  — 2x  — x2)  ' dx  where  a < b.  The  boundary  of  the  domain  of  F is  the  line  a — b and  on  this  line  F is 
identically  0.  For  interior  critical  points  we  have:  ||  = — (24  — 2a  — a2)1'3  =0  =>  a = 4,  —6  and 
||  = (24  — 2b  — b2)1^3  = 0 =>■  b = 4,  —6.  Since  a < b,  there  is  only  one  critical  point  (—6, 4)  and 

/4  1 /o 

( 24  — 2x  — x2)  dx  gives  the  area  under  the  curve  y = (24  — 2x  — x2)  ' that  is  above  the  x-axis. 

Therefore,  a = —6  and  b = 4. 

41.  Tx(x,  y)  = 2x  — 1 = 0 and  Ty(x,  y)  = 4y  = 0 =>  x = 1 and  y = 0 with  T (1,  0)  = — \ ; on  the  boundary 

x2  +y2  = 1:  T(x,  y)  = -x2  - x + 2 for -1  < x < 1 =>  T'(x,y)  = -2x  - 1 = 0 =>•  x = - i and  y = ± ; 

= I > T( — 1 , 0)  = 2,  and  T(l,  0)  = 0 =►  the  hottest  is  2 \ ° at  (-  i,  and 
5,  — ; the  coldest  is  — \ ° at  (|,  0) . 

42.  fx(x,  y)  = y + 2 - \ = 0 and  fy(x,  y)  = x - j = 0 =>  x = | and  y = 2;  fxx  2)  = ^ = 8, 

fyy  (1, 2)  = ^ = j , fxy  (|,  2)  = 1 =>  fxxfyy  - fxy  = 1 > 0 and  fxx  > 0 =»  a local  minimum  of  f (1,2) 

\2 

= 2-  In  1=2  + In  2 

43.  (a)  fx(x,  y)  = 2x  - 4y  = 0 and  fy(x,  y)  = 2y  - 4x  = 0 =>  x = 0 and  y = 0;  fxx(0, 0)  = 2,  fyy(0, 0)  = 2, 

fxy(0, 0)  = — 4 =>■  fxxfyy  — fxy  = — 12  < 0 =>  saddle  point  at  (0,  0) 

(b)  fx(x,  y)  = 2x  — 2 = 0 and  fy(x,  y)  = 2y  — 4 = 0 =>  x=l  and  y = 2;  fxx(l,  2)  = 2,  fyy(l,  2)  = 2, 

fxy  (1,2)  = 0 =>  fxxfyy  ■ f 2y  — 4 > 0 and  fxx  > 0 =>  local  minimum  at  (1,  2) 
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(c)  fx(x,y)  = 9x2  -9  = 0 and  fy(x,y)  = 2y  + 4 = 0 =>■  x = ±1  and  y = -2;  fxx ( 1 , —2)  = 18x|  (1  _2)  = 18, 

fyy ( 1 , —2)  = 2,  fxy(l,  —2)  = 0 =>■  fxxfyy  — fxy  = 36  > 0 and  fxx  > 0 =>  local  minimum  at  (1,  —2); 

fxx( — 1 , -2)  = —18,  fyy ( 1 , -2)  = 2,  fxy(— 1,  -2)  = 0 =>  f xx f yy  - fxy  = — 36  < 0 =>  saddle  point  at  (—1,  —2) 

44.  (a)  Minimum  at  (0, 0)  since  f(x,  y)  > 0 for  all  other  (x,  y) 

(b)  Maximum  of  1 at  (0,  0)  since  f(x,  y)  < 1 for  all  other  (x,  y) 

(c)  Neither  since  f(x,  y)  < 0 for  x < 0 and  f(x,  y)  > 0 for  x > 0 

(d)  Neither  since  f(x,  y)  < 0 for  x < 0 and  f(x,  y)  > 0 for  x > 0 

(e)  Neither  since  f(x,  y)  < 0 for  x < 0 and  y > 0,  but  f(x,  y)  > 0 for  x > 0 and  y > 0 

(f)  Minimum  at  (0, 0)  since  f(x,  y)  > 0 for  all  other  (x,  y) 

45.  If  k = 0,  then  f(x,  y)  = x2  + y2  =>  fx(x,  y)  = 2x  = 0 and  fy(x,  y)  = 2y  = 0=^x  = 0 and  y = 0 =>  (0, 0)  is  the  only 

critical  point.  If  k ^ 0,  fx(x,  y)  = 2x  + ky  = 0 =>  y = — | x;  fy(x,  y)  = kx  + 2y  = 0 =>  kx  + 2 (—  2 x)  =0 

=^kx—  Y=0=>(k—  £)  x = 0 =>  x = 0ork  = ±2  =>  y = (—  j=)  (0)  = 0 or  y = ±x;in  any  case  (0,  0)  is  a 
critical  point. 

46.  (See  Exercise  45  above):  fxx(x,  y)  = 2,  fyy(x,  y)  = 2,  and  fxy(x,  y)  = k =>-  fxxfyy  — f xy  = 4 — k2;  f will  have  a saddle  point 

at  (0, 0)  if  4 — k2  < 0 =$■  k > 2 or  k < —2;  f will  have  a local  minimum  at  (0, 0)  if  4 — k2  > 0 =$■  — 2 < k < 2;  the  test  is 

inconclusive  if  4 — k2  = 0 =>  k = ±2. 

47.  No;  for  example  f(x,  y)  = xy  has  a saddle  point  at  (a,  b)  = (0,  0)  where  fx  = fy  = 0. 

48.  If  fxx(a,  b)  and  fyy(a,  b)  differ  in  sign,  then  fxx(a.  b)  fyy(a,  b)  < 0 so  fxxfyy  - f2y  < 0.  The  surface  must  therefore  have  a 
saddle  point  at  (a,  b)  by  the  second  derivative  test. 

49.  We  want  the  point  on  z = 10  — x2  — y2  where  the  tangent  plane  is  parallel  to  the  plane  x + 2y  + 3z  = 0 

vector  to  z = 10  — x2  — y2  let  w = z + x2  + y2  — 10.  Then  V w = 2xi  + 2yj  + k is  normal  to  z = 10 
(x,  y).  The  vector  v w is  parallel  to  i + 2j  + 3k  which  is  normal  to  the  plane  x + 2y  + 3z  = 0 if 
6xi  + 6yj  + 3k  = i + 2j  + 3k  or  x = g and  y = | . Thus  the  point  is  (g,  10  — gg  — or  (g, 

50.  We  want  the  point  on  z = x2  + y2  + 10  where  the  tangent  plane  is  parallel  to  the  plane  x + 2y  — z = 0.  Let 

w = z — x2  — y2  — 10,  then  V w = 2xi  — 2yj  + k is  normal  to  z = x2  + y2  + 10  at  (x,  y).  The  vector  v w is  parallel 
to  i + 2j  — k which  is  normal  to  the  plane  if  x = 4 and  y = 1.  Thus  the  point  (| , 1,  \ + 1 + 10)  or  (*,  1,  445 ) is  the  point 
on  the  surface  z = x2  + y2  + 10  nearest  the  plane  x + 2y  — z = 0. 

51.  d(x,  y,  z)  = y^(x  — 0)2  + (y  — 0)2  + (z  — 0)“  =>  we  can  minimize  d(x,  y,  z)  by  minimizing  D(x,  y,  z)  = x2  + y2  + z2; 

3x  + 2y  + z = 6=^z  = 6 — 3x  — 2y=>  D(x,  y)  = x2  + y2  + (6  — 3x  — 2y)2  =>  Dx(x,  y)  = 2x  — 6(6  — 3x  — 2y)  = 0 
and  Dy(x,  y)  = 2y  — 4(6  — 3x  — 2y)  = 0 =>  critical  point  is  (|,  z = |;  Dxx(|,  |)  = 20,  Dyy(^,  l)  = 10, 

Dxy(^,  l)  = 12  =>■  DxxDyy  — Dxy  = 56  > Oand  Dxx  > 0 =>  local  minimum  of  d(|,  f 

52.  d(x,  y,  z)  = (x  — 2)2  + (y  + l)2  + (z  — 1)"  =>■  we  can  minimize  d(x,  y,  z)  by  minimizing 
D(x,  y,  z)  = (x  - 2)2  + (y  + l)2  + (z  — l)2;  x + y-  z = 2=>z  = x + y-  2 

=>  D(x,  y)  = (x  - 2) 2 + (y  + l)2  + (x  + y - 3)2  =>  Dx(x,  y)  = 2(x  - 2)  + 2(x  + y - 3)  = 0 

and  Dy(x,  y)  = 2(y  + 1)  + 2(x  + y - 3)  = 0 =>  critical  point  is  (|,  — |)  =>  z = | ; Dxx(|,  -|)  = 4,  Dyy(|,  -|)  = 4, 
Dxy(|,  — |)  = 2 =>  DxxDyy  — D2y  = 12  > 0 and  Dxx  > 0 =>  local  minimum  of  d(|,  — | , |)  = -^ 


. To  find  a normal 

- x2  - y2  at 
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53.  s(x,  y,  z)  = x2  + y2  + z2;  x + y + z = 9=>z  = 9 — x — y=>-  s(x,  y)  = x2  + y2  + (9  - x — y)2 

=>  sx(x,  y)  = 2x  — 2(9  — x — y)  = 0 and  sy(x,  y)  = 2y  — 2(9  — x — y)  = 0 =>  critical  point  is  (3,  3)  =>  z = 3; 

sxx(3,  3)  = 4,  syy(3,  3)  = 4,  sxy(3,  3)  = 2 =>  sxxsyy  — sxy  = 12  > Oand  sxx  > 0 =>■  local  minimum  of  s(3,  3,  3)  = 27 

54.  p(x,  y,  z)  = xyz;  x + y + z = 3=t>z  = 3 — x^y=^  p(x,  y)  = x y(3  — x — y)  = 3x  y — x2y  — x y2 

=>  px(x,  y)  = 3y  — 2xy  — y2  = 0 and  py(x,  y)  = 3x  — x2  — 2xy  = 0 =>  critical  points  are  (0,  0),  (0,  3),  (3,  0),  and 
(1,  1);  for  (0,  0)  =>■  z = 3;  pxx(0,  0)  = 0,  pyy(0,  0)  = 0,  pxy(0,  0)  = 3 pxxpyy  - pxy  = — 9 < 0 =»  saddle  point; 
for  (0,  3)  =>■  z = 0;  pxx(0,  3)  = —6,  pyy(0,  3)  — 0,  pxy(0,  3)  = — 3 =>  pxxpyy  — Pxy  = —9  < 0 =$■  saddle  point; 

for  (3,  0)  =>■  z = 0;  pxx(3,  0)  = 0,  pyy(3,  0)  = —6,  pxy(3,  0)  = — 3 =>  pxxpyy  - Pxy  = -9  < 0 =>•  saddle  point; 

for  (1,  1)  =>  z = 1;  pxx(l,  1)  = -2,  pyy(l,  1)  = -2,  pxy(l,  1)  = -1  pxxpyy  - pxy  = 3 > 0 and  pxx  < 0 =>  local 
maximum  of  p(l,  1,  1)  = 1 

55.  s(x,  y,  z)  =xy  + yz  + xz;x  + y + z = 6=>z  = 6 — x — y=t>  s(x,  y)  = xy  + y(6  — x — y)  + x(6  — x — y) 

= 6x  + 6y  — xy  — x2  — y2  =>■  sx(x,  y)  = 6 — 2x  — y = 0 and  sy(x,  y)  = 6 — x — 2y  = 0=>-  critical  point  is  (2,  2) 

=>  z = 2;  sxx(2,  2)  = —2,  syy(2,  2)  = —2,  sxy(2,  2)  = — 1 =>■  sxxsyy  — sxy  = 3 > Oand  sxx  < 0 =>  local  maximum  of 

s(2,  2,  2)  = 12 


56.  d(x,  y,  z)  = y (x  + 6) 2 + (y  - 4)2  + (z  - 0)2  =>  we  can  minimize  d(x,  y,  z)  by  minimizing 

D(x,  y,  z)  = (x  + 6)2  + (y  - 4)2  + z2;  z = y/x2  + y2  =>  D(x,  y)  = (x  + 6)2  + (y  - 4)2  + x2  + y2 
= 2x2  + 2y2  + 12x  — 8y  + 52  =>  Dx(x,  y)  = 4x  + 12  = 0 and  Dy(x,  y)  = 4y  — 8 = 0 =>•  critical  point  is  (—3,  2) 

=>  z=  y/l3;  Dxx(— 3,  2)  = 4,  Dyy(— 3,  2)  = 4,  Dxy(— 3,  2)  = 0 =>•  DxxDyy  - D2y  = 16  > Oand  Dxx  > 0 =>  local 
minimum  of  d^— 3,  2,  \J  1 3^  = \/26 

57.  V(x,  y,  z)  = (2x)(2y)(2z)  = 8xyz;  x2  + y2  + z2  = 4 =>  z = \J  A — x2  — y2  =>■  V(x,  y)  = 8xyy/4  — x2  — y2, 

x > 0 and  y > 0 =>  Vx(x,  y)  = 32^~  ~ 0 and  Vy(x,  y)  = = 0 =>  critical  points  are 

(0-°>'  (v5-  7i)’  (v-y  ~f>)-  (-*•  *)•““  (-*•  -£  Only  (0,0)  and  (^.  £ satisfy  x > 0 and  , > 0 
V(0,  0)  = 0 and  V J — ; Onx  = 0,  0<y<2=>  V(0,  y)  = 8(0)y \[A~- ^O^^y2  = 0,  no  critical  points, 

V(0,  0)  = 0,  V(0,  2)  = 0;  On  y = 0,  0<x<2=>  V(x,  0)  = 8x(0)  \J  A - x2  - 02  = 0,  no  critical  points,  V(0,  0)  = 0, 
V(0,  2)  = 0;  On  y = \J  A — x2,  0 < x < 2 V ^x,  A — x2^  — 8x\/ 4 — x2  Ja  — x2  — (^\/~A  — x2^j  = 0 
no  critical  points,  V(0,  2)  = 0,  V(2,  0)  = 0.  Thus,  there  is  a maximum  volume  of  if  the  box  is  x x ^75- 

58.  S(x,  y,  z)  = 2xy  + 2yz  + 2xz;  xyz  = 27  =►  z = g =►  S(x,  y,  z)  = 2xy  + 2y(|)  + 2 x(|)  = 2xy  + f + f,  x > 0, 
y > 0;  Sx(x,  y)  = 2y  — ^ = 0 and  Sy(x,  y)  = 2x  — p = 0 =>■  Critical  point  is  (3,  3)  =>  z = 3;  Sxx(3,  3)  = 4, 

Syy(3,  3)  = 4,  Dxy(3,  3)  = 2 =>  DxxDyy  — D2y  = 12  > Oand  Dxx  > 0 =$■  local  minimum  of  S(3,  3,  3)  = 54 
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59.  Let  x = height  of  the  box,  y = width,  and  z = length,  cut  out 
squares  of  length  x from  corner  of  the  material  See  diagram 
at  right.  Fold  along  the  dashed  lines  to  form  the  box.  From 
the  diagram  we  see  that  the  length  of  the  material  is  2x  + y 
and  the  width  is  2x  + z.  Thus  (2x  + y)  (2x  + z)  = 12 

z = 2(6~2x  + y~Xy)  • Since  V(x,  y,  z)  = xyz 

=>■  V(x,  y)  = J'xy^~2)xy  + xy^ , where  x > 0,  y > 0. 
vx(x,  y)  = 4(3r-4x3y-4^-xy3)  = Q ^ 

(2x  + y) 


w / \ 2 ( 12x2  —4  x4  — 4x3y  — x2y2)  A 

and  ( — E,  —4= 


critical  points  are  ^\/3,  0^ , y/3,  0^ , , 


■ Only  (\/3,  oj  and  satisfy  x > 0 and  y > 0.  For  ^ y/3 , 0^ : z = 0;  Vxx  ^y/3,  oj 


Vyy(y/3,  o)  = -2y/3,  Vxy^v^,  o)  = -4y/3  =>  Vxx Vyy  - V2y  = -48  < 0 =>  saddle  point.  For  -/)  : 

Vxx(t3’  73)  = _3V3’ Vyy(v3’  JsJ  = Vxy(v3’  7a) 


~3\/3  ^ VxxVyy  ^xy  — *3  > ® an(^ 


Vxx  < 0 =>  local  maximum  of  V ( 


. 1 4 4 

y/39  73 


■)- 


16 

3v7 


= 0, 


z = 


4 . 

41’ 


60.  (a)  (i)  On  x = 0,  f(x,  y)  = f(0,  y)  = y2  — y + 1 for  0 < y < 1 ; f'(0,  y)  = 2y— 1=0  =>  y = \ and  x = 0; 
f (0,  |)  = | , f(0, 0)  = 1,  and  f(0, 1)  = 1 

(ii)  On  y = 1,  f(x,y)  = f(x,  1)  = x2  + x + 1 for  0 < x < 1;  f'(x,  1)  = 2x  + 1 = 0 =>  x = - \ and  y = 1,  but 
(—  l)  is  outside  the  domain;  f(0, 1)  = 1 and  f(l,  1)  = 3 

(iii)  On  x = 1,  f(x,  y)  = f(l,  y)  = y2  + y + 1 for  0 < y < 1 ; f'(l,  y)  = 2y  + 1 = 0 =t>  y = - ± and  x = 1,  but 
(l,  — |)  is  outside  the  domain;  f(  1 , 0)  = 1 and  f(l,  1)  = 3 

(iv)  On  y = 0,  f(x,  y)  = f(x,  0)  = x2  — x + 1 for  0 < x < 1 ; f'(x,  0)  = 2x  — 1=0  =4>  x = | and  y = 0; 

f (|,0)  = | ; f(0, 0)  = 1,  and  f(l,  0)  = 1 

(v)  On  the  interior  of  the  square,  fx(x,  y)  = 2x  + 2y  — 1 = 0 and  fy(x,  y)  = 2y  + 2x  — 1 = 0 =t>  2x  + 2y  = 1 

=>  (x  + y)  = i . Then  f(x,  y)  = x2  + y2  + 2xy  — x — y + 1 = (x  + y)2  — (x  + y)  + 1 = | is  the  absolute 

minimum  value  when  2x  + 2y  = 1 . 

(b)  The  absolute  maximum  is  f(l.  1)  = 3. 


61-  (a)  f = Is  + f !=5  + l = -2sint  + 2cost  = 0 =►  cos  t = sin  t =>  x = y 

(i)  On  the  semicircle  x2  + y2  = 4,  y > 0,  we  have  t = | and  x = y = \pl  =4-  f = 2 \J 2.  At  the 

endpoints,  f( — 2,  0)  = —2  and  f(2,  0)  = 2.  Therefore  the  absolute  minimum  is  f( — 2, 0)  = —2  when  t = 7r; 
the  absolute  maximum  is  f (^  \/2,  = 2\fl  when  t = | . 

(ii)  On  the  quartercircle  x2  + y2  = 4,  x > 0 and  y > 0,  the  endpoints  give  f(0, 2)  = 2 and  f(2, 0)  = 2. 
Therefore  the  absolute  minimum  is  f(2, 0)  = 2 and  f(0, 2)  = 2 when  t — 0,  | respectively;  the  absolute 

maximum  is  f ^ yj2,  y/7)j  = 2 \fl  when  t = | . 

(b)  *=§ff  + §f^=yf+x*=“4  sin2 1 + 4 cos2 1 = 0 =>  cos  t = ± sin  t =>  x = ± y. 

(i)  On  the  semicircle  x2  + y2  = 4,  y > 0,  we  obtain  x = y = \pl  at  t = f and  x = — a/2,  y = \pl  at 


t = / . Then  g ( \/2,  -\/2j  — 2 and  g \/2^  = —2.  At  the  endpoints,  g(— 2, 0)  = g(2, 0)  = 0. 

Therefore  the  absolute  minimum  is  g \fl,  \J~2^  = — 2 when  t = / ; the  absolute  maximum  is 


21=2  when  t = 


4 ■ 
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(ii) 


(c) 

(i) 


(ii) 


62.  (a) 

(i) 


(ii) 


(b) 

(i) 


(ii) 


(c) 

(i) 

(ii) 


On  the  quartercircle  x2  + y2  = 4,  x > 0 and  y > 0,  the  endpoints  give  g(0, 2)  = 0 and  g(2, 0)  = 0. 
Therefore  the  absolute  minimum  is  g(2, 0)  = 0 and  g(0, 2)  = 0 when  t = 0,  | respectively;  the  absolute 


maximum  is  g ( v 2, 


2 ) = 2 when  t = | . 


^ = ||^  + |!i4|=4x^-p2y^=(8  cos  t)(— 2 sin  t)  + (4  sin  t)(2  cos  t)  = —8  cos  t sin  t = 0 
=>  t = 0,  7r  yielding  the  points  (2, 0),  (0, 2)  for  0 < t < n. 

On  the  semicircle  x2  + y2  = 4,  y > 0 we  have  h(2, 0)  = 8,  h(0, 2)  = 4,  and  h(— 2, 0)  = 8.  Therefore, 
the  absolute  minimum  is  h(0, 2)  = 4 when  t = | ; the  absolute  maximum  is  h(2, 0)  = 8 and  h( — 2,  0)  = 8 
when  t = 0, 7T  respectively. 

On  the  quartercircle  x2  + y2  = 4,  x > 0 and  y > 0 the  absolute  minimum  is  h(0, 2)  = 4 when  t = | ; the 
absolute  maximum  is  h(2, 0)  = 8 when  t = 0. 


ft  = fi  if  + % * = 2 ^ + 3 ^ = -6  sin  t + 6 cos  t = 0 =>  sin  t = cos  t =>  t = f for  0 < t < n. 

On  the  semi-ellipse,  y + f = 1,  y > 0,  f(x,y)  = 2x  + 3y  = 6 cos  t + 6 sin  t = 6 + 6 ^ v^2  j = 6\/2 

at  t = | . At  the  endpoints,  f( — 3, 0)  = —6  and  f(3, 0)  = 6.  The  absolute  minimum  is  f(— 3, 0)  = —6  when 
t = 7r;  the  absolute  maximum  is  f ^4^? , y/zj  = 6\/2  when  t = | . 

On  the  quarter  ellipse,  at  the  endpoints  f(0, 2)  = 6 and  f(3, 0)  = 6.  The  absolute  minimum  is  f(3, 0)  = 6 
and  f(0, 2)  = 6 when  t = 0,  | respectively;  the  absolute  maximum  is  f = 6\/2  when  t = | , 

*=gfw  + §f*=yw+x*=(2sin  l)(-3  sin  l)  + (3  cos  l)(2  cos  6 = 6 (cos2 1 - sin2 1)  = 6 cos  2t  = 0 
=>  t = | ^ for  0 < t < 7T. 

On  the  semi-ellipse,  g(x,  y)  = xy  = 6 sin  t cos  t.  Then  g ^ 4^? ; y/2^  = 3 when  t = | , and 
g 4^5 1 y/2^j  = — 3 when  t = ^ . At  the  endpoints,  g(— 3, 0)  = g(3, 0)  = 0.  The  absolute  minimum  is 
g (—  4^,  yj'l'j  = — 3 when  t = ^ ; the  absolute  maximum  is  g ^ — l 'l.  = 3 when  t = | . 

On  the  quarter  ellipse,  at  the  endpoints  g(0, 2)  = 0 and  g(3, 0)  = 0.  The  absolute  minimum  is  g(3, 0)  = 0 
and  g(0, 2)  = 0 at  t = 0,  | respectively;  the  absolute  maximum  is  g ^4^?  j \/2j  = 3 when  t = | . 

f = fi  § + % % = 2x  § + 6y  ^ = (6  cos  t)(— 3 sin  t)  + (12  sin  t)(2  cos  t)  = 6 sin  t cos  t = 0 
=>  t = 0,  | , 7T  for  0 < t < 7r,  yielding  the  points  (3,  0),  (0, 2),  and  (—3, 0). 

On  the  semi-ellipse,  y > 0 so  that  h(3, 0)  = 9,  h(0, 2)  = 12,  and  h(— 3, 0)  = 9.  The  absolute  minimum  is 
h(3, 0)  = 9 and  h(— 3, 0)  = 9 when  t = 0, 7r  respectively;  the  absolute  maximum  is  h(0,  2)  = 12  when  t = | . 
On  the  quarter  ellipse,  the  absolute  minimum  is  h(  3 , 0)  = 9 when  t = 0;  the  absolute  maximum  is 
h(0, 2)  = 12  when  t = § . 


df  — dfdx,9fdy  — „ dx.  dy 
UJ-  dt  — <9x  dt  _r  dy  dt  t dl  TA  dt 

(i)  x = 2t  and  y = t+  l =$■  ^ = (t  + 1)(2)  + (2t)(l)  = 4t  + 2 = 0 =>  t = — \ =>  x = — 1 and  y — \ with 
f(— l,i)=  — The  absolute  minimum  is  f (— 1,4)  = — | when  t = — 1 ; there  is  no  absolute  maximum. 

(ii)  For  the  endpoints:  t = — 1 =>  x = —2  and  y = 0 with  f( — 2,  0)  = 0;t  = 0 =>  x = 0 and  y = 1 with 

f(0, 1)  = 0.  The  absolute  minimum  is  f (— 1,  |)  — — l when  t = — b ; the  absolute  maximum  is  f(0, 1)  = 0 
and  f( — 2, 0)  = 0 when  t = —1,0  respectively. 

(iii)  There  are  no  interior  critical  points.  For  the  endpoints:  t = 0 =>  x = 0 and  y = 1 with  f(0.  I ) — 0; 

t — 1 =>  x = 2 and  y = 2 with  f(2, 2)  = 4.  The  absolute  minimum  is  f(0,  I ) — 0 when  t = 0;  the  absolute 
maximum  is  f(2,  2)  = 4 when  t — I . 
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64-  (a)  £ = ££  + &E=2x£ 


<9x  dt 


df_  dy 


dx 


dy  dt 


2y| 


(i) 


(ii) 


x = t and  y = 2 — 2t  =>  ^ = (2t)(l)  + 2(2  — 2t)(— 2)  = lOt  — 8 = 0 =>  t = | =>  x = | and  y = | with 
= + ^ = The  absolute  minimum  is  f ( ^ , ^ | when  t = | ; there  is  no  absolute 

maximum  along  the  line. 

For  the  endpoints:  t = 0 =>  x = 0 and  y = 2 with  f(0, 2)  = 4;  t = 1 =>■  x = 1 and  y = 0 with  f(l,  0)  = 1. 
The  absolute  minimum  isf(|,|)  = | at  the  interior  critical  point  when  t = | ; the  absolute  maximum  is 
f(0, 2)  = 4 at  the  endpoint  when  t = 0. 


(b) 


dg  dg  dx 

dt  dx  dt 


dg 

dy  _ 

— 2x 

dx 

dt 

-2y 

dy 

dt  — 

_ (x2  -t-  y2)2  _ 

_ (x2  + y2)2  _ 

(i)  x = t and  y = 2 - 2t  =F  x2  + y2  = 5t2  - 8t  + 4 =F  ft  = - (5t2  - 8t  + 4)  2[(— 2t)(l)  + (— 2)(2  - 2t)(— 2)] 

= - (5t2  — 8t  -F  4)  2(— lOt  + 8)  = 0 =F  t = | =>  x = j and  y = 2 with  g(|,|)  = ^y  = |.  The  absolute 

maximum  is  g (|,  |)  = | when  t = | ; there  is  no  absolute  minimum  along  the  line  since  x and  y can  be 
as  large  as  we  please. 

(ii)  For  the  endpoints:  t = 0 =>  x = 0 and  y = 2 with  g(0, 2)  = \ ; t = 1 =F  x=l  and  y = 0 with  g(l,  0)  = 1. 

The  absolute  minimum  is  g(0, 2)  = | when  t — 0;  the  absolute  maximum  is  g (|,  |)  = | when  t = | . 


65.  w = (mxi  + b - yi)2  + (mx2  + b - y2)2  H 1-  (mxn  + b - yn)2 

=>  = 2(mxi  + b - yi)(x!)  + 2(mx2  + b - y2)(x2)  -| F 2(mxn  + b - yn)(xn) 

=F  = 2(mxi  + b - yi)(l)  + 2(mx2  + b - y2)(l)  4 F 2(mxn  + b - yn)(l) 

= 0 =>  2[(mxi  + b — yi)(xi)  + (mx2  + b - y2)(x2)  + •••  + (mxn  + b - yn)(xn)]  = 0 

=F  m x]  + b xi  - xi  y i + m x2  + b x2  - x2  y2  H F m x2  + b xn  - xn  yn  = 0 

=F  m(xY  + x2  H F x2)  + b(xi  + x2  H F xn)  - (xj  yi  + x2  y2  H F xn  yn)  = 0 

=>  mE  Ok)  + bExk  - (xkyk)  = 0 

k=l  k=l  k=l 

= 0 =>  2[(mxi  + b — yi)  + (mx2  + b — y2)  + • • • + (mxn  + b — yn)]  =0 

=>•  mxj  + b — yi  + mx2  + b - y2  H b mxn  + b - yn  = 0 

m(xi  + x2  H b xn)  + (b  + b H b b)  - (yi  + y2  H b yn)  = 0 

=>  m^Xk  H-b^1  - EYk  = 0 =>  m E xk  + bn  - EYk  = 0 =0  b = ^EYk  - mJ>kY 

k=l  k=l  k=l  k=l  k=l  \k=l  k=l  / 


Substituting  for  b in  the  equation  obtained  for  we  get  m E (xk)  + H EYk  — mExk  ) Exk  — E (xkYk)  = 0. 

n \k=l  k=l  / k=l  k=l 


Multiply  both  sides  by  n to  obtain  mn^  (x£)  + ( EYk  ~ mExk  ) Exk  — n E (xkYk)  = 0 


k=l 


k=l 

n \ n 


n \ n 


k=l 


k=l  /k=l 


k=l 


k=l 


k=l  / \k=  1 

2 


^mn E(xk)+  ( Exk)  ( EYk)  -m(  Exk  -nE(xkYk)  =0 


k=l 


k=l 


k=l 


k=l 


4mn^(xk)-m(  Exk  ) = nE(xkYk)  - ( Exk  ) ( EYk 


k=l 


k=l  / \k=l 


nE(xk)  - E*k 


k=l 


k=l 


— n E (xkYk)  - Exk  EYk 


k=l 


k=l 


k=l 


=>  m = 


k=l  / \k=l 


nE(xkyk)-  Exk  Eyk  Exk  Eyk  -nE(xkyk) 


k=l  / \k=l 


nE  (xk)-  f Exk 

k=l  \k=l 


Exk  -nE«: 


To  show  that  these  values  for  m and  b minimize  the  sum  of  the  squares  of  the  distances,  use  second  derivative  test. 
= 2x^+2x2  + b 2 x^  = 2 E (xk)  > dm  ab  = 2 xi  + 2 x2  H + 2 xn  = 2E  xk;  = 2 + 2 H + 2 = 2 n 


k=l 


k=l 
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/ rtf  \ / rv?  \ / \ 2 

n 

n 

2 

n / n \ 2 

The  discriminant  is:  (£-)  (^)  (/m«b)  = 

2£(x2) 

. k=l 

(2  n)  - 

2£xk 
. k=l  . 

= 4 

n£(x2)-  £xk 

k— 1 \k— 1 / 

Now,  n^(x^)  - f 'Ext 

k=l  \k=l 

= nxj  + nx\  H 1-  nx„  - X,  - xix2 XiXn  - x2Xi  - x| x2xn  - xnxi  - xnx2  x„ 

= (n  — 1)  Xj  + (n  — 1)  x|  + • • • + (n  — 1)  xjj  — 2 xix2  — 2x1X3  — • • • — 2xixn  — 2x2x3  — • • • — 2x2xn  — • • • — 2xn_ixn 

= (xf  - 2xix2  +x|)  + (xf  - 2xix3  + X3)  H f (xf  - 2xixn  + x„)  + (x|  - 2x2x3  + xf)  H 1-  (x§  -2x2x„  + xj*) 

H 1-  (x„_!  - 2xn_ixn  + x„) 


j = n(xj  + x\  H f xj*)  - (xi  + x2  H h xn)(xi  + x2  + f xn) 


= (xi  - X2)2  + (xi  - x3)2  H h (X!  - xn)2  + (x2  - x3)2  H h (x2  - xn)2  H h (xn_i  - xn)2  > 0. 


Thus  we  have  : ( 


m 


( <92w  V _ 4 

\dmdb)  ~ * 


n£(xk) 


k=l 


£xk 

k— 1 


> 4(0)  = 0.  If  xi  = x2  = • • • = xn  then 


( (?w)  ( cPw")  _ 
\ W ) 


( 92w  V 

^ am  at>  ) 


- 0.  Also,  0 = 2 £ (xj)  > 0.  If  xx  = x2  = • • • = xn  = 0,  then  = 0. 


k=l 


Provided  that  at  least  one  Xi  is  nonzero  and  different  from  the  rest  of  xj,  j 7^  i,  then  ^ J — ( dmdb ) > 0 and 

p,  2 

> 0 =>  the  values  given  above  for  m and  b minimize  w. 


66  m - <°>(5>-3(6)  - 3 anH 
66.  m—  (0)v  _ 3(8)  — 4 ana 

b = 5 [5  — | (0)]  = f 

=►  y = ?x  + |;y|x=4  = t 


67.  m = 


(2)(  — 1)  — 3(  — 14) 
(2)2  - 3(10) 


yj  and 


b=|[-l-(-g)(2)]  = ^ 

=>y=-§x+^;y|x^ 


II 

13 


68.  m=<Pf^f  = §and 

b = 5 [5  ! (3)]  = g 

=>V=-X+i'vl  = — 

^ y 2 e >yix=4  6 


69-74.  Example  CAS  commands: 

Maple: 

f :=  (x,y)  ->  xA2+yA3-3*x*y; 
x0,xl  :=  -5,5; 
y0,yl  :=  -5,5; 

plot3d(  f(x,y),  x=x0..xl,  y=y0..yl,  axes=boxed,  shading=zhue,  title="#69(a)  (Section  14.7)" ); 
plot3d(  f(x,y),  x=x0..xl,  y=y0..yl,  grid=[40,40J,  axes=boxed,  shading=zhue,  style=patchcontour,  title="#69(b) 
(Section  14.7)" ); 


fx  :=  D[  1 ](f); 

#(c) 

fy  :=  D[2](f); 

crit_pts  :=  solve(  {fx(x,y)=0,fy(x,y)=0},  {x,y}  ); 

fxx  :=  D[l](fx); 

#(d) 

fxy  :=  D[2](fx); 
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fyy  :=  D[2](fy); 

discr  :=  unapply(  fxx(x,y)*fyy(x,y)-fxy(x,y)A2,  (x,y) ); 
for  CP  in  { crit_pts } do  # (e) 

eval(  [x,y,fxx(x,y),discr(x,y)],  CP ); 
end  do; 

# (0,0)  is  a saddle  point 

# ( 9/4,  3/2)  is  a local  minimum 
Mathematical  (assigned  functions  and  bounds  will  vary) 

Clear[x,y,f] 

f[x_,y_]:=  x2  + y3  — 3x  y 

xmin=  —5;  xmax=  5;  ymin=  —5;  ymax=  5; 

Plot3D[f[x,y],  {x,  xmin,  xmax),  { y,  ymin,  ymax},  AxesLabel  — > {x,  y,  z } ] 

ContourPlot[f[x,y],  {x,  xmin,  xmax},  {y,  ymin,  ymax},  ContourShading  — > False,  Contours  — ► 40] 

fx=  D[f[x,y],  x]; 

fy=D[f[x,y],y]; 

critical=Solve[{fx==0,  fy==0},{x,  y }] 
fxx=  D[fx,  x]; 
fxy=  D[fx,  y]; 
fyy=  D[fy,  y]; 

discriminant=  fxx  fyy  — fxy2 
{ { x,  y } , f[x,  y],  discriminant,  fxx}  /.critical 

14.8  LAGRANGE  MULTIPLIERS 

1 . v f — yi  + xj  and  VS  = 2xi  + 4yj  so  that  yf=Avg  =>  yi  + xj  = A(2xi  + 4yj)  =>  y = 2xA  and  x = 4yA 
=>  x = 8xA2  =>  A = ±^orx  = 0. 

CASE  1 : If  x = 0,  then  y = 0.  But  (0, 0)  is  not  on  the  ellipse  so  x 7/  0. 

CASE  2:  x ^ 0 =>  A = ± ^ =£>  x = ± \/2y  =>  ^ ± \/2y ^ + 2y2  = 1 =>  y = ± | . 

Therefore  f takes  on  its  extreme  values  at  ^ ± 4^,  | j and  ^ ± . The  extreme  values  of  f on  the  ellipse 

are  ± ^ . 

2.  v f — yi  + xj  and  VS  = 2xi  + 2yj  so  that  yf=Avg  =>  yi  + xj  = A(2xi  + 2yj)  =>  y = 2xA  and  x = 2yA 
=>  x = 4xA2  =>  x = 0orA  = ± \ . 

CASE  1 : If  x = 0,  then  y = 0.  But  (0, 0)  is  not  on  the  circle  x2  + y2  — 10  = 0 so  x ^ 0. 

CASE  2:  x ^ 0 =>  A = ± ± =>y  = 2x(±i)=±x^x2  + (±x)2-10  = 0=>x=±v/5  =>  y = ± y/5- 

Therefore  f takes  on  its  extreme  values  at  ^ ± y/S,  a/5^  and  ^ ± y/5,  — y/5j  . The  extreme  values  of  f on  the 
circle  are  5 and  —5. 

3.  v f — ~ 2xi  — 2yj  and  v g = i + 3j  so  that  v f = A V g =>  ^2xi  - 2yj  = A(i  + 3j)  =>  x = — | and  y = - y 
=>  (—  | ) + 3 (—  y)  = 10  =>  A = —2  =>  x = 1 and  y = 3 =$■  f takes  on  its  extreme  value  at  (1, 3)  on  the  line. 

The  extreme  value  is  f(l,  3)  — 49  1 ■ 9 = 39. 

4.  v f = 2xyi  + x2j  and  vg  = i+jso  that  v f = A V g =>  2xyi  + x2j  = A(i  + j)  =>•  2xy  = A and  x2  = A 
=>  2xy  = x2  =>  x = 0 or  2y  = x. 

CASE  1:  If  x = 0,  then  x + y = 3 =>  y = 3. 
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CASE  2:  If  x ^ 0,  then  2y  = x so  that  x + y = 3 =>  2y  + y = 3 =>  y = 1 =>  x = 2. 

Therefore  f takes  on  its  extreme  values  at  (0,  3)  and  (2, 1).  The  extreme  values  of  f are  f(0,  3)  = 0 and  f(2, 1)  = 4. 


5.  We  optimize  f(x,  y)  = x2  + y2,  the  square  of  the  distance  to  the  origin,  subject  to  the  constraint 

g(x,  y)  = xy2  — 54  = 0.  Thus  v f — 2xi  + 2yj  and  yg  = y2i  + 2xyj  so  that  y f = A V g =>  2xi  + 2yj 
= A (y2i  + 2xyj)  =>  2x  = Ay2  and  2y  = 2Axy. 

CASE  1 : If  y = 0,  then  x = 0.  But  (0, 0)  does  not  satisfy  the  constraint  xy2  — 54  so  y ^ 0. 

CASE  2:  If  y ^ 0,  then  2 = 2Ax  =>  x = j =>  2 Q)  = Ay2  =>  y2  = jp  . Then  xy2  = 54  =>-  Q)  (^)  = 54 

=>  A3  = ^ =>  A = | =>  x = 3 and  y2  = 18  =>  x = 3 and  y = ± 3\/2. 

Therefore  ^3.  ± 3y/2^  are  the  points  on  the  curve  xy2  = 54  nearest  the  origin  (since  xy2  = 54  has  points  increasingly 
far  away  as  y gets  close  to  0,  no  points  are  farthest  away). 

6.  We  optimize  f(x,  y)  = x2  + y2,  the  square  of  the  distance  to  the  origin  subject  to  the  constraint  g(x,  y)  = x2y  2 — 0. 

Thus  yf  = 2xi  + 2yj  and  yg  = 2xyi  + x2j  so  that  yf=Ayg  =>  2x  = 2xyA  and  2y  = x2A  =>  A = ^ , since 

x = 0 =>  y = 0 (but  g(0, 0)  7A  0).  Thus  x ^ 0 and  2x  = 2xy  (=?)  =>  x2  = 2y2  =>  (2y2)  y — 2 = 0 =>  y = 1 (since 

y > 0)  =>  x = ± \pl.  Therefore  ^ ± \[2. 1 j are  the  points  on  the  curve  x2y  = 2 nearest  the  origin  (since  x2y  = 2 has 
points  increasingly  far  away  as  x gets  close  to  0,  no  points  are  farthest  away). 

7.  (a)  v f = i + j and  V g = yi  + xj  so  that  yf=Ayg=^i+j  = A(yi  + xj)  =>  1 = Ay  and  1 = Ax  =>  y = \ and 

x=A=>Aj  = 16=^A  = ± I.  Use  A = \ since  x > 0 and  y > 0.  Then  x = 4 and  y = 4 =>  the  minimum  value  is  8 
at  the  point  (4, 4).  Now,  xy  = 16,  x > 0,  y > 0 is  a branch  of  a hyperbola  in  the  first  quadrant  with  the  x-and  y-axes 
as  asymptotes.  The  equations  x + y = c give  a family  of  parallel  lines  with  m = — 1 . As  these  lines  move  away  from 
the  origin,  the  number  c increases.  Thus  the  minimum  value  of  c occurs  where  x + y = c is  tangent  to  the  hyperbola's 
branch. 

(b)  v f = yi  + xj  and  V g = i + j so  that  yf=Ayg  =>  yi  + xj  = A(i+j)=>y  = A = xy  + y=16=^y  = 8 
=$■  x — 8 =>  f(8, 8)  — 64  is  the  maximum  value.  The  equations  xy  = c (x  > 0 and  y > 0 or  x < 0 and  y < 0 
to  get  a maximum  value)  give  a family  of  hyperbolas  in  the  first  and  third  quadrants  with  the  x-  and  y-axes  as 
asymptotes.  The  maximum  value  of  c occurs  where  the  hyperbola  xy  = c is  tangent  to  the  line  x + y = 16. 


i.  Let  f(x,  y)  = x2  + y2  be  the  square  of  the  distance  from  the  origin.  Then  v f = 2xi  + 2yj  and 

V g = (2x  + y)i  + (2y  + x)j  so  that  yf=^Vg  =>  2x  = A(2x  + y)  and  2y  = A(2y  + x)  =>•  = A 


^ 2X  _ ( 2y+x  j 


- ) (2x  + y)  =>  x(2y  + x)  = y(2x  + y)  =>  x2  = y2  =>  y = ± x. 

CASE  1 : y = x =>  x2  + x(x)  + x2  — 1=0  =>■  x = ± and  y = x. 

CASE  2:  y = -x  =>  x2  + x(-x)  + (-x)2  -1  = 0 x = ± 1 and  y = -x.  Thus  f = § 

= and  f(l,  — 1)  = 2 = f(— 1, 1). 

Therefore  the  points  (1,-1)  and  (—1, 1)  are  the  farthest  away;  and  are  the  closest 

points  to  the  origin. 


9.  V = 7rr2h  =>  I6n  = 7rr2h  =>■  16  = r2h  =>  g(r,  h)  = r2h  — 16;  S = 27rrh  + 27rr2  =>•  v S = (27rh  + 47rr)i  + 27rrj  and 
Vg  = 2rhi  + r2j  so  that  v S = A V g (27rrh  + 47rr)i  + 27rrj  = A (2rhi  + r2j)  =>  27rrh  + 47rr  = 2rhA  and  27rr  = Ar2 
r = 0 or  A = . But  r = 0 gives  no  physical  can,  sor^O  =>  A = ^ =>■  27rh  + 47rr  = 2rh  (- 'f ) =>  2r  = h 

=>  16  = r2(2r)  =>  r — 2 =>  h = 4;  thus  r = 2 cm  and  h = 4 cm  give  the  only  extreme  surface  area  of  247r  cm2.  Since 
r = 4 cm  and  h = 1 cm  =>  V = 167t  cm3  and  S = 407t  cm2,  which  is  a larger  surface  area,  then  247r  cm2  must  be  the 
minimum  surface  area. 
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10.  For  a cylinder  of  radius  r and  height  h we  want  to  maximize  the  surface  area  S = 27rrh  subject  to  the  constraint 

g(r,h)  = r2  + (|)2  — a2  = 0.  Thus  v S = 27rhi  + 27rrj  and  v g = 2ri  + | j so  that  v S = A V g =>  27rh  = 2Ar  and 
27rr  = f =>  f = A and  27rr  = (f ) (|)  =>•  4r2  = h2  =>  h = 2r  =>  r2  + ^ = a2  =>  2r2  = a2  =>  r = 

=>  h = ay/2  =>■  S = 27T  j = 27ra2. 


11.  A = (2x)(2y)  = 4xy  subject  to  g(x,  y)=y^  + |-  — 1=0;  ^ A = 4yi  + 4xj  and  Vg  = § i + y j so  that  V A 
= A V g =4>  4yi  + 4xj  = A (|i+  f j)  =>  4y  = (|)Aand4x=  (f ) A =>  A = ^and4x  = (f)  (^) 

=$*  y — ±jX  =>  Yg  + ^ =1  =>x2  = 8=>x=±  2\fl.  We  use  x = 2y/2  since  x represents  distance. 
Then  y = | (2^/2)  = =/?  ; so  the  length  is  2x  = 4y/2  and  the  width  is  2y  = 3\/2. 


12.  P = 4x  + 4y  subject  to  g(x,  y)  = \ + - 


b2 


1=0;  v P = 4i  + 4j  and  Vg  = |i+|jso  that  v p = A V g 


=*  4 = ( ) A and  4 = ( p- ) A =*  A = f and  4 = (g)  (f ) =*  y = (£)  x =*  £ + % 


= 1 =>  L + LL 


= 1 =>  (a2  + b2)  x2  = a4  =>  x = 


Va2+b2 


since  x>0  =>  Y = ( jt) 


Va2+b2 


width  = 2x  = 


2a2 


Va^+b2 


and  height  = 2y  = ^2b+b„  perimeter  is  P = 4x  + 4y  = = 4 \J a2  + b2 


13.  V f = 2xi  + 2yj  and  V g = (2x  - 2)i  + (2y  - 4)j  so  that  v f = A V g = 2xi  + 2yj  = A[(2x  — 2)i  + (2y  - 4)j] 

=>  2x  = A(2x  — 2)  and  2y  = A(2y  — 4)  =$■  x = and  y = A 7M  =>  y = 2x  =>■  x2  — 2x  + (2x)2  — 4(2x)  = 0 

=>  x = 0 and  y = 0,  or  x = 2 and  y = 4.  Therefore  f(0, 0)  = 0 is  the  minimum  value  and  f(2, 4)  = 20  is  the  maximum 
value.  (Note  that  A = 1 gives  2x  = 2x  — 2 or  0 = —2,  which  is  impossible.) 

14.  v f — 3i  — j and  V g = 2xi  + 2yj  so  that  yf=A  vg=>3  = 2Ax  and  —1  = 2Ay  =>  A = ^ and  —1=2  (^)  y 

y = _ f =*  x2  + (-  f)2  = 4 =»  10x2  = 36  =>  x = =*  x=-^andy=-^,orx=-^  and 

y = w Therefore  f (^5-  - w)  = wo + 6 = 2v/I° + 6 ” 12J25  is  the  maximum  value’ and  f (-  w>  w) 

= — 2y/l0  + 6 « —0.325  is  the  minimum  value. 

15.  V T = (8x  - 4y)i  + (— 4x  + 2y)j  and  g(x,  y)  = x2  + y2  — 25  = 0 =>  V g = 2xi  + 2yj  so  that  v T = A V g 

=>■  (8x  - 4y)i  + (— 4x  + 2y)j  = A(2xi  + 2yj)  =>■  8x  - 4y  = 2Ax  and  -4x  + 2y  = 2Ay  =>•  y = , A ± 1 

=>  8x  - 4 (yzf)  = 2Ax  =>  x = 0,  or  A = 0,  or  A = 5. 

CASE  1 : x = 0 =>  y = 0;  but  (0, 0)  is  not  on  x2  + y2  = 25  so  x 7^  0. 

CASE  2:  A = 0 =>■  y = 2x  =>  x2  + (2x)2  = 25  =>  x = ± y/5  and  y = 2x. 

CASE  3:  A = 5=>y=^  = — | =>  x2  + (—  |)2  = 25  =>  x = ± 2y/5  =>  x = 2y/5  and  y = — y/5,  or  x = — 2y/5 
and  y = y/5  . 

Therefore  T ^^5, 2y/ 5^j  = 0°  = T y^5,  — 2y/5  j is  the  minimum  value  and  T ^2y/5,  — y/5^  = 125° 

= T 2y/5,  y/5)  is  the  maximum  value.  (Note:  A = 1 =>  x = 0 from  the  equation  — 4x  + 2y  = 2Ay;  but  we 
found  x ^ 0 in  CASE  1.) 

16.  The  surface  area  is  given  by  S = 47rr2  + 27rrh  subject  to  the  constraint  V(r,  h)  = 1 7rr3  + 7rr2h  = 8000.  Thus 

V S = (87rr  + 27rh)i  + 27rrj  and  V = (47rr2  + 27rrh)  i + 7rr2j  so  that  \/S  = A\/V  = (87rr  + 27rh)i  + 27rrj 

= A [(47rr2  + 27rrh)  i + 7rr2j]  =>■  87rr  + 27rh  = A (47rr2  + 27rrh)  and  27rr  = A7rr2  =>  r = 0 or  2 = rA.  But  r 7^  0 
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so2  = rA  =>  A = 2 +-  4r  + h = 2 (2r2  + rh)  =>  h = 0 =>•  the  tank  is  a sphere  (there  is  no  cylindrical  part)  and 
1 7rr3  = 8000  +>  r=  10(^)1/3. 

17.  Let  f(x,  y,  z)  = (x  — l)2  + (y  — l)2  + (z  — l)2  be  the  square  of  the  distance  from  (1, 1, 1).  Then 

V f = 2(x  - l)i  + 2(y  - l)j  + 2(z  - l)k  and  v g = i + 2j  + 3k  so  that  yg 

=>  2(x  - l)i  + 2(y  - l)j  + 2(z  - l)k  = A(i  + 2j  + 3k)  +>  2(x  - 1)  = A,  2(y  - 1)  = 2A,  2(z  - 1)  = 3A 
=>  2(y  - 1)  = 2[2(x  - 1)]  and  2(z  - 1)  = 3[2(x  -l)]^x=y|4+>z  + 2 = 3 (5  or  z = 3y2_1  ; thus 
+ 2y  + 3 ( 3y,~  ' ) — 13  = 0 =>■  y — 2 =>  x = | and  z = | . Therefore  the  point  (|,  2,  |)  is  closest  (since  no 
point  on  the  plane  is  farthest  from  the  point  (1,  1.  1)). 

18.  Let  f(x,  y,  z)  = (x  — l)2  + (y  + l)2  + (z  — l)2  be  the  square  of  the  distance  from  (1,  — 1, 1).  Then 

V f = 2(x  — 1 )i  + 2(y  + 1 )j  + 2(z  - l)k  and  v g = 2xi  + 2yj  + 2zk  so  that  vf=Avg=^x-l  = Ax,y+l  = Ay 
andz— l = Az  =>  x = ^ , y = - ^ , and  z = ^ for  A ^ 1 =>  (t^a)2  + (t^x)2  + (t^a)2  = 4 

^r^A=±73^x=73’y  = -73-z  = 73OTX=-V3’y=73.z  = -73  - The  largest  value  of  f 
occurs  where  x < 0,  y > 0,  and  z < 0 or  at  the  point  777  > > ~ ^75)  on  the  sphere. 

19.  Let  f(x,  y,  z)  = x2  + y2  + z2  be  the  square  of  the  distance  from  the  origin.  Then  v f = 2xi  + 2yj  + 2zk  and 

V g = 2xi  — 2yj  — 2zk  so  that  ^7  f = A V g =>  2xi  + 2yj  + 2zk  = A(2xi  — 2yj  — 2zk)  +>  2x  = 2xA,  2y  = 2yA, 
and  2z  = — 2zA  =>  x = 0orA=l. 

CASE  1 : A = 1 =>  2y  = — 2y  =>  y = 0;  2z  = — 2z  =+  z = 0+>x2  — l = 0+>  x2  — l=0=>x  = ±1  and  y = z = 0. 
CASE  2:  x = 0 =>  y2  — z2  = 1,  which  has  no  solution. 

Therefore  the  points  on  the  unit  circle  x2  + y2  = 1,  are  the  points  on  the  surface  x2  + y2  — z2  = 1 closest  to  the  origin. 
The  minimum  distance  is  1 . 

20.  Let  f(x,  y,  z)  = x2  + y2  + z2  be  the  square  of  the  distance  to  the  origin.  Then  y f - 2xi  + 2yj  + 2zk  and 

V g = yi  + xj  — k so  that  yf=Ayg  =>■  2xi  + 2yj  + 2zk  = A(yi  + xj  — k)  =>  2x  = Ay,  2y  = Ax,  and  2z  = —A 

=+  x = y =>  2y  = A^y^  =>  y = 0 or  A = ±2. 

CASE  1:  y = 0 =>■  x = 0 =+  -z  + 1 =0  =+  z=  1. 

CASE  2:  A = 2 =+  x = y and  z = — 1 =>  x2  — (—  1)  + 1 = 0 =>  x2  + 2 = 0,  so  no  solution. 

CASE  3:  A = —2  =>  x = — y and  z = 1 =>■  (— y)y  — 1 + 1=  0 =+  y = 0,  again. 

Therefore  (0, 0, 1 ) is  the  point  on  the  surface  closest  to  the  origin  since  this  point  gives  the  only  extreme  value 
and  there  is  no  maximum  distance  from  the  surface  to  the  origin. 

21.  Let  f(x,  y,  z)  = x2  + y2  + z2  be  the  square  of  the  distance  to  the  origin.  Then  yf  = 2xi  + 2yj  + 2zk  and 

V g = — yi  — xj  + 2zk  so  that  yf=Ayg  =>-  2xi  + 2yj  + 2zk  = A(— yi  — xj  + 2zk)  =>  2x  = — yA,  2y  = — xA,  and 

2z  = 2zA  =+  A = 1 or  z = 0. 

CASE  1 : A = 1 =>  2x  = — y and  2y  = — x +>  y = 0 and  x = 0 =+  z2  — 4 = 0 +>  z = ±2  and  x = y = 0. 

CASE  2:  z = 0 +>  -xy  - 4 = 0 +>  y = - \ . Then  2x  = ^ A =>  A = f , and  - ^ = -xA  +>  - % = -x 

=>  x4  = 16  =+  x = ±2.  Thus,  x = 2 and  y = —2,  or  x = — 2 and  y = 2. 

Therefore  we  get  four  points:  (2,  —2, 0),  (—2, 2, 0),  (0, 0, 2)  and  (0, 0,  —2).  But  the  points  (0, 0, 2)  and  (0,  0,  —2) 
are  closest  to  the  origin  since  they  are  2 units  away  and  the  others  are  2\J~2  units  away. 

22.  Let  f(x,  y,  z)  = x2  + y2  + z2  be  the  square  of  the  distance  to  the  origin.  Then  yf  = 2xi  + 2yj  + 2zk  and 

V g = yzi  + xzj  + xyk  so  that  yf=Ayg  =>  2x  = Ayz,  2y  = Axz,  and  2z  = Axy  =>  2x2  = Axyz  and  2y2  = Ayxz 
=>  x2=y2  +>  y = ± x =>■  z = ± x +>  x ( ± x)  ( ± x)  = 1 =>  x = ±1  +>  the  points  are  (1, 1,  1),  (1,-1,  —1), 

(-1-1.1).  and  (-1, 1,-1). 
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23.  v f = i — 2j  + 5k  and  v g = 2xi  + 2yj  + 2zk  so  that  \7f=Avg=>L  2j  + 5k  = A(2xi  + 2yj  + 2zk)  =>  1 = 2xA, 
— 2 = 2yA,  and  5 = 2zA  =>•  x = , y = — j = — 2x,  and  z = ^ = 5x  =>  x2  + (— 2x)2  + (5x)2  = 30  =>  x = ±1. 

Thus,  x = 1,  y = —2,  z = 5 or  x = —1,  y = 2,  z = —5.  Therefore  f(l,  —2, 5)  = 30  is  the  maximum  value  and 
f( — 1 , 2,  —5)  = —30  is  the  minimum  value. 


24.  v f = i + 2j  + 3k  and  v g = 2xi  + 2yj  + 2zk  so  that  v f = A V g 
2 = 2yA,  and  3 = 2zA  =>  x = A- , y = 2 = 2x,  and  z = A = 3x  =>■ 


i + 2j  + 3k  = A(2xi  + 2yj  + 2zk)  =>  1 = 2xA, 
+ (2x)2  + (3x)2  = 25  =►  x = ± 


Thus,  x = 5 , y = 42=  , z = 45=  or  x = j—  , y = 4=  , z = 15  . Therefore  f 

vU4  V14  ’ V14  V14  VU  yi4 


( _5_  _i0_  15  A 

\ 4 14  ’ 4l4  ’ 414/ 


= 5 \/ 1 4 is  the  maximum  value  and  f ( - 


5 

4l4  ’ 


10 

4w  ’ 


15 

4w 


) = — 5v/l4  i 


is  the  minimum  value. 


25.  f(x,  y,  z)  = x2  + y2  + z2  and  g(x,  y,z)  = x + y + z — 9 = 0 =>  v f = 2xi  + 2yj  + 2zk  and  vg  = i+  j + kso  that 
V f = A V g =>■  2xi  + 2yj  + 2zk  = A(i  + j + k)  =>  2x  = A,  2y  = A,  and  2z  = A=>x  = y = z=>x  + x + x-  9 = 0 
=>  x = 3,  y = 3,  and  z = 3. 


26.  f(x,  y,  z)  = xyz  and  g(x,  y,  z)  = x + y + z2  — 16  = 0 =>■  Vf  = yzi  + XZJ  + xyk  and  Vg-*  + j + 2zk  so  that 

V f = A V g =■  yzi  + xzj  -1-  xyk  = A(i  + j + 2zk)  =>■  yz  = A,  xz  = A,  and  xy  = 2zA  =>  yz  = xz  =>  z = 0 or  y = x. 
But  z > 0 so  that  y = x =>  x2  = 2zA  and  xz  = A.  Then  x2  = 2z(xz)  =>  x = 0 or  x = 2z2.  But  x > 0 so  that 
x = 2z2  =>  y = 2z2  =>  2z2  4-  2z2  + z2  = 16  =>  z = ± . We  use  z = since  z > 0.  Then  x = y-  and  y = y 


which  yields  f (f  , = f2|. 


45 


27.  V = xyz  and  g(x,  y,  z)  = x2  + y2  + z2  — 1 = 0 =>■  v V = yzi  + xzj  + xyk  and  V g = 2xi  + 2yj  + 2zk  so  that 
VV  = Ayg  =>■  yz  = Ax,  xz  = Ay,  and  xy  = Az  =>  xyz  = Ax2  and  xyz  = Ay2  =>y=±x=>z=±x 


=>  X2  + X"  + X2  = 1 =>  X = 


since  x > 0 


the  dimensions  of  the  box  are 


by  -t=  by 


y^  OlilV/W  /V  V7  — 7-  LI  IV-  V7 1 LI IV-  L7L7/V  £11 V-  y^  Uy  y^  U y y - 

volume,  (Note  that  there  is  no  minimum  volume  since  the  box  could  be  made  arbitrarily  thin.) 


for  maximum 


28.  V = xyz  with  x,  y,  z all  positive  and  ^ + ^ + ^ = 1;  thus  V = xyz  and  g(x,  y,  z)  = bcx  + acy  + abz  — abc  = 0 

=4  V ^ = yzi  + xzj  + xyk  and  yg  = bci  + acj  + abk  so  that  yV  = Avg  =>  yz  = Abc,  xz  = Aac,  and  xy  = Aab 
=>  xyz  = Abcx,  xyz  = Aacy,  and  xyz  = Aabz  =>■  A 4 0-  Also,  Abcx  = Aacy  = Aabz  =>•  bx  = ay,  cy  = bz,  and 
cx  = az  =4  y = 2 x and  z = £ x.  Then  - + r + £ = 1 =4  - + j;(-x)  + i(£x)  = l =4  — = 1 =>  x = f 
=4  y = (|)  (|)  = | and  z = (£)  (|)  = | =>  V = xyz  = (|)  Q)  (|)  = is  the  maximum  volume.  (Note  that 
there  is  no  minimum  volume  since  the  box  could  be  made  arbitrarily  thin.) 


29.  V T = 16xi  + 4zj  + (4y  — 16)k  and  V g = 8xi  + 2yj  + 8zk  so  that  v T = A V g =>■  16xi  + 4zj  + (4y  — 16)k 
= A(8xi  + 2yj  + 8zk)  =>■  16x  = 8xA,  4z  = 2yA,  and  4y  — 16  = 8zA  =>■  A = 2 or  x = 0. 

CASE  1:  A = 2 =>  4z  = 2y(2)  =>  z = y.  Then  4z  — 16  = 16z  =>  z = — | =4  y = — |.  Then 

4x2  + (-  If  + 4 (-  fj2  = 16  =>  x = ± | . 

CASE  2:  x = 0 =4  A = | =>  4y  - 16  = 8z  (^)  =4  y2  - 4y  = 4z2  =>  4(0)2  + y2  + (y2  - 4y)  - 16  = 0 
=4  y2  - 2y  - 8 = 0 (y  - 4)(y  + 2)  = 0 =>  y = 4 or  y = -2.  Now  y = 4 4z2  = 42  - 4(4) 

=4  z = 0 and  y = —2  =>  4z2  = (— 2)2  — 4(— 2)  =>  z = ± y/3. 

The  temperatures  are  T ( ± f , - f , - f ) = 642  |°,  T(0, 4, 0)  = 600°,  T (0,  -2,  v^)  = (600  - 24y/3)  , and 
T (0,  —2,  — y4T)  = (600  + 24y/3)  « 641.6°.  Therefore  ( ± | — y , — y)  are  the  hottest  points  on  the  space  probe. 
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30.  v T = 400yz2i  + 400xz2j  + 800xyzk  and  yg  - 2xi  + 2yj  + 2zk  so  that  yT^Ayg 

=>■  400yz2i  + 400xz2j  + 800xyzk  = A(2xi  + 2yj  + 2zk)  =>  400yz2  = 2xA,  400xz2  = 2yA,  and  800xyz  = 2zA. 
Solving  this  system  yields  the  points  (0,  ± 1,0) , ( ± 1, 0, 0) , and  ^ ± A,  ± ± . The  corresponding 

temperatures  are  T (0,  ± 1, 0)  = 0,  T ( ± 1, 0, 0)  = 0,  and  T ^ ± A,  ± A,  ± = ±50.  Therefore  50  is  the 

maximum  temperature  at  ^A  , A , ± A^  j and  | , — \ , ± A^  ; —50  is  the  minimum  temperature  at 

(\  > “ l > ± ^ ) and  (“  I 4 1 ± ^ ' 

31.  v U = (y  + 2)i  + xj  and  v g = 2i  + j so  that  yU  = Ayg  =>■  (y  + 2)i  + xj  = A(2i  + j)  =>  y + 2 = 2A  and 
x = A =±  y±2  = 2x  =>■  y = 2x  — 2 =>  2x±  (2x  — 2)  = 30  =>  x = 8 and  y = 14.  Therefore  U(8, 14)  = $128 
is  the  maximum  value  of  U under  the  constraint. 


32.  yM  - (6  + z)i  — 2yj  + xk  and  V g — 2xi  ± 2yj  + 2zk  so  that  y M = A y » =>  (6  + z)i  — 2yj  + xk 
= A(2xi  ± 2yj  + 2zk)  =>■  6 + z = 2xA,  — 2y  = 2yA,  x = 2zA  =>■  A = — 1 or  y = 0. 

CASE  1:  A = — 1 =>  6 ± z = — 2x  and  x = — 2z  =>  6 + z = — 2(— 2z)  =>  z = 2 and  x = —4.  Then 
(— 4)2  + y2  + 22  - 36  = 0 =>  y = ±4. 

CASE  2:  y = 0,  6 + z = 2xA,  and  x = 2zA  =>  \ — ^ =>■  6±z  = 2x  (^)  =>  6z  + z2  = x2 

=>  (6z  + z2)  + 02  ± z2  = 36  =>  z = —6  or  z = 3.  Now  z = —6  =>  x2  = 0 =>  x = 0;z  = 3 
=>■  x2  — 27  =>■  x = ± 3y/ 3. 

Therefore  we  have  the  points  ^ ± 3\/3, 0,  3^j  , (0, 0,  —6),  and  (—4,  ± 4, 2) . Then  M ^3y/3, 0,  3^j  = 27y/3  + 60 

« 106.8,  M (-3y/3, 0,  3^  = 60  - 27y/3  « 13.2,  M(0, 0,  -6)  = 60,  and  M(-4, 4, 2)  = 12  = M(-4,  -4, 2).  Therefore, 
the  weakest  field  is  at  (—4,  ± 4, 2) . 

33.  Let  gi(x,  y,  z)  = 2x  - y = 0 and  g2(x,  y,  z)  = y + z = 0 =>•  V gi  = 2i  - j , V g2  = j + k , and  v f = 2xi  ± 2j  - 2zk 

so  that  v f = A v gi  + P V g2  =k  2xi  + 2j  — 2zk  = A(2i  — j)  + /i(j  + k)  =>  2xi  ± 2j  — 2zk  = 2Ai  + (gi  — A)j  + gt k 

=>  2x  = 2A,  2 = gt  — A,  and  — 2z  = gt  =>  x = A.  Then  2 = — 2z  — x =>  x = — 2z  — 2 so  that  2x  — y = 0 

=>  2(— 2z  — 2)  — y = 0 =>  — 4z  — 4 — y = 0.  This  equation  coupled  with  y + z = 0 implies  z = — | and  y = | . Then 

x = | so  that  (| ; 5 , — |)  is  the  point  that  gives  the  maximum  value  f (| , | , — |)  = (|)2  + 2 (|)  — (—  |)“  = | . 

34.  Let  gi(x,  y,  z)  = x + 2y  + 3z  - 6 = 0 and  g2(x,  y,  z)  = x + 3y  + 9z  - 9 = 0 =>  V gi  = ' + 2j  + 3k , 

V g2  = i + 3j  ± 9k , and  v f = 2xi  + 2yj  + 2zk  so  that  v f = A V gi  + A'  V g2  =k  2xi  + 2yj  + 2zk 

= A(i  ± 2j  + 3k)  + gi(i  + 3 j + 9k)  =>  2x  = A + gi,  2y  = 2A  + 3 gi,  and  2z  = 3A  ± 9 gi.  Then  0 = x±2y±3z  — 6 
= ± (A  + gt)  + (2A  + 3gt)  + (|  A + f gi)  - 6 =>  7A  + 17gt  = 6;  0 = x + 3y  + 9z  - 9 

=>  \ (A  + gi)  + (3A  + | A4)  + (^  A + y /i)  - 9 =>  34A  ± 91/i  = 18.  Solving  these  two  equations  for  A and  gi  gives 
A = and  gi  = — ||  =>■  x = 4i±  = |f  , y = 2A3j3^  = 123  , and  z = 3A  + 9 = AL  . The  minimum  value  is 
f (li  ’ W ’ = 2 59^*  — W ■ (N°te  that  there  is  no  maximum  value  of  f subject  to  the  constraints  because 

at  least  one  of  the  variables  x,  y,  or  z can  be  made  arbitrary  and  assume  a value  as  large  as  we  please.) 

35.  Let  f(x,  y,  z)  = x2  ± y2  + z2  be  the  square  of  the  distance  from  the  origin.  We  want  to  minimize  f(x,  y,  z)  subject  to  the 

constraints  gi(x,  y,  z)  = y + 2z  — 12  = 0 and  g2(x.  y,  z)  = x + y — 6 = 0.  Thus  y f = 2xi  + 2yj  + 2zk , V gi  = j + 2k, 

and  v g2  = i + j so  that  v f = ^ V gi  + P V g2  2x  = gi,  2y  = A + gi,  and  2z  = 2A.  Then  0 = y±2z—  12 

= (f±f)+2A-12±>§A±igi=12^5A±gt  = 24;0  = x±y-6=f±(f±f)-6=>iA±gi  = 6 
=>  A ± 2gi  = 12.  Solving  these  two  equations  for  A and  gt  gives  A = 4 and  gi  = 4 =>  x = | = 2,  y = 1” /J  = 4,  and 
z = A = 4.  The  point  (2, 4, 4)  on  the  line  of  intersection  is  closest  to  the  origin.  (There  is  no  maximum  distance  from  the 
origin  since  points  on  the  line  can  be  arbitrarily  far  away.) 
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36.  The  maximum  value  is  f (| , | , — | from  Exercise  33  above. 

37.  Let  gx(x,  y,  z)  = z - 1 = 0 and  g2(x,  y,  z)  = x2  + y2  + z2  - 10  = 0 =>  V gi  = k , v g2  = 2xi  + 2yj  + 2zk , and 

V f = 2xyzi  + x2zj  + x2yk  so  that  Vf=^Vgi+AtVg2  =>  2xyzi  + x2zj  + x2yk  = A(k)  + ^(2xi  + 2yj  + 2zk) 

=>  2xyz  = 2x[i,  x2z  = 2y /z,  and  x2y  = 2z /j,  + A =>  xyz  = x/i  =>  x = 0 or  yz  = p,  =>  /i  = y since  z = 1. 

CASE  1:  x = 0 and  z=l  =>  y2  — 9 = 0 (from  g2)  =>•  y = ± 3 yielding  the  points  (0,  ± 3, 1). 

CASE  2:  fi  = y =>  x2z  = 2y2  x2  = 2y2  (since  z = 1)  =>  2y2  + y2  + 1 — 10  = 0 (from  g2)  =>  3y2  — 9 = 0 

=>  y = ± \f?>  =>  x2  = 2 ^ ± y/zj  =>■  x = ± i/6  yielding  the  points  ^ ± \[6,  ± y/z, 1^  . 

Now  f (0,  ± 3, 1)  = 1 and  f ^ ± a/6,  ± y/z,  = 6 ^ ± \//j  + 1 = 1 ± 6yfz.  Therefore  the  maximum  of  f is 
1 + 6a/3  at  ^ ± a/ 6,  y/z,  l^j , and  the  minimum  of  f is  1 — 6y/z  at  ^ ± \J 6,  — a/3,  . 

38.  (a)  Let  gi(x,  y,  z)  = x + y + z - 40  = 0 and  g2(x,  y,  z)  = x + y-  z = 0 =>  v gi  = > + j + k • V g2  = i + j — k , and 

V w = yzi  + xzj  + xyk  so  that  V w = ^ V gi  + M V g2  =>  yzi  + xzj  + xyk  = A(i  + j + k)  + /x(i  + j - k) 

=>  yz  = A + /r,  xz  = A + /x,  and  xy  = A — /r  =>  yz  = xz  =>■  z = 0 or  y = x. 

CASE  1:  z = 0 =>■  x + y = 40  and  x + y = 0 =>  no  solution. 

CASE  2:  x = y =>  2x  + z - 40  = 0 and  2x  - z = 0 =>  z = 20  =>•  x = 10  and  y = 10  =>  w = (10)(10)(20) 

= 2000 

i j k 

(b)  n = 1 1 1 = — 2i  + 2j  is  parallel  to  the  line  of  intersection  =>■  the  line  is  x = — 2t  + 10, 

11-1 

y = 2t  + 10,  z = 20.  Since  z = 20,  we  see  that  w = xyz  = (— 2t  + 10)(2t  + 10)(20)  = (— 4t2  + 100)  (20) 
which  has  its  maximum  when  t = 0 =>  x = 10,  y = 10,  and  z = 20. 

39.  Let  gj(x,  y,  z)  = y — x = 0 and  g2(x,  y,  z)  = x2  + y2  + z2  — 4 = 0.  Then  v f = yi  + xj  + 2zk , v gi  = — i + j , and 

V g2  = 2xi  + 2yj  + 2zk  so  that  v f = A V gi  + n V g2  =>■  yi  + xj  + 2zk  = A(-i  + j)  + /r(2xi  + 2yj  + 2zk) 

=>  y = — A + 2xfi,  x = A + 2y/r,  and  2z  = 2z/i  =>  z = 0 or  fj,  = 1 . 

CASE  1:  z = 0 =>  x2  + y2  — 4 = 0 =>  2x2  —4  = 0 (since  x = y)  =>  x = ± \J~2  and  y = ± \[2  yielding  the  points 
(±y/2,  ± y/2,  0)  . 

CASE  2:  fi  = 1 =>  y = —A  + 2x  and  x = A + 2y  =>  x + y = 2(x  + y)  =>  2x  = 2(2x)  since  x = y=>x  = 0=>y  = 0 
=>■  z2  — 4 = 0 =>  z = ±2  yielding  the  points  (0, 0,  ± 2) . 

Now,  f (0,  0,  ± 2)  = 4 and  f ^ ± y/2,  ± a/2,  0^j  = 2.  Therefore  the  maximum  value  of  f is  4 at  (0,  0,  ± 2)  and  the 
minimum  value  of  f is  2 at  yfl.  ± a/2,  0^  . 

40.  Let  f(x,  y,  z)  = x2  + y2  + z2  be  the  square  of  the  distance  from  the  origin.  We  want  to  minimize  f(x,  y,  z)  subject 

to  the  constraints  gi(x,  y,  z)  = 2y  + 4z  — 5 = 0 and  g2(x,  y,  z)  = 4x2  + 4y2  — z2  = 0.  Thus  v f = 2xi  + 2yj  + 2zk , 

V gi  = 2j  + 4k . and  V g2  = 8xi  + 8yj  - 2zk  so  that  v f = A V gi  + l1  V g2  =>  2xi  + 2yj  + 2zk 

= A(2j  + 4k)  + /x(8xi  + 8yj  — 2zk)  =>■  2x  = 8 x/j,,  2y  = 2A  + 8y/j,  and  2z  = 4A  — 2z fi  =>  x = 0 or  /t  = | . 

CASE  1:  x = 0 =>  4(0)2  + 4y2  - z2  = 0 =>  z = ± 2y  =>•  2y  + 4(2y)  - 5 = 0 =>•  y = 1 , or  2y  + 4(-2y)  -5  = 0 
=>  y = — § yielding  the  points  (0,  / l)  and  (0,  — § ? f ) - 
CASE  2:  =>y  = A + y=>A  = 0=^2z  = 4(0)  - 2z  (1)  =>  z = 0 =>  2y  + 4(0)  = 5 =>•  y = f and 

(0)2  = 4x2  + 4(§)2  =>  no  solution. 

Then  f (0,  §,  l)  = § and  f (0,  — |,  |)  = 25  + |)  = =>  the  point  (0,  |,  l)  is  closest  to  the  origin. 
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41.  y f=i+j  and  v g = yi  + xj  s°  that  yf=A  yg  =>  i + j = A(yi  + xj)  =>  1 = yA  and  1 = xA  =>  y = x 

=>  y2  = 16  =>  y=  ±4  =>  (4, 4)  and  (—4,  —4)  are  candidates  for  the  location  of  extreme  values.  But  as  x — > oo, 
y — » ooandf(x,y)  — > oo;  as  x — > — oo,  y — > Oandf(x,  y)  — > — oo.  Therefore  no  maximum  or  minimum  value 

exists  subject  to  the  constraint. 


42.  Let  f(A,  B,  C)  = E (Axt  + Byk  + C - zt)2  = C2  + (B  + C - l)2  + (A  + B + C - l)2  + (A  + C + l)2.  We  want 

k=l 

to  minimize  f.  Then  fA(A,  B,  C)  = 4A  + 2B  4-  4C,  fB(A,  B,  C)  = 2A  + 4B  + 4C  — 4,  and 

fc(A,  B,  C)  = 4A  + 4B  + 8C  — 2.  Set  each  partial  derivative  equal  to  0 and  solve  the  system  to  get  A — j , 

B = | , and  C = — | or  the  critical  point  of  f is  | | . 


43.  (a)  Maximize  f(a,  b,  c)  = a2b2c2  subject  to  a2  + b2  + c2  = r2.  Thus  yf=  2ab2c2i  + 2a2bc2j  + 2a2b2ck  and 
V g = 2ai  4-  2bj  + 2ck  so  that  yf=Ayg  =>■  2ab2c2  = 2aA,  2a2bc2  = 2bA,  and  2a2b2c  = 2cA 
=»  2a2b2c2  = 2a2 A = 2b2A  = 2c2A  =>  A = 0 or  a2  = b2  = c2. 


is  the  maximum  value. 


CASE  1:  A = 0 =>  a2b2c2  = 0. 

CASE  2:  a2  = b2  = c2  =>■  f(a,  b,  c)  = a2 a2 a2  and  3a2  = r2  =>■  f(a,  b,c)=^jy  is 
(b)  The  point  ^y/a,  \/b,  ^yrcj  is  on  the  sphere  if  a + b + c = r2.  Moreover,  by  part  (a),  abc  = f ^ ^/a,  \/b,  y/cj 
^ j'j  (abc)1/3  < y = a + ^ + c , as  claimed. 


< 


44.  Let  f(xi,  x2, ...  , x„)  = E aixi  = aixi  + a2x2  + ■ ■ • + anxn  and  g(xi,  x2, ...  , xn)  = x2  + x2  + . . . + x2  - 1.  Then  we 


want  yf=A  yg  ax  = A(2xx),  a2  = A(2x2), ...  , an  = A(2x„),  A ^ 0 


v — A.  I h |_  _1 — 

Xl  ~ 2A  ^ 4A2  ' 4A2  ' • * ’ ' 4A2 


=>  4A2  = E a,2  =>  2A  = E a- 


the  maximum  value. 


1/2 


f(xi, x2, ...  ,xn)  = J2  aixi  = E a.  (It)  = ix  E a,2  = ( E af 


1/2 


IS 


45-50.  Example  CAS  commands: 

Maple: 

f :=  (x,y,z)  ->  x*y+y*z; 
gl  :=  (x,y,z)  ->  xA2+yA2-2; 
g2  :=  (x,y,z)  ->  xA2+zA2-2; 

h :=  unapply(  f(x,y,z)-lambda[l]*gl(x,y,z)-lambda[2]*g2(x,y,z),  (x,y,z,lambda[  l],lambda[2]) );  # (a) 

hx  :=  diff(  h(x,y,z,lambda[l],lambda[2]),  x );  #(b) 

hy  :=  diff(  h(x,y,z,lambda[lj,lambda[2]),  y ); 

hz  :=  diff(  h(x,y,z,lambda[l],lambda[2]),  z ); 

hll  :=  diff(  h(x,y,z,lambda[l],lambda[2]),  lambda[l]  ); 

hl2  :=  diff(  h(x,y,z,lambda[l],lambda[2]),  lambda[2]  ); 

sys  :=  { hx=0,  hy=0,  hz=0,  hi  1=0,  hl2=0  }; 

ql  :=  solve(  sys,  {x,y,z,lambda[  l],lambda[2] } );  # (c) 

q2  :=  map(allvalues,{ql }); 

for  p in  q2  do  # (d) 

eval(  [x,y,z,f(x,y,z)j,  p ); 

“=evalf(eval(  [x,y,z,f(x,y,z)],  p )); 
end  do; 
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Mathematical  (assigned  functions  will  vary) 

Clear[x,  y,  z,  lambdal,  lambda2] 
f[x_,y_,z_]:=  x y + y z 
gl[x_,y_,z_]:=  x2  + y2  - 2 
g2[x_,y_,z_]:=  x2  + z2  — 2 

h = f[x,  y,  z]  — lambdal  gl[x,  y,  z]  — lambda2  g2[x,  y,  z]; 

hx=  D[h,  x] ; hy=D[h,  y];  hz=  D[h,z];  hLl=D[h,  lambdal];  hL2=  D[h,  lambda2]; 
critical=Solve[{hx==0.  hy==0.  hz==0,  hLl==0,  hL2==0,  gl[x,y,z]==0.  g2[x,y,z]==0}, 

{x,  y,  z,  lambdal,  Iambda2]]//N 
{ {x,  y,  z],  f[x,  y,  z] }/.critical 

14.9  TAYLOR'S  FORMULA  FOR  TWO  VARIABLES 

1.  f(x,  y)  = xey  =»  fx  = ey,  fy  = xey,  fxx  = 0,  fxy  = ey,  fyy  = xey 

=►  f(x,  y)  « f(0, 0)  + xfx(0, 0)  + yfy(0, 0)  + \ [x2fxx(0, 0)  + 2xyfxy(0, 0)  + y2fyy(0, 0)] 

= 0 + x-  l+  y-  0+  i(x2-0  + 2xy  • 1 + y2  • 0)  = x + xy  quadratic  approximation; 
f — of  — of  — pyf  — xpy 

=>  f(x,  y)  « quadratic  + g [x3fxxx(0, 0)  + 3x2yfxxy(0, 0)  + 3xy2fxyy(0, 0)  + y3fyyy(0, 0)] 

= x + xy  + g (x3  • 0 + 3x2y  • 0 + 3xy2  • 1 + y3  • 0)  = x + xy  + 1 xy2,  cubic  approximation 

2.  f(x,  y)  = ex  cos  y =>■  fx  = ex  cos  y,  fy  = — ex  sin  y,  fxx  = ex  cos  y,  fxy  = — ex  sin  y,  fyy  = — ex  cos  y 

=►  f(x,  y)  « f(0, 0)  + xfx(0, 0)  + yfy(0, 0)  + 1 [x2fxx(0, 0)  + 2xyfxy(0, 0)  + y2fyy(0, 0)] 

= l+x-l+y-0+ij[x2-l  + 2xy  • 0 + y2  • (—  1)]  = 1 + x + \ (x2  — y2) , quadratic  approximation; 
fxxx  = ex  cos  y,  fxxy  = — ex  sin  y,  fxyy  = — ex  cos  y,  fyyy  = ex  sin  y 
=>  f(x,  y)  « quadratic  + i [x3fxxx(0, 0)  + 3x2yfxxy(0, 0)  + 3xy2fxyy(0, 0)  + y3fyyy(0, 0)] 

= 1 + x + \ (x2  - y2)  + \ [x3  • 1 + 3x2y  • 0 + 3xy2  • (-1)  + y3  • 0] 

= 1 + x + | (x2  — y2)  + g (x3  — 3xy2) , cubic  approximation 

3.  f(x,  y)  = y sin  x =>•  fx  = y cos  x,  fy  = sin  x,  fxx  = — y sin  x,  fxy  = cos  x,  fyy  = 0 

=►  f(x,  y)  « f(0, 0)  + xfx(0, 0)  + yfy(0, 0)  + i [x2fxx(0, 0)  + 2xyfxy(0, 0)  + y2fyy(0, 0)] 

= 0 + x-  0 + y-  0+  i(x2-0  + 2xy  • 1 + y2  • 0)  = xy,  quadratic  approximation; 
fxxx  y cos  x,  fxxy  = sin  x,  fxyy  = 0,  fyyy  — 0 

=>  f(x,  y)  « quadratic  + \ [x3fxxx(0, 0)  + 3x2yfxxy(0, 0)  + 3xy2fxyy(0, 0)  + y3fyyy(0, 0)] 

— xy  + g (x3  • 0 + 3x2y  • 0 + 3xy2  • 0 + y3  • 0)  = xy,  cubic  approximation 

4.  f(x,  y)  = sin  x cos  y =>  fx  = cos  x cos  y,  fy  = — sin  x sin  y,  fxx  = — sin  x cos  y,  fxy  = — cos  x sin  y, 

fyy  = - sin  X cos  y =>  f(x,  y)  « f(0, 0)  + xfx(0, 0)  + yfy(0, 0)  + \ [x2fxx(0, 0)  + 2xyfxy(0, 0)  + y2fyy(0, 0)] 
= 0 + x-  l+  y-  0+  ;y(x2-0  + 2xy  • 0 + y2  • 0)  = x,  quadratic  approximation; 
fxxx  = ^ cos  x cos  y,  fxxy  = sin  x sin  y,  fxyy  = — cos  x cos  y,  fyyy  = sin  x sin  y 
=>  f(x,  y)  « quadratic  + i [x3fxxx(0, 0)  + 3x2yfxxy(0, 0)  + 3xy2fxyy(0, 0)  + y3fyyy(0, 0)] 

= x + g [x3  • (—1)  + 3x2y  • 0 + 3xy2  • (—1)  + y3  • 0]  = x — g (x3  + 3xy2),  cubic  approximation 

5.  f(x, y)  = ex  In (1  + y)  =»  fx  = ex  ln(l  + y),  fy  = ^ , fxx  = ex  ln(l  + y),  fxy  = ^ , fyy  = - 

=►  f(x,  y)  W f(0, 0)  + xfx(0, 0)  + yfy(0, 0)  + 1 [x2fxx(0, 0)  + 2xyfxy(0, 0)  + y2fyy(0, 0)] 

= 0 + x-  0 + y-  l + f[x2-0  + 2xy  • 1 + y2  - (—  1)]  = y + \ (2xy  — y2) , quadratic  approximation; 

fxxx  = ex  In  (1  + y),  fxxy  = j-gr^  , fxyy  = — gr+yi1  ’ ^yyy  = (1  +y)3 
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=4>  f(x,  y)  « quadratic  + \ [x3fxxx(0, 0)  + 3x2yfxxy(0, 0)  + 3xy2fxyy(0, 0)  + y3fyyy(0, 0)] 

= y + \ (2xy  - y2)  + g [x3  • 0 + 3x2y  • 1 + 3xy2  • (-1)  + y3  • 2] 

= y + i (2xy  — y2)  + g (3x2y  — 3xy2  + 2y3) , cubic  approximation 

6-  f(x,  y)  = In  (2x  + y + 1)  =>■  fx  = 2x  +y  + i > fy  = 2x  + y + l > = (2x  + y+  p2  > f*y  = (2x  + /+ 1)2  > 

fyy  = (2x+~1+i)a  =*  f(x,  y)  « f(0, 0)  + xfx(0, 0)  + yfy(0, 0)  + ± [x2fxx(0, 0)  + 2xyfxy(0, 0)  + y2fyy(0, 0)] 

= 0 + x-  2 + y-  l + i[x2-  (-4)  + 2xy  • (-2)  + y2  • (-1)]  = 2x  + y + 1 (-4x2  - 4xy  - y2) 

= (2x  + y)  — i (2x  + y)2,  quadratic  approximation; 

r 16  x'  8 x'  4 x'  2 

Axxx  — (2x  + y + l)3  ’ lxxy  — (2x  + y + l)3  » ixyy  — (2x  + y + l)3  ’ %y  — (2x  + y + l)3 

=>  f(x,  y)  « quadratic  + \ [x3fxxx(0, 0)  + 3x2yfxxy(0, 0)  + 3xy2fxyy(0, 0)  + y3fyyy(0, 0)] 

= (2x  + y)  - i (2x  + y)2  + i (x3  • 16  + 3x2y  • 8 + 3xy2  • 4 + y3  • 2) 

= (2x  + y)  - \ (2x  + y)2  + 5 (8x3  + 12x2y  + 6xy2  + y2) 

= (2x  + y)  — 2 (2x  + y)2  + | (2x  + y)3,  cubic  approximation 

7.  f(x,  y)  = sin  (x2  + y2)  =>  fx  = 2x  cos  (x2  + y2) , fy  = 2y  cos  (x2  + y2) , fxx  = 2 cos  (x2  + y2)  - 4x2  sin  (x2  + y2) , 

fxy  = — 4xy  sin  (x2  + y2) , fyy  = 2 cos  (x2  + y2)  — 4y2  sin  (x2  + y2) 

=►  f(x,  y)  » f(0, 0)  + xfx(0, 0)  + yfy(0, 0)  + 1 [x2fxx(0, 0)  + 2xyfxy(0, 0)  + y2fyy(0, 0)] 

= 0 + x-  0 + y-  0+  i(x2-2  + 2xy  • 0 + y2  • 2)  = x2  + y2,  quadratic  approximation; 
fxxx  = — 12x  sin  (x2  + y2)  - 8x3  cos  (x2  + y2) , fxxy  = — 4y  sin  (x2  + y2)  — 8x2y  cos  (x2  + y2) , 

fXyy  = — 4x  sin  (x2  + y2)  - 8xy2  cos  (x2  + y2) , fyyy  = -12y  sin  (x2  + y2)  - 8y3  cos  (x2  + y2) 

f(x,  y)  « quadratic  + \ [x3fxxx(0, 0)  + 3x2yfxxy(0, 0)  + 3xy2fxyy(0, 0)  + y3fyyy(0, 0)] 

= x2  + y2  + g (x3  • 0 + 3x2y  • 0 + 3xy2  • 0 + y3  • 0)  = x2  + y2,  cubic  approximation 

8.  f(x,  y)  = cos  (x2  + y2)  =>  fx  = — 2x  sin  (x2  + y2) , fy  = — 2y  sin  (x2  + y2) , 

fxx  = —2  sin  (x2  + y2)  - 4x2  cos  (x2  + y2) , fxy  = -4xy  cos  (x2  + y2) , fyy  = -2  sin  (x2  + y2)  - 4y2  cos  (x2  + y2) 
=►  f(x,  y)  » f(0, 0)  + xfx(0, 0)  + yfy(0, 0)  + 1 [x2fxx(0, 0)  + 2xyfxy(0, 0)  + y2fyy(0, 0)] 

= l + x-  0 + y-  0+  ^[x2-0  + 2xy  • 0 + y2  • 0]  = 1 , quadratic  approximation; 
fxxx  = — 12x  cos  (x2  + y2)  + 8x3  sin  (x2  + y2) , fxxy  = -4y  cos  (x2  + y2)  + 8x2y  sin  (x2  + y2) , 

fXyy  = — 4x  cos  (x2  + y2)  + 8xy2  sin  (x2  + y2) , fyyy  = -12y  cos  (x2  + y2)  + 8y3  sin  (x2  + y2) 

f(x,  y)  w quadratic  + \ [x3fxxx(0, 0)  + 3x2yfxxy(0, 0)  + 3xy2fxyy(0, 0)  + y3fyyy(0, 0)] 

= 1 + g (x3  • 0 + 3x2y  • 0 + 3xy2  • 0 + y3  • 0)  = 1,  cubic  approximation 

9.  f(x,  y)  = J _x^y  fx  = (1  _x-y)2  = fy>  fxx  = ,1  - x - y)3  = fxy  = fyy 

=►  f(x,  y)  W f(0, 0)  + xfx(0, 0)  + yfy(0, 0)  + \ [x2fxx(0, 0)  + 2xyfxy(0, 0)  + y2fyy(0, 0)] 

= 1 + x • 1 + y • 1 + 1 (x2  • 2 + 2xy  • 2 + y2  • 2)  = 1 + (x  + y)  + (x2  + 2xy  + y2) 

= 1 + (x  + y)  + (x  + y)2,  quadratic  approximation;  fxxx  = (1  _ x6_  y)4  = fxxy  = fxyy  = fyyy 

=>  f(x,  y)  w quadratic  + g [x3fxxx(0, 0)  + 3x2yfxxy(0, 0)  + 3xy2fxyy(0, 0)  + y3fyyy(0, 0)] 

= 1 + (x  + y)  + (x  + y)2  + \ (x3  • 6 + 3x2y  • 6 + 3xy2  • 6 + y3  • 6) 

= 1 + (x  + y)  + (x  + y)2  + (x3  + 3x2y  + 3xy2  + y3)  = 1 + (x  + y)  + (x  + y)2  + (x  + y)3,  cubic  approximation 


io.  f(x,y)  = 1_x_1y  + xy  =>  fx  = 


1 — y f 1 - x r 2(1  - y)2 

(1  - x - y + xy)2  ’ ly  (1 -x-y  + xy)2  ’ ±xx  (1  - x - y + xy)3  ’ 


f - 1 f _ 2(1  - x)2 

lxy  — (1  - x - y + xy)2  ’ hr  — (I  - x - y + xy)3 

=►  f(x,  y)  » f(0, 0)  + xfx(0, 0)  + yfy(0, 0)  + 1 [x2fxx(0, 0)  + 2xyfxy(0, 0)  + y2fyy(0, 0)] 

= l+  x-  l+  y-  l + f(x2-2  + 2xy  • 1 + y2  -2)  = 1 + x + y + x2  + xy  + y2,  quadratic  approximation; 
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f _ 6(1  - y f f _ [-4(1  - x - y + xy)  + 6(1  - y)(l  - x)](l  - y) 

Xxxx  — (1  _x_y  + xy)4  • Ixxy  — (1  — x — y 4~  xy)4 

f _ [-4(1  - x - y + xy)  + 6(1  - x)(l  - y)](l  - x)  f _ 6(1  - x)3 

lxyy  — ( i — x — y 4“ xy )4  ’ xyyy  — (i -x-y  + xy)4 

=>  f(x,  y)  « quadratic  + ± [x3fxxx(0, 0)  + 3x2yfxxy(0, 0)  + 3xy2fxyy(0, 0)  + y3fyyy(0, 0)] 

= 1 + x + y + x2  + xy  + y2  + i (x3  • 6 + 3x2y  • 2 + 3xy2  - 2 + y3  • 6) 

= 1 + x + y + x2  + xy  + y2  + x3  + x2y  + xy2  + y3,  cubic  approximation 

11.  f(x,  y)  = cos  x cos  y =>  fx  = — sin  x cos  y,  fy  = — cos  x sin  y,  fxx  = — cos  x cos  y,  fxy  = sin  x sin  y, 

fyy  — cos  x cos  y =>  f(x,  y)  « f(0, 0)  + xfx(0, 0)  + yfy(0, 0)  + \ [x2fxx(0, 0)  + 2xyfxy(0, 0)  + y2fyy(0, 0)] 

= l+x-0  + y-  0+  (y[x2-(—  1 ) + 2xy  • 0 + y2  • (—  1)]  = 1 — y — \ , quadratic  approximation.  Since  all  partial 
derivatives  of  f are  products  of  sines  and  cosines,  the  absolute  value  of  these  derivatives  is  less  than  or  equal 
to  1 =>  E(x,y)  < \ [(0.1)3  + 3(0.1)3  + 3(0.1)3  +0.1)3]  < 0.00134. 

12.  f(x,  y)  = ex  sin  y =>  fx  = ex  sin  y,  fy  = ex  cos  y,  fxx  = ex  sin  y,  fxy  = ex  cos  y,  fyy  = — ex  sin  y 

=►  f(x,  y)  » f(0, 0)  + xfx(0, 0)  + yfy(0, 0)  + 1 [x2fxx(0, 0)  + 2xyfxy(0, 0)  + y2fyy(0, 0)] 

= 0 + x-  0 + y-  l + ;y(x2-0  + 2xy  • 1 + y2  • 0)  = y + xy , quadratic  approximation.  Now,  fxxx  = ex  sin  y, 
fxxy  = ex  cos  y,  fxyy  = — ex  sin  y,  and  fyyy  = — ex  cos  y.  Since  |x|  < 0.1,  |ex  sin  y|  < |e0,1  sin  0.1 1 « 0.1 1 and 
|ex  cos  y|  < |e01  cos0.1|  w 1.11.  Therefore, 

E(x,y)  < \ [(0.1 1)(0.1)3  -H  3(1.1  D(O.l)3  + 3(0. 1 1)(0. 1)3  4-  (1 . 1 1)(0. 1)3]  < 0.000814. 


14.10  PARTIAL  DERIVATIVES  WITH  CONSTRAINED  VARIABLES 

1 . w = x2  + y2  + z2  and  z = x2  + y2: 

/.A  / x = x(y,z)\  z_  x 


( ¥ \ . I ,,  . . 1 x _y.  f dw\  _ 8w  & , 8w  8y  , 9w  9z  Jz  _n  j dz  9 <9x  , 9 dy 

y - y l^w=>^Jz_^5y  + W5y  + ^^’5y_Uand5y_2x5y+2y5y 

= 2xg+2y  ^ 0 = 2xg+2y  =►  (§^  = (2x)  (-  y~)  + (2y)(l)  + (2z)(0)  = -2y  + 2y  = 0 

(*)  - fy  = y(x,z)  J - w =*  (©,  = et  + tl  + 6l;S=0alldt  = 2xS  + 2y| 


=*■  i=2y|  =>  S = s 


x = x(y , z) 

y = y 


(§z  )x  = (2x)(0)  + (2y)  (i)  +(2z)(l) 


= 1 + 2z 


=>  (|w)  = |w|x  + ^ay  + ^w|z  |y=0and|z=2x|x+2  |y 
\ o z / y ox  o z oy  o z o z o z 7 o z oz  o z J o z 


l=2x|^|  = ^^  m = (2x)  (i)  + (2y)(0)  + (2z)(l)  = 1 + 2z 


2.  w = x2  + y — z + sin  t and  x + y = t: 


(a)  y 


t = x + y 


_v  { dw\  dw  dx  , dw  dy  , dw  dz  , dw  dt  . dx  rv  dz  _ j 

^ VWjxz  _ af  Sy  + W Sy  + Sy  + aF  Sy’  Sy  _ u'  Sy  _ ’ 


1 =*►  =(2x)(0)  + (l)(l)  + (-l)(0)  + (cost)(l)  = l+ cost  =l  + cos (x  + y) 


(b)  z 


x = t — y 

y = y 


W i - j 


( dw\  dw  dx  . dw  dy  . dw  dz  , dw  dt  . dz  n j dt  r\ 

\dy  ) Zt  ~ dx  dy  ^ dy  dy  ^ dz  dy  ^ dt  dy  ’ dy  — U dy  ~ U 


9x  _ dt  _ dy  _ 
^ dy  dy  dy 


1 ^ (lf)zt  = (2xX-D  + (Dd)  + (-D(0)  + (cos  t)(0)  = 1 - 2(t  - y)  = 1 + 2y  ■ 
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(c) 

(d) 

(e) 

(f) 

3.  U = 

(a) 

(b) 

4.  w = 

(a) 

(b) 


5.  W : 
(a) 


=►  (fs)  = |w  |x  + |w  9y  + |z  + aw  a.  |x  =0and  ay  =Q 
V O Z / X,y  aX  OZ  O y O Z az  az  at  az  7 o z oz 


( x = x \ 
y = y 

Z = Z 

\t  = x + y / 

(f?)xy  = (2x)(0)  + (1)(0)  + (— 1)(1)  + (cos  t)(0)  = -1 

/x  = t y \ 

y = Y -»  w =►  (g*)  = ^^  + |^  + ^f2  + ^^;lz=0andfl=0 

Z — Z V az  / y,t  ax  az  ay  az  az  az  at  oz 7 az  oz 

V t = t / 

(ff)yt  = (2x)(0)  + (1)(0)  + (-1)(1)  + (cos  t)(0)  = -1 


(l\  _ 

( x = x \ 
y = t — x 

\v 

z = z 

V t = t / 

» =»  (a„=£f + tS  + 5rl  + Ss;t=0“dS=0 

(f  )xz  = (2x)(0)  + (1)(1)  + (-1)(0)  + (cos  t)(l)  = 1 + cos  t 


/x=t— y\ 

y = y 

Z = Z 

v t=t  ; 

w 


( <9w  \ <9w  <9x  _i_  <9w  <9y  , <9w  dz  I dw  dt . dy  q _j  dz  r\ 

V dt  ) y z ^ £},,  Pit  ' Pi-,  pit  ' Pit  Pit  ■>  Pit  C/  d.IlU  a<.  U 


dx  dt  1 dy  dt  1 dz  dt  1 dt  dt’  dt 


dt 


(ff)  = (2x)(l)  + (1)(0)  + (— 1)(0)  + (cos  0(1)  = cos  t + 2x  = cos  t + 2(t  - y) 


f(P,  V,  T)  and  PV  = nRT 


IT  (d U\  _*»  , »8V  , , 7 3U\  /n\  , 7 3U\  ( V_\ 

u ^ v ap ) v — ap  ap  ~r  av  ap  T aT  ap  — ap  'r  v av ) w “r  v aT  M nR ) 


(p=n-¥\ 

[tZt) 


u => 


(du\  _^w,^av,ayaT_  /au\  inR\  , 7 3u\  /n\  , au 
v at ) v — ap  aT  _r  av  aT  ^ at  aT  — v ap  / v v ) “l“  v av  / w 'r  aT 


7 3u\  ( nRi  , au 
v ap / v v ) ' aT 


x^  + y2  + z2  and  y sin  z + z sin  x = 0 

X = X 

y = y l — > w 


z = z(x,  y) 

“x)  | 

= (2x)(l)  + (2y)(0)  + (2z)(7r)|  (0  Ijr) 


(aw)  = gs  a*  + dw  ay  + aw  az  ay  = 0 d 

\ ox  / y ox  ox  ay  ax  oz  ox 7 ax 


(y  cos  z)  |f  + (sin  x)  ff  + z cos  x = 0 =>  ff  = 


At  (0, 1 , 7r),  = 5f  = 


y cos  z + sin 
= 27T2 


/ dw  \ dw  dx  j_  dw  dy 

\ dz  ) y 


dx  dz 


, aw  dz  _ /9  \ ax 

ay  az  az  - az 


(2y)(0)  + (2z)(l) 


= (2x)  ff  + 2z.  Now  (sin  z)  + y cos  z + sin  x + (z  cos  x)  ff  = 0 and  ff  = 0 


y cos  z + smx 


(zcosx)ff  =0  =*  | = -y  — -Sinx-  At(0,l,7r),^  = l^  = i 


(f),l  (0,1,*)=  2(0)  (i)+ 271  = 271 


x2y2  + yz  — z3  and  x2  + y2  + z2  = 6 


y = y 

z = z(x,y) 


3w  dx  I 3w  3y  , c?w  3z 

ax  ay  ^ ay  ay  ^ az  ay 
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= (2xy2)  (0)  + (2x2y  + z)  (1)  + (y  - 3z2)  g = 2x2y  + z + (y  - 3z2)  g.  Now  (2x)  g + 2y  + (2z)  g = 0 

|=0  ^ 2y  + (2z)g=0  =►  g=-|.  At(w,x,y,z)  = (4,2,l,-:i),g  = -i  = l =►  (f^ 

= [(2)(2)2(1)  + (-1)]  + [1  - 3( — l)2]  (1)  = 5 
x = x(y,  z) 


i and 


(4,2,1  -1) 


(b) 


y = y 

z = z 


w 


(«). 


_ dw  dx  _j_  <9w  <9y  _j_  <9w  <9z 
~ dx  dy  ^ dy  dy  ^ dz  dy 


= (2xy2)  g + (2x2y  + z)  (1)  + (y  - 3z2)  (0)  = (2x2y)  g + 2x2y  + z.  Now  (2x)  g + 2y  + (2z)  g = 0 and 


g = 0 =>-  (2x)g+2y  = 0 =>  % = ~\.  At  (w,  x,  y,  z)  = (4, 2, 1,  — 1),  g = — j =*  (§f) 
= (2)(2)(1)2  (-  i)  + (2)(2)2(1)  + (-1)  = 5 


(4, 2, 1,-1) 


6.  y = uv=^  1 = v g + u g;  x = u2  + v2  and  g = 0 =>  0 = 2u  g + 2v  g =>  g = (-  s)  g =>  1 


= v g 

dy 


+ »(-;g)  = (^) 

/ 3u\  1 

\ J / X 


du 

Sy 


dy 

du  _ v 
dy  v2  — u2 


. At  (u,  v)  = 


4 


2, 1 ) , g = 


dy 


!~W 


dy 

= -I 


7. 


di 

dx 


X — T COS  0 

y = r sin  9 

=»■  (l),=  7 


Var/9 


= cos  6>;  x2  + y2  = r2  =>  2x  + 2y  g = 2r  g and  g = 0 =>  2x  = 2r  g 


9r 


9y 


ar 


x2  +y2 


8. 


If  x,  y,  and  z are  independent,  then  (§f ) = §7  g + g + ^ g + dx 

= (2x)(l)  + (— 2y)(0)  + (4)(0)  + (1)  (g)  =2x+g.  Thus  x + 2z  + 1 = 25  =►  l+0+g=0  =>  g = -1 
=>  (§|)  =2x-<l.  On  the  other  hand,  if  x,  y,  and  t are  independent,  then  (g)yt 


_ <9w  <9x  . <9w  <9y  | <9w  <9z  I dw  dt 
~ dx  dx  dy  dx  ^ dz  dx  ^ dt  dx 


(2x)(l)  + (— 2y)(0)  + 4 g + (1)(0)  = 2x  + 4 g.  Thus,  x + 2z  + t = 25 


=*  1+2l+°  = 0 =*  g=~i  =*  (f)y,t  = 2x  + 4(-l)=2x-2. 


9.  If  x is  a differentiable  function  of  y and  z,  then  f(x,  y,  z)  = 0 =>  gg  + gg-)-gg=0^  g + If  37  = 0 
=$■  ^g^j  = — Similarly,  if  y is  a differentiable  function  of  x and  z,  (g)  = — gg  and  if  z is  a 
differentiable  function  of  x and  y,  ( g ) y = - f|| . Then  ( g ) ( g ) ( g ) y 


( dildy  \ 

( dfldz  \ 

( df/dx  \ 

\ dfldz ) 

V df/dx J 

l at/ay  J 

10.  z = 2 + f(u)  and  u = xy  =>  g = 1 + g g = 1 + y g;  also  g = 0 + g g = x g so  that  x g - y g 


= x (l  + y g)  — y (x  g)  = 


11.  If  x and  y are  independent,  then  g(x,y,z)  = 0 =►  g g + g g + | g = 0 and  g = 0 =►  g + g g=0 


ay 


dy  ^ dz  dy 


( dz  ^ 

\dy  ) 

\ J / X 


, as  claimed. 

dgldz  ’ 


12.  Let  x and  y be  independent.  Then  f(x,  y,  z,  w)  = 0,  g(x,  y,  z,  w)  — 0 and  g = 0 


wfeicMayiafazi  af  aw §L  -l.  at  aw <->  j 

dx  dx  '1“  dy  dx  dz  dx  ^ dw  dx  ~ dx  ^ dz  dx  ^ dw  dx  ~ v dIlu 


ag  dx  i ag  ay  , ag  az  , ag  aw 

ax  ax  ‘r  ay  ax  "r‘  az  ax  = aw  ax 


l + |g  + Hlr=0imply 


Copyright  © 2010  Pearson  Education  Inc.  Publishing  as  Addison-Wesley. 


862  Chapter  14  Partial  Derivatives 


m 

dz 

_i_ 

df_ 

dw 

df 

dz 

dx 

1 

dw 

dx 

dx 

dg 

dz 

+ 

dg 

dw 

dg, 

dz 

dx 

dw 

dx 

dx 

df 

df 

” dx 

dw 

dg 

dg 

” dx 

dw 

df 

df 

dz 

dw 

dg 

dg 

dz 

dw 

_ df  dg  , dg  df 
dx  dw  ^ d\  dw 
ft  dj^  _ dg  df_ 
dz  dw  dz  dw 


df  dg  _ df  dg 
dx  dw  dw  dx 
ffi  dg 

dz  dw  dw  dz 


, as  claimed. 


Likewise,  f(x, 

y-? 

,w)  = 0, 

g(x,y,z,w)  = 

0 and  ^ 

dy 

--  0 

v df  dx 
^ dx  dy 

+ ^ 
^ dy 

+ 
dy  ^ 

df 

dz 

dz 

dy 

-14- 
ay  ^ 

df 

dz 

dz 

dy 

+ 

df 

dw 

dw 

dy  ~ 

0 and  (similarly) 

+ ' 

dg 

dz 

dz 

dy 

1 dg  dw  _ 
^ dw  dy 

= 0 imply 

m 

df 

( df  dz 
1 dz  dy 

+ 

df_ 

dw 

dw 

dy 

= 

df 

dy 

-i.  ( dw\ 

dz 

Sg 

dz 

fly 

Sg 

fly 

_ df  dg  , dg  df 
dz  dy  ' dz  dy 

df  dg 
dz  dy 

df 

dy 

dg 

dz 

) dg  dz 
( dz  dy 

+ 

dw 

dw 

dy 

= 

dg 

dy 

df 

dz 

dg 

df 

dw 

dg 

df.  dg  _ dg  df_ 
dz  dw  dz  dw 

df  dg 
dz  dw 

df 

dw 

dg 

dz 

dz 

dw 

df_  dw 
dw  dy 


, as  claimed. 


CHAPTER  14  PRACTICE  EXERCISES 


1.  Domain:  All  points  in  the  xy-plane 
Range:  z > 0 

Level  curves  are  ellipses  with  major  axis  along  the  y-axis 
and  minor  axis  along  the  x-axis. 


2.  Domain:  All  points  in  the  xy-plane 
Range:  0 < z < oo 

Level  curves  are  the  straight  lines  x + y = In  z with 
slope  — 1,  and  z > 0. 


3.  Domain:  All  (x,  y)  such  that  x ^ 0 and  y 7^  0 
Range:  z / 0 

Level  curves  are  hyperbolas  with  the  x-  and  y-axes 
as  asymptotes. 


4.  Domain:  All  (x,  y)  so  that  x2  - y > 0 
Range:  z > 0 

Level  curves  are  the  parabolas  y = x2  — c,  c > 0. 
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5.  Domain:  All  points  (x,  y,  z)  in  space 
Range:  All  real  numbers 

Level  surfaces  are  paraboloids  of  revolution  with 
the  z-axis  as  axis. 


6.  Domain:  All  points  (x,  y,  z)  in  space 
Range:  Nonnegative  real  numbers 

Level  surfaces  are  ellipsoids  with  center  (0, 0, 0). 


Z 


— z = - 1 


7.  Domain:  All  (x,  y,  z)  such  that  (x,  y,  z)  ^ (0, 0, 0) 
Range:  Positive  real  numbers 

Level  surfaces  are  spheres  with  center  (0, 0, 0)  and 
radius  r > 0. 


8.  Domain:  All  points  (x,  y,  z)  in  space 
Range:  (0,  1 ] 

Level  surfaces  are  spheres  with  center  (0, 0, 0)  and 
radius  r > 0. 


9.  lim  ey  cos  x = e1”2  cos  7r  = (2)(—  1)  = —2 


(x,y)  (zr , In  2) 

10. 

lim  X+y 

_ 2+0  _ o 

(x,  y)  — > (0, 0)  x + cosy 

0 + cos  0 

11. 

lim  ry2  = 

: lim  7 — +4 — t = lim 

(x,y)  (l,  l)  x "y 

(x, y)  — > (1, 1)  ^-y)(*+y>  (x, y)  — > (1, 1) 

x 4 ±y 

x 4 ±y 

l 

x + y 


1 

2 


1 _ 1 
1 + 1 2 


12. 

lim 

xV- 

(x,y)  (l, 

1)  xy-: 

13. 

lim 

In  lx 

P ->  (1,  -L 

e)  ' 

14. 

lim 

tan 

P-o  (1,-1, 

-1) 

Urn  (xy-D(xV+xy  + D ^ lim  (x2y2  + + j)  = j2  . j2  + j . j + j = 3 

(x,y)  -*■  (1, 1)  xy-'  (x,y)  — > (1, 1)  V ' 
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15.  Let  y = kx2,  k ^ 1.  Then 


lim 


(x,  y)  — L(0, 0)  x'-y 
y 4*2 

different  values  of  k =>  the  limit  does  not  exist. 


lim 

(x,  kx2)  -»  (0. 0) 


kx" 

x2  — kx2 


= which  gives  different  limits  for 


16.  Let  y = kx,  k ^ 0.  Then  lim  x +y  = lim  . 

(x,  y)  — > (0, 0)  xy  (x,kx)  — > (0, 0)  x(kx) 

xy  4 o 

different  values  of  k =>  the  limit  does  not  exist. 


x~ + (k>0~  — 1 + which  gives  different  limits  for 


17.  Let  y = kx.  Then  lim  x2  , y,  = x)  , |yx)  = ]— S which  gives  different  limits  for  different  values 

y (x,  y)  — > (0, 0)  x“  + y x2  +k2x2  1+k2  6 

of  k =>  the  limit  does  not  exist  so  f(0, 0)  cannot  be  defined  in  a way  that  makes  f continuous  at  the  origin. 


18.  Along  the  x-axis,  y = 0 and  lim  sl°jx  ^ = lim  5^  = 1 ' ’ X > , so  the  limit  fails  to  exist 

6 J (x,  y)  — > (0,0)  W+lyl  x — > 0 w \-l,  X<0’ 

=>  f is  not  continuous  at  (0, 0). 


19.  ||  = cos  9 + sin  9,  ||  = — r sin  9 + r cos  9 


on  g£  _ 1 ( 2x  A , ( X2)  _ X y _ x-y  ffi  _ 1 ( 2y  \ , (x)  _ y , x _ x + y 

* dx  2 J ' i _|_  pj2  x2  + y2  x2+y2  x2  + y2  ’ dy  2 yx2+y2y  ' ^ pj2  x2+y2  ' x2  + y2  x2-fy2 


91  — _!  _9L  — _ 1 gf  — 1 

zi-  9Ri  R?  ’ 9R2  — R?  ’ <9R3  — Rf 


22.  hx(x,  y,  z)  = 27t  cos  (27tx  + y — 3z),  hy(x,  y,  z)  = cos  (27rx  + y — 3z),  hz(x,  y,  z)  = —3  cos  (27tx  + y — 3z) 

on  dP  RT  dP  nT  dP  _ nR  dP  _ _ nRT 

dn  V ’ dR  V ’ 9T  V > dV  V2 


24.  fr(r4,T,w)  = -^ 

_ J_  / 1 _ 1 

Ar£  y T7rw  4rfT 


y/£>fc(T,e,  T,W) 
/I.f»(r4,T,w) 


~2^\AI<fTM,T,w)  = (®)  fe)  (^f) 

( JL\  A fl  (—  l w-3/2\  = 1 /x 

\ 2r£ ) y 7r  v 2 / 4r^w  y 7rw 


oc  9g  1 9g_|_j_.gFl—n^i  — 2x  d2g  — d2g  L 

dx  ~ y ’ dy  ~ y2  dx2  ~ u’  <9y2  — y3  ’ dydx  ~ dxdy  ~ y2 


26.  gx(x,  y)  = ex  + y cos  x,  gy(x,  y)  = sin  x =>  gxx(x,  y)  = ex  - y sin  x,  gyy(x,  y)  = 0,  gxy(x,  y)  = gyx(x,  y)  = cos  x 


27.  | = l+y_l5x2  + ^,|=x  =*  0 = -3Ox+^,0=O,^  = ^ = l 


28.  fx(x,  y)  = — 3y,  fy(x,  y)  = 2y  - 3x  - sin  y + 7ey  =>  fxx(x,  y)  = 0,  fyy(x,  y)  = 2 - cos  y + 7ey,  fxy(x,  y)  = fyx(x,  y) 

29.  = y cos  (xy  + tt),  |f  = x cos  (xy  + tt),  f = e‘,  f ^ 

=>  YF  = [y  cos  (xy  + 7r)]e‘  + [x  cos  (xy  + 7r)]  (j0)  ; t = 0 =>  x = 1 and  y = 0 

=►  Tlt=o  = °-1  + l1  ■(-!)]  (oTl)  = 1 

30.  |f  = ey,  |f  = xey  + sin  z,  |f  = y cos  z + sin  z,  ^ = t-1/2,  *=l  + 7>^=7r 

=>  YE  = ty\T1!2  + (xey  + sin  z)  (l  + 1)  + (y  cos  z + sin  z)7r;  t = 1 =>■  x = 2,  y = 0,  and  z = tt 
=>  f |t=1  = 1 • 1 + (2  • 1 - 0)(2)  + (0  + 0)tt  = 5 
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31.  ^ = 2 cos  (2x  — y),  = -cos(2x-y),  g)  = 1,  = cos  s,  g = s,  ^ = r 

=t>  ^ = [2  cos (2x  — y)](l)  + [—  cos (2x  — y)](s);  r = 7r  and  s = 0 =>■  x = 7randy  = 0 
=>  °Qr  | h ().  = (2  cos  2tt)  — (cos  27r)(0)  = 2;  ^ = [2  cos  (2x  — y)](cos  s)  + [—  cos  (2x  — y)](r) 
=>  ^ | = (2  cos  2tt)(cos  0)  — (cos  2tt)(jv)  — 2 — tt 


o'y  dw  dw  <9x 

du  dx  <9u 

dw  dw  dx 

d\  dx  d\ 


(TTJ?^5?Tl)(2eUcosv);u  = v = 0 =>  x = 2 =>  f^|(0j0)  = (|  - |)  (2)  = I ’ 

(iTF  - FTl)  (-2e“  sin  v)  =*  %\m  = (§  - 2)  (0)  = 0 


33-  |=y  + z,|=x  + z,|=y  + x,^  = -sint,|=cost,|  = -2sin2t 

=>  = — (y  + z)(sin  t)  + (x  + z)(cos  t)  — 2(y  + x)(sin  2t);  t = 1 =>  x = cos  1,  y = sin  1,  and  z = cos  2 

=>  ^ | = —(sin  1 + cos  2)(sin  1)  + (cos  1 + cos  2)(cos  1)  — 2(sin  1 + cos  l)(sin  2) 


34. 


dw 

dx 


dw  ds 
ds  dx 


(5)  % and  f = £ | = (1) 


dw  dw 

ds  ds 


dw  <r  dw  ir  dw  zr  dw 

dx  dy  ds  ds 


35.  F(x,  y)  = 1 - x 

1 + y cos  xy 

— 2y  — x cos  xy 


sin  xy  =>  Fx  = — 1 — y cos  xy  and  Fy  = — 2y  — x cos  xy  =>  -p  = — ^ = 


— 1 — y cos  xy 
— 2y  — x cos  xy 


at  (x,  y)  = (0,1)  we  have  ^ 


(0,1) 


= 1+1  = -1 
-2  1 


36.  F(x,  y)  = 2xy  + ex+y  - 2 Fx  = 2y  + ex+y  and  Fy  = 2x  + i 


kx+y 


dy 

dx 


Fx  _ 2y  + ex+y 
Fy  wsjiiBffl 


at  (x,  y)  = (0,  In  2)  we  have  ^ 


(0,ln  2) 


= -2-l^  = -Qn2+l) 


37.  v f = (—  sin  x cos  y)i  — (cos  x sin  y)j  =>  v f I 


=►  I V f I = V(-  |)2  + (-  |)2  = ^ # 


u = i — ^ j =>  f increases  most  rapidly  in  the  direction  u = — ^ i — 4^  j and  decreases  most 

rapidly  in  the  direction  -u  = ^ i + ^ j ; (Duf)Pi  = | V f I = ^ and  (D-Uf)p„  - ; 


u,  = X = 3i  + 4j  = 3 
Ul  |v|  </¥+&  5 ■ 


u 


(DUj f)Po  = v f ■ Ul  = (-  i)  (f)  + (-  i)  (*)=-£ 


38.  yf  = 2xe~2yi  - 2xV2yj  =*►  V f|(I,0)  = 2i  - 2j  =>  | Vf|  = V 22  + (-2)2  = 2y/2;  u = $ = ^ i - ^ j 


=>  f increases  most  rapidly  in  the  direction  u — i j and  decreases  most  rapidly  in  the  direction 
u = - 7ii+  75J  : = I Vfl  = 2\/2and  (D_uf)Po  = -2y/2;  Ul  = ft  = = ^i+  ^ j 

=+  (DUlf)Po  = vf-m=(2)(^)+(-2)(^)  =0 


39.  v f — (jx+iy  + fa)  * (sT^Tfe)  j "*■  (sT^T+fe)  k V f I (_x,  i,t>  — 2i  + 3j  + 6k ; 

u = j^j  = y2^+3^+6°  — 7*  + fj-*-  f increases  most  rapidly  in  the  direction  u=2i+lj+|k  and 

decreases  most  rapidly  in  the  direction  — u = — 7 i — | j — ® k ; (Duf)Po  = | v f I = 7,  (D_uf)Prj  = —7; 
ui  = |y|— 7*+fj  + fk  =>  (DUlf)Po  = (Duf)Po  = 7 


40.  V f = (2x  + 3y)i  + (3x  + 2)j  + (1  - 2z)k  =>  V f | (000)  = 2j  + k;u=j^  = -^j+-^k  =>  f increases  most 
rapidly  in  the  direction  u = ^ j + ^ k and  decreases  most  rapidly  in  the  direction  — u = — j — k ; 


(Duf)Po  = | v f|  = \/5  and  (D_uf)Po  = -\/5  ; m = ^ = 


i+j  + k 


— ,/i  l + ./TJ  + 


\/P  ‘ l;'  r F ^3’^  yi- 
=*•  (D.,f)P=  Vf-».  = <0)(^)+o(^)+(l)(^)  = ^ = ^ 
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41.  r = (cos  3t)i  + (sin  3t)j  + 3tk  =>•  v(t)  = (-3  sin  3t)i  + (3  cos  3t)j  + 3k  =>  v (f ) = — 3j  + 3k 

=>  u — — j k ; f(x,  y,  z)  = xyz  =>  y f = yzi  + xzj  + xyk ; t = | yields  the  point  on  the  helix  (—  1 , 0, 7t) 

=>  V f I ( i jO.tt)  = -n  =>  v f • u = (— 7rj)  • (-  j + k)  = 

42.  f(x,  y,  z)  = xyz  =>  y f = yzi  + xzj  + xyk ; at  (1, 1, 1)  we  get  y f=i  + j + k =>•  the  maximum  value  of 

Duf  I (1,l,l)  = I V f I = v/3 

43.  (a)  Let  \/  t = ai  4 bj  at  ( 1 . 2).  The  direction  toward  (2, 2)  is  determined  by  v-[  = (2  — l)i  + (2  2)j  — i = u 

so  that  yf-ii  = 2 =>  a = 2.  The  direction  toward  (1, 1)  is  determined  by  V/  = ( I - l)i  + (1  2)j  — — j = u 

so  that  yf-ii  = —2  =>  — b = —2  =>  b = 2.  Therefore  v f = 2i  + 2j  ; fx(l,  2)  = fy(l,  2)  = 2. 

(b)  The  direction  toward  (4, 6)  is  determined  by  V3  = (4  - I )i  + (6  2)j  — 3i  + 4j  =>  u = | i + | j 

=►  V f ' u = y • 


44.  (a)  True 


(b)  False 


(c)  True 


(d)  True 


45.  yf  = 2xi  + j + 2zk  => 

V f l(o  = J “k, 

V f I (0,0,0)  — J > 

V f I (o,  i,i)  = j 4“  2k 


46.  v f = 2yj  + 2zk  => 

V 1 1 (2,2,0)  41  ‘ 

V f | (2, -2,0)  _ 4j  > 

V f I (2,0,2)  4k  > 

^7  f I (2,o,— 2)  4k 


47.  v f = 2xi  - j — 5k  =>  V f|(?,-i  i)  = 4i  — j - 5k  =>  Tangent  Plane:  4(x  — 2)  — (y  + 1)  — 5(z  — 1)  = 0 
=>  4x  — y — 5z  = 4;  Normal  Line:  x = 2 + 4t,  y=— 1—  t,  z = 1 — 5t 


48.  yf  = 2xi  + 2yj  + k =>  V f I (1 1 2)  = 2i  + 2j  + k =>  Tangent  Plane:  2(x  — 1)  + 2(y  — 1)  + (z  — 2)  = 0 
=>  2x  + 2y  + z — 6 = 0;  Normal  Line:  x = 1 + 2t,  y = 1 + 2t,  z = 2 + t 


/IQ  dz  — 2x  _ 
dx  ~ x2  + y2 

2(y  - 1)  - (z 


dz  I 


dx  I (0,1,0) 

0)  = 0 or  2y 


= 0 and  % = 

o y xz  + yz 


2 = 0 


dz 

dy 


(0,1,0) 


2;  thus  the  tangent  plane  is 
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50.  |f  = -2x  (x2  + y2)  2 =>  |f  | (11 | and  |^  = -2y  (x2 +y2)  2 =>  l|  ^ ^ ^ =-  \ ; thus  the  tangent 

plane  is  — | (x  — 1)  — f (y  — 1)  — (z  — f ) = 0 or  x + y + 2z  — 3=0 

51.  vf  = (-c°s  x)i+j  =>•  vflui)  =i+j  =>■  the  tangent 
line  is  (x  — 7r)  + (y  — 1)  = 0 =>  x + y = 7r  + 1 ; the 
normal  line  is  y — 1 = l(x  — n)  =>  y = x — 7r  + 1 


52.  V f = -xi  + yj  =>  V f I (1,2)  = -i  + 2j  =>  the  tangent 
line  is  — (x  — 1)  + 2(y  — 2)  = 0 =>■  y = \ x + | ; the  normal 
line  is  y — 2 = — 2(x  — 1)  =>  y = — 2x  + 4 


53.  Let  f(x,  y,  z)  = x2  + 2y  + 2z  — 4 and  g(x,  y,  z)  = y — 1.  Then  v f = 2xi  + 2 j + 2k|  ^ x = 2i  + 2j  + 2k 

i j k 

and  v g = j yfx  \7g=  2 2 2 = — 2i  + 2k  =>  the  line  is  x = 1 — 2t,  y = 1,  z = \ + 2t 

0 10 

54.  Let  f(x,  y,  z)  = x + y2  + z - 2 and  g(x,  y,  z)  = y — 1.  Then  v f = i + 2yj  + k|  ^ = i + 2j  + k and 

i j k 

vg=j=>  vfx  V’=  1 2 1 = -i  + k =>  the  line  is  x = | - t,  y = 1,  z = 1 + t 

0 10 

55.  f (| , f)  = \ , fx  (14)  = cos  x cos  yl  (V4.Tr/4)  = b fy  (?  4)  = - sin  x sin  yl  w^)  = - 1 

=>  L(x,  + -\(y  -1)  = \ + \*-\y,  fxx(x,  y)  = - sin  x cos  y,  fyy(x,  y)  = - sin  x cos  y,  and 

fxy(x,  y)  = — cos  x sin  y.  Thus  an  upper  bound  for  E depends  on  the  bound  M used  for  |fxx| , |fxy| , and  |fyy|  . 

With  M = & we  have  |E(x,y)|  < f (|x  - f 1 + |y  - f 1)2  < ^ (0.2)2  < 0.0142; 

withM  = 1,  |E(x, y) | < \ (D  (|x  - 1 1 + |y  - f |)2  = \ (0.2)2  = 0.02. 

56.  f(l,  1)  = 0,  fx(l,  1)  = y|  (11)  = 1,  fy(l,  1)  = x — 6y|  (1 1}  = —5  =>  L(x,y)  = (x  - 1)  - 5(y  - 1)  - x - 5y  + 4; 
fxx(x,  y)  = 0,  fyy(x,  y)  = -6,  and  fxy(x,  y)  = 1 =>•  maximum  of  |fxx| , |fyy| , and  |fxy|  is  6 =>  M = 6 

=>  |E(x,  y)|  < | (6)  (|x  - 1|  + |y-  1|)2  = \ (6)(0.1  + 0.2)2  = 0.27 

57.  f(l, 0, 0)  = 0,  ^(1,0,0)  = y - 3z|(100)  = 0,  fy(l, 0, 0)  = x + 2z|(100)  = 1,  4(1, 0,0)  = 2y  - 3x|(100)  = -3 

=>  L(x,y,z)  = 0(x-l)  + (y-0)-3(z-0)  = y-3z;f(l,l,0)=  1.4(1,1.01=  l,fy(l,l,0)=  1.4(1,1,01=  -1 

=>  L(x,y,z)  = 1 + (x  - 1)  + (y  - 1)  - l(z  - 0)  = x + y - z - 1 


58.  f (0,0,  f)  = 1,  4 (0,0,  f ) = —y/2  sin  x sin(y  + z)  =0,  fy  (0, 0,  f ) = \fl  cos  x cos(y  + z)  = : 

(0,0,1)  (o,o,|) 

4 (0, 0,  |)  = \fl  cos  x cos  (y  + z)  ^ = 1 =>•  L(x,  y,  z)  = 1 + l(y  - 0)  + 1 (z  - |)  = l+  y + z-  |; 

f (-  - 0)  — _)/?  f (7L  1 r ol  — — C?  f ( 5 tt  a)  _ \/2  f (n  7r  n\  _ 

1 f 4 > 4 ’ V 2 ’ x V 4 ’ 4 ’ V 2 ’ L l 4 ’ 4 ’ / 2 ’ z V 4 ’ 4 > V 2 

=>■  L(x,y,z)=f  (x-D  + f (y-D+f  (z-0)=f  -f  x+f  y+f  z 
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59.  V = 7rr2h  =>  dV  = 2nrh  dr  + nr2  dh  =»  dV|  (155280)  = 2tt(  1 .5)(5280)  dr  + tt(1.5)2  dh  = 15,840tt  dr  + 2.25tt  dh. 

You  should  be  more  careful  with  the  diameter  since  it  has  a greater  effect  on  dV. 

60.  df  = (2x  — y)  dx  ± (— x + 2y)  dy  =>■  df  | (1 2)  = 3 dy  =$■  f is  more  sensitive  to  changes  in  y;  in  fact,  near  the  point 
(1 , 2)  a change  in  x does  not  change  f. 

61.  dl  = i dV  - £ dR  =*  dl|  f24  Kj0)  = TSo  dV  - & dR  =>  dl|  = -0.01  + (480)(.000t)  = 0.038, 

or  increases  by  0.038  amps;  % change  in  V = (100)  (—  « —4.17%;  % change  in  R = (—  (100)  =;  —20%; 

I = = 0.24  =>  estimated  % change  in  I = y x 100  = Spy  x 100  « 15.83%  =>  more  sensitive  to  voltage  change. 

62.  A = 7rab  =>  dA  = 7rb  da  ± 7ra  db  =>■  dA|  (10 16)  = 167r  da  + 107r  db;  da  = ±0.1anddb  = ±0.1 

=>  dA  = ±26tt(0.1)=  ± 2.67T  and  A = tt(10)(16)  = 160tt  =>  x 100|  = \f§^  x 100|  « 1.625% 

63.  (a)  y = uv  =>■  dy  = v du  + u dv;  percentage  change  in  u < 2%  =>-  |du|  < 0.02,  and  percentage  change  in  v < 3% 

=>  Idvl  < 0.03;  ^ = vdu  + udx  = du  + dv=>  — x iOO  = I — x KX)  ± — x 100|  < I ^ x 100|  + I ^ x 100| 

II  — ’ y uv  u v y lu  v I — lu  I I v I 

< 2%  ± 3%  = 5% 

(b)  Z = U±V  =>  — = du^dv  = du  ± dv  < du  _|_  dv  (sjnce  u > 0,  V > 0) 

v 7 Z U+V  U+V  U + V — U V v ’ 7 

* tool  < I ^ x 100  + ^ x tool  = * x 100 

I z I — I u v I y 

64  r - l =>  r - (-a425)(7)  and  C,  - (-°-725)(7) 

OH-.  ^ — 7 184w0.425  h0.725  W — 7 1 .84wL«5  h0  725  ailU  — 7 ! g4w0.425  h1.725 

=>  dc  = 71.84~2i4255h0.725  dw  + 71  84wM2755hl.725  dh;  thus  when  w = 70  and  h = 180  we  have 
dC|  j-70  180j  « —(0.00000225)  dw  — (0.00000149)  dh  =>  1 kg  error  in  weight  has  more  effect 

65.  fx(x,  y)  = 2x  — y ± 2 = 0 and  fy(x,  y)  = — x ±2y±2  = 0 =>•  x = —2  and  y = —2  =>■  (—2,  —2)  is  the  critical  point; 
fxx(— 2,  —2)  = 2,  fyy(— 2,  —2)  = 2,  fxy(— 2,  —2)  = — 1 =>■  f xx f yy  — f 2y  = 3 > 0 and  fxx  > 0 =>  local  minimum  value 
of  f( — 2,  —2)  = -8 

66.  fx(x,  y)  = lOx  + 4y  + 4 = 0 and  fy(x,  y)  = 4x  — 4y  — 4 = 0 =$■  x = 0 and  y = — 1 (0,  —1)  is  the  critical  point; 

fxx(0,  -1)  = 10,  fyy (0,  -1)  = -4,  fxy(0,  -1)  = 4 =>  fxxfyy  - f2y  = -56  < 0 saddle  point  with  f(0,  -1)  = 2 

67.  fx(x,  y)  = 6x2  + 3y  = 0 and  fy(x,  y)  = 3x  + 6y2  = 0 =>  y = -2x2  and  3x  + 6 (4x4)  =0  =>•  x (1  + 8x3)  = 0 

=>  x = 0 and  y = 0,  or  x = ( and  y = — 3 =>  the  critical  points  are  (0,  0)  and  (—  |,  — |)  . For  (0,  0): 

fxx(0,  0)  = 12x|  (00)  = 0,  fyy (0 , 0)  = 12y|  (Q0)  = 0,  fxy(0, 0)  = 3 =>  fxxfyy  - f2y  = -9  < 0 =4>  saddle  point  with 

f(0, 0)  = 0.  For  (-  | , — |) : fxx  = -6,  fyy  = —6,  fxy  = 3 =>  fxxfyy  — fxy  = 27  > 0 and  fxx  < 0 =>  local  maximum 
value  of  f (-  i , - i)  = i 

68.  fx(x,  y)  = 3x2  — 3y  = 0 and  fy(x,  y)  = 3y2  — 3x  = 0 =>  y = x2  and  x4  — x = 0 =>■  x (x3  — 1)  = 0 =>  the  critical 
points  are  (0, 0)  and  (1, 1) . For  (0, 0):  fxx(0,  0)  = 6x|  (0  0)  = 0,  fyy(0,  0)  = 6y|  (0  0)  = 0,  fxy(0, 0)  = -3 

=>■  fxxfyy  - f2y  = -9  < 0 =>  saddle  point  with  f(0, 0)  = 15.  For  (1, 1):  fxx(l,  1)  = 6,  fyy(l,  1)  = 6,  fxy(l,  1)  = -3 
=>•  fxxfyy  — fxy  = 27  > 0 and  fxx  > 0 =>  local  minimum  value  of  f(l,  1)  = 14 

69.  fx(x,  y)  = 3x2  + 6x  = 0 and  fy(x,  y)  = 3y2  — 6y  = 0 =>  x(x  ± 2)  = 0 and  y(y  — 2)  = 0 =>  x = 0 or  x = — 2 and 

y = 0ory  = 2 =>•  the  critical  points  are  (0,  0),  (0, 2),  (—2, 0),  and  (—2, 2) . For  (0, 0):  fxx(0, 0)  = 6x  ± 6| 

= 6,  fyy (0 , 0)  = 6y  — 6|  (0  0,  = —6,  fxy(0, 0)  = 0 =>  fxxfyy  — fxy  = —36  < 0 =>  saddle  point  with  f(0,  0)  = 0.  For 
(0, 2):  fxx(0, 2)  = 6,  fyy(0,  2)  = 6,  fxy(0,  2)  = 0 =>  fxxfyy  — fxy  = 36  > 0 and  fxx  > 0 =>■  local  minimum  value  of 
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f(0, 2)  = -4.  For  (-2, 0):  fxx(-2, 0)  = -6,  fyy(  2,  0)  = -6,  fxy(-2, 0)  = 0 =>  fxxfyy  - fx2y  = 36  > 0 and  fxx  < 0 
=>  local  maximum  value  of  f( — 2,  0)  = 4.  For  (—2, 2):  fxx(— 2, 2)  = —6,  fyy ( — 2,  2)  = 6,  fxy(— 2, 2)  = 0 
=>  fxxfyy  — fxy  = —36  < 0 =+  saddle  point  with  f( — 2,  2)  = 0. 

70.  fx(x,  y)  = 4x3  — 16x  = 0 =>  4x  (x2  — 4)  = 0 =+  x = 0,  2,  —2;  fy(x,  y)  = 6y  — 6 = 0 =>  y = 1.  Therefore  the  critical 
points  are  (0,  1),  (2, 1),  and  (-2, 1).  For  (0, 1):  fxx(0, 1)  = 12x2  - 16|  (0  I)  = -16,  fyy(0, 1)  = 6,  fxy(0, 1)  = 0 
=+  fxxfyy  - f2y  = -96  < 0 =+  saddle  point  with  f(0, 1)  = -3.  For  (2, 1):  fxx(2, 1)  = 32,  fyy(2, 1)  = 6, 
fxy (2, 1)  = 0 =>  fxxfyy  — fxy  = 192  > 0 and  fxx  > 0 =+  local  minimum  value  of  f(2, 1)  = —19.  For  (—2, 1): 
fxx(— 2.  1)  = 32,  fyy(— 2, 1)  = 6,  fxy(— 2, 1)  = 0 =>  fxxfyy  — fxy  = 192  > 0 and  fxx  > 0 =>■  local  minimum  value  of 
f( — 2, 1)  = —19. 


71.  (i)  OnOA,  f(x,  y)  = f(0,  y)  = y2  + 3y  for  0 < y <4 

=s>  f'(0,y)  = 2y  + 3 = 0 =+  y = -|.  But  (0,  - §) 

is  not  in  the  region. 

Endpoints:  f(0, 0)  = 0 and  f(0, 4)  = 28. 

(ii)  On  AB,  f(x,  y)  = f(x,  -x  + 4)  = x2  - lOx  + 28 
for  0 < x < 4 =>■  f'(x,  — x + 4)  = 2x  — 10  = 0 

=>  x = 5,  y = —1.  But  (5,  —1)  is  not  in  the  region. 

Endpoints:  f(4, 0)  = 4 and  f(0, 4)  = 28. 

(iii)  On  OB,  f(x,  y)  = f(x,  0)  = x2  — 3x  for  0 < x < 4 =>  f'(x,  0)  = 2x  — 3 =>  x=|  and  y = 0 =+  (| , 0)  is  a 
critical  point  with  f ( § , 0)  = — | . 

Endpoints:  f(0, 0)  = 0 and  f(4, 0)  = 4. 

(iv)  For  the  interior  of  the  triangular  region,  fx(x,  y)  = 2x  + y — 3 = 0 and  fy(x,  y)  = x + 2y  + 3 = 0 =>■  x = 3 
and  y = —3.  But  (3,  —3)  is  not  in  the  region.  Therefore  the  absolute  maximum  is  28  at  (0, 4)  and  the 
absolute  minimum  is  — | at  (| , 0)  . 

72.  (i)  On  OA,  f(x,  y)  = f(0,  y)  = -y2  + 4y  + 1 for 

0 < y < 2 =+  f'(0,  y)  = — 2y  + 4 = 0 =+  y = 2 and 
x = 0.  But  (0, 2)  is  not  in  the  interior  of  OA. 

Endpoints:  f(0, 0)  = 1 and  f(0, 2)  = 5. 

(ii)  On  AB,  f(x,  y)  = f(x,  2)  = x2  - 2x  + 5 for  0 < x < 4 

=>  f'(x,  2)  = 2x  — 2 = 0 =>  x = 1 and  y = 2 
=>•  (1, 2)  is  an  interior  critical  point  of  AB  with 
f(l,  2)  = 4.  Endpoints:  f(4, 2)  = 13  and  f(0, 2)  = 5. 

(iii)  On  BC,  f(x,  y)  = f(4,  y)  = -y2  + 4y  + 9 for  0 < y < 2 =+  f'(4,  y)  = -2y  + 4 = 0 y = 2 and  x = 4.  But 

(4, 2)  is  not  in  the  interior  of  BC.  Endpoints:  f(4, 0)  = 9 and  f(4, 2)  = 13. 

(iv)  On  OC,  f(x,  y)  = f(x,  0)  = x2  - 2x  + 1 for  0 < x < 4 +>  f'(x,  0)  = 2x  - 2 = 0 x = 1 and  y = 0 +>  (1,0) 

is  an  interior  critical  point  of  OC  with  f(l , 0)  = 0.  Endpoints:  f(0, 0)  = 1 and  f(4, 0)  = 9. 

(v)  For  the  interior  of  the  rectangular  region,  fx(x,  y)  = 2x  — 2 = 0 and  fy(x,  y)  = — 2y  + 4 = 0 =>  x = 1 and 

y = 2.  But  (1, 2)  is  not  in  the  interior  of  the  region.  Therefore  the  absolute  maximum  is  13  at  (4, 2) 

and  the  absolute  minimum  is  0 at  (1, 0). 


Copyright  © 2010  Pearson  Education  Inc.  Publishing  as  Addison-Wesley. 


870  Chapter  14  Partial  Derivatives 

73.  (i)  On  AB,  f(x,  y)  = f(— 2,  y)  = y2  - y - 4 for 

— 2 < y < 2 =+  f'( — 2,  y)  = 2y  — 1 =>  y = 1 and 
x = —2  +>  (—2,  D is  an  interior  critical  point  in  AB 
with  f (—2,  ~ ^ ■ Endpoints:  f( — 2,  —2)  = 2 and 

f(2, 2)  = -2. 

(ii)  On  BC,  f(x,  y)  = f(x,  2)  = -2  for  -2  < x < 2 

=>  f'(x,  2)  = 0 =>  no  critical  points  in  the  interior  of 
BC.  Endpoints:  f( — 2, 2)  = —2  and  f(2, 2)  = —2. 

(iii)  On  CD,  f(x,  y)  = f(2,  y)  = y2  - 5y  + 4 for 
— 2 < y < 2 =+  f'(2,  y)  = 2y  — 5 = 0 =>  y = | and x = 2.  But  (2,  |)  is  not  in  the  region. 

Endpoints:  f(2,  —2)  = 18  and  f(2, 2)  = —2. 

(iv)  On  AD,  f(x,  y)  = f(x,  —2)  = 4x  + 10  for  — 2 < x < 2 =>  f'(x,  —2)  — 4 =>  no  critical  points  in  the  interior 
of  AD.  Endpoints:  f(— 2,  —2)  = 2 and  f(2,  —2)  = 18. 

(v)  For  the  interior  of  the  square,  fx(x,  y)  = — y + 2 = 0 and  fy(x,  y)  = 2y  — x — 3 = 0 =i>  y = 2 and  x = 1 

=>  (1, 2)  is  an  interior  critical  point  of  the  square  with  f(l,  2)  = —2.  Therefore  the  absolute  maximum 
is  18  at  (2,  —2)  and  the  absolute  minimum  is  — -j  at  (—2,  D . 

74.  (i)  On  OA,  f(x,  y)  = f(0,  y)  = 2y  - y2  for  0 < y < 2 

=>  f'(0,  y)  = 2 — 2y  = 0 =>  y = 1 and  x = 0 =+ 

(0, 1)  is  an  interior  critical  point  of  OA  with 
f(0, 1)  = 1.  Endpoints:  f(0, 0)  = 0 and  f(0, 2)  = 0. 

(ii)  On  AB,  f(x,  y)  = f(x,  2)  = 2x  — x2  for  0 < x < 2 

+•  f'(x,  2)  = 2 — 2x  = 0 =>  x = 1 and  y = 2 
=>•  (1, 2)  is  an  interior  critical  point  of  AB  with 
f(l,  2)  = 1.  Endpoints:  f(0, 2)  = 0 and  f(2, 2)  = 0. 

(iii)  On  BC,  f(x,  y)  = f(2,  y)  = 2y  - y2  for  0 < y < 2 

=+  f'(2,  y)  = 2 — 2y  = 0 +•  y=l  and  x = 2 
=>  (2, 1)  is  an  interior  critical  point  of  BC  with  f(2, 1)  = 1.  Endpoints:  f(2, 0)  = 0 and  f(2, 2)  = 0. 

(iv)  On  OC,  f(x,  y)  = f(x,  0)  = 2x  - x2  for  0 < x < 2 +>  f'(x,  0)  = 2 - 2x  = 0 +>  x = 1 and  y = 0 +>  (1,0) 
is  an  interior  critical  point  of  OC  with  f(l , 0)  = 1.  Endpoints:  f(0, 0)  = 0 and  f(0,  2)  = 0. 

(v)  For  the  interior  of  the  rectangular  region,  fx(x,  y)  = 2 — 2x  = 0 and  fy(x,  y)  = 2 — 2y  = 0 =>  x=l  and 

y = 1 =>  (1, 1)  is  an  interior  critical  point  of  the  square  with  f(l,  1)  = 2.  Therefore  the  absolute  maximum 
is  2 at  (1, 1)  and  the  absolute  minimum  is  0 at  the  four  corners  (0,  0),  (0,  2),  (2, 2),  and  (2, 0). 

75.  (i)  On  AB,  f(x,  y)  = f(x,  x + 2)  = -2x  + 4 for 

—2  < x < 2 +•  f'(x,  x + 2)  = —2  = 0 +>  no  critical 
points  in  the  interior  of  AB.  Endpoints:  f( — 2, 0)  = 8 
and  f(2, 4)  = 0. 

(ii)  On  BC,  f(x,  y)  = f(2,  y)  = -y2  + 4y  for  0 < y < 4 

+>  f'(2,  y)  = — 2y  + 4 = 0 =+  y = 2 and  x = 2 
+>  (2, 2)  is  an  interior  critical  point  of  BC  with 
f(2, 2)  = 4.  Endpoints:  f(2, 0)  = 0 and  f(2, 4)  = 0. 

(iii)  On  AC,  f(x,  y)  = f(x,  0)  = x2  — 2x  for  — 2 < x < 2 

=>  f'(x,  0)  = 2x  — 2 +>  x=l  and  y = 0 =>  (1, 0)  is  an  interior  critical  point  of  AC  with  f(l,  0)  = — 1. 
Endpoints:  f( — 2,  0)  = 8 and  f(2, 0)  = 0. 

(iv)  For  the  interior  of  the  triangular  region,  fx(x,  y)  = 2x  — 2 = 0 and  fy(x,  y)  = — 2y  + 4 = 0 =>  x=l  and 

y = 2 =>  (1, 2)  is  an  interior  critical  point  of  the  region  with  f(  1 , 2)  = 3.  Therefore  the  absolute  maximum 
is  8 at  (—2, 0)  and  the  absolute  minimum  is  —1  at  (1,0). 
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76.  (i)  On  AB,  f(x,  y)  = f(x,  x)  = 4x2  — 2x4  +16  for  V 

-2  < x < 2 =*■  f'(x,  x)  = 8x  — 8x3  = 0 =>  x = 0 
and  y = 0,  or  x = 1 and  y = 1 , or  x = — 1 and  y = — 1 
=>  (0, 0),  (1, 1),  (—1,  —1)  are  all  interior  points  of  AB 
with  f(0, 0)  = 16,  f(l,  1)  = 18,  and  f( — 1,  — 1)  = 18. 

Endpoints:  f( — 2,  —2)  = 0 and  f(2, 2)  = 0. 

(ii)  On  BC,  f(x,  y)  = f(2,  y)  = 8y  - y4  for  — 2 < y < 2 

=>■  f'(2,  y)  = 8 — 4y3  = 0 =>■  y = \p2  and  x = 2 
=>■  ^2,  \[2^  is  an  interior  critical  point  of  BC  with 

f (2,  ^2)  = 6\/I  Endpoints:  f(2,  -2)  = -32  and  f(2, 2)  = 0. 

(iii)  On  AC,  f(x,  y)  = f(x,  —2)  = — 8x  — x4  for  —2  < x < 2 =>  f'(x,  —2)  = —8  — 4x3  = 0 =>  x = \f— 2 and  y = —2 

=$■  ~ 2,  —2 ^ is  an  interior  critical  point  of  AC  with  f ^ \J —2,  — 2 ^ = 6 \/ 2.  Endpoints: 

f( — 2,  -2)  = 0 and  f(2,  -2)  = -32. 

(iv)  For  the  interior  of  the  triangular  region,  fx(x,  y)  = 4y  — 4x3  = 0 and  fy(x,  y)  = 4x  — 4y3  =0  =>  x = 0 and 
y = 0,  or  x = 1 and  y = 1 or  x = — 1 and  y = —1.  But  neither  of  the  points  (0, 0)  and  (1, 1),  or  (—1,  —1)  are 
interior  to  the  region.  Therefore  the  absolute  maximum  is  18  at  (1, 1)  and  (—1,  —1),  and  the  absolute  minimum  is 
-32  at  (2,  -2). 

77.  (i)  On  AB,  f(x,  y)  = f(- 1 , y)  = y3  - 3y2  + 2 for 

-1  < y < 1 =>  f'(— l,y)  = 3y2  -6y  = 0 =>  y = 0 
and  x = — 1 , or  y = 2 and  x = — 1 =>■  (—  1 , 0)  is  an 
interior  critical  point  of  AB  with  f(—  1 , 0)  = 2;  (—  1 , 2) 
is  outside  the  boundary.  Endpoints:  f(— 1,  — 1)  = —2 
and  f(— 1, 1)  = 0. 

(ii)  On  BC,  f(x,  y)  = f(x,  1)  = x3  + 3x2  - 2 for 

1 < x < 1 =>  f'(x,  1)  = 3x2  + 6x  = 0 =>  x = 0 
and  y = 1,  or  x = —2  and  y = 1 =>  (0, 1)  is  an 

interior  critical  point  of  BC  with  f(0, 1)  = —2;  (—2, 1)  is  outside  the  boundary.  Endpoints:  f(— 1,  1 ) — 0 and 

f(l,  1)  = 2. 

(iii)  On  CD,  f(x,  y)  = f(l,  y)  = y3  - 3y2  + 4 for  -1  < y < 1 =»  f'(l,  y)  = 3y2  - 6y  = 0 =>  y = 0 and  x = 1,  or 
y — 2 and  x = 1 =>  (1, 0)  is  an  interior  critical  point  of  CD  with  f(l,  0)  = 4;  (1, 2)  is  outside  the  boundary. 
Endpoints:  f(l,  1)  = 2 and  f(l,  — 1)  = 0. 

(iv)  On  AD,  f(x,y)  = f(x,  —1)  = x3  + 3x2  — 4 for  — 1 < x < 1 =>  f'(x,  — 1)  = 3x2  + 6x  = 0 =>  x = 0 and  y = — 1, 
or  x = —2  and  y = — 1 =>  (0,-1)  is  an  interior  point  of  AD  with  f(0,  —1)  = —4;  (—2,  —1)  is  outside  the 
boundary.  Endpoints:  f( — 1 , — 1)  = —2  and  f(l,  —1)  = 0. 

(v)  For  the  interior  of  the  square,  fx(x,  y)  = 3x2  + 6x  = 0 and  fy(x,  y)  = 3y2  — 6y  = 0 =i>  x — 0 or  x — —2,  and 
y = 0 or  y = 2 =>  (0, 0)  is  an  interior  critical  point  of  the  square  region  with  f(0, 0)  = 0;  the  points  (0, 2), 

(—2, 0),  and  (—2, 2)  are  outside  the  region.  Therefore  the  absolute  maximum  is  4 at  (1, 0)  and  the 
absolute  minimum  is  —4  at  (0,  —1). 
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78.  (i)  On  AB,  f(x,  y)  = f(—  1 , y)  = y3  — 3y  for  — 1 < y < 1 

=$■  f'(—  1,  y)  = 3y2  — 3 = 0 =+  y = ± 1 and  x = — 1 
yielding  the  corner  points  (—1,-1)  and  (—1,1)  with 
f(— 1,  — 1)  = 2 and  f(— 1, 1)  = -2. 

(ii)  On  BC,  f(x,  y)  = f(x,  1)  = x3  + 3x  + 2 for 

— 1 < x < 1 =+  f'(x,  1)  = 3x2  + 3 = 0 +>  no 
solution.  Endpoints:  f( — 1 , 1)  = —2  and  f(l,  1)  = 6. 

(iii)  On  CD,  f(x,  y)  = f(l,  y)  = y3  + 3y  + 2 for 

— 1 < y < 1 =>  f'(l, y)  = 3y2  + 3 = 0 =+  no 
solution.  Endpoints:  f(l,  1)  = 6 and  f(  1,  — 1)  = —2. 

(iv)  On  AD,  f(x,y)  = f(x,  — 1)  = x3  — 3x  for  — 1 < x < 1 =>  f'(x,  — 1)  = 3x2  — 3 = 0 =>  x = ±1  and  y = — 1 

yielding  the  corner  points  (—1,  —1)  and  (1,  —1)  with  f( — 1 , —1)  = 2 and  f(l,  —1)  = —2 

(v)  For  the  interior  of  the  square,  fx(x,  y)  = 3x2  + 3y  = 0 and  fy(x,  y)  = 3y2  + 3x  = 0 =>  y = — x2  and 

x4  + x = 0 =>  x = 0orx  = — 1 =>  y = 0ory=—  1 +>  (0,0)isan  interior  critical  point  of  the  square 
region  with  f(0, 0)  = 1;  (—1,  —1)  is  on  the  boundary.  Therefore  the  absolute  maximum  is  6 at  (1, 1)  and 
the  absolute  minimum  is  —2  at  (1,  —1)  and  (—1, 1). 

79.  V f = 3x2i  + 2yj  and  v g = 2xi  + 2yj  so  that  yf=A  vg  =+  3x2i  + 2yj  = A(2xi  + 2yj)  =>  3x2  = 2xA  and 
2y  = 2yA  =>  A = 1 or  y = 0. 

CASE  1:  A = 1 =>  3x2  = 2x  =>  x = 0orx=|;x  = 0 =>•  y = ±1  yielding  the  points  (0,  1)  and  (0,  — 1);  x = | 

=>  y = ± 4^5  yielding  the  points  ^ | ^ and  ^ | , — ^ ^ . 

CASE  2:  y = 0 =>  x2  — l=0+>x=±l  yielding  the  points  (1,0)  and  (—1,0). 

Evaluations  give  f (0,  ± 1)  = l,f^|,  ± 4^  = ||,f(l,0)  = 1,  and  f(— 1, 0)  = — 1.  Therefore  the  absolute 
maximum  is  1 at  (0,  ± 1)  and  (1,0),  and  the  absolute  minimum  is  —1  at  (—1,  0). 

80.  V f = yi  + xj  and  v g = 2xi  + 2yj  so  that  vf=^Vg  =>  yi  + xj  = A(2xi  + 2yj)  =>  y = 2Ax  and 
xy  = 2Ay  +>  x = 2A(2Ax)  = 4A2x  +>  x = 0 or  4A2  = 1. 

CASE  1:  x = 0 =>  y = 0 but  (0, 0)  does  not  lie  on  the  circle,  so  no  solution. 

CASE  2:  4A2  = 1 +>  A = |orA  = -|.  For  A = \ , y = x =>  1 = x2  + y2  = 2x2  =>  x = y = ± yielding  the 

points  and  ^ . For  A = - \ , y = -x  =+  1 = x2  + y2  = 2x2  +>  x = ± and 

y = -x  yielding  the  points  (-  ^ and  • 

1 

valuef("  75’^)  =f(v3’^7i)  = ^5- 

81.  (i)  f(x,  y)  = x2  + 3y2  + 2y  on  x2  + y2  = 1 =+  v f = 2xi  + (6y  + 2)j  and  v g = 2xi  + 2yj  so  that  yf=  A \7g 

=+  2xi  + (6y  + 2)j  = A(2xi  + 2yj)  =>  2x  = 2xA  and  6y  + 2 = 2yA  =>  A = 1 or  x = 0. 

CASE  1:  A=1  =>6y  + 2 = 2y=»y  = -i  and  x = ± 4^  yielding  the  points  ^ zb  ^ , — 1 j . 

CASE  2:  x = 0 =>  y2  = 1 =>  y = ± 1 yielding  the  points  (0,  ± 1) . 

Evaluations  give  f ^ ± ^ ^ | , f(0, 1)  = 5,  and  f(0,  — 1)  = 1.  Therefore  | and  5 are  the  extreme 

values  on  the  boundary  of  the  disk. 

(ii)  For  the  interior  of  the  disk,  fx(x,  y)  = 2x  = 0 and  fy(x,  y)  = 6y  + 2 = 0 =+  x = 0 and  y — - | 

=>  (0,  — |)  is  an  interior  critical  point  with  f (0,  — |)  = — | . Therefore  the  absolute  maximum  of  f on  the 

disk  is  5 at  (0, 1)  and  the  absolute  minimum  of  f on  the  disk  is  — | at  (0,  — |)  . 


^)_f(  V2’  S) 


-+  , + = A and  the  absolute  minimum 


Evaluations  give  the  absolute  maximum  value  f 
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82.  (i)  f(x,  y)  = x2  + y2  — 3x  — xy  on  x2  + y2  = 9 =>  V f — (2x  — 3 — y)i  + (2y  — x)j  and  v g = 2xi  + 2yj  so  that 
V f = A V g =>■  (2x  — 3 - y)i  + (2y  — x)j  = A(2xi  + 2yj)  =>  2x  - 3 — y = 2xA  and  2y  - x = 2yA 
=>  2x(l  - A)  — y = 3 and  -x  + 2y(l  — A)  = 0 =>  1 — A = ^ and  (2x)  — y = 3 =>  x2  - y2  = 3y 

=>  x2  = y2  + 3y.  Thus,  9 = x2  + y2  = y2  + 3y  + y2  =>  2y2  + 3y  - 9 = 0 =>-  (2y  - 3)(y  + 3)  = 0 
=>  y = —3,  | . For  y = —3,  x2  + y2  = 9 =>  x = 0 yielding  the  point  (0.  —3).  For  y = | , x2  + y2  = 9 

=>x2  + f=  9=>x2  = f ^ x=  ±^.  Evaluations  give  f(0,  -3)  = 9,  f (-  ^ , §)  = 9 + 27/3 
« 20.691,  and  f , |)  = 9 - ^ « -2.691. 

(ii)  For  the  interior  of  the  disk,  fx(x,  y)  — 2x  3 — y — 0 and  fy(x,  y)  — 2y  x — 0 =>  x = 2 and  y = 1 

=>  (2, 1)  is  an  interior  critical  point  of  the  disk  with  f(2, 1)  = —3.  Therefore,  the  absolute  maximum  of  f on 

the  disk  is  9 + at  ; 2^  anc|  the  absolute  minimum  of  f on  the  disk  is  —3  at  (2, 1). 


83.  y f=i-  j + k and  v g — 2xi  + 2yj  + 2zk  so  that  yf=A  yg 


j + k = A(2xi  + 2yj  + 2zk)  =>  1 = 2xA, 


— 1 = 2yA,  1 = 2zA  =>  x = — y = z = -j^ . Thus  x2  + y2  + z2  = 1 =>  3x2  = 1 =>  x = ± yielding  the  points 

( \7I  ’ ~~  VI  ’ ) anc*  ( — 773"^  A75  ’ — xTs)  ' Evaluations  giye  the  absolute  maximum  value  of 


f(c3’  V3  > Vi)  “ ^ ^ 


and  the  absolute  minimum  value  of  f 


(- 


vT  ’ V3  ’ vT 


84.  Let  f(x,  y,  z)  = x2  + y2  + z2  be  the  square  of  the  distance  to  the  origin  and  g(x,  y,  z)  = x2  — zy  — 4.  Then 
V f = 2xi  + 2yj  + 2zk  and  yg  = 2xi  — zj  — yk  so  that  yf=Ayg  =>  2x  = 2Ax,  2y  = — Az,  and 

2z  = —Ay  =>■  x = 0orA  = l. 

CASE  1:  x = 0 =>  zy  = —4  =>  z = — ^ and  y = — \ 2 (-  y)  = -Ay  and  2 (-  \)  = -Az  =>  | = y2  and 

* = z2  =>  y2  = z2  =>  y = ± z.  But  y = x =>  z2  = —4  leads  to  no  solution,  so  y = — z =>■  z2  = 4 
=>  z = ± 2 yielding  the  points  (0,  —2, 2)  and  (0, 2,  —2). 

CASE  2:  A = 1 =>  2z  = — y and  2y  = — z=^2y=  — (—  |)=>4y  = y=^y  = 0=>z  = 0 =>  x2  — 4 = 0 => 
x = ± 2 yielding  the  points  (—2, 0, 0)  and  (2,  0, 0). 

Evaluations  give  f(0,  —2, 2)  = f(0, 2,  —2)  = 8 and  f(— 2, 0, 0)  = f(2, 0, 0)  = 4.  Thus  the  points  (—2,  0,  0)  and 

(2, 0, 0)  on  the  surface  are  closest  to  the  origin. 


85.  The  cost  is  f(x,  y,  z)  = 2axy  + 2bxz  + 2cyz  subject  to  the  constraint  xyz  = V.  Then  yf=A  yg 

=>  2ay  + 2bz  = Ayz,  2ax  + 2cz  = Axz,  and  2bx  + 2cy  = Axy  =>■  2axy  + 2bxz  = Axyz,  2axy  + 2cyz  = Axyz,  and 
2bxz  + 2cyz  = Axyz  =>  2axy  + 2bxz  = 2axy  + 2cyz  =>  y = (|)  x.  Also  2axy  + 2bxz  = 2bxz  + 2cyz  =>  z = (“ ) 


ThenxQx)  (?x)  = V =>  x3 


= c~£  =>  width  = x = ( ^ 


= (tf ) 1/3,  Depth  = y = (3)  (^  = and 


Height  = z =(|)(^): 1/3  = (g) 


. 1/3 


86.  The  volume  of  the  pyramid  in  the  first  octant  formed  by  the  plane  is  V(a,  b,  c)  = 5 (2  ab)  c = g abc.  The  point 
(2, 1, 2)  on  the  plane  =>  | 1 + 2 = 1.  We  want  to  minimize  V subject  to  the  constraint  2bc  + ac  + 2ab  = abc. 

Thus,  yV  = |i+|j+|k  and  v g = (c  + 2b  — bc)i  + (2c  + 2a  — ac)j  + (2b  + a — ab)k  so  that  yV  = Ayg 
=>  ^ = A(c  + 2b  — be),  “ = A(2c  + 2a  — ac),  and  £*  = A(2b  + a — ab)  =>  ^ = A(ac  + 2ab  — abc), 

= A(2bc  + 2ab  — abc),  and  ^g2  = A(2bc  + ac  — abc)  =>■  Aac  = 2Abc  and  2Aab  = 2Abc.  Now  A V 0 since 
a 7 0,  b / 0,  and  c ^ 0 =>  ac  — 2bc  and  ab  = be  =>■  a = 2b  = c.  Substituting  into  the  constraint  equation  gives 
g + 2 + g = l =>  a = 6 =>  b = 3 and  c = 6.  Therefore  the  desired  plane  is|  + | + | = lorx  + 2y  + z = 6. 
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87.  \7f=(y  + z)i  + xj+xk,  V g = 2xi  + 2yj  , and  v h = zi  + xk  so  that  vf=Avg  + /‘Vh 

=>  (y  + z)i  + xj  + xk  = A(2xi  + 2yj)  + /t(zi  + xk)  =>  y + z = 2Ax  + /rz,  x = 2Ay,  x = /tx  =>  x = 0 or  /i  = 1 . 
CASE  1:  x = 0 which  is  impossible  since  xz  = 1. 


CASE  2:  /i  = 1 =>  y + z = 2Ax  + z =>■  y = 2Ax  and  x = 2Ay  =>  y = (2A)(2Ay)  =>■  y = 0 or 
4 A2  = 1.  If  y = 0,  then  x2  = l =>  x = ± 1 so  with  xz  = 1 we  obtain  the  points  (1,0, 1) 
and  (—1,0,  —1).  If  4A2  = 1,  then  A = ± | . For  A = — | , y = — x so  x2  + y2  = 1 =>  x2  = | 

=>  x = ± with  xz  = 1 =>  z = ± \p2,  and  we  obtain  the  points  ( ^75  > ~ and 

(_  773  ’ ^2  ’ — a/^)  • For  A=i,y  = x =>  x2  = 2 =>  x = ± with  xz  = 1 =>  z = ± a/2, 
and  we  obtain  the  points  , y/2)  and  , — y/^j  . 

Evaluations  give  f(l, 0, 1)  = l,f(— 1, 0,-1)=  1,  f (^  , - -L  , y/2)  = | , f (-  ^ ^ , - V^)  = / 
f , a/2^  = | , and  f ^ , —-\f2j  = § . Therefore  the  absolute  maximum  is  | at 

( \75  ’ VI  ’ anc*  ( ^ — V2  ’ — V^)  ’ anc*  the  absolute  minimum  is  2 at  , — a/2^  and 


88.  Let  f(x,  y,  z)  = x2  + y2  + z2  be  the  square  of  the  distance  to  the  origin.  Then  v f - 2xi  + 2yj  + 2zk , 

Vg  = i+  j + k-  and  V h = 4xi  + 4yj  - 2zk  so  that  V^^Vg  + P =>  2x  = A + 4 x/z,  2y  = A + 4y/z, 

and  2z  = A — 2z/x  =;>  A = 2x(l  — 2/i)  = 2y(l  — 2/i)  = 2z(l  + 2/i)  =>  x = yor/x=|. 

CASE  1 : x = y =>  z2  = 4x2  =>  z = ± 2x  so  that  x + y + z=l  =>  x + x + 2x=lorx  + x — 2x=l 
(impossible)  =>  x = 2 =>  y = | and  z = | yielding  the  point  Q , | , |)  . 

CASE  2:  H = \ =>  A = 0 =>  0 = 2z(l  + 1)  =>  z = 0 so  that  2x2  + 2y2  = 0 =>  x = y = 0.  But  the  origin 

(0, 0, 0)  fails  to  satisfy  the  first  constraint  x + y + z = 1. 

Therefore,  the  point  (|  , ^ , |)  on  the  curve  of  intersection  is  closest  to  the  origin. 


89.  (a) 


(b) 


(c) 


y,  z are  independent  with  w = x2eyz  andz  = x2-y2  =>  = + + 

= (2xeyz)  + (zx2eyz)  (1)  + (yx2eyz)  (0);  z = x2-y2  =P  0 = 2xg-2y  =>  % = \\  therefore, 

= (2xeyz)  (|)  + zx2eyz  = (2y  + zx2)  eyz 

z,  x are  independent  with  w = x2eyz  and  z = x2  — y2  =>•  f7  = irl5  + fr^  + 7r:jr 

7 r J oz  ox  oz  o y oz  o z o z 

= (2xeyz)  (0)  + (zx2eyz)  ||  + (yx2eyz)  (1);  z = x2  — y2  =>  1=0  — 2y^|  =>  ||  = — -F  ; therefore, 

(&),  = (zx2eyz)  (-  h)  + y^yz  = x2e,z  (y  - §) 

z,  y are  independent  with  w = x2eyz  andz  = x2-y2  =T  + + 

= (2xeyz)  + (zx2eyz)  (0)  + (yx2eyz)  (1);  z = x2  — y2  =>  1 = 2x  — 0 =>■  ^ ; therefore, 

(H)y  = (2xeyz)  (i)  + yx2eyz  = (1  + x2y)  eyz 


90.  (a)  T,  P are  independent  with  U = f(P,  V,  T)  and  PV  = nRT  =»  f^lFfr  + fvfT  + fffr 

= (|p)  (0)  + (fv)  (It)  + (It)  (Dl  pv  = nRT  =>  p fr  = nR  =>  |t  = !F:  therefore, 

/am  _ /am  /nRX  , au 
vatvP  — lav)  1 p J f ot 

(b)  V,  T are  independent  with  U = f(P,  V,  T)  and  PV  = nRT  =>  fv  = |p  fv  + fv  fv  + § fv 

= (f)  (!)  + (f)  (D  + (f ) (°);  PV  = nRT  =>  V § + P = (nR)  (§)  = 0 =►  § = - £ ; therefore, 

/am  _ /aux  / px  , au 
vav)T  — v apM  v)  f av 
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91.  Note  that  x = r cos  9 and  y = r sin  9 =>■  r = \Jx2  + y2  and  9 — tan  1 (|)  ■ Thus, 


92.  zx  = fu| 


dl  + 

dw 

de 

( dw\ 

( X 

( -y  ) 

5w  / sin  6 \ 

dx  T 

de 

dx  ~ 

V dr  ) 

Wl2+y2 

y + l de)  ‘ 

yx2+y2) 

— 1/  J 

dr  V r ) 

* , 

dw 

de  _ 

(dw\ 

( y 

\ , (dw\  I 

1 x ) 

— ( Qin 

dw  | / cos  6 \ 

dy  ^ 

de 

ey 

V dr  ) 

V V*2 +y2 

J + v de  J 1 

^ x2  + y2  y 

— ^Mll  t J ) 

dr  + V r ) 

+ fv 

dv 

dx 

= af„ 

+ afv, 

and  zy  = 

- f da  , f 

lu  dy  ^ v 

ly=bfu 

— bfv 

dw  . 

de  > 

dw 

de 


du 

dy 


1 dw 
a dx 


du  _ _ 

at  - a 
— I 

" b 5y 


94-  £ = 


2x 


2 + 2z  — 


dw  _ 

ax 

h ^ 

D ax 


2(r+s) 


(r  + s)2  + (r  — s)2  + 


and  §f  = 


2 

r + s 


aw 

as 


- 2z 


1 

(r  + s)2 


aw  ax 
ax  as 


aw  dy 
dy  ds 


da 

dx 

= 

dw 

a dH 

and 

dw 

dy 

II 

du 

dy 

= b7E 

=> 

dw 

dy 

2(r  + s) 

1 

dw  

2y 

4rs" 

2 (r2 

+ 2rs  + 

"i2) 

r + s 

; ’ dy  x2 

+ y2  +! 

dw 

dw 

dx  , 

dw 

. 

dw 

dz 

J_  . 

dr 

dx 

dr 

dy 

5r  ^ 

dz 

dr  — r 

+ s ' 

_L 

dw 

dz  . 

_ 1 

r — s 

_i_ 

1 

1 

dz 

ds 

r + s 

(r  + s)2 

i 

(r  + s)2 

VZId 

].  aw dw  „nri  i aw 

a dx  — du  aiiu  h av  — 


b dy 


2(r  - s)  _ r-s 
2(r  + s)2  (r  + s)2 


r — s 
(r  + s)2 

_ _^2_ 
r + s 


+ 


1 

(r  + s)2 


(2s)  = 


dw 

du 


2r  + 2s 
(r  + s)2 


95.  eu  cos  v — x = 0 =>  (eu  cos  v)  — (eu  sin  v)  = 1;  eu  sin  v — y = 0 =>  (eu  sin  v)  |f  + (eu  cos  v)  |f  = 0. 
Solving  this  system  yields  = e~u  cos  v and  = — e_u  sin  v.  Similarly,  eu  cos  v — x = 0 

=>•  (eu  cos  v)  — (eu  sin  v)  = 0 and  eu  sin  v — y = 0 =$■  (eu  sin  v)  + (eu  cos  v)  = 1.  Solving  this 

second  system  yields  = e~u  sin  v and  = e~u  cos  v.  Therefore  i + j)  • i + §y  j) 

= [(e_u  cos  v)  i + (e~u  sin  v)  j]  • [(— e~u  sin  v)  i + (e~u  cos  v)  j]  = 0 =>  the  vectors  are  orthogonal  =>  the  angle 
between  the  vectors  is  the  constant  f . 


96.  | = Ii  + ll=(-rsin0)I  + (r  cos  9)  % 


dx  de 

a^g 

de 2 


dy  de 


dx 


dy 


(-rsin0)(g  | + ^k%)  -(rcos0)§+(rcos0)(|J  1 + 0 fe)  -(rsin0) 


= (-r  sin  9)  + ||)  - (r  cos  9)  + (r  cos  9)  - (r  sin  9) 

= (— r sin  9 + r cos  9){— r sin  9 + r cos  9)  — (r  cos  9 + r sin  9)  = ( — 2)( — 2)  — (0  + 2)  = 4 — 2 = 2 at 

M)=(  2,1). 


97.  (y  + z)2  + (z  — x)2  = 16  =>■  V f — ^2(z  — x)i  + 2(y  + z)j  + 2(y  + 2z  — x)k ; if  the  normal  line  is  parallel  to  the 
yz-plane,  then  x is  constant  =>  |f  = 0 =>  — 2(z  — x)  = 0 =>  z = x =>  (y  + z)2  + (z  — z)2  = 16  =>■  y + z = ±4. 
Let  x = t =>  z — t =>  y = — t ± 4.  Therefore  the  points  are  (t,  — t ± 4,  t),  t a real  number. 


98.  Let  f(x,  y,  z)  = xy  + yz  + zx  — x — z2  = 0.  If  the  tangent  plane  is  to  be  parallel  to  the  xy-plane,  then  v f is 
perpendicular  to  the  xy-plane  =>  yf-i  = 0 and  y f • j = 0.  Now  y f = (y  + z - l)i  + (x  + z)j  + (y  + x — 2z)k 
so  that  yf-i  = y + z-  1 =0  =>  y + z = 1 =>■  y = 1 — z,  and  yf.j  = x + z = 0 =>■  x = —z.  Then 

— z(l  — z)  + (1  — z)z  + z(— z)  — (— z)  — z2  = 0 =>  z 2z2  = 0 =>  z = | or  z = 0.  Now  z—\  =>  x = — | and  y = 1 
=>  (—  1 , \ , V)  is  one  desired  point;  z = 0 =>■  x = 0 and  y = 1 =>  (0, 1, 0)  is  a second  desired  point. 

99.  V f = A(xi  + yj  + zk)  =>•  = Ax  =>  f(x,  y,  z)  = \ Ax2  + g(y,  z)  for  some  function  g =>  Ay  = |f  = 

=>  g(y,  z)  = | Ay2  + h(z)  for  some  function  h =>  Az  = = ||  = h'(z)  =>  h(z)  = f Az2  + C for  some  arbitrary 

constant  C =>  g(y,  z)  = \ Ay2  + (f  Az2  + C)  =>  f(x,  y,  z)  = 1 Ax2  + | Ay2  + \ Az2  + C =>■  f(0, 0,  a)  = \ Aa2  + C 
and  f(0, 0,  —a)  = 1 A(— a)2  + C =>  f(0, 0,  a)  = f(0, 0,  —a)  for  any  constant  a,  as  claimed. 
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100.  (|)u, 


(0,0,0) 


f(0  + sui, 0 + suo, 0 + SU3)— f(0, 0, 0)  s > Q 

s — > 0 


,/s-u'f  + s2u?  + s2u?  — 0 

= lim  ! 1 — , s > 0 

s -*•  0 s 


= lim 
s ->  0 


S\fu!  +U2+U3 


= lim  |u|  = 1; 
s — * 0 


however.  V f = +*y2  + z2  1 + + J + + + k fails  t0  exist  at  the  origin  (0’  °’ 0) 


101.  Let  f(x,  y,  z)  = xy  + z — 2 =>  vf=yi  + xj  + k.  At  (1, 1, 1),  we  have  yf  = i + j + k =>  the  normal  line  is 
x = 1 + t,  y = 1 + t,  z = 1 + t,  soatt=—  1 =>  x — 0,  y = 0,  z = 0 and  the  normal  line  passes  through  the  origin. 


102.  (b)  f(x,  y,  z)  = x2  - y2  + z2  = 4 

=>■  v f = 2xi  - 2yj  + 2zk  =>  at  (2,  — 3, 3) 
the  gradient  is  v f = 4i  + 6j  + 6k  which  is 
normal  to  the  surface 
(c)  Tangent  plane:  4x  + 6y  + 6z  = 8 or 
2x  + 3y  + 3z  = 4 

Normal  line:  x = 2 + 4t,  y = — 3 + 6t,  z = 3 + 6t 


CHAPTER  14  ADDITIONAL  AND  ADVANCED  EXERCISES 


1.  By  definition,  fxy(0, 0)  = lim 


fx(0,  h)  fx(0. 0)  so  we  neecj  t0  caicuiate  the  first  partial  derivatives  in  the 


numerator.  For  (x,  y)  ^ (0, 0)  we  calculate  fx(x,  y)  by  applying  the  differentiation  rules  to  the  formula  for 


f(x,  y):  fx(x,y)  = 


ry-  y 

x2  + y2 


(xy) 


(x2  + y2)  (2x)  — (x2  — y2)  (2x) 
(x2  + y2)2 


_ xy - y , _ 

x2  + y2  ' 


4x2y3 


=>  fx(0,  h)  = — p = -h. 


For  (x,  y)  = (0, 0)  we  apply  the  definition:  fx(0, 0)  = ^lim^  f(h?  0)  h f<0’0)  = ^lim^  t-2  = 0.  Then  by  definition 
fxy(0, 0)  = lim  ~h.~  0 = e#  1 . Similarly,  fyx(0, 0)  = lim  fy(h' 0> . fyf0, 0) , so  for  (x,  y)  ^ (0, 0)  we  have 


fy(x,y)  = 


x — xy 
x2  + y2 

0-0 


4x3y2 


fy(h,  0)  = = h;  for  (x,  y)  = (0, 0)  we  obtain  fy(0, 0)  = lim  f(0' h)  ~ f(0' 0) 


= ^lim^  = 0.  Then  by  definition  fyx(0, 0)  = ^lim^  — 1-  Note  that  fxy(0, 0)  ^ fyx(0,  0)  in  this  case. 


2.  = 1 + ex  cos  y =>  w = x + ex  cos  y + g(y);  = — ex  sin  y + g'(y)  = 2y  — ex  sin  y =>  g'(y)  = 2y 

=t>  g(y)  = y2  + C;  w = In  2 when  x = In  2 and  y = 0 =>  In  2 = In  2 + eln2  cos  0 + 02  + C =>■  0 = 2 + C 
=>  C = —2.  Thus,  w = x + ex  cos  y + g(y)  = x + ex  cos  y + y2  — 2. 


3.  Substitution  of  u + u(x)  and  v = v(x)  in  g(u,  v)  gives  g(u(x),  v(x))  which  is  a function  of  the  independent 
variable  x.  Then,  g(u,  v)  = />)  *=►£  = ££  + ££=(£  £f(  t)  dt)  g + (&  />)  dt)  g 

= (~l  />)  dt)  g + (l  />)  dt)  g = -f(u(x))  g + f(v(x))  g = f(v(x»  g - f(u(x))  g 


4. 


Applying  the  chain  rules,  fx  = g 


=*  fxx  = (0)  (I)2  + I § • Similarly,  fw  = (g)  (§) 


+ I0and 


f„  = 


= (S)(8f 


df  ^ . Moreover,  § = 


cA  _ 


dy'2  (y/x2+y2+z2) 


dr  dz 2 

; and  1 = 


x2  + y2  + z2 


d2r 

dx2 


y/x2  + y2  + z2 


d2r  _ x + y 
dz2  (v/x2+y2+z2; 


y~  +z- 
(x/x2  + y2  +z2) 

Next,  fx: 


_ . dt 
3 ’ dy 


vA2  + y2  + z2 

+ fzz  = 0 
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+ (hf)  ( 


x2  + y2  + z- 


x2  + y2  + z2 


)+(*> 
) + is 


y +zz 


(v/x2  + y2  + z2) 
x2  + y2 

(y/x2  +y2  + z2f 


+ (w)  ( 


x2  + y2  + z‘ 


-o  =>•  ^ 

— U ^ dr2 


) + (*) 

( v + . - / ) 


X + z 


(v/x2  + y2+z2)i 


df_n  ^ di£,2df_0 
dr  — U ^ dr2  + r dr  “ U 


A (f')  : (_  ?)  f\  where  f'  = | =>  f = - 0£  =»  In  f'  = -2  In  r + In  C =>  f'  = Cr~2,  or 


%=Cr^ 


f(r)  = — y + b = “ -]  b for  some  constants  a and  b (setting  a = — C) 


5.  (a)  Let  u = tx,  v = ty,  and  w = f(u.  v)  = f(u(t,  x),  v(t,  y))  = f(tx,  ty)  = t”f(x,  y),  where  t,  x,  and  y are 
independent  variables.  Then  ntn-‘f(x,y)  = fr  = trfr  + f7§=xtr+yiw  Now, 

f = f l + f S = (f)W+(t)(0)  = tt  =*  f = (l)(f)-  Likewise> 

% = §u  ly  + Iv  | = (lu)  (0)  + (£)  (t)  =►  |y  = (i)  (w)  • Therefore, 
nt"  ’f(x.y)  = x +y  = (*)  (§|)  + (f)  When  t = 1,  u = x,  v = y,  and  w = f(x,y) 

=>  and  0 = =>  nf(x,  y)  = x + y , as  claimed. 


(b)  From  part  (a),  nt”  1 f ( x , y)  = x y + y . Differentiating  with  respect  to  t again  we  obtain 


<9u  1 J dv 

a2w  9u  , v d2w  dv 


_ 1'vtn-2fCv  *A  v P^w  *Xy  0*w  Pv  , d2w  du  , d‘w  Ov  2 Q‘vi  i 9V,,  (fw  . '2.  <Tvi 

ntn  Dt  Ax,  y>  — x ^ a -t-  x av£)u  at  -t-  y dadv  dt  -t  y dv-2  dt  — x au2  zxy  au£)v  y ay2  • 

Alcn  from  nart  tat  tLw  ~ JL  ( 9*1  _ _d_  ( f dwt  __  t dhv  du  , t d2w  dv  __  t2  dbv  _ dw\ 

Also  trom  part  (a),  dy?  — 9x  ( dx ) - dx  (t  9u ) - t au2  9x  + 1 9vdu  9x  - t 9u2  , dy2  ~ dy  \dy  ) 

d_  (t  9w  \ t d2w  du  , t d2w  dv  t2  d2w  j d2w  d ( dw\  JL  (t  t A w _i_  t d2w  22  v 

5y  VL  dv ) L rju/tv  dy  ' dv'1  dy  dv2  ■ dydx  dy  V dx ) dy  VL  9u  / du'  Oy  L dvdu  dy 

_ t2  a2w  . ( n &w  _ &w  ( n tLw  _ „nri  n \ a2w  _ a2w 

/)vyAi  V t2  / dx2  <9u2  ’ V t2  / dy2  dv2  ’ V t2  / dydx  dvdu 

=>  n(n  - l)tn  2f(x,  y)  = (f ) (0)  + (2J)  (|^)  + (£)  (0)  fort/  0.  When  t = 1,  w = f(x,y)  and 
we  have  n(n  - l)f(x,y)  = x2  (0)  + 2xy  ( 0fy ) + y2  ^0^)  as  claimed. 


a2  w dv 


„2  a2w 


,,2  a2w 


6.  (a)  lim  /y2-  = lim  /A  — I . where  t = 6r 
r^O  6r  t^O  * 


(b)  fr(0,0)  = lim  fc°  + h,0>-f(0,0)  = lim  ('T)  1 = lim  smeh-eh  = lim  6cos6h-6 
’ h-»0  h h^O  h h^O  6h  h^o 


_ —36  sin  6h 

_ h^O 


12 


= 0 (applying  I’Hopitafs  rule  twice) 


(c)  fe(r, 9)  = lim  f<r,9  + h.)-f(r,fl)  ^ lim  = lim  »=o 

vv,y  h^O  h h^O  h h^0h 


12h 


s/^+7 


k = £ 


7.  (a)  r = xi  + yj  + zk  =>  r = |r|  = ^/x2  + y2  + z2  and  v r = - -—-A 

(b)  r"  = (•v/x2  + y2  + z2)” 

=^>  v (r”)  = nx  (x2  + y2  + z2)(“/2)_1i  + ny  (x2  + y2  + z2)(n/2Mj  + nz  (x2  + y2  + z2)(n/2Mk  = nr"_2r 

(c)  Let  n = 2 in  part  (b).  Then  i v (r2)  = r =>■  V (| r2)  = r f = \ (x2  + y2  + z2)  is  the  function. 

(d)  dr  = dxi  + dyj  + dzk  =>  r • dr  = x dx  + y dy  + z dz,  and  dr  = rx  dx  + ry  dy  + rz  dz  = * dx  + ^ dy  + j dz 

=>  r dr  = x dx  + y dy  + z dz  = r • dr 

(e)  A = ai  + bj  + ck  =>  A ■ r = ax  + by  + cz  =^>  v (A  - r)  = ai  + bj  + ck  = A 

8.  f(g(t),  h(t))  = c =>  0 = | = | | + ||  = (I  i + | j)  • (|  i + | j)  , where  | i + | j is  the  tangent  vector 

=>  V f is  orthogonal  to  the  tangent  vector 


9.  f(x,  y,  z)  = xz2  — yz  + cos  xy  — 1 =>  v f = (z2  ~ y sin  xy)  i + (— z — x sin  xy)j  + (2xz  — y)k  =>  v f(0, 0, 1)  = i — j 

=>  the  tangent  plane  is  x — y = 0;  r = (In  t)i  + (t  In  t)j  + tk  r'  = (y)  i + (In  t + 1 ) j + k ; x = y = 0,  z = 1 

=>  t=l  =>  r'(l)  = i+j  + k.  Since  (i + j + k)  • (i  — j)  = r'(l)  • V f = 0,  r is  parallel  to  the plane,  and 

r(l)  = Oi  + Oj  + k =>  r is  contained  in  the  plane. 

Copyright  © 2010  Pearson  Education  Inc.  Publishing  as  Addison-Wesley. 


878  Chapter  14  Partial  Derivatives 

10.  Let  f(x,  y,  z)  = x3  + y3  + z3  - xyz  =>•  v f = (3x2  — yz)  i + (3y2  - xz)  j + (3z2  — xy)  k =>•  v f(0,  - 1, 1)  = i + 3j  + 3k 
=>  the  tangent  plane  is  x + 3y  + 3z  = 0;  r = — 2^  i + ( 4 — 3)  j + (cos(t  — 2))k 

=>  r'  = (0^  i — (p)  j — (sin(t  — 2))k;x  = 0,  y=— l,z=l  =>  t = 2 =>  r'(2)  = 3i  — j . Since 
r'(2)  • v f = 0 =>  f is  parallel  to  the  plane,  and  r(2)  = — i + k =>  r is  contained  in  the  plane. 


11.  = 3x2  - 9y  = 0 and  g = 3y2  - 9x  = 0 =>  y = | x2  and  3 Q x2)2  - 9x  = 0 =>  1 x4  - 9x  = 0 

=>  x (x3  — 27)  = 0 =>■  x = 0 or  x = 3.  Now  x = 0 =t>  y = 0 or  (0, 0)  and  x = 3 =>  y = 3 or  (3, 3).  Next 

0 = 6x,  0 = 6y,  and  = -9.  For  (0, 0),  0 0 - (my)  = ~81  ^ no  extremum  (a  saddle  point), 
and  for  (3,  3),  0 0 - (^ ) = 243  > 0 and  0 = 18  > 0 =>  a local  minimum. 

12.  f(x,y)  = 6xye-(2x+3)d  =>  fx(x,y)  = 6y(l  — 2x)e-(2x+3y)  = 0 and  fy(x,  y)  = 6x(l  — 3y)e-(2x+3y)  =0  =>  x = 0 and 
y = 0,  or  x = and  y = | . The  value  f(0, 0)  = 0 is  on  the  boundary,  and  f (| , |)  = ^ . On  the  positive  y-axis, 

f(0,  y)  = 0,  and  on  the  positive  x-axis,  f(x,  0)  — 0.  As  x — > oo  or  y — > oo  we  see  that  f(x,  y)  — > 0.  Thus  the  absolute 
maximum  of  f in  the  closed  first  quadrant  is  ^ at  the  point  (1 , j)  . 


13.  Let  f(x,  y,z)=^  + yj  + ^ — 1 =>  v f — Tri+rrj  + ^fk  =>  an  equation  of  the  plane  tangent  at  the  point 

Po(x0,yo,yo)  is  (I1)  x + (0)  y + (0)  z = ^ + |t  + 7A  = 2 or  0)  x + (p)  y + (J.)  z = 1. 

The  intercepts  of  the  plane  are  ^ , 0,  00  00  0^j  and  0 0,  0 . The  volume  of  the  tetrahedron  formed  by  the 

we  need  to  maximize  V(x,  y,  z)  = 70-  (xyz)- 

(0i)  = f A, 


plane  and  the  coordinate  planes  is  V = ( 7 


_ tit  /n  ( *4  ( b4  ( c4 
1 3/  V 2 / \xoy  \yo/  Vz°/ 


subject  to  the  constraint  f(x,  y,  z)  = A + 4 + 4 = 1.  Thus, 


(abc)2 

~6~ 


(abc)2 

~6~ 


( xy2z  ) “ 


and 


(abc)J 

~6~ 


( —4  ) = ?|  A.  Multiply  the  first  equation  by  a2yz,  the  second  by  b2xz,  and  the  third  by  c2xy.  Then  equate 

\ xyz  j c 


the  first  and  second  =>  a2y2  = b2x2  =>  y = - x,  x > 0;  equate  the  first  and  third  a2z2  = c2x2  =>  z = - x,  x > 0; 


substitute  into  f(x,  y,  z)  = 0 


x=*  =»  S' =71  =»  z=75  =*  V=#abc. 


14.  2(x  — u)  = —A,  2(y  — v)  = A,  — 2(x  — u)  = /z,  and  — 2(y  — v)  = —2  ^v  =>  x — u = v — y,  x — u=—  and 
y — v = ^v  =>  x — u = — /iv  = — | =>  v=-)or^  = 0. 

CASE  1:  ^i  = 0=t>x  = u,  y = v,  and  A = 0;  then  y = x+  l =>  v = u+  l and  v2=u  =>  v = v2  + l 
=>■  v2  — v + 1 = 0 =>  v = 1±0~4  =t>  no  real  solution. 

CASE  2:  v = \ and  u = v2=>u=d;x-d  = d-  y and  y = x+  l=t>x-d  = -x-d=»2x  = -i=>x=-| 
y = l . Then  f (-  ± , | , \ , 1)  = (-  ± - \)2  + (|  - |)2  = 2 (|)2  =>  the  minimum  distance  is  § yjl. 
(Notice  that  f has  no  maximum  value.) 


15.  Let  (xo,  yo)  be  any  point  in  R.  We  must  show  lim  f(x.  y)  — f(xo,  yo)  or,  equivalently  that 

(x,y)  -» (x0,y0) 

„ , lim  |f(x0  + h,  y0  + k)  - f(x0,  y0)|  = 0.  Consider  f(x0  + h,  y0  + k)  - f(x0,  y0) 

(h.k)  -»  (0,0) 

= [f(xo  + h,  y0  + k)  - f(x0,  yQ  + k)]  + [f(x0,  y0  + k)  - f(x0,  y0)].  Let  F(x)  = f(x,  y0  + k)  and  apply  the  Mean  Value 

Theorem:  there  exists  £ with  Xo  < £ < Xo  + h such  that  F'(£)h  = F(xo  + h)  — F(xo)  =>  hfx(£,  yo  + k) 

= f(x0  + h,  y0  + k)  - f(x0,  y0  + k).  Similarly,  kfy(x0,  rf)  - f(x0,  y0  + k)  - f(x0, y0)  for  some  rj  with 
yo  < V < yo  + k.  Then  |f(x0  + h,  y0  + k)  - f(x0,  y0)|  < |hfx(£,  y0  + k)|  + |kfy(x0,  rj)\ . If  M,  N are  positive  real 
numbers  such  that  jfx|  < M and  |fy|  < N for  all  (x,  y)  in  the  xy-plane,  then  jf(xo  + h,  yo  + k)  — f(xo , yo ) | 

<M|h|+N|k|.  As  (h,  k)  -»•  0,  |f(x0  + h,  y0  + k)  - f(x0,  y0)|  -»•  0 =4>  lim  |f(x0  + h,  y0  + k)  - f(x0,  y0)| 

(h,k)  (0,0) 

= 0 =>  f is  continuous  at  (xq,  yo). 
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16.  At  extreme  values,  v f and  v — ^ are  orthogonal  because  — V f ' = 0 by  the  First  Derivative  Theorem  for 

Local  Extreme  Values. 

17.  = 0 =>  f(x,  y)  = h(y)  is  a function  of  y only.  Also,  g®  = ||  = 0 =>  g(x,  y)  = k(x)  is  a function  of  x only. 
Moreover,  = g|  =>■  h'(y)  = k'(x)  for  all  x and  y.  This  can  happen  only  if  h'(y)  = k'(x)  = c is  a constant. 
Integration  gives  h(y)  = cy  + cx  and  k(x)  = cx  + C2,  where  Ci  and  c2  are  constants.  Therefore  f(x,  y)  = cy  + Ci 
and  g(x,  y)  = cx  + c2.  Then  f(  1 , 2)  = g(l,2)  = 5 =>■  5 = 2c  + C!  = c + c2,  and  f(0,0)  = 4 =>■  Cj  — 4 =>  c = | 

=>  c2  = | . Thus,  f(x,  y)  = | y + 4 and  g(x,  y)  = \ x + | . 

18.  Let  g(x,  y)  = Duf(x,  y)  = fx(x,  y)a  + fy(x,  y)b.  Then  D„g(x,  y)  = gx(x,  y)a  + gy(x,  y)b 

= f„(x,  y)a2  + fyx(x,  y)ab  + fxy(x,  y)ba  + fyy(x.  y)b2  = fxx(x,  y)a2  + 2fxy(x,  y)ab  + f^x,  y)b2. 


19.  Since  the  panicle  is  heat-seeking,  at  each  point  (x,  y)  it  moves  in  the  direction  of  maximal  temperature 

increase,  that  is  in  the  direction  of  v T(x,  y)  = (e~2y  sin  x)  i + (2e~2y  cos  x)  j . Since  v T(x,  y)  is  parallel  to 
the  particle's  velocity  vector,  it  is  tangent  to  the  path  y = f(x)  of  the  particle  =>•  f'(x)  = 2^-2y^^  = 2 cot  x. 

Integration  gives  f(x)  = 2 In  | sin  x|  + C and  f (|)  =0  =$■  0 = 2 In  | sin  1 1 + C =>■  C = — 2 In  = In 

= In  2.  Therefore,  the  path  of  the  particle  is  the  graph  of  y = 2 In  | sin  x|  + In  2. 

20.  The  line  of  travel  is  x = t,  y = t,  z = 30  — 5t,  and  the  bullet  hits  the  surface  z = 2x2  + 3y2  when 

30  — 5t  = 2t2  + 3t2  =>  t2  + t — 6 = 0 =>  (t  + 3)(t  — 2)  = 0 =>  t = 2 (since  t > 0).  Thus  the  bullet  hits  the 

surface  at  the  point  (2, 2, 20).  Now,  the  vector  4xi  + 6yj  — k is  normal  to  the  surface  at  any  (x,  y,  z),  so  that 
n = 8i  + 12j  — k is  normal  to  the  surface  at  (2, 2, 20).  If  v = i + j — 5k , then  the  velocity  of  the  particle 

after  the  ricochet  is  w = v - 2 projn  v = v - n = v - (|f ) n = (i +j  - 5k)  - (|§  i + |§j  - H k) 

191  ; 391  ; 995  ■ 

— 209  1 209  J 209  K- 


21.  (a)  k is  a vector  normal  to  z = 10  — x2  — y2  at  the  point  (0, 0, 10).  So  directions  tangential  to  S at  (0, 0,  10)  will 
be  unit  vectors  u = ai  + bj  . Also,  v T(x,  y,  z)  = (2xy  + 4)  i + (x2  + 2yz  + 14)  j + (y2  + 1)  k 
=>  V T(0, 0, 10)  = 4i  + 14j  + k . We  seek  the  unit  vector  u — ai  |-  bj  such  that  DuT(0, 0,  10) 

= (4i  + 14j  + k)  • (ai  + bj)  = (4i  + 14j)  • (ai  + bj)  is  a maximum.  The  maximum  will  occur  when  ai  + bj 
has  the  same  direction  as  4i  f 1 4j  , or  u — (2i  + 7j). 

(b)  A vector  normal  to  S at  (1 , 1 , 8)  is  n = 2i  + 2j  + k . Now,  v T(1 , 1 , 8)  = 6i  + 3 1 j + 2k  and  we  seek  the  unit 
vector  u such  that  DUT(1, 1,8)=  \/T-u  has  its  largest  value.  Now  write  v T = v + w , where  v is  parallel 
to  v T and  w is  orthogonal  to  v T.  Then  D„T  = vT-u  = (v  + w)-u  = v-  u + w-  u = w-u.  Thus 
D„T(1, 1, 8)  is  a maximum  when  u has  the  same  direction  as  w . Now,  w = \/T  - j n 

= (6i  + 31  j + 2k)  - ( + (2i  + 2j  + k)  = (6  - i + (3i  _ 1|2)  j + (2  _ k 

= -f  i+^j-f  k =►  u=^  = --4=(98i-127j  + 58k). 


22.  Suppose  the  surface  (boundary)  of  the  mineral  deposit  is  the  graph  of  z = f(x,  y)  (where  the  z-axis  points  up  into  the  air). 
Then  — ||  i — f j + k is  an  outer  normal  to  the  mineral  deposit  at  (x,  y)  and  f i + f j points  in  the  direction  of  steepest 
ascent  of  the  mineral  deposit.  This  is  in  the  direction  of  the  vector  ||  i + ||  j at  (0, 0)  (the  location  of  the  1st  borehole) 
that  the  geologists  should  drill  their  fourth  borehole.  To  approximate  this  vector  we  use  the  fact  that  (0,  0,  — 1000), 

(0, 100,  —950),  and  (100,  0,  —1025)  lie  on  the  graph  of  z = f(x,  y).  The  plane  containing  these  three  points  is  a good 

i j k 

approximation  to  the  tangent  plane  to  z = f(x,  y)  at  the  point  (0, 0, 0).  A normal  to  this  plane  is  0 100  50 

100  0 -25 
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= — 2500i  + 5000j  — 10,000k,  or  — i + 2j  — 4k.  So  at  (0, 0)  the  vector  i + 54  j i s approximately  — i + 2j  . Thus  the 
geologists  should  drill  their  fourth  borehole  in  the  direction  of  (— i + 2j)  from  the  first  borehole. 


Of 


23.  w = ert  sin  7rx  =>■  wt  = rert  sin  7rx  and  wx  = 7rert  cos  7rx  =>  wxx  = — 7r2ert  sin  7rx;  wxx  = 4 wt,  where  c2  is  the 
positive  constant  determined  by  the  material  of  the  rod  =>-  — 7r2ert  sin  nx  — 4 (rert  sin  7rx) 

=>  (r  + c27T2)  ert  sin  7tx  = 0 =>•  r = — c27r2  =>  w = e_lr7rt  sin  7rx 


24.  w = ert  sin  kx  =>  wt  = rert  sin  kx  and  wx  = kert  cos  kx  =>  wxx  = — k2ert  sin  kx;  wxx  = 4 wt 

=>  — k2ert  sin  kx  = 4 (rert  sin  kx)  =>  (r  + c2k2)  ert  sin  kx  = 0 =>  r = — c2k2  =>  w = e~c“k-t  sin  kx. 

Now,  w(L,  t)  = 0 =>  e_c2k2t  sin  kL  = 0 =>■  kL  = n7r  for  n an  integer  =>■  k = ™ =>  w = e-c2n2,r2t/L2  sin  ( ^ x)  . 
As  t — > oo,  w — > 0 since  sin  x)  < 1 and  e_c2n27r2t/L"  — > 0. 
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15.1  DOUBLE  AND  ITERATED  INTEGRALS  OVER  RECTANGLES 


1.  ££ 2xydydx  = // [x  y2]  ^ dx  = £ 16xdx  = [8x2]^  =24 

2-  So  fjx ~ y) dy dx  = fo  txy - b2] f dx  = £ 2x dx  = [x2] ^ =4 

3.  £ fjx  + y + 1)  dx  dy  = £ [f  + yx  + x] ' j dy  = £(2y  + 2)  dy  = [y2  + 2y]  ° x 


4-  fofo(1-x^)dxdy  = fo  [x 

5-  /„7„2(4-y2)dydx=/o3[4y-i 


6 2 


*» =f,(i- 


5y-  L 
6“  6 


= 1 


f 

Jo 


dx  = i f dx  = [fx]30  = 16 


2x2  - \ 


= 0 


6-  X fjx2y  - 2x?)  dy dx  = f0  [X  - xy2]  2 dx  = £ (4x  - 2x2)  dx 

7-  So  fo  T+Vy  dx dy  = /o‘[ln|l  +xy|]^  dy  = J\i|l  + y|dy  = [yln|l  + yj-  y + ln|l  + y|]J  = 21n2  - 1 

8-  f!  foil  + y/y)  dxdy  = £ [ix2  + x^y]  J dy  = £(4  + 4y1/2)dy  = [4y  + fy3'2]? 


1 4 92 

3 


nln5  pin 2 , c pin 2 , ^ 

e2x  + y dy  dx  = Jq  [e2x+y]Jn  dx  = Jq  (5e2x  - e2x+1)  dx  = [fe2x  - ±e2x+1]JX  = |(5  - e) 

10-  fo£xyeX  dydx  = /0‘  [|xy2ex]^  dx  = fjxe*  dx  = [|xex  - §ex]‘  = § 

n 71-/2  n2  . n 2 2 

, y sin x dxdy  = J J-ycosx];7  dy  = J ; ydy  = [^y2]^  = § 

n7r  r*2-K  , n 2n  ^ 

| (sin  x + cosy)  dxdy  = J [— cos  x + x cos  y]' dy  = J (2  + w cos  yj  dy  = [2y  + tt  sin  y]  = 27t 

13.  //  (6  y2  — 2 x)dA  = £ £ (6  y2  — 2 x)  dy  dx  = X0W  - 2xy];  dx  = /o‘(16  - 4x)  dx  = [16  x - 2x2 

R 

14.  //7dA=/07i2#dydx  = /o4[-f]3dx=/o4Ix1/2dx=[Ix3/2];  = | 

R 

15.  ff  xycosy  dA  = XX  xycosydydx  = f [xy  siny  + xcosy]'  dx  = X j(— 2x)  dx  = [— x2]X  =0 
R 

16.  XX  y sin(x  + y)  dA  = a:  y sin(x  + y)  dy  dx  = J [— y cos(x  + y)  + sin(x  + y)]'  dx 
R 

Xo 

(sin(x  + 7r)  — 7r  cos(x  + 7r)  — sin  x)dx  = [— cos(x  + n)  — n sin(x  + 7r)  + cos  x]0^  = 4 
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r r rln2  rln2  rln2  i ^ rln2 

17.  JJ  ex_ydA  = Jo  Jo  ex_ydydx  = [— ex_y]0n2  dx  = (— ex_ln2  + ex)  dx  = [— ex_ln2  + ex] 


In  2 1 

0 — 2 


18.  ff  Xyexy2dA  = £ £ xyexy2  dydx  = £ |jexy2]odx  = £ (4ex  - |)  dx  = [ie*  - 4x]2  = 2(e2  - 3) 

R 

19-  f/MidA  = fofo  & TTdydx=/o  [40^I)]odx  = /o  dx  = [2tn|x2  + 1 1]2  = 21n2 


20-  //??TTdA=/o7o1(^fTTdxdy=/o1[tan_1(xy)]idy  = /o1tan-1ydy=  [y  tan  'y  - ± ln|l  + y2|]‘  = f - 4ln2 

R 


21.  ££  fdydx  = f£  (In  2 — In  1)  dx  = (In  2)  £ 4 dx  = (In  2)2 

22.  fo  fo  y cos  xy  dxdy  = fo  tsin  xy]o  dy  = £ sin  7ry  dy  = b 2 cos  Try]  o = - l (-i  - D = 2 

23.  V = ff  f(x,y)  dA  = £\£\(*2  + y2)  dydx  = £ [x2  y + |y3]  ^ dx  = £ (2x2  + §)  dx  = [fx3  + |x]  [_ 

R 


24.  V = ff  f(x,y)dA=  £ £ (16  - x2  - y2)  dy  dx  = £ [l6y  - x2  y - |y3]2  dx  = £ (f  - 2x2)  dx  = [f  x - f x3]? 


3 3 Jo 


25.  V = ff  f(x,y)  dA  = ££(2  - x - y)  dy  dx  = £ [2  y - xy  - |y2]  Jdx  = £ (I  - x)  dx  = [lx  - 4x2]  J = 1 

R 


26-  v = //  f(x>y) dA  = £ £\  dy dx  = £ 71  dx  = X 1 dx  = Wo  = 4 


27.  V = ff  f(x,y)  dA  = £ £ 2 sin  x cos  y dy  dx  = £ [2  sin  x sin  yj^dx  = £ ^y/2sinxjdx=  £ \/2cosxJ 

= J 

28.  V = ff  f(x,  y ) dA  = ££(4  - y2)  dydx  = £ [4y  - iy3]2  dx  = £ (f ) dx  = [f  x]  J = f 


15.2  DOUBLE  INTEGRALS  OVER  GENERAL  REGIONS 
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19 • J0  J0  (x  Sin  y)  dy  dx  = Jg  [-  x cos  y]  * dx 

(77,  77) 

r r 2 1 

= (x  — x cos  x)  dx  = y — (cos  x + x sin  x) 

7T  77 

0 

' / 

= T +2 

0 

77 
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m r r 

Jo  Jo 


ydydx=fo  [ 

J (1  — cos  2x)  dx  = 


dx  = 


J o 

l 

4 


I i sin2  x dx 
Jo  * 


sin 


pin 8 piny  pin 8 pin 8 

21.  J , J0  ex+y  dx  dy  = J]  [ex+y]  ‘ny  dy  = | (yey  - ey)  dy 
= [(y  - l)ey  - ey] f 8 = 8(ln  8 - 1)  - 8 + e 
= 8 In  8 — 16  + e 


22-  X2rdxd y = r(y2-y)dy 


"2  j»y2 

= (f-2)-G-|)  = I 


y_ y_ 

3 2 


3 5 

2 — 6 


23.  f J'f  3y3exy  dx  dy  = /o‘[3yVy]^  dy 
= /o‘(: 3y2ey3-3y2)  dy 


ey  — y3 


= e — 2 


24‘  ,f./T  |ey/^dydx= 


dx 


= 5 (e- 


x dx  = [|  (e  — 1)  (|)  x3/2]  ^ = 7(e  — 1) 


25. 


XT  !dydx  = J>l„yi:'dx  = (ln2)/;x 


dx  = ^ In  2 


X.XV + y!)  dydx = /;  [x2y + 4] dx = /;  pa  - *> + 


(l-x)3 


dx  = 


x2  _ x3  + O^x)! 


dx 


jd  __  (l-x) 
4 12 


= G-3-0)-(0-0-i)  = l 


• fofo  " (v  - V'u)  dvdu  = fo  [t  - Vu 

=/:( 


du  = 


fo  [“-V^d-u) 


du 


2 u + f -u^+u3/2) 


du  = 


U MI.  H_  — 2 3/2  , 2 5/2 

2 2^6  3 u ^ 5 u 


J 0 


1 i_i_i  2,2  1_1_2  

2 2_r6  3 "l-  5 — 2"r5  — 


10 
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nint  p2  p2  T 9 9 1 2 

eslntdsdt=  [es  In  t]^  dt  = J (t  In  t — In  t)  dt  = In  t — l4  — t In  t + t 
= (2  In  2 - 1 - 2 In  2 + 2)  - (-  \ + l)  = \ 

p 0 p—v  p 0 p 0 v 

29'  LI  2dpdv  = 2jjp]v-vdv  = 2j_-2vdv  t 


= — 2 [v2]  °2  = 8 


p 0 px+2 

34-  J Jo  d^dx 
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35-  /„7>* 


37. 


nlnx 

, d7dx 


39. 


nlv^y 

, 16x  dx  dy 


40. 


n\/  4— x 

, 7 dY  dx 


(l.«) 

(1.1) 


0 1 


X 


1 

0.5 

-0.5 

-1 

-1.5 


^0, 


T75 

/ y 

' X * 0 


x ■ 2 
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54. 


■ IX  l d-vJx  ’ fofo  P dxd-v 


55.  //  (y  - 2x2)  dA 

R 

pO  px+1  pi  pi— x 

= fJ-Jy  - 2x2)  dydx  + XL  - 2x’>  “y* 

= /’  [i  y2  - 2x2y] , d*  +£'lh‘-  ^y]  III  dx 

= /°i[i(x+  l)2  -2x2(x  + 1)-  |(-x-  1)2  + 2x2(-x-  l)]dx 
+ X'[10  - x)2  - 2x2(1  - x)  - i(x  - 1)2  + 2x2(x  - 1)]  dx 
= -4  J j(x3  + x2)  dx  + 4 J (x3  — x2)  dx 


= -4 


+ 4 


si  i 

1 J o 


= 4 


(-D4  , (-D3 
4^3 


+ 4(1-|)  =8( 


f n p/3  px  pi  p X 

56.  J J xy  dA  = Jq  Jx  xy  dydx  + J J xy  dydx 


1 p 2— x 
2/3  ^ 

2— x 


r^Vjrdx+J*  [Ixy2|-dx 


r (2x3  - 5 x3)  dx  + £3  [H2  ~ x)2  - 5 x3]  dx 

J*2/3  a r 1 

„ lx3dx+J  (2x-x2)dx 


- 3 x4]  2/3  , r. 

~ Is  x J 0 + 1 


„2  _ 2 „3 
X 3 X J 2/3 


= (I)  Of)  + (1  - i)  - [S  - (I)  ( =if 


57.  V = ££  X (x2  + y2)  dy  dx  = f1  [x2y  + 


dx  = 


fo  [2x!  ' 


7P  , (2-x)3 

3 -r  3 


dx  = 


2x3  7x4  (2 

3 12 


58.  V = fj~  X x2  dydx  = / jx2y]'  " dx  = ff(  2x2  - x4  - x3)  dx  = [f  x3  - \ x5  - \ x4] 


— (2  1 1\  ( J_6  _i_  32  16\  / 40  12  15\  / 320  1 384  240  \ 189  _ 63 

— V 3 5 4/  V 3 ' 5 4 ) ~ V 60  60  60/  V 60  ^ 60  60  / — 60  — 20 


59.  V = J_‘  X (x +4)  dydx  = J_‘  [xy  + 4y]4;x"  dx  = J'jx  (4  - x2)  + 4 (4  - x2)  - 3x2  - 12x]  dx 


J‘4(-x3  - 7x2  - 8x  + 16)  dx  = [-  \ x4  - \ x3  — 4x2  + 16x]  ^ = (-  1 - \ + 12)  - (f  - 64) 


n\/4— x2  p2  r 

, (3-y)dydx  = /o[3y 


dx  = 


J„2[3^-(¥) 


dx 


16  _ 9tt-8 
6 — 3 


= [l  xV/4  — x2  + 6 sin  1 (f ) - 2x  + fj  Q = 6 (f ) - 4 + | = 3tt 

6L  v = fofo  (4 - y2) dxdy = /> - y2xio dy  = £(12 - V) dy  = [t2y - y3]o  = 24 - 


= 16 
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62.  V = 


V = Jo  X X (4  - x2  - y)  dy  dx  = £ [(4  - X2)  y - £]  ^ dx  = £ 1 (4  - x2)2  dx  = £ (s  - 4x2  + £) 


TT  1 dx 


= ;8x  _ 4 x3  + ^ x5]  2 = 16  _ 32  32  _ 480-320+96  _ 128 


3 1 10  ^ J 0 


3 1 10 


30 


15 


63-  v = JoC (12 - 3y2) dy dx  = fj12 y - y3] £ dx  = fj24 - 12x - (2 - x)3i dx 


24x  - 6x2  + 


2 , (2 -x)4 


= 20 


J o 


p 0 px+1  pi  pi— x pO  pi 

64.  V = J t J x t (3  - 3x)  dy  dx  + Jg  J ^ (3  - 3x)  dydx  = 6 J t(l  - x2)  dx  + 6 Jq  (1  - x)2  dx  = 4 + 2 


= 6 


65-  V = ffjx  + O dydx  = f [xy  + y]  % dx  = £ [1  + * - (-1  - x)]dx  = 2 J (l  + i)  dx  = 2 [x  + In  x]2 

= 2(1  + In  2) 


r» 7t/3  p sec  x 


J»7T/3  pSeCX  p 7T 

0 Jo  (l+y2)dydx  = 4 Jo 


y + T 


dx  = 4 f£  ^sec  x + 


dx 


= | [7  In  |sec  x + tan  x|  + sec  x tan  x]  q^3  = | 7 In  ^2  + y/3^  + 2\/3 


68. 


y 


z 


69-  ./:  I '-A  dydx  = £ [^1  ^ dx  = f-  ( + ) dx  = [i]  * = (1  - l)  = 1 


b — > oo 


pi  pl/yl— X2  pi  ' ' pi 

70-  LL /!=?  <2y  + 1)  dydx  = fjf  + y]  dx  = 


l/fl-x2'1" 
1/(1— x=)1/= 


-1  vlb 


dx  = 4 lim  [sin  1 x 

b ->  l- 


= 4 lim  [sin  1 b — 01  = 2tt 
b^  1-  1 J 


71. 


/oo  p 

-oo  «/  — 


-oo  (x2+l)  (y2+l) 


-dx  dy  = 2 


i;  teo  ( 


lim  tan  1 b 

\b  — > oo 


tan 


1 o)  dy 


= 2tt  lim 

b — > oo 


£ 


1 

y2+l 


dy 


= 27T 


lim  tan 

.b  — » oo 


-li 


i — tan  :0^  = (2 7r)  (|)  = + 
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noo  poo  poo 

t xe_(x+2y)  dxdy  = Jg  e~2y  lim  [— xe_x  — e_x]^  dy  = Jg  sr2y  lim  (— beb  — e_b  + 1)  dy 

b ^ oo  b ^ oo 

J>o° 

e~2y  dy  = 1 lim  (— e~2b  + 1)  = 1 
0 2 b ->  oo  2 


73.  //f(x,y)dA«If(-I,0)  + |f(0,0)+if(i,0)  = i(-5)  + H0+?)  = -^ 

R 


74.  ff fl*,y)dA*l  f(I,U)  +f(|,li)  +f(|,if)  +f(|,^) 
R L 


= i (29 + 31  + 33  + 35)=  = 


16 


75.  The  ray  6 = | meets  the  circle  x"  + y2  = 4 at  the  point  (+3,1)  =>■  the  ray  is  represented  by  the  line  y = -4- . Thus, 


//f(x,y)  dA  = fgV3rX  x2  dy  dx  = //’  [(4  - x2)  - ^ ^4  - x2 


A 


dx  = 


4x-  + + 


(4— x' 


2,3/2 


3+3 


\/3 


+5 

_ 20+3 
9 


n2 
I 


(X2-X)  (y-i)2/: 
•b 


dydx  = /”  ] o2  dx  = /”  dx  = 6 / 


dx 


2 x(x-l) 


= 6 lim  f (-^j  — -)dx  = 6 lim  [ln(x  — 1)  — In  x+  = 6 lim  [In (b  — 1)  — In  b — In  1 + In  2] 

h — » (Yi  2 x x * x ' h — » nr>  b — > OO 


b — > OO  ^2  VX-1  X/  b — > OO 

= 6 lim  In  ( 1 — 1 ) + In  2 = 6 In  2 
Lb  — ► oo  V hJ  J 


77 • V = /XV  + y2)  dydx  = fg  [x2y  + £ 


dx 


1+ 

= (2  _ 2.  _ 2_)  - f0  - 0 - 16)  = 4 

V 3 12  12/  Vu  u 12  / 3 


= L |2x2^f  + ^ 


Hy  - I 2+  _ 7+  _ (2— xj4 
UX  — 1 3 12  12 


J 0 


78. 


p 2 p 2 p-rvx  p 2 /"»y  p27r  p 2 

Jo  (tan-1  ttx  - tan-1  x)  dx  = / / ^ dy  dx  = Jg  J ^ dx  dy  + J2  J ^ dx  dy 


= TX  dy  + rx  dy  = (^)  [In  (1  + y2)]  20  + [2  tan'1  y + £ In  (1  + y2)] 
= (^1)  In  5 + 2 tan-1  2tt  - 4_  In  (1  + 4tt2)  - 2 tan"1  2 + ^ In  5 
= 2 tan-1  2-7T  — 2 tan'1  2 — i In  (1  + 47t2)  + 


79.  To  maximize  the  integral,  we  want  the  domain  to  include  all  points  where  the  integrand  is  positive  and  to 
exclude  all  points  where  the  integrand  is  negative.  These  criteria  are  met  by  the  points  (x,  y)  such  that 
4 — x2  — 2y2  > 0 or  x2  + 2y2  < 4,  which  is  the  ellipse  x2  + 2y2  = 4 together  with  its  interior. 


80.  To  minimize  the  integral,  we  want  the  domain  to  include  all  points  where  the  integrand  is  negative  and  to 
exclude  all  points  where  the  integrand  is  positive.  These  criteria  are  met  by  the  points  (x,  y)  such  that 

x2  + y2  — 9 < 0 or  x2  + y2  <9,  which  is  the  closed  disk  of  radius  3 centered  at  the  origin. 

81.  No,  it  is  not  possible.  By  Fubini's  theorem,  the  two  orders  of  integration  must  give  the  same  result. 
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82.  One  way  would  be  to  partition  R into  two  triangles  with  the 
line  y = 1 . The  integral  of  f over  R could  then  be  written 
as  a sum  of  integrals  that  could  be  evaluated  by  integrating 
first  with  respect  to  x and  then  with  respect  to  y: 

/ / f(x,  y)  dA 
R 


n2-(y/2)  n 2 nl-(y/2) 

f(x,  y)  dxdy  + J1  J f(x,y)dxdy 


2 p2-(y/2) 


Partitioning  R with  the  line  x = 1 would  let  us  write  the 
integral  of  f over  R as  a sum  of  iterated  integrals  with 
order  dy  dx. 


pb  pb  pb  p b pb  f pb  \ f p b \ / p b \ 

83-  J J c ' ' dxdy  = "e x dxd>'  = J „e  yJ  (Le  K dx)  dy  = [Le  xl  dxJ  [Ley2  dyj 

/V2dx)  = (2  J\  - dx)  =4  (fol  e x‘  dx'j  ; taking  limits  as  b — * 00  gives  the  stated  result. 


84-  fofo  dydx  = fofo  dxdy  = So 


(y—  i)2/3 

5 Um  r 

3 b ->  r Jo 


r 1 

'x3' 

Jo  (y— I)2/3 

3 

v=ir 


dy 


dy 


(y— 1)2/ 


+ I lim 


im  f 

->  1+ 


dy 


b (y-l)2' 


0 (y— l)2/3 

= b lim_  [(y  - I)1/3]  0b  + b lim  [(y  - l)1/3] , 


lim  (b  - I)1/3  - (-1)1/3]  - [ lim  (b  - l)1/3  - (2)1/3]  = (0  + 1)  - (0  - \/2]  =l  + j/2 

>-♦1  J Lb  — » 1 f J V / 


85-88.  Example  CAS  commands: 

Maple: 

f :=  (x,y)  ->  1/x/y; 

ql  :=  Int(  Int(  f(x,y),  y=l..x  ),  x=1..3  ); 
evalf(  ql  ); 
value(  ql  ); 
evalf(  value(ql) ); 

89-94.  Example  CAS  commands: 

Maple: 

f :=  (x,y)  ->  exp(xA2); 
c,d  :=  0,1; 
gl  :=  y ->2*y; 
g2  :=  y ->  4; 

q5  :=  Int(  Int(  f(x,y),  x=gl(y)..g2(y) ),  y=c..d  ); 
value(  q5  ); 

plot3d(  0,  x=gl(y)..g2(y),  y=c..d,  color=pink,  style=patchnogrid,  axes=boxed,  orientation=[-90,0], 
scaling=constrained,  title="#89  (Section  15.2)" ); 
r5  :=  Int(  Int(  f(x,y),  y=0..x/2  ),  x=0..2  ) + Int(  Int(  f(x,y),  y=0..1  ),  x=2..4  ); 
value!  r5); 
value!  q5-r5  ); 


85-94.  Example  CAS  commands: 

Mathematica:  (functions  and  bounds  will  vary) 

You  can  integrate  using  the  built-in  integral  signs  or  with  the  command  Integrate.  In  the  Integrate  command,  the 
integration  begins  with  the  variable  on  the  right.  (In  this  case,  y going  from  1 to  x). 
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Clearfx,  y,  fj 
f[x_,y_]:=  1 / (x  y) 

Integrate [f[x,  y],  {x,  1,  3},  {y,  1,  x } ] 

To  reverse  the  order  of  integration,  it  is  best  to  first  plot  the  region  over  which  the  integration  extends.  This  can  be  done 
with  ImplicitPlot  and  all  bounds  involving  both  x and  y can  be  plotted.  A graphics  package  must  be  loaded.  Remember  to 
use  the  double  equal  sign  for  the  equations  of  the  bounding  curves. 

Clear[x,  y,  f] 

«Graphics'  ImplicitPlot' 

ImplicitPlot[{x==2y,  x==4,  y==0,  y==l },{x,  0,4.1},  {y,  0,  1.1}]; 
f[x_,  y_]:=Exp[x2] 

Integrate [f[x,  y],  {x,  0,  2},  {y,  0,  x/2 }]  + Integrate [f[x,  y],  {x,  2,  4},  {y,  0,  1 }] 

To  get  a numerical  value  for  the  result,  use  the  numerical  integrator,  NIntegrate.  Verify  that  this  equals  the  original. 
Integrate [f[x,  y],  {x,  0,  2},  {y,  0,  x/2}]  + NIntegrate [f[x,  y],  {x,  2,  4},  {y,  0,  1 }] 

NIntegrate [f[x,  y],  {y,  0,  1 },{x,  2y,  4}] 

Another  way  to  show  a region  is  with  the  FilledPlot  command.  This  assumes  that  functions  are  given  as  y = f(x). 

Clear[x,  y,  f] 

«Graphics' FilledPlot' 

FilledPlotL{x2,  9},{x,  0,3],  AxesFabels  {x,  y }]; 
f[x_,  y_]:=  x Cos[y2] 

Integrate [f[x,  y],  {y,  0,  9},  {x,  0,  Sqrt[y]}] 


85.  xx  i dy  dx  w 0.603 


86.  [‘  f 'e  (x3+yT>  dy  dx  « 0.558 


87.  XT  tan  1 xy  dydx  « 0.233 


88.  ar^1  -x2-y2  dydx  « 3. 


142 


89.  Evaluate  the  integrals: 

fjlf  dxd>' 

nx/2  r»4  n 1 

, e>2  dydx  + l J(i  e-  dydx 
= ~ \ + \ (e4  - 2^  erfi(2)  + 2^/tt  erfr(4)) 
« 1.1494  x 106 


The  following  graph  was  generated  using 
Mathematica. 


12  3 4 


Copyright  © 2010  Pearson  Education  Inc.  Publishing  as  Addison-Wesley. 


Section  15.2  Double  Integrals  Over  General  Regions 


90.  Evaluate  the  integrals: 

fo  Lx  cos(y2)dy  dx  = f0  cos(y2)dx  dy 
= « -0.157472 


91.  Evaluate  the  integrals: 

"2  p4y/2 y r»8 

(x’-y-xy’)*<iy  = /J„, 

67,520 


(x2y  — xy2)dy  dx 


693 


97.4315 


92.  Evaluate  the  integrals: 

n4— y2  r»4  /■»  \/4— x 

exy  dx  dy  = J Jg  exy  dy  dx 
« 20.5648 


The  following  graph  was  generated  using 
Mathematica. 


The  following  graph  was  generated  using 
Mathematica. 


The  following  graph  was  generated  using 
Mathematica. 
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The  following  graph  was  generated  using 
Mathematica. 


0.5  1 1.5  2 2.5  3 


The  following  graph  was  generated  using 
Mathematica. 


y 


123456789 
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4 


pin  2 pex  pin  2 

5'  Jo  Jodydx  = Jo  eXdx=[ex]0  —2—1  = 1 


n21nx  pe 

dy  d x = J [ In  x dx  = [x  In  x — x] ' 
= (e  - e)  - (0  - 1)  = 1 


7-  ar dxdy  = /o‘(2y  - 2y2) dy  = [y2  - 1 y3]  o 
_ 1 
3 


*•  /',  il  ' * dy  = f‘,  (y2  - 1 - 2y*  + 2)  dy 

= X'.O  - y*)  dy  = [y  -?]',  = ! 


9-  /oXldxd y = /<T  Wf'dy 

= /„2Py)  dy  = [y2l«  = 4 

10-  J,X’,  i dxdy  = lo  Wf-.dy 

= f,  (!ny  - 1 +y)dy  = ylny-Zy+s^ 

= 2 In  2 - 1 
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r*  1 r»  2x  r»  2 n 3 — X 

n-  /o/x/2ldydx+JiX/2  ldydx 

= f0  [y]x/2dx  + J,  [y]x/2Xdx 

= fo  (lx)dx  + /i"  (3  - §x)dx 
= [?x2]i+[3x-Ix2]J  = ! 


H r*\A  r4  tV* 

12-  J0J_X  Idydx+J,  Jx_2idydx 

= /01[y]^dx+/i4[y]x^2dx 

= fo  (v^  + x)dx  + J/  (\/x  - x + 2)dx 
= [|x3/2+Ix2];)+[|X3/2^Ix2+2x]:=f 


rx 

= 36 


2y 

y2/3 


dx  dy 

216  _ 
9 


14-  i:iTd y dx  = £(3x  - x2)  dx  = [|  x2  - 1 x3] ; 

= 27  _n  = 9 
2^2 


otv/4  pcosx 

15.  / dy  dx 

J 0 J sin  x J 

X7r/4  . # ,4 

| (cos  x — sin  x)  dx  = [sin  x + cos  x] 

= (#+#)-(0+D=^-l 


>* 


6 


0 


12 

NOT  TO  SCALE 


y = cos  x 


4 


16. 


ny+2  p2 

, dxdy  = J i(y  + 2-y2)dy  = 
= (2  + 4—  |)  — (3  — 2+3)  = 5 — 


: } + 2y- 

1 — 9 

2 2 
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= /°i(l+x)dx+/o2(l-|)  dx 


v2  ' 

0 

v2  " 

x+^ 

+ 

-1 

x — T 

(-1  + 5)+ (2-1)=! 


n°  r4  rvx 

=_4dydx  + /„  fa 

= £( 4 - X2)  dx  + £ x1/2  dx 

= [4x-fl'+  [|x*'!i:  = (8 


8)  1 16  _ 32 
3 / ' 3 3 


19.  (a)  average  fg  fg  sin(x  + y)  dy  dx  = i £ [_  cos  (x  + y)]  l dx  = i Cos  (x  + tt)  + cos  x]  dx 

= dy  [—  sin  (x  + 7r)  + sin  x]  * = 4^  [(—  sin  2tt  + sin  n)  — (—  sin  n + sin  0)]  = 0 

(b)  average  = fofo  sin  (x  + y)  dy  dx  = Jr  f0  [-  cos  (x  + y)]  g/2  dx  = |f  fg  [-  cos  (x  + |)  + cos  x]  dx 
= I [-  sin  (x  + !)  + sin  x]  0 = F [(-  sin  3f  + sin  tt)  - (-  sin  § + sin  0)]  = £ 


20.  average  value  over  the  square  = f0  J0  xy  dy  dx  = dx  — j'g  | dx  — 1 

average  value  over  the  quarter  circle  = tty  Jq  X xy  dy  dx  = d S- 


= i = 0.25; 


dx 


= - f (x  - x3)  dx  = - 

7T  Jo  V ' K 

2 1 . average  height  = \ 


J 0 


= f « 0.159.  The  average  value  over  the  square  is  larger. 


./o  X,  (x2  + y2)  dyctx  = i X [x2y  + 


’/x=l/02(  2-2  1 8^-1 


,x2  + f)  dx  = | 


1 4x 
3 ' 3 


J»2  In  2 p21n2 

ta2  J In  2 ^dydX=(W 

J»2  In  2 

ln2  X(ln2  + lnln2-lnln2)dx  = 
= (jjL)  (In  2 + In  In  2 - In  In  2)  = 1 


- 2 In  2 
. In  2 


dx 


r*2  In  2 , 

(iS2 )fIn2  if  = (E2)  [lnxl 


2 In  2 
In  2 


23‘  fX  iff  dy  dx  = 10,000  (1  - e-2)  £ = 10,000  (1  - e~2)  [£  ^ 

= 10,000(1  -e-2)  [-21n(l-|)]°5  + 10,000(l-e-2)  [21n(l  + §)]* 

= 10,000(1  -e"2)  [2  In  (l  + §)]  + 10,000  (1  - e~2)  [2  In  (l  + §)]  = 40,000  (1  - e~2)  In  (?)  « 43,329 


24-  rr 100(y  + 1}  dxdy  = fo [100(y  + ,)x]y" y2  dy  = fo100(y  + d (2y  - 2y2)  dy  = 200  X (y  - y3)  dy 

= (200)  Q)  =50 


= 200 
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25.  Let  (xi;  yi)  be  the  location  of  the  weather  station  in  county  i for  i — 1, . . . , 254.  The  average  temperature 

254 

E Txiji)  AiA 

in  Texas  at  time  to  is  approximately  — ^ , where  T(x;,  y'i)  is  the  temperature  at  time  to  at  the 

weather  station  in  county  i,  A;A  is  the  area  of  county  i,  and  A is  the  area  of  Texas. 


26.  Let  y = f(x)  be  a nonnegative,  continuous  function  on  [a,  b] , then  A 


ffdA  - JXW* = />iox)  dx = £f«dx 

R 


15.4  DOUBLE  INTEGRALS  IN  POLAR  FORM 


1.  x2  + y2  = 92  =>  r = 9 =>  § < 8 < 2tt,  0 < r < 9 

2.  x2+y2  = l2=>r=l,x2+y2  = 42^r  = 4^-f<0<f,l<r<4 

3.  y = x=>0=|,y  = — x=>0=^E,y=l=t>r  = csc0=>|<0<^E,O<r<csc0 

4.  x = 1 r = sec  0,  y = V^x  =^0=f=>O<0<f,O<r<sec0 

5.  x2  + y2  = l2  =t>  r = 1,  x = 2y/3  =>  r = 2 a/3  sec0,  y = 2 =>  r = 2csc  0;  2y/3  sec  9 = 2 esc  9 =>  9 = | 

0 < 0 < f,  1 < r < 2 a/3  sec  0;  f < 0 < §,  1 < r < 2a/3csc0 

6.  x2  + y2  = 22  =>  r = 2,  x = 1 =>  r = sec0;  2 = sec  0 =>  9 — | or  0 = — | =>  — | < 9 < sec0  < r < 2 

7.  x2  + y2  = 2x  =>  r = 2 cos  8 =^-§<0<§,O<r<  2cos0 

8.  x2  + y2  = 2y  =>  r = 2 sin  0 =>•  0 < 9 < n,  0 < r < 2 sin  0 

9.  r fVl  X dydx=  rf‘rdrd6'=i  P ' &6  = § 

J-lJO  J Jo  Jo  2 Jo  2 

nsj  1— y2  r»7r/2  pi  P7t/2 

(x2  + y2)  dxdy  — £ £ 0 tlrdO  = ■ £ <19  = § 

ny/4— y2  P7t/2  p2  P7t/2 

(x2  + y2)  dx dy  = J0  J0  r3  drd0  = 4 Jq  d0  = 2tt 

pa  p \/a2— x2  p27t  p a 2 p27t 

12.  I I , -dydx  = I I rdrd0=^  I d0  = 7ra2 

t/  —a  J — \J  a2— x2  J 0 J 0 2 Jo 

ny  P7t/2  p6csc0  P7t/2 

x dx  dy  = J ^ Jo  r2  cos  9 dr  d0  = 72  J cot  9 esc2  0 d0  = —36  [cot2  0]  = 36 

nx  P7t/4  p2  sec  0 P7t/4 

y dy  dx  = Jq  Jg  r2  sin  (9  drd0  = | J tan  9 sec2  0 d0  = § 

15-  dy  dx  = inr  r drd0  = /£(Isec2  0 - jcsc20)  d0  = [§tan0  + ±cot0]  ^ = 2 - 

p2  py  P7t/2  p2csc0  ptt/4  it/? 

16-  dVdx  = Jv/J2  rdrd0  = X/6(2csc20-2)d0=  [-2  cot0  - 5C/4  = 2 ~ f 
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~ nl  nlTT/2  n 1 ^3tt/2 

17'  LLjt^-TT^T?  0y*  = I,  Jo  *d'd«  = 2/,  X t1  - lir)  drd«  = 2 £ (1- In  2)  <19 

= (1  - In  2)7T 


18. 


X'.X 


** = 4 rx:  fix?  *« = «r  i-  ax « = 2 jt* = * 


- 1 J - \/ 1 - x2  (l+x2+y2 


pin  2 pv/(l«2)=-y=  _ — pir/2  pi 

19.  evV+r  dxdy  = 

Jo  Jo  Jo  Jo 


■/2  pin  2 


rer  drd<9  = 


In  2 - 1)  d<9  = | (2  In  2 - 1) 


nl  n yj  1 - y2  /»7r/2  r»l  T71-/2 

20.  J J ln(x2+y2  + l)dxdy  = 4 Jo  Jo  In  (r2  + 1)  r dr  d0  = 2Jo  (In  4 - 1)  d0  = 7r(ln  4 - 1) 


21. 


a: 

=/, 


(x  + 2y)dydx=/;;4'X 

4y/2 


/2  pX2 

/4 


74  (¥  cos6»  + Sin6»)  d(9  = ^ sin  6>  - ^ cos(9 


(r  cos  9 + 2r  sin  0)  r dr  d0  = 

4^2 


7t/2 
7t/4 

77/2  _ 2(1  + y/2) 

7t/4  2 


j cos  0 + sin  9 


V~2 


d 9 


n2  n \/2x 

22-  L I 


-k/A  p2cos0 


(X^+y^ 


J»7t/4  n 

0 J. 


:0 


? rdrd0  = fj  d0  = = fj  Q cos2  0 - ± sec2  0)  d0 


= + |sin2  6 - | tan 0] 44  = 


16 


x y dy  dx  or 
x y dx  dy 


pi  p\/3y 

24  xdxdy or 

pX 3/2  nl  nl 

Jo  Jyr^j  xdydx  + Jy3/2Jx/s/3 


x dy  dx 


y 
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26.  1 1 (x2  + y2)3dydxor 
££  (x2+y2)3dxdy 

nrr/2  r 2\/2-sin2fl  pyr/2 

27.  JQ  Jo  r dr  d0  = 2 Jg  (2  - sin  20)  d0  = 2(tt  - 1 ) 

X7t/2  pl  + cos0  f»7r/2 

rdrdO  — Jg  (2  cos  0 + cos2  0)  d0  = 

J»7t/6  s*  12  cos  30  ott/6 

r drd0  = 144  I cos2  30  d0  = 12tt 
o Jo  Jo 

n40/3  r»27r  o 

rdrd0  = | Jq  02  d0  = %- 

31.  A = Jo  Jo  rdrd0=±Jo  (§  + 2 sin  0 - d0  = ^ + 1 

X7t/2  /»1  — cos  0 r»7r/2 

Jo  rdrd0  = 2 Jo'  (| -2cos0+ d0  = ^ -4 

33.  average  = 4,  fi  rV a2-r2drd0  = ^ J^a3  d 0 = f 

34.  average  = 4,  drd0  = ^ J^a3  d0  = f 

na  r » \/ a2— x2  . />27r  r» a /»27r 

35.  average  = £ J J ^ ^ + y2  dy dx  = 4,  £ £ r drd0  = dO  = f 

36.  average  = £ //  [(1  - x)2  + y2]  dy  dx  = ± £ £ [(1  — r cos  0)2  + r2  sin2  0]  r dr  d0 

R ^oo 

= i nv  - ^ c°s  ^ + o drd0 = i jtg  - d0 = i [|6>  - * = § 

37 • /o  rdrd0=  fo  fj  2lnrdrd0  = 2fo  [rlnr-r]f  d0  = 2 £ ^[(i-l)+l]d0  = 27r(2-^) 

3s-  rf\¥)  - rrm  = rwn  ^ ^ 

X7t/2  /M+COS0  C77/2 

r2  cos  0 drd0  = | Jg  (3  cos2  0 + 3 cos3  0 + cos4  0)  d0 
= | + sin  20  + 3 sin  0 - sin3  0 + */2  = | + 

X7t/4  p \/2  cos  20  / /»7t/4 

Jo  r V 2 - r2  dr  d0  = - | Jg  [(2  - 2 cos  20)3/2  - 23/2]  d0 
= ^ - f £/4(l  - cos2  0)  sin  0 d0  = ^ - f - cos  0]  = 6^+4° y/2-64 
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41.  (a)  I2  = P Te-^+s2)  dxdy=  P/2  P (V1*)  rdrd<9=  P"  lim  [”  re"1"  dr 
v Jo  Jo  J Jo  Jo  \ J Jo  b — > oo  J° 


d6» 


i rx/2 

= “ 5 J o llm 


b — > oo 


(e-‘- - l)  dO  = 1 J, 


d<9=  i I " d6»  = f =►  1=  ^ 


(t»  x>™»  dI  = 77  d‘  = (tO  (#)  = >•  w 


noo  r»7r/2  r»oo  r»b 

— 1 — 2 dxdy  = I | r o drd(2  = f lim  I r dr  = | lim  [—  t^t! 
i (1  + x2  + y2r  ^ Jo  Jo  1+r2-  2h  Jo  (1  -f  r2)“  4 h „ L l+r2J 


(1  + 


b — > oo  (1+r 


b — > oo 


43.  Over  the  disk  x2  + y2  < | : ff  d*  = £ & drd«  = £”  [-  J ln  (1  -i2)]  f2  d» 

R 

= fo  (-  I ln  ?)  d0  = (ln  2)  fo  d0  = 7r  In  4 

Over  the  diskx2  +y2  <1:  //  , xi  ^ dA  = £ £^fy  drd9  = £ [ lim  £ ^ 


dr 


d<9 


X27T 

lim  [—  i ln  (1  — a2)]  d9  = 27T  • lim  [ - ' In  ( 1 — a2)]  = 27t  • oo,  so  the  integral  does  not  exist  over 

x2  + y2  < 1 


rt>  rm  rtt  r,]  w , re  rf>  , 

44.  The  area  in  polar  coordinates  is  given  by  A = J Jg  rdrd 9 — J ^ dd  = ± J f-(0)  d6  = J ^rJd 9, 
where  r = f (9) 


45.  average  = ^ J Jg  [(r  cos  9 — h)2  + r2  sin2  9]  r drdd  = i (r3  — 2r2h  cos  9 + rh2)  drdd 

= + r ( z - 2a3+°sg  + dO  = ± P P - + 1^0=1 

7ra2  Jo\4  3 2 y 7r  J o \ 4 3 2 y 7r 


2ah  sin  0 


lrfl 

2 


= i (a2  + 2h2) 

X3tv/4  r»2sin0  o3tv/4 

Jcscs  r dr  d6>  = \ J (4  sin2  9 - esc2  9)  d 9 
= \ [26  — sin  29  + cot  9\  p4  = | 


y 


47-50.  Example  CAS  commands: 

Maple: 

f :=  (x,y)  ->  y/(xA2+yA2); 
a,b  :=  0,1; 
fl  :=  x ->  x; 
f2  :=  x ->  1; 

plot3d(  f(x,y),  y=fl(x)..f2(x),  x=a..b,  axes=boxed,  style=patchnogrid,  shading=zhue,  orientation=[0,180],  title="#47(a) 
(Section  15.4)" );  # (a) 

ql  :=  eval(  x=a,  [x=r*cos(theta),y=r*sin(theta)] );  # (b) 

q2  :=  eval(  x=b,  [x=r*cos(theta),y=r*sin(theta)]  ); 
q3  :=  eval(  y=fl(x),  [x=r*cos(theta),y=r*sin(theta)] ); 
q4  :=  eval(  y=f2(x),  [x=r*cos(theta),y=r*sin(theta)] ); 
theta  1 :=  solve(  q3,  theta  ); 
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theta2  :=  solve(  ql,  theta  ); 
rl  :=  0; 

r2  :=  solve(  q4,  r ); 

plot3d(0,r=rl..r2,  theta=thetal..theta2,  axes=boxed,  style=patchnogrid,  shading=zhue,  orientation=[-90,0], 
title="#47(c)  (Section  15.4)" ); 

fP  :=  simplify(eval(  f(x,y),  [x=r*cos(theta),y=r*sin(theta)] ));  # (d) 

q5  :=  Int(  Int(  fP*r,  r=rl..r2  ),  theta=thetal..theta2  ); 
value(  q5  ); 

Mathematical  (functions  and  bounds  will  vary) 

For  47  and  48,  begin  by  drawing  the  region  of  integration  with  the  FilledPlot  command. 

Clearfx,  y,  r,  t] 

«Graphics' FilledPlot 

FilledPlot[{x,  1 },  {x,  0,  1 },  AspectRatio  — > 1,  AxesLabel  — > { x,y }]; 

The  picture  demonstrates  that  r goes  from  0 to  the  line  y=l  or  r = 1/  Sin[t],  while  t goes  from  7r/4  to  7r/2. 
f:=  y / (x2  + y2) 

topolar={x  — *•  r Cos[t],  y — * r Sinft] } ; 

fp=  f/.topolar  //Simplify 

Integrated  fp,  {t,  7t/4,  7t/2},  {r,  0,  1/Sin[t] }] 

For  49  and  50,  drawing  the  region  of  integration  with  the  ImplicitPlot  command. 

Clearfx,  y] 

«Graphics'  ImplicitPlot' 

ImplicitPlot[{x==y,  x==2  — y,  y==0,  y==  1 } , {x,  0,  2.1 },  {y,  0,  1.1}]; 

The  picture  shows  that  as  t goes  from  0 to  n/4,  r goes  from  0 to  the  line  x=2  — y.  Solve  will  find  the  bound  for  r. 
bdr=Solve[r  Cos[t]==2  — r Sinft],  r]//Simplify 
f:=Sqrt[x  + y] 

topolar=fx  — r Cosft],  y — *■  r Sinft]}; 

fp=  f/.topolar  //Simplify 

Integrate [r  fp,  ft,  0,  tt/4},  fr,  0,  bdrffl,  1,  2]]}] 

15.5  TRIPLE  INTEGRALS  IN  RECTANGULAR  COORDINATES 


nl-x  1 n 1 r»l— x r»l  pi  p»l— x 

, Jx+ZF(X’ y. z)  dydz dx  = I Jo  ix+z  dydz dx  = Jo  Jo  t1  - x - z) 


dz  dx 


£ [(1  -X)  -x(l  -x)  - ^ ]dx=/0‘  (i^dx=  ' 


dx  = - (1~x): 


J 0 


nl  p2  r>  3 r*l  n 2 n 1 r>  2 r»  1 n 3 r*3  n 2 r*  1 p2  r*3  n 1 

2.  I I I dz  dy  dx  = / I 3 dy  dx  = I 6 dx  = 6,  I I I dz  dx  dy,  I I I dx  dy  dz,  I I I dx  dz  dy, 

Jo  Jo  Jo  J Jo  Jo  ^ Jo  Jo  Jo  Jo  J Jo  Jo  Jo  J Jo  Jo  Jo  J 

n3  nl  n 2 r*l  r*3  o2 

I I I dy  dx  dz,  I I I dy  dz  dx 

Jo  Jo  Jo  J Jo  Jo  Jo  J 


M p2-2x  p3-3x-3y/2 


n2— 2x  p 

i Jo 

n2— 2x 

; (3 


dz  dy  dx 
3x  — | y)  dy  dx 
£ [3(1  — x)  • 2(1  — x)  — | • 4(1  — x)2]  dx 
3 £(l-x)2  dx  = [—  (1  — x)3]  J = 1, 


nl-y/2  p*3— 3x— 3y/2  nl  p3-3x  n 2-2x-2z/3 

/ dzdxdy,  I / / dydzdx, 

I Jo  J J o J o J o 


z 
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nl— z/3  nZ—Zx—Zzj  3 nZ  ni—iy/Z  ni—y/Z—z/3  r*5  nZ—Zzji  nX—y/Z—z/i 

I dydxdz,  / / / dxdzdy,  / J / dxdydz 

I Jo  J Jo  Jo  Jo  J Jo  Jo  Jo  J 

X.  f0fj^  dz  dy  dx  = J0  f0  \/ 4 — x2  dy  dx  = 3\/ 4 — x2  dx  = | j^x\/ 4 — x2  + 4 sin  1 


= 6 sin  1 1 = 37r, 


r»2  nu  4— z2  /»3 


/^3  pV4— xz  r»2  /^\/4— x2  r*2  r*\/4—z2  n3  r* 2 /^3  n\/  4— z?  r* 3 p2  r* \/ 4— z2 

/ I I dzdxdy,  / / I dydzdx,  I / dydxdz,  dxdydz,  I I / dxdzdy 

Jo  Jo  Jo  y Jo  Jo  Jo  Jo  Jo  Jo  Jo  Jo  Jo  Jo  Jo  Jo 


p2  pV4-xz  p8-x"-y"  r»2  r*  \/4-x2  nS-x2-^ 

5.  / / t r dzdydx  = 4 I / / dzdydx 

J — 2 J — \/ 4— x2  J x2+y2  *'  Jo  Jo  Jx2+y2 

= 4/o7oV4^[8-2(x2+y2)]  dy  dx 

= 8 lx"  44-x2-y2)dydx 

= - ^)  r * <W  = 8 /;'2  [ir2  — ^ 

= 32  f*  * d9  = 32  (f)  = 16tt, 

p2  n^4-y2  f'%-x1-y2 

/ / / dzdxdy, 

J — 2 J — \/4— y2  J x2+y2 

2 ^4  Jz-y2  ^2  p8-y2  r-  v/8-z-y2 


d<9 


X2  p4  nsjz-y*  nZ  nK-y* 

| I dxdzdy  + I I I , dxdzdy, 

-2  Jy2  J -y/z^y2  J J-2J4  J— v'  8— z— y2  ^ 

p4  [*y/z  f*  \Zz~ y2  [*%  f * \/ 8 — z r-  y/8— z— y2  p2  p4  y/z— x2  p2  r*8—x2  n \/ 8 — z— x2 

I I „ I dx  dy  dz  + I I I dx  dy  dz,  I / I — - dy  dz  dx  + I I I r dy  dz  dx, 

Jo  J-i/z  w— i/z-?  ^4  J —\J  8— z J — J 8— z— y2  J —2  J x2  J —\J  z—x2  J ~zJ  4 J — •/  8— z— x2 


— \/  8 — z J - y/8— z— y' 

ny/z  n yj z—x 2 n 8 r*\/8—z  n y/8-z— x2 

-VJ-^  dydxdz  +J4  J dydxdz 


6.  The  projection  of  D onto  the  xy-plane  has  the  boundary 
x2  + y2  = 2y  =>■  x2  + (y  — l)2  = 1,  which  is  a circle. 
Therefore  the  two  integrals  are: 

p2  r>  /2y—  y2  r>2y  r»  1 n 1 + \/ 1 — x2  p2y 

I I / dzdxdy  and  I | , — - I dzdydx 

Jo  J -yjly—  y2  J x2+y2  *'  J-lJl  — \/l  — x2  Jx2+y2  ' 


7-  777'  <x2 +y2 + z2>  <iz<|5,dx = XT'  (x2  +y2  + 5)  dy  dx  = XV  + f)dx  = > 

8-  7'7.777 dzdxd>'  = X“'8 - 2x2  - 4y2) dxdy  = /;>  - 3 xI  - 4*y2] <*y 

= JqV2(24 y - 18y3  - 12y3)  dy  = [l2y2  - f y4]  ^ = 24  - 30  = -6 


9.  r r r 1 dxdydz  = r r*2 h e3  dYdZ  = r dYdZ  = r ni  " dZ  = r«  dz = 6 

JiJiJixyz  ^ Ji  Ji  |_  yz  J j ^ J 1 J 1 yz  ; J l [_  z J i Ji  Z 

10-  fofo  Vo  3x  y dzdydx  = fofo  43  - 3x - y)  dydx  = X t^3  - 3x>2  - 1 (3  - 3x)2] dx  = 2 IV  - x>2  dx 

= -§[(!-  x)3]  o=| 
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o-k/6  n 1 ni  nn/6  n 1 nn/6  5(7- 7?) 

11.  Jg  Jg  J y sill  z dxdy  dz  = Jg  Jg  5y  sin  z dy  dz  = | J sin  z dz  = v 4 — - 

(x  + y + z)  dy  dx  dz  = a:  — [xy  + j y2  + zy]  ~ dx  dz  = f jf0  (2x  + 2 + 2z)  dx  dz 
= ^ t [x2  + 2x  + 2zx]  J dz  = J t(3  + 2z)  dz  = [3z  + z2]1^  = 6 


n\j9  — x2  p \J  9 — y?  p 3 p \J  9 — x2  > p3 

, Jo  dzdydx  = J0Jo  ^9-x2  dydx  = Jo(9-x2) 


dx  = 


9X  — y 


= 18 


J o 


p2  c2x+y  c2  Cy/4-y2  p2  \/4-F  p2  1/9 

14  JoljrfL  dz  dx  dy  = J.  Xyjxyl2*  + y)  * dy  = J0  [x»  + xy]  = X (4- yV'^yldy 


- | (4  - y2)372]  ' = | (4)3/2  = 


16 

3 


15-  £'  XXT”dz  dy  dx  = £'  XX"  (2  - x - y)  dy  dx  = £ [(2  - x)z  - 1 (2  - x)z]  dx  = 1 £(: 2 - xf  dx 

= [-l(2-x)*];  = -l  + | = 2 

16.  rrjT’*  dzdydx  = if'  '■(!  - x!  - y)  dydx  = £x  f(l  - xz)!  - J (1  - xz)]  dx  = £ 1 x(l  - xz)!  dx 

= [-Ad-z2)3 


1 

J 0 


JL 

12 


17.  fjfjfj  cos  (u  + v + w)  du  dv  dw  = /;/;  [sin  (w  + v + 7r)  — sin  (w  + v)]  dv  dw 

= J‘  [(—  cos  (w  + 2n)  + cos  (w  + n))  + (cos  (w  + tt)  — cos  w)]  dw 
= [—  sin  (w  + 27 r)  + sin  (w  + 7r)  — sin  w + sin  (w  + 7r)]  g = 0 


i*.  M? 


dtdrds  = 


Jo  (s eS In r)  [ 3 (In 0 


drds  = 


^f-  In  r dr  ds  = 


X'f  [rlnr-r]/cds 


2-\/e 


f sesds 
Jo 


2 — A 


K-ei:  = ^ 


pnjA  pin  sec  v p2t  pn /4  pin  sec  v p7r/4  pin  sec  v p7r/4 

19.  I I I exdxdtdv=  I I lim  (e2t  — eb)  dt  dv  = I I e2tdtdv=  / ( 

Jo  Jo  J — cxd  Jo  Jo  5 _oc  v ' Jo  Jo  Jo  V 


1^  ^2  In  sec  v 
2 C 


I)  d. 


= X"‘(t  - 3)  dv  = ^ 51  o/4  = i - 

20.  ££!.**■&*«*= ££'■ ^ 

pi  pi— X2  pi— z 

2L  J Jo  L d>'dzdX 


1 


0 3(r  + 1) 


- (4  - q2)3/2l  2 dr  = | dr  = ^ = 8 In  2 


pi  p\/l-z  pl-z  pi  pl-z  pjy 

(b)  Jof-^iL  dydXdZ  (C)  Jo  Jo  J ,'y  dXd>'dZ 


ni-y  fs/y 

, J dXdZdy 


0 J —y/\  — Z J Xz 
'•i  py/y  pi-y 


r1  rvy  r1_y 

<e)  Jo  j . Jo  J,<h:,l> 


22- 7a)  a:if dydzdx 

(b)  fofofj  dydxdz 

<«>  J / J 

r o or  r*i 

7d)  J Jo  Jo  dxdzdy 

no  ci  nr 

^ J Jo  Jo  dzdxdy 

23-  v = XTXdzdydx  = XT,  y2  dy*  = I X‘ 


dx  = i 
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24  V = fofo  £ Z dy  dz dx  = ££  X (2  - 2z)  dzdx  = fo‘[2z  - z2]‘-x  dx=/o‘(l-  x2)  dx  = [x  - f 


25-  v = /„  /„  x£  y dzdydx  = £ /„  x (2  - y)  dy dx  = X [2v^  - (¥)]  dx 

= [-  | (4  - x)3/2  + ± (4  - x)2]  J | (4)3/2  - i (16)  = f - 4 = f 

26-  V = 2 £ T-Jia  Joydzdydx  -2  /;  f ydydx=/o1(l-x2)dx=| 


n2— 2x  p3— 3x— 3y/2  pi  p 2— 2x  pi 

, X dzdydx  = X Jo  (3-3x-ly)dydx  = X[6(l-xl>-3.4(l-xfldx 
= /0'3(1  - x)2  dx  = [-  (1  - x)3]  ‘ = 1 

nl-x  pcos(jrx/2)  r>  1 nl-x  x>l 

, Jo  dz  d7 dx  = Jo  Jo  cos  (f ) dy  dx  = Jo  (cos  f ) (1  - x)  dx 

= /0cos(f)  dx“X  xcos  (f)  dx=  [|  sin  ¥U-£l/ucosudu  = § - ^[cosu  + usinu]^2 

7T  7T2  \ 2 / 7T2 


nVl-x-  pyl-x^  pi  p\ 

I dz  dy  dx  = 8 
» Jo  ^ Jo  Jo 


Sfjl-X2)  dx: 


30-  V = Urir***  = Jo  Jo  "r(4  - x2  - y)  d7 dx  = Jo  [(4  - x2)2  - I (4  - X2)2]  dx 

= I /oV  - x2)2  dx  = £ (s  - 4x2  + £)  dx  = f 

n(\/16-y=)/2  p4-y  n4  p(v/16-y2)/2  p4  2 

Jo  dxdzdy  = Jo  Jo  (4-y)dzdy  = Jo^(4-y)dy 

= /o  2Vri6--y2  dy  -i/0  y1/l63y2dy=  [y  V^^y2  + 16  sin”1  |]  3 + g(16-y2)3/2 

— 16  (|)  — 3 (16)3/2  = 87T  — y 


p2  pv4— xz  p 3— x p2  py4— xz  p2  , 

32-  V=J  J yS^Jo  dz  dy  dx  = J 2 J ^ (3  - x)  dy  dx  = 2 J J3 ->.x)J  4 - x2  dx 

= 3 22a/ 4 — x2  dx  — 2 J"  2 x\/ 4 — x2  dx  = 3 x\/ 4 — x2  + 4 sin-1  ^ + | (4  — x2)34 

= 12  sin'1  1 - 12  sin'1  (-1)  = 12  (f ) - 12  (-  |)  = 12tt 


n2— x p4— 2x—  2y  p2  p2— x _ 

, C.Vzdydx  = J. i (3-|-f)dy* 

= /„=[3  (1  - S)  C2  - x)  - 1 (2  ~ x)=]  dx 


= X[«-fe  + ¥-32r2]*‘ 


= 6x  — 3x2  + y + 2^]  = (12  - 12  + 4 + 0)  - £ = 2 


Z = 4 - 2*  - 2y 


2-x-y  = 2z 


2££>'x+y=2 
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34.  V = nr  dx  dy  dz  = n (8  — 2z)  dy  dz  = (8  — 2z)(8  — z)  dz  — fg  (64  — 24z  + 2z2)  dz 

= [64z-12z2  + |z3]J=  f> 


35.  V = 


p 2 p \J 4— x2/2  px+2  p 2 p \J 4— x2/2  p2  , 

2JJc  Jo  dzdydx  = 2 J_Jo  (x  + 2)  dy  dx  = J>  + * 

22\/' 4 — x2  dx  + J"  2 x V 4 — x2  dx  = |x-\/ 4 — x2  + 4 sin-1  |J  + — | (4  — x2) 


J -2 


36.  V = 

= 2 


= 4(f)-4(-f)=47r 

•>1  pi  — y2  r»x2+y2 


dy 


nl-y2  px2+jr  pi  pi— y2  pi  r 

, £ dzdxtly  = 2fJ0  (x2  + f)  dxdy  = 2/0[^+xy> 

f‘(l  - y2)  [y  (1  - y2f  + y2]  dy  = 2 £'(  1 - y2)  (1  + 1 y2  + J y4)  dy  = jfjl  - /')  dy 

= ?[y-r]'  = (?)(f)  = y 


37.  average  = g £ £ £ (x2  + 9)  dzdydx  = | £ £ (2x2  + 18)  dydx  = 4 £ (4x2  + 36)  dx  = f 

38.  average  = \ fofofo(x + y - n dzdy  dx = \ /;/;  (2x  + 2y  — 2)  dy  dx  = \ Jg  (2x  — 1)  dx  = 0 

39.  average  = fg  fg  fg  (x2  + y2  + z2)  dzdydx  = fg  fg  (x2  + y2  + |)  dydx  = fg  (x2  + |)  dx  = 1 

r»2  n2  r>  2 r*  2 r*2  n2 

40.  average  = | J0  J0  J0  xyz  dzdydx  = \ Jg  Jg  xy  dy  dx  = \ Jg  x dx  = 1 


« £sx  nr  = a:  rt?  ^ ^ = rr  nr  ** = r m ^ dz 


r»4  p2  px/2 


lofy.  u^uau/--j0j0  n 


= [(sin  41Z1/2]  Q = 2 sin  4 


42.  m:  12xzezy2  dy  dxdz  = 12xzezy2  dxdydz  = fgfg  6yz  ezy2  dy  dz  = Jg  |^3ezy 

= 3 fg  (ez  — z)  dz  = 3 [ez  — 1]  J = 3e  — 6 


dz 


J o 


ar,  r1  r1  fta3  Tre^sinfTry2)  j a j C 47rsin(7ry2) 

43-  Jo  IrJo  ^ dx  dy  dz  = Jo  J,:  — 


dydz  = £fo 

= Jg  47ry  sin  (7ry2)  dy  = [—2  cos  (zry2)]  J = — 2( — 1)  + 2(1)  = 4 


o yz 


47T  sin  (7ry2) 


o Jo  yz 


dz  dy 


44-  rrx  4-27z  ^ dzdx = dzdx = /;/X  (^)  x dXdz = jo\  ^ i (4  - z)  dZ 


/0  4 — z 

= [-  i cos  2z]  J = [-  i + 1 sin2  z]  J = 


n4— a— x p4— x — y pi  p4— a— x 

, Ja  dzdydx  =r  =»  Jo  Jo  (4  — x2  — y — a)  dy  dx  = 


fg  (4  - a - x2)2  - i (4  - a - x2)2  dx  = ^ =>•  ± fg(4  - a - x2)2  dx  = ^ Jj(4  - a)2  - 2x2(4  - a)  + x4]  dx 


15 


(4  - a)2x  - = x3(4  - a)  + r = A =>  (4  _ a)2  _ 2 (4  _ a)  + 1 = A 15(4  - a)2  - 10(4  - a)  - 5 = 0 


’ J 0 


5 15 


=>  3(4  - a)2  - 2(4  - a)  - 1 = 0 =>  [3(4  - a)  + 1][(4  - a)  - 1 ] = 0 =>  4-a=-ior4-a=l^a=^ora  = 3 
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46.  The  volume  of  the  ellipsoid  ^ + ^2  + ^ = 1 is  — y — so  that  4(1)(2)(c)7r  — 87r  =>.  c = 3. 

47.  To  minimize  the  integral,  we  want  the  domain  to  include  all  points  where  the  integrand  is  negative  and  to  exclude  all 
points  where  it  is  positive.  These  criteria  are  met  by  the  points  (x,  y,  z)  such  that  4x2  + 4y2  + z2  — 4 < 0 or 

4x2  + 4y2  + z2  < 4,  which  is  a solid  ellipsoid  centered  at  the  origin. 

48.  To  maximize  the  integral,  we  want  the  domain  to  include  all  points  where  the  integrand  is  positive  and  to  exclude  all 
points  where  it  is  negative.  These  criteria  are  met  by  the  points  (x,  y,  z)  such  that  1 — x2  — y2  — z2  > 0 or 

x2  + y2  -|  72  < 1 , which  is  a solid  sphere  of  radius  1 centered  at  the  origin. 

49-52.  Example  CAS  commands: 

Maple: 

F :=  (x,y,z)  ->  xA2*yA2*z; 

ql  :=  Int(  Int(  Int(  F(x,y,z),  y=-sqrt(l-xA2)..sqrt(l-xA2) ),  x=-l..l  ),  z=0..1  ); 
value(  ql  ); 

Mathematica:  (functions  and  bounds  will  vary) 

Clear[f,  x,  y,  z]; 
f:=  x2  y2  z 

Integrate[f,  {x,— 1,1},  {y,— Sqrt[l  — x2],  Sqrt[l  — x2]},  { z,  0,  1}] 

N[%] 

topolar={x  — > r Cos[t],  y — ► r Sin[t]}; 

fp=  f/.topolar  //Simplify 

Integrate[r  fp,  {t,  0,  27t),  {r,  0,  1 } , { z,  0,  1}] 

N[%] 


15.6  MOMENTS  AND  CENTERS  OF  MASS 


1-  M = rr 3 dydx  = 3/o‘(2  - X2  - X)  dx  = \ ; My  = ££  ’ 3x  dydx  = 3 £ [xy]^  dx 
= 3/o‘(2x  - x3  - X2)  dx  = I ; Mx  = /;r  3y  dY  dx  = f /oV]^  dx  = § £ (4  - : 


5x2  + x4)  dx  = f 


=>  x = ^ and  y = || 


M = 6 X X dy  dx  = 6 Jg  3 dx  = 96;  Ix  = 6 fg  fg  y2  dy  dx  = 6 fg  [ 


dx  = 27 6; 


Iv  = 


6 X X x2  dy  dx  = [x2y] 3 dx  = 6 X 3x2  dx  = 21b 


3-  M = IX>d y = £ (4 - y - i)  o = " ; m.  = 1X7  if,  ffi  <* 

I £(16 + £ f‘„’y  = £(%  - y2  - () d?  = 


=>  x = H and  y = f 


4-  M = Jo7„"Xdy  dx  = fo  (3  - X)  dx  = 1 ; My  = £ £ \ dydx  = £ [xy]4-  dx  = £(3x  - x2)  dx  = § 
=>  x = 1 and  y = 1 , by  symmetry 

*•  rX^xdydx  = /;lx,]J'radx  = /;x^^idx=f 

=>  x = y = , by  symmetry 
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nsinx  nir  Ott  psinx  r*ir  f*ir 

, dydx  = iosinxdx  = 2;M^ioio  ydydx  = Uo  [y2]omXdx  = U0sin2xdx 

= i Jq  (1  - cos  2x)  dx  = | =>  x = | and  y = | 


n2  n \J 4— x2  /»2  ' 

7-  J.  = JJ_^y2dydx  = J_a 


J — v/  4— X' 


dx  = | £ ^(4  — x2)3,/j  dx  = 47r;  Iy  = 47r,  by  symmetry; 


I0  = IX  + ly  = 87T 


n(sin2  x)  /x2  r*27r  r»  27r 

x2  dy  dx  = J (sin2  x — 0)  dx  = \ J (1  — cos  2x)  dx 


9.  M — f f dydx  = f ex  dx  = lim  f ex  dx  = 1 — lim  eb  = l;Mv  = f f xdydx=  f xex  dx 

•J  — oo  0 J — oo  ^ — 00  b (-)  ^ — qq  J o —00  0 O -00 

= lim  f xex  dx  = lim  [xex  — exl“  = — 1 — lim  (beb  — eb)  = — 1;  Mx  = f f ydydx 

b^-oo  Jb  b-^-oo  Jb  b — > ~oo  v J-00J0  J J 

= i f e2x  dx  = i lim  f e2x  dx  = 1 =^>  x = — 1 and  y = J 

2 d-00  2 h ->  -on  Jb  4 J 4 


ne  x2/2  r*b  . 

xdydx  = lim  | xe~x!/2  dx  = — lim  [-L  — ll  = 1 

I J b^oo  Jo  h 00  Le1'2  Jo 


b — ► 00 


1 L M = £57 (x + y) dx  dy  = £ [y + xy]  7 dy  = 5 7 - 2y3  + 2y2)  dy 

£57  y 2(x  + y)  dxdy  = £ [¥  + xy3]  7 dy  = £7  2f  + 2y4) dy 


yl  _ f 4_  2yi 
10  2 ~ 3 


j 0 


15 


I,  = 


— _64_  . 
“ 105  > 


12.  M = 


ps/3/2  n/l2=4 7 

' — \/3/2*J  4y2 


P\/ 3/2 

'x2' 

J-v/3/2 

2 

J 4y2 


, f"/3/2  h- 

dy  = I J-ysJ12  - 4y2  - 16y4)  dy  = 23^ 


13.  M = ££X(6x  + 3y  + 3)dydx=  £ [6xy  + § y2  + 3y]  2~x  dx  = £(12  - 12x2)  dX  = 8; 

M,=xr  x(6x  + 3y  + 3)  dydx  = £ (12x  — 12x3)  dx  = 3;  Mx  = £ £ y(6x  + 3y  + 3)  dy  dx 
= (14  — 6x  — 6x2  — 2x3)  dx  = ^ =>  x = | and  y = || 


i4.  m = £ 77 y (y  + d dxdy  = £( 2y  - 2y3)  dy  = | ; mx 

My  = ££7  x(y  + 1)  dxdy  = /0‘(2y2  - 2y4)  dy  = ^ 
= 2 /o‘(y3  -y5)  dy  = § 


= 5 f y(y  + d dxdy  = XV  V)  dy  = g ; 

=* x = ra and  y = b ; ix  = £J7y  y2(y  + 1}  dxdy 


15.  M = fg  £ (x  + y + 1)  dxdy  = £ (6y  + 24)  dy  = 27;  Mx  = £ £ y(x  + y + 1)  dxdy  = £ y(6y  + 24)  dy  = 14; 
My  = ££x(x  + y+l)dxdy  = /o‘(18y  + 90)  dy  = 99  =►  x = ^ and  y = ^ ; Iy  = ££  x2(x  + y + 1)  dxdy 

= 216/o‘(3 + lf)  dy  = 432 


16-  M = ££  (y + 1)  dy  dx  = ^ ££;  + x2  - 
= g;M  y = 55£  x(y+l)dydx=/1i(f 

= 5-X3£-t-*4)  dx  = M 


l)  dx  = xf  ;MX  = ££  y(y  + D dydx  = £ (f  - f - £)  dx 
- ^ - x3)  dx  = 0 =>  x = 0 and  y = ^ ; Iy  = £\£  x2(y  + 1)  dydx 
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17-  M = /:/>  + 1)  dy  dx  = £(f  + X2)  dx  = fi  ; Mx  = f\£  y(7y  + 1)  dy  dx  = £(f  + £)  dx  = {§  ; 
My  = f lJg  x(7y  + 1)  dy  dx  = f + x3^  dx  = 0 =5>  x = 0 and  y = ; Iy  = f If0  x2(7y  + 1)  dydx 

= /',(¥+**) 


dx=  5 


p20  pi  p20  p20  pi  p20 

18-  M = J o L(1  + i)dydx=  Jo  (2  + ra)  dx  = 6°;Mx  = Jo  J_,y(i  + ^)  dydx  = J0  [(1  + 


r 

20/  I 2 


dx  = 0; 


-l 


= Jo  J , x (L  + i)  dydx  = fo°(2x + fs) dx 

J>20 

„ (l  + i)dx  = 20 


2000  y _ 100 

3 ^ x 9 


nl 

, r(i  + i)  dydx 


19.  M = ££  (y  + 1)  dx  dy  = £ (2y2  + 2y)  dy  = f ; Mx  = £ £ y(y  + 1)  dxdy  = 2 / (y3  + y2)  dy  = 2 ; 

y y 0 

My  = fof-  x(y  + 1)  dxdy  = £o  dy  = 0 =>  x = 0 and  y = ^ ; !x  = ££  y2(y+l)dxdy  = £(2y4  + 2y3)dy 


— JL  • I — 
10  ’ Ay 


/o1ryx2(y+1)dxdy=i/o1(2y4  + 2y3)dy=^  =*  I.  = Ix  + Iy  = f 


20.  M = £ £ (3x2  + 1)  dx  dy  = £ (2y3  + 2y)  dy  = § ; Mx  = £ £ y (3x2  + 1)  dx  dy  = £ (2y4  + 2y2)  dy  = {§  ; 
My  = ££  x (3x2  + 1)  dxdy  = 0 =>  x = 0 and  y = § ; Ix  = ££  y2  (3x2  + 1)  dxdy  = £ (2y5  + 2y3)  dy  = §; 
f = f0'£  x2  (3x2  + 1)  dxdy  = 2 £(§y*  + 4 y3)  dy  = 44  10  = I*  + Iy  = f 


21.  L = 


r/„7.v + *>  ***> = nv + $)  <** = r(¥ + to 


cb!  + \ dx  = **&  + <?) 


= f (b2  + c2)  where  M = abc;  Iy  = f (a2  + c2)  and  Iz  = f (a2  + b2) , by  symmetry 


22.  The  plane  z = 4 32y  is  the  top  of  the  wedge 


p3  p4  p(4— 2y)/3 

I*  = f J J 4/ 3 (y2+z2)  dzdydx 


= f-J-2  [¥  - ¥ + T + 1]  dy dx  = Ilf dx  = 208;  Iy  = fjxr^2 + z2)  dzdy  dx 

= + f + I]  dydx  = fjl2x2  + f ) dx  = 280; 

r*  3 r*  4 r»(  4— 2y)/3  r*  3 r»  4 - p3 

= fj2f4/3  (x2  + y2)  = fjj*2  + y2)  (§  - f)  dydx  = 12  £(x2  + 2)  dx  = 360 


23.  M = 4 


= 2 


IT/./*  dy  dx  = 4 £ £ (4  - 4y")  dy  dx  = 16  f dx  = f ; M„  = 4 £ £ X7  dzdydx 

X'X'oe  - i^y-1)  dydx  = 


dx  = 


z = ^ , and  x = y = 0,  by  symmetry; 


_ 7904  . 
105  ’ 


Iy  = 


r = 4 llflfjy2  + z2)  dzdydx  = 4 ££  [(4y2  + f ) - (4y4  + ^)]  dydx  = 4 £^  dx 

4 fJXf2  + z2)  dzdydx  = 4 ££  [(4x2  + f ) - (4xV  + ^)]  dy  dx  = 4 £ (f  x2  + f ) dx 
; 1 = 4 fXfX  + y2)  dzdydx  = 16  ££(x2  - x2y2  + y2  - y4)  dydx 

IlX  + Ts) 


4832 

63 


= 16  U^  + A)dx=f> 

p2  r>  ( \/4— x2 1/2  p2—x  r-2  pl\/4-x‘)/2  f 1 / , \ 

24.  (a)  M = JJ([^J)/2J0  dzdydx  = J J£4  £ (2  - x)  dydx  = J _2(2  - x)  (^4  - x2)  dx  = 4tt; 

X2  p f\/4— x2J/2  p 2— x p2  p fi/4— x2V2  p2  / , \ 

2,Ji\/4  £1  x dz  dy  dx  = ££X)/2  x(2  - x)  dy dx  = J_2  *2  - x)  (V4  - x2)  dx  = 
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p2  p ( v 4— x2  1/2  p2-x  p 2 p 

M-  = JJfWvJo  ydzdyd x = f j( 


y(2  — x)  dy  dx 


4-x 2 _ 4-x' 
4 4 


dx  = 0 =>■  x = — i and  y = 0 


2 

^2  p(V4-xM/2  n2-x  i ^2  /»(  V^-x^  , ^2  / , \ 

w M*y  = LJ(W)/ Jo  z dzd^ dx  = IJJf-sJ)* (2  - x)2  dy dx  = 5 J>  - *)2  ^ 


= 5tt  =>  z = 7 


ny  4— X“  p4  f»7r/Z  p4  /'»7r/Z  f*2  /»7T/2 

dzdydx  = 4 Jg  J0J,  rdzdrd#  = 4 Jg  Jg  (4r  — r3)  drd$  = 4 Jg  4 d0  = 8n; 

p2-K  p2  p4  p2n  p 2 p2n 

Mxy  = Jg  Jg  J zr  dzdrd#  = Jg  J0  § ( 16  — r4)  drd0  = y Jg  dd  = ^ =>■  z = | , and  x = y = 0,  by  symmetry 
(b)  M = 8tt  47t  = Jg  ' fJL  J\dzdrdO  = fg’  jf  (cr  - r3)  drd(9  = dd  = ^ c2  = 8 =>■  c = lyfl. 


since  c > 0 


26.  M = 8:M„  = f J JA  dzdydx  = /J’  [f]  _ dydx  = 0:  M„  = f J]  /x  dzdydx 

=2/j.r  x dy  dx  = 4 /.  x dx  = 0;  Mc  = / J^y  dzdydx  = 2 J_iJj  y dydx  =16  { ] dx  = 32 
=>  x = 0,  y = 4,  z = 0;  Ix  = f\f\f\(y2  + z2)  dzdydx  = ['£  (2y2  + |)  dydx  = | J_‘  100  dx 
>,=m>+  z2)  dzdydx  = /[£  (2x2  + =)  dydx  = f £(3x2  + 1)  dx  = f ; 


400 

3 ' 


I7  = 


| (x2  + y2)  dz  dy  dx  = 2 a;  (x2  + y2)  dy  dx  = 2 £ (2x2  + f ) dx  : 


400 

3 


/2  p4  /»(2-y)/2 

2J  2J  i [(y  — 6)2  + z2]  dz  dy  dx 


r,r,[ 


(y  — 6)2  (4  — y)  , (2  — y)3  , 1 
o ~r  24  ' 3 


dydx;  let  t = 2 - y =>  IL  = 4 + 5t2  + 16t  + f ) 


f dt  = 1386; 


M = i (3)(6)(4)  = 36 


pi  p 4 n(2—y)/l 

28.  The  plane  y + 2z  = 2 is  the  top  of  the  wedge  =>  IL  = J t [(x  — 4)2  + y2]  dzdydx 

= i flfli*2  - 8x  + 16  + y2)  (4  - y)  dydx  = f]( 9x2  - 72x  + 162)  dx  = 696;  M = ± (3)(6)(4)  = 36 


29. 


. (a)  M = r f2  X f X y 2x  dzdydx  = f"  f*  X(4x  - 2x2  - 2xy)  dydx  = T(x3  - 4x2  + 4x)  dx 

t/  0 0 0 J 0 t/  0 0 


f»2  p 2— x p2—x—y 

Jo  Jo 

r» 2 p2—x  p2—x—y 

r> 2 p 2—x  p2—x—y 


(b)  Mxy  = fgfo  X£Xy  2xz  dz  dy  dx  = fofo  X x(2  - x - y)2  dy  dx  = Jg 


- 1 ~ x<2~x)3  - A ■ 1M  - 


o 3 — 15  > M*2  — 15  by 


symmetry;  Myz  = fg  fg  fg  " 2x2  dz  dy  dx  = fg  fg  2x2(2  - x - y)  dy  dx  = fg  (2x  - x2)2  dx  = {§ 
=>  x = ^ , and  y = z = I 


32k 

15 


30.  (a)  M = f0f0  f0  X kxy  dzdydx  = k fg ~fg  xy  (4  - x2)  dy  dx  = | f ( 4x2  - x4)  dx  = 

(b)  Myz  = kx2y  dzdydx  = k £/£  x2y  (4  - x2)  dy  dx  = § fj  4x3  - x5)  dx 

=>  x = f ; Mxz  = /;///;  X kxy2  dzdydx  = kfgf£xy2  (4  - x2)  dydx  = | fg( 4x5/2  - x9/2)  dx 


8k 

3 


= 25f#k  =>  y = ^ ; Mxy  = f02fg  Xf£2  kxyz  dzdydx  = fg /£  xy  (4  - x2)2  dydx 

=>  z = 


| fg  (16x2  - 8x4  + x6)  dx  = ^ 

31.  (a)  M =/;/;/;  (x  + y + z+l)dzdydx  = /0701  (x  + y+|)dydx  = /o1(x  + 2)dx=| 
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(b)  Mxy  = £ £ £ z(x  + y + z + 1)  dz  dy  dx  = \ £ £ (x  + y + §)  dy  dx  = 1 £ (x  + £ ) dx  = \ 

=>  Mxy  = Myz  = Mxz  = ^ , by  symmetry  =>  x = y = z=  -^ 

(<9  h = £ £ £ (x‘2  + y2)  (x  + y + z + 1 ) dz  dy  dx  = ££  (x2  + y2)  (x  + y + §)  dydx 

= fg  (x3  + 2x2  + 5 x + |)  dx  = if  =>  Ix  = Iy  = Iz  = it , by  symmetry 


32.  The  plane  y + 2z  = 2 is  the  top  of  the  wedge. 

(a)  M = f1  f4  £ "’'lx  + ljdzdydx  = f T (x  + 1)  (2  - |)  dy  dx  = 18 

(b)  Myz  = ££J£:  X(x  + 1)  dz  dy  dx  = £j\(x  + !)  (2  - f)  dydx  = 6; 

Mxz  = III  2f  \ y>/  y(x  + ^ dzdYdx  = /,/2  y(x  + 1)  (2  - I)  dydx  = 0; 

m , = £XX  | z(x  + 1 ) dz  dy  dx  = 2 a:  2(x  + 1)  ^ - y^  dydx  = 0 =>  x = | , and  y = z = 0 


<«>  '.=a:r:m  (x  + 1)  (y2  + z2)  dz  dy  dx  = /:/>+>>  [v+ 1 -f+ 1 (i-i) 


4-mr  (x  + 1)  (x2  + z2)  dzdy  dx  = (x+l)[2x2  + i-^  + i(l-|) 

pi  p 4 p(  2— y)/2  pi  p4 

Iz  = J J J , (x  + 1)  (x2  + y2)  dz  dy  dx  = J f J _,(x  + 1)  (2  - f)  (x2  + y2)  dy  dx  = 42 


dydx  = 45; 
dydx  = 15; 


33.  M = 


/oXiXZ(2y  + 5)  dydxdz  = IXX + 5V~z) dxdz  = £ 2 (z  + 5^)  c1  - z) dz 

2 fg  (5z3/2  + z — 5z3/2  — z2)  dz  = 2 [y  z3/2  + 3 z2  — 2z5/2  — | z3]  J = 2 (|  — |)  =3 


p2  (■  v'4-x2  pl6-2(x2+y2)  n y/4-x2  

34.  M = J_2J_y^JW)  Vx2+y2  dzdydx  = J_J_v^V/x2+y2[16-4(x2+y2)]  dydx 


= 4 


nz  p27T  q r "I  Z p27T 

. r(4«iOrdrdO  = 4/0  [4  - (p]  dfl  = 4 £ g <10  = Sf 


35.  (a)  x = = 0 =>■  ///  x<5(x,y,  z)  dxdydz  = 0 =>  Myz  = 0 

R 

(b)  IL  = fff  |v  - hi|2  dm  = ///  |(x-h)i  + yj|2  dm  = ///  (x2  - 2xh  + h2  + y2)  dm 

D D D 

= fff  (x2  + y2)  dm  - 2h  fff  x dm  + h2  fff  dm  = Ix  - 0 + h2m  = Icm  + h2m 
D D D 

36.  IL  = Icm  + mh2  = | ma2  + ma2  = l ma2 


37.  (a)  (x,  y,  z)  = (§  , \ , |)  =>  Iz  = Icm.  + abc  + y) 


abc  (a2  +b2' 


abc  (a2  + b2)  abc  (a2  + b2)  abc  (a2  + b2) 

3 4 — 12 


• R — . / ^c-m.  — 
> ^c.m.  — \/  m — 


a2+b2 

12 


(b)  II  = I, 

abc  (a2  +7b2) 


,m.  + abc  (Vf + G -2b)2)2  = abC(f2+b2)  + abc(a4+9b2)  = abc(4ai2+28b" 


2 

1-3  3 


4y-T- 


1 4 
-2 


dx  = 12  dx  = 72; 


38-  M = J jJ4/3  dzdy dx  = 5 JJ  (4  - y) dy dx  = 5 

x = y = z = 0 from  Exercise  22  =>  Ix  = Ic.m.  + 72  02  + 02^  = Ic.m.  =>  II  = Ic.m.  + 72  16  + 

= 208  + 72  (i|p)  = 1488 
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15.7  TRIPLE  INTEGRALS  IN  CYLINDRICAL  AND  SPHERICAL  COORDINATES 


f*2ir  p 1 py2-r  p27r  pi  r 

1 X XX  *rdrd«  = X X[t(2-r») 

=/;(?- 9 


1/2  _ t2 


drd(9  = 


r»27r  r 

X [-ip-'2) 


3/2 


d<9 


J o 


d(2  = 


4tt  IW2  — 1 


p*27r  p3  p\/l8—Tz  f*2n  p3  r i /o 

2-  X X L„  * ' *de = X X ['(>*  - '2)  - T 

9jt  (8V4-7) 


drdfl  = 


rhd-^- 


1 3 


12 


d/9 


J o 


* xxx  - x x P' + 24[j) *<* = x it p + 6'‘] r ® =ix  (£>+ s) <■* 

-i[. 


1 2tt2  ^ 207T4 


17tt 

5 


n0/7r  p3\/4— r2  r»7r  p0/7r  r»ir  p0/7r 

, J-jb.  z<izrdrd<'  = XX  |[‘>(4-r2)-(4-r')].drd9  = 4/t/i  (4r-,')drd9 


"S/* 


fl/x 


= 4 


X>!  - C’ = 4 XX?  - *’ = ® 


p27r  pi  p(2— r2)  p27r  pi 

5-  XXX  3dz,drd«  = 3X  X [r(2_r=) 


-1/2  _ r2 


drdd  = 


3r[-p-'2)i,2-f 


1 1 


d<9 


J o 


= 3 I K/2-4  d0  = 


) d0  = 7T  ^6\/2  - 8^ 


6-  a:  iz  (r2  ^ ° + z2) dz  r drd0 = a:  ^ ^ * +£)*<# = xx  d* = 3 


p27T  p3  pz/3  p27T  p3  4 p27T 

7-  Jo  Jo  Jo  r3drdzd 9 = Jo  Jo  ^4  dzdO  = Jo  ± dd  = | 

/I  r»27T  pl+COS0  pi  p27T  pi 

1 Jo  Jo  4rdrd0dz  = J iJg  2(1  + cos  9)2  d6  dz  = J ; 67r  dd  — 1 2zr 


9.  fg  fZf0  (r2  cos2  $ + z2)  r d0  drdz  = X'X'iT  + ^+^n 


1 fv's  r 


2tt  pi  r*  \/z 

r drdz  = Jg  Jg  (ot3  + 27rrz2)  drdz 


/‘f1 


= |.It+  7rr2z2 


dz  = X (¥  + ^z3)  dz  = 


7TZ3  I 7TZ1 

12  ‘ 4 


nV4-r  p27r  p2  p 

-2  Jo  (rsm//+  DrdXdzdr-  Jo  ]_ 


27rr  dz  dr  = 27r 


X’[r(4-'2) 


1/2  - r2  + 2r 


dr 


2t r - l (4  - r2)3/2  - f + r2  q = 2tt  [-  § + 4 + | (4)3/2]  = 87r 
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/7t/2  pcosd  p3r2 

.w/Jo  Jo  f(r,0,z)dzrdrd0 

/7t/2  pi  prcosd  p7r/2  pi  p 7r/2 

I I r3  dz  dr  dd  = I I r4  cos  d dr  dd  = 1 I cos  d dd  = = 

-tt/2  Jo  Jo  J -tt/2  Jo  ->  J -tt/2  *> 

n2sind  p4— rsind  p7r/2  p 3 cos  0 p 5— rcosd 

■ Jo  tTr.d.zjdzr  drdd  16.  J fg  f(r.  d.  z)  dz  r dr  dd 

/7t/2  pl+cosd  p 4 p7r/2  p2cosd  p3— rsind 

Jo  f(r,0,z)dzrdrdd  18.  J^X-.  J0  f(r,  d,  z)  dz  r drdd 

p7r/4  psec  6 p 2— rsind  p 7r/2  pcscd  p 2— rsind 

19-  Jo  Jo  Jo  f(r,d,z)dzrdrdd  20.  £4  Jg  Jg  f(r,  0,  z)  dz  r drdd 

2L  n:ir  p 2 = § xx  sm^d^ = § xx_  xx  o + x^2^)  dd 

= 2 XT  ^^10= X'  [» - ; d» = j\  d« = ^ 

22.  XXX  (P  cos  </>)  P2  sin  <A  dpd0  dd  = X Jn  4 cos  </>  sin  0 d^  dd  = X [2  sin2  <^>]  g^4  dd  = X dd  = 27t 

p27T  p7T  p(l—  COS(j>)/2  P 2n  p 7T  p27T 

23.  Jo  Jo  Jo  P 2 sin  dpd(/>  dd  = T Jo  Jo  (1  - cos  </>)3  sin  <£  d0  dd  = T Jg  [(1  - cos  </>)4]  0 dd 

24  X 7 X X V sin3^dP#  dd  = I £ ' X Sin3  <j>  d(j)  dd  = § £'  ([-  0 + I X sin  ^ X dd 

p37r/2  p37r/2 

= 1 X [—  cos  </>]  g dd  = | X dd  — y 


Copyright  © 2010  Pearson  Education  Inc.  Publishing  as  Addison-Wesley. 


916  Chapter  15  Multiple  Integrals 


r/3 


dP 


n7 f/3  pZ  pZTT  p-K/  3 pZ7T  , 

J 3 p2  sin  0 d/5  d0  dP  = Jo  Jg  (8  — sec3  0)  sin  0 dcj)  dP  = Jg  [—8  cos  cj>  — \ sec2  0]  ( 

J>27T  r»27T 

o [(-4  — 2)-(-8-l)]d0=|  J,,  d0  = 57r 

n7r/4  psec0  p2ir  pirjA  p2n  / a p2ir 

f Jo  p3  sin  0 cos  (f>  dp  A(f>  Ad  — ^ Jg  Jg  tan  0 sec2  0 d0  Ad  = * Jg  [|  tan2  ^>]  Q7  dP  = | Jg  Ad  = 

27 • Jo  JX  p3  Sin  # d0  dp  = X S-/  1/4  d0  dP  = X X . f d0  dp  = f dp  = M =2^ 


J 0 


28. 


r»7r/3  p2csc<f>  p2n  p7r/3  p2csc<j>  p7r/3  ~ , . /^7t/3 

• X/a  L fo  P 2 sin  0 d0  d^ d0  = 27r  X/a  L P 2 sin  0 dP d0  = f X/6  ^ sin  -*  d0  = -T  X/6  csc2  ^ d^ 


• X'XT4  i2p sin3  * ^ d0  ^ = XX  x ;/4 + 8p  £'y  * «#)  dPdp 
= X X ( _ 8p  [cos  ^ o/4)  d0  d^  = fo  X (8^  - 7l)  d0  d^  = 77  f (8P  - 7§)  d^ 


^ - $ 1 


(4^- 


5 7T 


V2 


30. 


X a X /Jc  3P4  S3n3  0 dpdPd0  = X/a  X /2 (32  — esc5  0)  sin3  0 dP  d0  = J*  J'  (32  sin3  <p  — esc2  0)  dPd0 

7r/2/--  . O , O ,X  . , f t-)  cinUonc^l 


32  sin2  0 cos  <f> 
3 


P7r/2 

7 r J /6  (32  sin3  (j)  — csc2  0)  d</>  = 7r 

*■  (X)  - ^ [«»  0]  ;;$«  -tt  (x/3)  - X+ (^)  (f ) = X3  = 1 W3 


, + t11  f sin  0 dcj)  + n [cot  (j>\ 

J 7r/6  3 J+6  L J 


7r/6 


31.  (a)  x2  + y2  = 1 ==>  pz  sin2  </>  = 1,  and  p sin  <j>  = 1 =>  p = csc  </>;  thus 

n7r/6  p2  p27r  ^*7t/2  pese  <j) 

, Jo  P 2 sin  0 d^  d0  d0  + Jo  X/a  Jo  P 2 sin  ^ d^  d<^  d0 

r»27r  /»2  psin_1(l/p)  r»27r  /»2  r»7r/6 

(b)  Jo  J 1 X/ a P2  Sin  ^ d<^  d^  d0  + Jo  Jo  Jo  P 2 sin  ^ d<^  d^  d0 


n7r/4  r»sec  ip 

, J0  p2  sin<zid/5d(/>dP 

(b>  X f0  ff  P2  sin  </>d</>  dp  Ad 

n%/2  n7r/4 

L-.<  i/p)^  sin^#dPd0 


n7r/2  r»2  /»27t  p7v/2 

J p 2 sin  (j>  dp  dcj)  dP  = | Jg  Jg  (8  — cos3  </>)  sin  0 d0  dP 

27T 


5 r [~8  cos  ^ + X U/2  d^  = 5 C( 8 - i)  d0  = (n)  (27r) 


3 1 7T 
6 


n7r/z  /"»l+coS(p  p Ztv  p^jZ 

J p 2 sin  (j)  dp  dcj)  Ad  — | Jg  Jg  (3  cos  0 + 3 cos2  0 + cos3  0)  sin  0 d0  dP 

= 5 X t-  I cos2<^  - cos30  - icos40]  o/2  d0  = 5 X (§  + 1 + ?)  d0  = T5  X d0  = (n)  (2?r) 


1 1 7T 
6 


n27T  p7T  pi  — COS  0 p27T  p7T  p27T  [" 

35-  V = X X X sin  0 d/5d0dP  = i Jo  Jo  (1  - cos  0)3  sin  0 d0dP  = i Jo  [ 

r»27T 


(1  — cos  ^i»)4 
4 


d6> 


J»27r 

0 dP  = | (2tt) 


8tt 

3 


28tt 

3\/3 
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36.  V = 


n7r/2  pi— cos <f>  o2tv  p7r/2  p 27r  r ,1  ,.4 

, Jo  P2sin</)dpd(/)d0=  i Jo  Jo  (1  -eos0)3sin^d0dfl=  ± £ [(  ~c4°s^ 


7r/2 


d6> 


12  So  d^  ~ 12  — 6 


n7r/2  p2cos<^>  p27r  p7r/2  p27r  r 

■/4  Jo  P 2 sin  </>dPd<MP=f  Jo  X/4  cos3  0 sin  0 d0 d0  = § J0  [- 

= (!)  (A)  Jo1* de  = 1 <2lr>  ' 

38.  v = rrr 

Jo  Jtt/3  Jo 


COS4  (f) 

4 


7t/2 

7t/4 


d/9 


7T 

3 


P 2 sin  0 dp  d(^  dP  = | fg  sin  <j)  d</>  dQ  = § fg  [-  cos  </>]  ^2  d0  = f fg  d9  = ^ 

■/2  p2  p \/4-r2 


39. 

(a) 

*rnv 

sin  (j>  dp  d<7>  d0 

(b) 

P~/ 

8 

Jo 

(c) 

, . . ..... 

Jo  Jo  Jo 

-x2 — y2 

dz  dy  dx 

^7t/2  p2>j\[2  p \J 9-r2 

pTT/2 

40. 

(a) 

Jo  JO  Jr 

dz  r dr  d0 

(b) 

Jo 

(c) 

ott/2  ott/4  p3  ott/2  ott/4 

Jo  Jo  Jo  P sin  (b  dp  dip  dd  = 9 Jg  Jq  sin 

(j)  d (j)  d 6 

= - 

41. 

(a) 

v = p r r 2 

Jo  Jo  J sec 

p2  sin  <b  dp  d<7>  d0 

<t> 

(b) 

V = 

Pv  3 p V 3— x2 

pyj  4-x2-y2 

(c) 

J — \/3  — •x/  3 — x^ 

dzdydx 

nn/2  nn/4  p 3 

(b)  Jo  Jo  Jo  P2sin0dpd«^d0 

9vr  (2  - V2) 


-4-1  d«  = 


27t  p \/3  p \/4—r2 


nv  3 p 

1 J 1 


dz  r dr  d0 


w v-r/.>-,)ifl-r]*"=r 

J»27T 

d(9 

0 


(4_r2)3/2  ,3! 

3 2 


43 


d0  = 


Jo  (“  5 _ i + T“)  d(9 


5 

6 do 


5tt 

3 


o27r  c*l  n I r: 

42‘  W *-  = Jo  Jo  Jo  r2  dz  r dr  d0 


/o  Jo  Jo 

r*27T  r7T/2  rl 


n7r/2  p 1 

Jg  (p2  sin2  </>)  (p2  sin  4)  dp  d</>  dP,  since  r2  = x2  + y2  = p2  sin2  0 cos2  9 + p2  sin2  <j>  sin2  0 = /c 


n7r/2  p27T  / 

, 5 sin3  4 d4 — 5 J„ 


sin2  </>  cos  cf> 
3 


7r/2 


+ 1//  sm^j  d0=±fo  [-cos^o72 


d6> 


= B(2^)=H 

tt/2  pi  p4-4r2 


X7T/2  pi  p4-4C  p7T/2  pi  pTT/2  p7T/2 

i J J dzrdrd6»  = 4jo  Jg  (5r  - 4r3  - r5)  dr d6»  = 4 Jg  (|  1 ^ i)  d6>  = 4 J d6» 


8?r 

3 


7t/2  pi  pi— r 


v*  r1 


44-  V = 4I  Jo  f/^dzrdrM  = 4 f f (r  - r2  + rV^)  dr  d0  = 4 /;  f - i (1  - r2) 


3/2' 


d(9 


J 0 


=4jTa-i+i)  "=2.0=2®=, 


p27r  p3cos0  p— rsin#  p27r  p3cos0  p27r  « 

4-5.  V = J3  /2J0  J0  dz  r drd(9  = J} /2J0  — r2  sin  0 dr  d0  = J3  /2( — 9 cos3  0)  (sin  0)  d#  = [ | cos4  0]  3;r/,9 

4 u 4 

X7T  p — 3 cos  0 pr  p7T  p—  3 COS  0 p7T 

dzrdrd6»  = 2 / r2  dr d6»  = | -27cos36>d(9 

r/2  J 0 JO  J 7r/2  J 0 J Jn/2 

= _18^[codimfl]'/2+  2 £/2cos9d9^  =-l2[Sm9]l/2  = l2 
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X7t/2  nsind  r>  \/l-r2  p7r/2  psint?  , p7r/2  r o /9' 

Jo  Jo  dzrdrd6>  = Jo  Jo  r\/  1-r2  drd(9  = Jg  I — | ( 1 — r2)3/ 

= - 5 J0  7 [(1  - sin2  ^)3/2  - l]  d<9  = - i £ ' (cos3  0 - 1)  d<9  = - 1 ^ 


d<9 

) 

tt/2  , r^/2 


+ I //  COS0d^  + [f] 


01  */2 
0 


= — 5 [sin  0]  q/2  + f = 


X7t/2  pcos0  p3\/l-r2  p7r/2  pcos0  / p7r/2  r Q/ol  c< 

Jo  Jo  dz  r dr  d$  = Jg  Jq  3rV  1-r2  drd<?  = Jg  -(1-r2)7 

tt/2 


£ — (1  — cos2  0)3^  + 1 d0  = Jg  (1  — sin3  0)  d$ 


0 + 


=t/2  2 p^/2 


J 0 


d6> 

r/2 

I sin  0 d$ 
Jo 


= ! + §[cos0]f  = !-§  = 


n27T/3  f*  a p27T  nZTT/O  o o p27T  O /Q  Q C27T 

■/3  fo  P2sin</>dpdc/>d0  = fo  f /3  ^sin^d^d 9 = ^ }g  [-cos^],^  d ^ = y J0  (5  + 2) 

J >71-/6  p7r/2  pa  o pn/6  pn/2  ~ pTv/6 

0 Jo  Jo  Psin<(>dp#d0  = fj0  Jo  sin0#d 0 = y J0  d0 


i)  d6»  = ^ 


a 7r 
18 


51.  V = f * f 73  P -2 

J 0 J 0 J Si 


/ 0 J 0 u sec  ^ 
r*27r  p7r/3 


/r  sin  0 dp  d<^>  d0 

n7r/3 

(8  sin  <f>  — tan  <j>  sec2  </>)  d0  d$ 

5 _£  [—8  cos  4>  — \ tan2  <(>]  £3  d0 
sJTHMO  + S]  = I /o"  I = I (27T) 


5tt 

3 


28 

3 


X7T/2  p7r/4  p2sec0  p7r/2  f*71/4 

Jg  J p2  sin  (f>  dp  d(/)  dO  — | Jg  Jg  (8  sec3  cj>  — sec3  ^>)  sin  cf>  d<j)  dd 
fo  fo  sec3  ^ sin  ^ d<^d0  = f fo  ' fo 7 tan  ^ sec2  <(>  #d0  = f Jo  7 [1  tan2  0]  ;£4  M=ffo/d0 


7tt 

3 


53.  V = 4 P~PP  dzrdrd6»  = 4 P"  P r3  drd(9  = P7'  d6>  = 

Jo  Jo  Jo  Jo  Jo  Jo 


✓»tt/2  pi  pr2+l  p7r/2  pi  p7r/2 

54.  V = 4 dzrdrd6>  = 4 rdrd<9  = 2 d6>  = tt 

JoJoJr2  JO  JO  JO 

55.  V = 8 £2jf£  dz  r drd0  = 8 /£/£ r2  drd(9  = 8 (^f^)  JT"  d(9  = ^ ^ 


p7r/2  />\/2  ns/ 2-1-  nn/2  ns/2  . C77/2  T 1 , on3/21  C2  o P77/2 

56.  V = 8Jo  J|  Jo  dzrdrd6»  = 8jo  Ji  r V 2 - r2  dr d6»  = 8 Jg  |- 1 (2  - r2)  7 J d6»  = | Jg  dV 

p2i r p2  p4— rsin0  p27r  p2  p27r 

57.  V = Jo  Jo  JQ  dzrdrd6»  = Jo  Jg  (4r  - r2  sin  6>)  dr d6»  = 8 Jq  (l  - 5i|»)  d6»  = 16tt 


47T 

3 


p27r  p2  p4— r cos  0— r sin  0 p27r  p2  p27r 

58.  V = Jg  Jo  Jg  dzrdrd0=  Jg  Jg  [4r  — r2  (cos  0 + sin  0)]  dr  d0  = | Jg  (3  — cos  0 — sin  9)  d0  = 167r 

59.  The  paraboloids  intersect  when  4x2  + 4y2  = 5 — x2  — y2  =>  x2  + y2  = 1 and  z = 4 

X7r/2  p\  p5—r2  />7t/2  pi  C7r/2  r 2 4]  1 p7r/2 

Jn  J4  dzrdrd0  = 4jo  Jg  (5r  - 5r3)  drd6>  = 20  Jg  ^ d6»  = 5 Jo  d6»  = f 
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60.  The  paraboloid  intersects  the  xy-plane  when  9 x2  y2  = 0 =>-  x 

™l2  p3  o.  . . „ . M2r nj  _4i 3 . „ . M2 


nTt/l  r*3  n'i—ir 

+ y2=9  =>  V = 4 J0  J1  Jn  dz  r dr  d0 

= 4 rr  (9r  - r3) drd0 = 4 r [*  - c d0 = 4 r/2^  - t)  ^ = 64  r2^ = 32^ 


61.  V = 8 £ £££*  dzrdrd0  = 8 ££r  (4  - r2)1/2  drd0  = 8 £ " [-  4 (4  - r2) 

= - 1 r>3/2  - 8) d0 


3/2' 


d0 


4?r  8 — 3\/3 


62.  The  sphere  and  paraboloid  intersect  when  x2  + y2  + z2  = 2 and  z = x2+y2  =>■  z2  + z — 2 = 0 

=>  (z  + 2)(z  — 1)  = 0 =>■  z=lorz  = —2  =>  z = 1 since  z > 0.  Thus,  x2  + y2  = 1 and  the  volume  is 

r»7r/2  r>l  r » \/ 2— r2  r»7r/2  nl  r ^ in 

given  by  the  triple  integral  V = 4 Jg  J J dz  r drd0  = 4 Jg  r (2  — r2)  ' — : 


drd0 


= 4 1 <2  - p)s,z  a]  > = * H2#  - a)  " = 


63. 


average  = £ £ £ £ r2  dzdrd0  = £ £ £ 2r2  drd0  = £ £d0 


64.  average  = -£  £ £ ££  r2  dzdrd0  = £ £ £ 2iV  1 - r2  drd0 

£ [g  sin^  r - I ry/l  - r2  (1  - 2r2)]  d0  = ^ £ (f  + 0)  d0  = T £ d0  = (|)  (27r) 


27T 


3tt 

16 


65.  average  = jh  £ £ £ P3  sin  <P  dpd^dd  = £ £ sin  c/>  dc/>  d0  = ^ £ 


d6  = 


66.  average  = 


f)  £ £/  £ P3  cos  0 sin  0 dpd«/»d0  = ^ f cos  </>  sin  0 #d0  = £ £ 


2n  f*/2 


sin3  (j> 
~ 2“ 


tt/2 


d0 


3 

167T 


fo’M  = (4)  (27T) 


67.  M = 4 f'f  fdzrdrd0  = 4 f f r2  drd0  = f p d0  = f ; Mxy  = P f f zdzrdrd0 

J o J o J o Jo  Jo  j J o J o J o J o 

r*27r  p 1 


5 £f0  r3  drd0  = I £d6  = 4 =>  z = T5?  = (?)  (If)  = I ’ and  x = y = °-  b7  symmetry 


68.  M = P P P dz  r drd0  = £ ' f r2  drd0  = f f d(9  = ^ ; Myz  = P ' f Px  dz  r drd0 

J 0 J 0 J 0 Jo  Jo  i Jo  3 J J 0 J 0 J 0 

r*/2  p2  „ pV2  rW2  p2  pr  p»/2  p2 

= I I r3cos0drd0  = 4 I cos  0 d0  = 4;  Mxz  = I I I ydzrdrd0  = I I r3  sin 

Jo  Jo  Jo  Jo  JoJoJ  Jo  Jo 

71 1 2 


ddrdO 


— 4 f sin  0 d0  = 4;  Mxy  = f f f zdzrdrd0=if  f r3drd0=2f  d0  = 7r=^x=^|£  = 2 
Jo  y Jo  Jo  Jo  2 Jo  Jo  Jo  Mjt’ 

y=^=3,andz=^  = ! 

M 7T  ’ M 4 


69.  M = ^ ; Mxy  — £ £ 3 £ z02  sin  0 dp  d</>  d0  = £ £ £ p3  cos  tf>  sin  </>  dp  d0  d0  = 4 £ £ ' cos  </>  sin  <j)  dtp  dd 

= 4 £ [P^]  ^3  = 4 £ (\-l)d6=\  So  d0  = 7T  =*  z = ^ = (7T)  (If)  = | , and  x = y = 0,  by  symmetry 


n7r/4  r*a  o p27r  pn/4  o r» 

, £ P2  sin<^dpd</)d0=  f£  £ sin0d0d0=^Jo  d0  = 

P2^  pir/4  pa 


2?r 2-_\/2  _ ^ra3  (^2- 4/2) 

0 2 


n7r/4  r>a  4 n2n  r>7r/4  4 r»27r 

, Jgp3  sin  </>  cos  (f>  dp  d<pdd  = l Jg  Jg  sin  p cos  </>  d0  d0  = fg  Jq  d0 


7ra 
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= _ ^xy  _ ZE5I  

M 8 Li 


3a\  { 2±^2\  _ 3(2+72)  a 


and  x = y = 0,  by  symmetry 


71.  M = f2  f P dzrdrd(9  = P f* r3/2  dr d9  = f P d(9  = ^ ; Mxy  = P T Pzdzrdrdfl 

J 0 J 0 J 0 Jo  Jo  Jo  ->  y J 0 J 0 J 0 

= 5 fo  for2drdO=f  f d9  = ^ - =>z=^  = |,  and  x = y = 0,  by  symmetry 


72-  m = IZ  fol%dz  r drM  - 5Z,X drd0 = IZ  [- 1 (!  - p3/2]  1 d0 

= I fZd0  (3)  (f)  = f = Ci:i-Z*  C0S  6 dzdrd0  = 2 f-Zfo  r‘2V^C  cos  0 drdfl 

= 2 X J [5  sin_1  r - I P1  -r2(l  - 2r2)]  q cos  0 dfl  = f / P os  0 dfl  = f [sin  9]  % = (f ) (2  • p)  = ^ 


r2  cos  0 dr  d 9 


x = 14  ~ £2 - , and  y = z = 0,  by  symmetry 


73.  We  orient  the  cone  with  its  vertex  at  the  origin  and  axis  along  the  z-axis  =>■  (j>  = | • We  use  the  the  x-axis 

r»2ir  pi  pi 

which  is  through  the  vertex  and  parallel  to  the  base  of  the  cone  =>  Ix  = J Jg  J (r2  sin2  9 + z2)  dz  r drdd 


r3  sin2  9 — r4  sin2 


»+*-?)  *«*  = /."(^  + n)  0*  = [«  - TT  + nil  T = 


20  1 5 — 4 


74  f r3  dz  dr  d9  = f*  £ 2r3  ^a2  - r2  drd(?  = 2 f*  [(-  § - (a2  - r2)3/2]  d0  = 2 //  £ a5  d 9 


p2n  pa  p h p2ir  pa  h ph  p27r  pa  / 4 \ p27r  4 r n a 

«■  '■  = £ + X //,■***<■*-/,  X (hr’- ¥)  dfdO  = X h[j-5,]/« 

= fo’h(i-6)  « = s/>  = T 

p27r  pi  pr2  p2ir  p 1 p27r  p27r  pi  pr2 

76.  (a)  M=Jo  JJo  zdzrdrd9  = Jo  Jg  pdrd  0 = 4 / d0  = f ; Mxy  = / Jg  Jg  z2dzrdrd  0 

nl  p27T  p27T  pi  pr2 

r7  drd0  = ^ Jg  d 0 — fi  =>  z = | , and  x = y = 0,  by  symmetry;  Iz  = Jg  Jg  Jg  zr3  dz  drd0 

nl  p2ir 

r'hr «=AX  dS=S 

p27r  pi  pr2  p27r  pi  p27r  p27r  pi  pr2 

(b)  M = J0  Jo  J r2  dz  dr  d#  = Jg  Jg  r4  dr  d6>  = 1 Jg  d<9  = ^ ; Mxy  = Jg  Jg  Jg  zr2dzdrd6» 

nl  p27T  p27T  pi  pr2 

, r6  drd0  = 4 Jg  dO  = f =}►  z = 4 , and  x = y = 0.  by  symmetry;  Iz  = Jg  Jg  Jg  r4  dz  drd0 

nl  p27T 

r6  drd(2  = 1 d<9  = 4 

1 /Jo  / 

77.  (a)  M = J'ZCfZ  dz  r drd0  = i /P/o'  (r  ~ P drd0  = 5 foM  = ! 1 M*y  = X X X z'  dz  r drd0 

= | / J*  (r  — r4)  drd(?  = i / d#  = | =^>  z = | , and  x = y = 0,  by  symmetry;  I z—  f f f zr3  dzdrdt? 

= 5 a:  (r3  - r5) drd^ = a £d() = 72 

(b)  M = Jg  Jg  J z2  dz  r drd0  = | from  part  (a);  Mxy  = J J / z3  dz  r drd 9 = ^ J J (r  — r5)  drd0 

= 72  f0  d^=l  ^^=l’  and  x = y = 0,  by  symmetry;  Iz  = J'  Jg  J z2r3  dzdrd0  = | J*  / (r3  — rG)  drd0 

= i X>  = n 


d0 
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78.  (a)  M = fj£  £ p4  sin  </>  dp  d^>  d9  = f £\£  sin  <f>  dcj>  dd  = f f£ dd  = 4f  ; I,  - £*££  P°  sin3  ^ dp  cty 


= T X fo  (!  - cos2  0)  sin  (f>d(f>dd  = T Jo  [-cos  ^ Q d0  = ff  f0  d6  = TT 

W M = JT IT  P3  sin2  (j>  dp d</> d0  = TT  #dp  = 

** = ITT  sin4  dp  d^  d^ = f x Tsin4  ^ d<^ d0 


7T  a 
4 


-«r([ 


— sin3  0 cos  4> 
4 


J 0 


+ ! 


/;  sin2  0 #)  df>  = f X"[f  -=¥*]»'  d»  = TT  /„“  4« 


/^27t  pa  p\  \f a2— r2  p27r  pa  < /»27r  r 

79.  M=  I I / dzrdrd6>=  / / Wa2  -r2  drdP  = ^ - ± (a2  - r2) 

Jo  Jo  Jo  Jo  Jo  a v a Jo  [ 3 ' ' 


6/;-fd(i=3^;M.,=x7;x 

P2tt 


ill 

2a2 


0 Jo  do 


z dz  r dr  d0  = 


na 

, (»2r  - r3) 


3/2' 

J 0 

drd(9 


d(9 


= diCi  =>  z = ( ^ ) (^)  = | h,  and  x = y = 0,  by  symmetry 


( (_3\ 

X 4 y \2ha27r/ 


80.  Let  the  base  radius  of  the  cone  be  a and  the  height  h,  and  place  the  cone's  axis  of  symmetry  along  the  z-axis 

with  the  vertex  at  the  origin.  Then  M = z[y^  and  Mxy  = X f0  z dz  r drd 9 — ^ Jg  Jg  ^h2r  — ^ r3^  drdP 

= f i;  [f  - T ‘ d^  = flo'T  “ £)  = = *7*  =*  * = ^ = (^)  (^)  = 3 h,  and 


x = y = 0,  by  symmetry  =>■  the  centroid  is  one  fourth  of  the  way  from  the  base  to  the  vertex 

81.  The  density  distribution  function  is  linear  so  it  has  the  form  b(p)  = kp  + C,  where  p is  the  distance  from  the 

center  of  the  planet.  Now,  <5(R)  = 0 =>  kR  + C = 0,  and  6(p)  — kp  — kR.  It  remains  to  determine  the  constant 


L-kRL 


p2ir  p7v  p R pin  p7v  r 

k:  M = X XI  (kp-kR)P2sin0dpd</>d0  = X J0  [k 

= 1 I k(f-f)  sin0#d0  = /o  - t|R4[-  cos  d0  = X - 


sin  (j>  d<j>  dd 


kjrR4 


sR4d^  = -^ 


. k _ __  3M 
^ K — 7rR4 


<5(p)  = - H P + J|r  R • At  the  center  of  the  planet  p = 0 =>  6(0)  = (|§)  R = . 


82.  The  mass  of  the  plant's  atmosphere  to  an  altitude  h above  the  surface  of  the  planet  is  the  triple  integral 

M(h)  = X X XR  Po e~c(p"R)p2  sin  (j)  dpd(j>d9  = XR  f0  f0  p0e“c{^R)p2  sin  0 d0d(9dp 

h />2tt 


n27r  ^ ph  />2tt  r»h 

, [p0e-c(^R)p2(-  cos  0)]  Q dd  dp  = 2 X X P°eCR  e“V  d$  dP  = 47rp0ecR  JR  e"  V dp 
= 47rp0ecR 
= 4/Tp0  ecR  (- 


pV^  _ 2peTv  _ 2e~cp 
c c2  c3 

h2e-ch  2he-ch  2e-cfc 


(by  parts) 


+ 


+ 


+ 


')• 


The  mass  of  the  planet's  atmosphere  is  therefore  M = lim  M(h)  = 47rpo  ( 

h — > oo  V 


R2  , 2R 


83.  (a)  A plane  perpendicular  to  the  x-axis  has  the  form  x = a in  rectangular  coordinates  =>  r cos  9 = a =>•  r = 

=>  r = a sec  d,  in  cylindrical  coordinates. 

(b)  A plane  perpendicular  to  the  y-axis  has  the  form  y = b in  rectangular  coordinates  =>  r sin  d = b =>  r = Ai_ 
=>  r = b esc  0,  in  cylindrical  coordinates. 


84.  ax  + by  = c a(r  cos  9)  + b(r  sin  9)  — c =>  r(a  cos  9 + b sin  9)  = c =>  r = 


a cos  6 + b sin  6 ’ 
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85.  The  equation  r = f(z)  implies  that  the  point  (r,  9,  z) 

= (f(z),  6 , z)  will  lie  on  the  surface  for  all  9.  In  particular 
(f(z),  9 + 7r,  z)  lies  on  the  surface  whenever  (f(z),  9 , z)  does 
=>  the  surface  is  symmetric  with  respect  to  the  z-axis. 


86.  The  equation  p — f (<f>)  implies  that  the  point  (p,  </>,  9)  = (f(0),  <j>,  9)  lies  on  the  surface  for  all  9.  In  particular,  if 

(f(</>),  (j>,  9)  lies  on  the  surface,  then  (f(^),  <j>,9  + n)  lies  on  the  surface,  so  the  surface  is  symmetric  wiith  respect  to  the 
z-axis. 

15.8  SUBSTITUTIONS  IN  MULTIPLE  INTEGRALS 

1 . (a)  x — y = u and  2x  + y = v =>  3x  = u + v and  y = x — u =>  x=|(u  + v)  and  y = | (— 2u  + v); 

1 l 

d(x,y)  _ 3 3 _ 1 I 2 _ 1 

a(u.v)  _ 2 1 9 ' 9 3 

3 3 

(b)  The  line  segment  y = x from  (0, 0)  to  (1 , 1 ) is  x — y = 0 
=>•  u = 0;  the  line  segment  y = — 2x  from  (0,  0)  to 
(1,  —2)  is  2x  + y = 0 =>  v = 0;  the  line  segment  x = 1 
from  (1, 1)  to  (1,  —2)  is  (x  — y)  + (2x  + y)  = 3 
=>•  u + v = 3.  The  transformed  region  is  sketched  at  the 
right. 

2.  (a)  x + 2y  = u and  x — y = v =>■  3y  = u — v and  x = v + y =>  y = | (u  — v)  and  x = j (u  + 2v); 

1 2 

d(x,y)  _ 3 3 1 2 1 

d(u,v)  1 _ 1 9 9 3 

3 3 

(b)  The  triangular  region  in  the  xy-plane  has  vertices  (0, 0), 

(2, 0),  and  (| , |)  . The  line  segment  y = x from  (0, 0) 
to  (§)§)  isx  — y = 0 =>  v = 0;  the  line  segment 
y = 0 from  (0, 0)  to  (2, 0)  =>  u = v;  the  line  segment 
x + 2y  = 2 from  to  (2, 0)  =>  u = 2.  The 

transformed  region  is  sketched  at  the  right. 

3.  (a)  3x  + 2y  = u and  x + 4y  = v =>  — 5x  = — 2u  + v and  y = | (u  — 3x)  =>  x = j (2u  — v)  and  y = ^ (3v  — u); 

2 _ i 

5 5 _6_ l_j_ 

J_  J_  50  50  10 

10  10 

(b)  The  x-axis  y = 0 =>  u = 3v;  the  y-axis  x = 0 
=>  v = 2u;  the  line  x + y = 1 
=*  5 (2u  - v)  + ^ (3v  - u)  = 1 
=>  2(2u  — v)  + (3v  — u)  = 10  3u  + v = 10.  The 
transformed  region  is  sketched  at  the  right. 

T 


9(x,y)  _ 
a(u,v) 
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4. 


(a) 

(b) 


2x  — 3y  = u and  — x + y = v => 

d(x,y)  _ — 1 — ^ 

9(u,v)  -1-2 


-x  = u + 3v  and  y = v + x =>  x = 


= 2-3  = 


The  line  x = — 3 =>  — u — 3v  = — 3 or  u + 3v  = 3; 
x = 0 =>  u + 3v  = 0;y  = x =»  v = 0;  y = x + 1 
=>  v = 1 . The  transformed  region  is  the  parallelogram 
sketched  at  the  right. 


n(y/2)+l  f 4 I"  2 1 2+1 

,/2  (^-I)dxdy  = X[f-f];  ^ 

= |/04(Y  + l-y)dy=i/04dy=i(4)  = 2 


l/o4[(l  + 1)2-(l)2-(^  + 1)y+(l)y]  dy 


6.  //(2x2  — xy  — y2)  dx  dy  = J J (x  — y)(2x  + y)  dx  dy 
R R 

= //uv|i^ldudv  = y^uvdudv; 

G G 

We  find  the  boundaries  of  G from  the  boundaries  of  R, 
shown  in  the  accompanying  figure: 


xy-equations  for 
the  boundary  of  R 

Corresponding  uv-equations 
for  the  boundary  of  G 

Simplified 

uv-equations 

y = — 2x  + 4 

5 (— 2u  + v)  = - | (u  + v)  + 4 

v = 4 

y = — 2x  + 7 

| (— 2u  + v)  = - | (u  + v)  + 7 

v = 7 

II 

X 

1 

N> 

5 (— 2u  + v)  = | (u  + v)  - 2 

u = 2 

y = x + 1 

j (— 2u  + v)  = | (u  + v)  + 1 

u = -1 

=»  5 J7UV  dudv  = I ££ uv  dvdu  = i £ u [£  ] ' du  = f £ du  = (£)  [fl  ^ = (^)  (4  - 1)  = f 


7.  ff  (3x2  + 14xy  + 8y2)  dxdy 
R 

= ff  (3x  + 2y)(x  + 4y)  dx  dy 
R 

= f f uv  | S(uivi  | du  dv  — 115  //  uv  du  dv; 

G G 

We  find  the  boundaries  of  G from  the  boundaries  of  R, 
shown  in  the  accompanying  figure: 


xy-equations  for 

Corresponding  uv-equations 

Simplified 

the  boundary  of  R 

for  the  boundary  of  G 

uv-equations 

y 

= - | x + 1 

A (3v  - U)  = - ^ (2u  - v)  + 1 

u = 2 

y 

= -|x+3 

i (3v  - u)  = - ^ (2u  - v)  + 3 

u = 6 

y 

= -i* 

TO  (3v  - u)  = - 20  (2u  - v) 

v = 0 

y 

= - 5X+ 1 

TO  (3v  - u)  = - ± (2u  - v)  + 1 

v = 4 
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TO  ffuv  dudv  = jo  f2  /0  uv  dvdu  = ^ 


J»6 

2U^ 


4 a r6 

ii, u du 


du=  | 


J 2 


= (|)(18-2)=f 


8.  f f 2(x  — y)  dx  dy  = J"  J"  — 2v  du  dv  = J J —2m  du  dv;  the  region  G is  sketched  in  Exercise  4 

R G 1 U’V  1 G 

=>  ff  -2v  du  dv  = X'  Xr  ^2v  du  dv  = In  ^2v(3  - 3v  + 3v)  dv  = X1  _6v  dv  = [~3v2]  o = ~3 


9.  x = s and  y = uv  =>  | = v2  and  xy  = u2;  = J(u,  v)  = 


-uv 

u 


= v_1u  + v_1u  = — ; 


y = x =>■  uv  = “ =>  v=l,  and  y = 4x  =>•  v = 2;xy=l  =>  u = 1,  and  xy  = 9 =>•  u = 3;  thus 
V(i/i  + yxy)  dxdy  = ff'iv  + u)  (f)  dvdu  = £ £ ^2u  + dvdu  = X,3[2uv  + 2u2  In  v]  2 du 

R 

= XX 2u  + 2u2  In  2)  du  = [u2  + § u2  In  2]  \ = 8 + \ (26)(ln  2)  = 8 + f (In  2) 


!0-  (u,v)  = 


= u,  and 

the  region  G is  sketched  at  the  right 


1 0 
v u 


f r x dy  dx  = r r2/u(^)  u dvdu  = r [2/uum  dvdu  = r u 

Jl  Jl  x ; Ji  Ji/u  Ji  Ji/u  Jl 


X u (^)  du  = I [ln  u]  1 = | ln  2;  X X xdydx  = X [i-  2]1dx=lX  f = |[lnx]?  = lln2 


r2 

2 " 

f " 

V 

2 

Mb 

y2' 

2 

du  = 


X_  u ( TO  2TO ) du 


11.  x = ar  cos  0 and  y = ar  sin  0 a(r  g) 

r*'l-K  n 1 

/o  Jo 


^ = J(r,0)  = 


a cos  J — ar  sin  9 
b sin  9 br  cos  9 


= abr  cos2  9 + abr  sin2  9 = abr; 

lo  = //(  x2  + y2)  dA  = XXXX2  (a2  cos2  0 + b2  sin2  0)  |J(r,  0)|  drd0  = £’£  abr3  (a2  cos2  9 + b2  sin2  0)  drd0 

= f /:<> 


(a2  cos2  0 + b2  sin2  0)  d0  = f 


a2fl  I a2  sin  2#  i b^0  b2  sin  26 

2 ' 4 ' 2 4 


ab7r  (a2  +b2) 
4 


12. 


d(x,y) 

a(u,v) 


= J(U,  v)  = 


a 0 

0 b 


= ab;  A = f f dy  dx  = f f ab  du  dv  = X i X yr — a 


ab  dv  du 


= 2ab 


u2  du  = 2ab 


| V 1 - u2  + 1 sin  1 u 


= ab  [sin  1 1 — sin  1 (—1)]  = ab  | — (—  | )]  = ab7r 
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13.  The  region  of  integration  R in  the  xy-plane  is 
sketched  in  the  figure  at  the  right.  The 
boundaries  of  the  image  G are  obtained  as 
follows,  with  G sketched  at  the  right: 


v 


o/  \ f*  2/3  p2—2y  r»  2 pa 

Also,  from  Exercise  2,  = J(u,  v)  = — ^ =>-  J (x  + 2y)e(y-x)  dxdy  = ue_v  |—  ^ | dvdu 

= 5 fo  u[-e-v]“du=  i £ u(l  -e-u)  du  = | [u(u  + e-“)  - f + e-  q ± [2  (2  + e~2)  - 2 + e“2  - 1] 
= ± (3e-2  + 1)  w 0.4687 


14.  x = u + % and  y = v =>  2x  — y = (2u  + v)  — v = 2u  and 
ggj=J(u,v)=  J ^ = l;  next,  u = x - f 

= x — | and  v = y,  so  the  boundaries  of  the  region  of 
integration  R in  the  xy-plane  are  transformed  to  the 
boundaries  of  G: 


15.  x = s and  y = uv  =>  y-  = v2  and  xy  = u2;  = J(u,  v)  = V Uy  " = v_1u  + v_1u  = 2u  ; 

y = x =>■  uv=“  =>  v = 1,  and  y = 4x  =>•  v = 2;  xy  = 1 =>  u = 1,  and  xy  = 4 =>  u = 2;  thus 

r./;>2 + y2) dxdy + + y2) dxdy = iw + u2y2)  ( v ) dudv = a:  ^ 
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r[^+Hidv=r(^+ir) dv 


15  i 15v£ 

4^  4 


225 

16 


16.  x = u2  - v2  and  y = 2uv;  = j(U;  v)  = 


2u  — 2v 
2v  2u 


= 4u2  + 4v2  = 4(u2  + v2) ; 


y = 2\J  1 - x =yy2=4(l-x)  =>  (2uv)2  = 4(1  - (u2  - v2))  u = ± 1;  y = 0 =>  2uv  = 0 =*>  u = 0 or  v = 0; 

x = 0 =>  u2  — v2  = 0 u = v or  u = — v;  This  gives  us  four  triangular  regions,  but  only  the  one  in  the  quadrant  where 
both  u,  v are  positive  maps  into  the  region  R in  the  xy-plane. 


L Jo  \/x2  + y2  dxdy  — f0  f0  \j (u2  - v-)2  + (2uv)2  ■ 4(u2  + v2)  dv  du  = 4 £ £ (u2  + v2)2  dv  du 

= € + fuV + m;  dU = w J>  du = w m 


2 — 56 
1 — 45 


17.  (a)  x = u cos  v and  y = u sin  v 


(b)  x = u sin  v and  y = u cos  v 


d(x,y) 

<9(u,v) 

d(x,y) 

d(u,vj 


cos  v — u sin  v 
sin  v u cos  v 

sin  v u cos  v 
cos  v — u sin  v 


18.  (a)  x = u cos  v,  y = u sin  v,  z = w =>  ^ = 


cos  v — u sin  v 0 
sin  v u cos  v 0 
0 0 1 


(b)  x = 2u-l,y  = 3v-4,z=i(w-4)  =>  “ 


2 0 0 
0 3 0 
0 0 i 


= (2)(3)  (i)  = 3 


19. 


sin  <f>  cos  9 p cos  <j>  cos  6 —p  sin  <f>  sin  9 

sin  cf>  sin  9 p cos  <j>  sin  9 p sin  (j>  cos  9 

cos  4>  —p  sin  </>  0 

p cos  cf>  cos  9 —p  sin  cf>  sin  9 
p cos  <j>  sin  9 p sin  <f)  cos  9 


= (cos  (f>) 


+ (p  sin  (j>) 


sin  cj)  cos  9 —p  sin  <f>  sin  9 
sin  <j>  sin  9 p sin  (j>  cos  9 


= ( p 2 cos  <j>)  (sin  4>  cos  <j>  cos2  9 + sin  <j>  cos  <fi  sin2  9)  + (p2  sin  </>)  (sin2  <j>  cos2  9 + sin2  <j>  sin2  9) 
= p 2 sin  (f>  cos2  4>  + p2  sin3  (j)  = (p2  sin  <j>)  (cos2  </>  + sin2  <j>)  — p2  sin  (j) 


20.  Let  u = g(x)  =>  J(x)  = = g'(x)  =>•  f(u)  du  = j f(g(x))g'(x)  dx  in  accordance  with 


i Theorem  7 in 


Section  5.6.  Note  that  g'(x)  represents  the  Jacobian  of  the  transformation  u = g(x)  or  x = g 1 (u). 


21 


C3  n 4 r>l+(y/2)  (>3  Hr  , 1 d+W2)  r 3 n 4 

■ f,  f, L + §)  dxdydz  = /.  X [t  - ¥ + y] dydz  = /.  X + D - ? + !l  dydz 


i+(y/2) 
y/2 


/[ 


(y  + i)2  i yz 
4 4 “r  3 


i 4 r 3 

dz  = 

J o 


X (!  + f - 5)  dz  = Jo  (2  + f)  dz  = 


— 2z  + 


2z2 


= 12 


22.  J(u,  v,  w)  = 


a 0 0 
0 b 0 
0 0c 


= abc;  the  transformation  takes  the  ellipsoid  region  + h + \ < 1 in  xyz-space 


into  the  spherical  region  u2  + v2  + w2  < 1 in  uvw-space  (which  has  volume  V = H 

=>  V = fff  dx  dy  dz  = ff  f abcdudvdw  = ^ 

R G 
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a 0 0 

23.  J(u,  v,  w)=  0 b 0 = abc;  for  R and  G as  in  Exercise  22,  J J J |xyz|  dxdydz 
0 0c  R 


r r r f* f*77/^  cl 

J J J a2b2c2uvw  dwdvdu  = 8a2b2c2  Jg  Jg  Jg  (p  sin  <j>  cos  9){p  sin  cj>  sin  9){p  cos  (f>)  ( p 2 sin  0)  dpd(f>d9 


2 C7r/ 2 C7t/2  2i  9 2 

Jo  Jo  s*n  ^ cos  ^ S2n3  ^ cos  ^ d(9  = a ^ c Jg  sin  0 cos  9 d 9 


1 0 0 

24.  u = x,  v = xy,  and  w = 3z  =>  x = u,  y = y,  and  z = | w =>  J(u,  v,  w)  = — J j 0 = i ; 

0 0 i 

fff(x'2y  + 3xyz)  dx dy dz  = fff  [u2  (y)  + 3u(y)  (f)]  |J(u,  v,w)|  dudvdw  = 2 m:  (v+  u ) ^ 

D G 

= i f0f0(v  + vw  In  2)  dv  dw  = i Jo  (1  + w In  2)  f ~ dw  = § fg  (1  + w In  2)  dw  = § [w  + f In  2 ^ 

= | (3  + | In  2)  = 2 + 3 In  2 = 2 + In  8 

25.  The  first  moment  about  the  xy-coordinate  plane  for  the  semi-ellipsoid,  K + gi  + !r  = 1 using  the 

transformation  in  Exercise  23  is,  Mxy  = fffzdzdydx  = JJJ  cw  | J(u,  v,  w)|  du  dv  dw 

D G 

= abc2  f f f w dudvdw  = (abc2)  • (Mxy  of  the  hemisphere  x2  + y2  + z2  = 1,  z > 0)  = ; 


the  mass  of  the  semi-ellipsoid  is 


z — 


l abc27r  A / 3 \ _ 

^ 4 j V 2abc7r  / _ 


26.  A solid  of  revolution  is  symmetric  about  the  axis  of  revolution,  therefore,  the  height  of  the  solid  is  solely  a function  of  r. 
That  is,  y = f(x)  = f(r).  Using  cylindrical  coordinates  with  x = r cos  #,  y = y and  z = r sin  0 , we  have 

V = fffrdydffdr  = £ £\f£  r dy  dfldr  = £f£r  y]f  d9dr=££\f(r)  dtfdr  = £{r9f(r)  ft  dr 

J 27rrf(r)dr.  In  the  last  integral,  r is  a dummy  or  stand-in  variable  and  as  such  it  can  be  replaced  by  any  variable  name. 
Choosing  x instead  of  r we  have  V = J'  27rxf(x)dx,  which  is  the  same  result  obtained  using  the  shell  method. 

CHAPTER  15  PRACTICE  EXERCISES 


n!/y  fio  , , 

, yexydxdy=J[  [exy]0/ydy 

nio 

= (e  - 1)  dy  = 9e  - 9 


io  L (i/io,  io) 


NOT  TO  SCALE 


2.  Jg  Jg  ey/x  dy  dx  = Jg  x [ey/x]  * dx 

= £ - x)  dx  = [j  ex2  - f 
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n2-v/y  r i r v2 "I 

yy  xydxdy  = J0  Y [tJ  ^ dy 

= lf„Iy(4~ Vy  + y-y)  dy 
= fo  (2y  - 2y3/2)  dy=[y24]r! 


pO  f»4  — x2  pO 

5-  JJ»+<  4ydx  = Jj-x^-2x)dx 

= [-T  - x’]  °a  = - (!  - 4)  = 3 

Jo  J y4  y dxdy  = f0(y—  + v4-y)  dy 
= [£  - 2y  - |(4  - y)3/2]^  = 4 - 8 + | - 43/2 


= -4  + I®  = 4 

‘t  -I-  3 3 


«•  X7;,^*tiy=x,[i^]ydy 

= lX'(y3/4-y3/2)  dy=  1 [ly7'1-  |ys/2U 

_ 1 M _ 2\  _ 1 
— 3 V7  5/  35 

/;/;  ,/x  dy  dx  = Jo‘xI/2(x  - x2)  dx  = £ (x3/2  - x5/2)  dx 


_ ' 2 5/2  _ 2 7/2  1 1 _ 2 _ 2 _ 4_ 
— L 5a  7 A Jo  5 7 ~ 35 


p3  r(l/2)N/9^5  r3  r 21  W2)V9-X‘ 

7 • J jo  y dyclx  = J_3[y]  o d 

= /_3  5 (9  -x2)  dx  = [|-|]3_3 

_ /27  _ 27\  _ 27  , 27\  _ 27  _ 9 

— V 8 24/  V 8 24/  — 6 — 2 

p3/2  py/9-4y2  p3/2 

Jo  J_  „yd*dy  = Jo  2yv/9-4y2  dy 


y dy  dx  = 


3 r 9 1 (1/2) 


;(9-4yf 


1 q3/2  _ 27  _ 9 

— 6 ' * — 6 — 2 


8-  XT  ^ dydx  = £ [2xy]04-x2  dx 

= £(2x(4  - x2))  dx  = £(8x  — 2x3)  dx 

= [4x2-720  = 16“^  = 8 

£fo^2xdxdy=£lxX^dy 

= X4(4-y)  dy=[4y-?]^  = i6-^  = 
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n2  r> 2 p\!2  r*2  < 

4 cos  (x2)  dx  dy  = J0  Jn  4 cos  (x2)  dy  dx  = Jg  2x  cos  (x2)  dx  = [sin  (x2)]  J 


= sin  4 


10 


• Jlfl eX=  dx  dy  = £ Si eX=  c|y dx  = X2xex2 dx  = iex2]  o = e - 1 


1L  XX  ett  dydx  = SHI  /tt  dxdy  = \ .Cffr  dy 


In  17 
4 


12-  X 272  dx  dy  = f0  X dy dx  = X 27rx  sin  (7rx2) dx  = cos  C7™2)!  o = -(-!)  -(-!)  = 2 


13-  A = XX+4  dydx  = fj~x2  ~ 2x) dx  = s 14-  A = fill dx dy  = //(y/y  - 2 + y)  dy 

dx  = I |2x2  + ^-^' 


37 

6 


15-  v = /.77'(xl  + y2)dy*  = /,'py+ 

_ /2  . 2^  4 

V 3 12  12/  12  3 


= fh 

Jo 


dx  = 


2x3  _ (2— x)4  _ 7jJ 
3 12  12 


-|  1 
. 0 


16.  V = f]f  x2  dy  dx  = /3[x2y]'  x'  dx  - J‘ (6x2  x1  - x3)  dx 

17.  average  value  = £ £ xy  dy  dx  = £ ] Q dx  = £ f dx  = 1 


125 

4 


n\/i — x2  ri  r 2 1 \/ 1 — x2  » r*i 

xydydx  = * J0  dx  = - J0(x^x3)dx=i 


n 


-w-Vl-x2  (l+x2+y2) 


nl  /»27T  1 /»27T 

, 77777  drcW  = Jo  [-  IT?]  0 d0  = 5 Jo  d9  = n 


r>  1 C \J  1 — y2  C27r  n\  r> 2tv  r> 2 p2n  „ 

20-  1n(x2+y2  + 1)dxdy  = Jo  Jo  r In  (r2  + 1)  drdfl  = Jg  J,  ilnudud0=ijo  [ulnu-u]2 


-v'l^Y5 

r»27r 


d(9 


J»27T 

o (2  In  2 - 1)  d(9  = [In  (4)  — 1]  tt 


21.  (x2  + y2)2  — (x2  — y2)  = 0 =>  r4  — r2  cos  2d  = 0 =7-  r2  = cos  2d  so  the  integral  is  J ^£ 


■/4  n y/cos  2(9 


•/4J0  (1+r 


drd$ 


d0  = I 


re 


= f f-  — L_ 

J — 7t/4  [ 2(1 +r2 


-tt/4  V 1 + COS  20 

1 I’d  tan  0 1 7r/^‘  7T — 2 

4 


)d0=l  X!l(t  - d?*)  d0 


22‘  ^ fj  a+j+y?f  dxdy = rr  (TT77 dr^ = r/3  [- 

r»  7t/3 


r/3[i 

Jo  L2 


d(9 


J 0 


d6»  = i H’  dd: 

2 J 0 1 + sec^  0 ’ 


u = tan  0 
du  = sec2  d dd 


2(1  + sec2  0) 

v/3 

4*)  //  7 2 — g-j  dxdy  = r'2  r — J— .drd d=  P"  lim 

v ; J_J  (l+x2+v2r  J Jo  Jo  (l+r2r  Jo  h — > c 


\/3 


1 j v du 

2 Jo  2+u2 


= \ 4t  tan  1 


V*  tnn-i  /I 

- — tan  v 2 


(1  +x2  +y2) 
nn/2 

/ lim 

^ 0 b — > 00  L 


lb 


uni  I 7T71  ; or  d0 

b — ' 00  L 2(1+r  )Jo 


2 2 ( 1 + b2 ) 


1 r'2 

d^  = I Jo  d0=4 
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23. 


Jo  fofo  cos(x  + y + Z)dxdydz  = fg  fg  [sin (z  + y + n)  - sin (z  + y)]  dy dz 
= fo  [—  cos  (z  + 27 r)  + cos  (z  + 7r)  — cos  z + cos  (z  + 7r)]  dz  = 0 


J»ln7  pin  2 pin  5 pin/  pin  2 pin/ 

/ / e(x+y+z)  dz  dy  dx  = / I e^x+y)  dy  dx  = / ex  dx  = 1 

ln6  JO  Jln4  ^ J in  6 J 0 J Jin 6 

25'  £'£'£"( - y - z»dzdy*  = n"(¥  - ¥)  dy*  = X‘(¥  - t)  * 


35 


26.  m;  dy  dz  dx  = u;  1 dz  dx  = />  x dx  = [x  In  x — x]  [ 


= 1 


J»7t/2  pO  p— 2x  p7r/2  pO  p7r/2 

I I dzdxdy  = 2 I I — 2xdxdy  = 2 I cos2ydy  = 2 

0 J-cosyJO  ^ J 0 J - cos  y ^ JO 


tt/2  nO 
0 J — cos  y 


r»7r/2 


y | sin  2y 
2 ^ 4~~ 


tt/2 


ZE 

2 


n-\/4— x2  p4— x2  p2  p v/ 4— x2  p2 

Jo  dzdy  dx  = 4 Jg  Jg  (4  - x2)  dy  dx  = 4 Jo  (4  - x2) 


3/2 


dx 


x (4  - x2)3/2  + 6x3/ 4 — x2  + 24  sin-1  fl  2 
L ZJ  0 


= 24  sin  1 1 = 1 27t 


29.  average  = | 30xz/x2  + y dzdy dx  = | Jg  Jg  15x/x2  + y Ay  Ax  = j J"g  Jg  15x-/x2  + y dxdy 

= 5 £ [5  (x2  + y)3/2]  ) dy  = i £ [5(1  + y)3/2  - 5y3/2]  dy  = ± [2(1  + y)5/2  - 2y5/2]  3 = i [2(4)5/2  - 2(3)5/2  - 2] 
= ± [2  (31  — 35/2)] 


30.  average  =4^3  fg  fgfg  p3  sin  4>  dp  d0  AO 


X X sin  </>  d d0 


5s 

4 


31.  (a) 

(b) 

(c) 


C\/2  C \/2-y2  f‘i/4-x2-y- 

3 dz  dx  dy 

Jo  1/  fo  3p2  sin  (j>  dp  A<£>  A9 


p 27r  p v"2  p \/ 4— r2 

I I / 3 dz  r dr  d0  = 3 

Jo  Jo  Jr 

= £*  (-23/2  - 23/2  + 43/2)  A9 


i:£>-^-£ 

= (s  - 4/2)  £ Ad  = 2tt 


drd6>  = 3 £’  [-  | (4  - r2)3/2 

(8-4/2) 


d6» 


32.  (a)  f f f 21(r  cos  0)(r  sin  0)2  dz  r drd(9  = f f f 21r3  cos  9 sin2  9 dz  r drd0 

U—Tv/2d0  J — r2  J —tv/2J  0 J —r2 

(b)  J ,gJg  J , 21r3  cos  0 sin2  9 dz  r drdt?  = 84  Jg  Jg  rG  sin2  9 cos  0 drd(9  = 12  Jg  sin2  9 cos  9 A9  — 4 

n7r/4  nsec  (f> 

, J0  P2  sin^dpd^d^ 

n7r/4  nseccf)  n2n  nix/4  n27r  ,_/4  p27r 

, Jo  p2  sin  (/>  Ap  Aip d7  = 3 Jg  Jg  (sec  Msec  tan  0)  d</>d0  = 5 Jg  [5  tan2  / / d0  = 5 Jg  A9  = f 

n\/l-x2  p/x2+y2  p7r/2  pi  pr 

, J0  (6  + 4y)  dz  dy  dx  (b)  Jg  Jg  Jg  (6  + 4r  sin  0)  dz  r dr  d0 

p 7r/2  p7r/2  ncsc<j> 

(c)  Jg  J Jg  (6  + 4 p sin  (j>  sin  0)  (p2  sin  0)  dp  d<3  d0 

(d)  J)  f0  f0  (6  + 4r  sin  0)  dz  r drd0  = Jg  Jg  (6r2  + 4r3  sin  9)  drd#  = Jg  [2r3  + r4  sin  9]  J A6 
= J“0  (2  + sin  9)  A9  = [29  — cos  9]  /2  = 7r  + 1 
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nV^-x2  \J 4 — x2 — y2  f * 'J 3-x2  /■»  y/ 4 — x2 — y2 

/I=?Ji  z2yxdzdydx+Ji  Jq  J,  z2yxdzdydx 


36.  (a)  Bounded  on  the  top  and  bottom  by  the  sphere  x2  + y2  + z2  = 4,  on  the  right  by  the  right  circular 
cylinder  (x  — l)2  + y2  = 1,  on  the  left  by  the  plane  y = 0 

r» 7t/2  r»2cosd  n \J 4— r2 

(b)  Jo  Jo 


r»27r  f»2  />v  o— r r>27r  p2  / , \ r»27r  r 0/9  H 2 

37.  (a)  V = Jo  Jo  J2  dzrdrdP  = Jg  Jg  (rV8  - r2  - 2rJ  dr d(9  = Jg  ^ i (8  - r2)  7 - r2J  ^ d6» 

= jj”  [-  5 (4)3/2  - 4 + i (8)3/2]  df?  = £’1  (-2  - 3 + 2^8)  d0  = | (4y/2  - 5)  dd  = 

(b)  V = Jg  p 2 sin  (f>  dp  dcj)  dd  = | Jg  [2\f2  sin  (f)  — sec3  ^ sin  </>^  d0  d$ 

= I So  So  (2v^ 2 sin  </>  — tan  (f>  sec2  </>^  d0  d0  = | n — 2y/2  cos  4>  — 4 tan2  </>j  d0 

= i r(-2  - 1 + 2^)  = iC(=^)  d^ = 8^(4f~5) 


n7r/3  p2  p27T  p 7T/3  f»2 

J J0  (p  sin  </>)2  (p2  sin  </>)  dp  d^  d6»  = Jg  Jg  Jq  p4  sin3  <f>  dp  dcj)  d 9 
= T So  Jo  (S4n  ^ — cos2  ^ S4n  d</>  d0  = y J"  cos  dP  = y 

r»27T  p7T  pb 

39.  With  the  centers  of  the  spheres  at  the  origin,  Iz  = Jg  Jg  J 6(p  sin  </>)2  (p2  sin  (j>)  dpdcj/dO 
— 7b  s~  a - Jg  Jg  sin3  <j>  dcj>  dO  = 15  ^ 5~  J - (sin  cf>  — cos2  </>  sin  <^)  d<3  d0 


5 (b5  - a5 

5 


X'  [-“»*+  *7*]  > = ‘-XX1  X M 


_ 87t<5  (b5  — a5) 

15 


p27T  r»7T  f*l—  COSt<  r»27T  p7T  — COS  0 

40.  Iz  = Jo  Jo  Jo  ^ sin  (p2  sin  dl°  d<^  d6)  = Jo  Jo  Jo  ^ sin3  ^ d^  d<^  d0 

= 1X1(1  — cos  <(>)5  sin3  (j)  dcj)  dd  = XX 1 — cos  <(>)6(1  + cos  <j>)  sin  </>  d^>  d0; 

- i Xi> - “) *>* - 1 X[t -<]>-! Xd - 1) 2S <“ 

= iX¥"  = lXd»=t 


«•  m = rx^* = X2 1"4'  m, = / x.  »<**- x*  p -t)*- 


= XX  y dy  dx  = X(2  - J)  dx  = 1 


= 1 ^ x = y = 231 


42-  M = £fT  dxdy  = X4(4y  - y2)  dy  = f ; Mx  = /04£y;y  y dxdy  = f*(4 y2  - y3)  dy  = [f  - ^ 

M^/X-xdxdy^r^-V]  dy=  =>  x=^  = -f  andy^f  =2 


43.  I„  = £ JJ(x2  + y2)  (3)  dy  dx  = 3 £ (4x2  + f - ^ j dx  = 104 


1.  (a)  I0=  f’Jj*2  + Y2)  dydx=  £(2x^  + 1) 
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w I>  = XX  y2  dj  * = X',  T dx  = if  ; I„  = PX  X2  dx  dy  = £ f dy  - "> 


' — au  — b 
4ab3  , 4a¥  __  4ab(b24-a2 
— 3 "t"  3 — 3 


= Lb  3-dy=  T =>  Io  = Ix  + Iy 


45.  M = 


* XT'Tdx  = « X ’f  * = 3ft  I,  = « XT"  y!  <**-«  T * = (If)  (?)  = * 


3 p2x/3 


46.  M = ££(x  + 1)  dy  dx  = £(x  - x3)  dx  = ± ; Mx  = ££  y(x  + 1)  dydx  = ± £(x3  - x5  + x2  - x4)  dx  = 
My  = £ £ x(x  + 1)  dy  dx  = £ (x2  - x4)  dx  = £ =*  x = ± and  y = | ; Ix  = £ £ y2(x  + 1 ) dy  dx 
= 5 J0‘(x4  - x7  + x3  - x6)  dx  = & =*  Rx  = Ji  = ; Iy  = ££  x2(x  + 1)  dydx  = £(x 3 - x5)  dx 


47.  M = 


££  (x2  + y2  + |)  dydx  = £ (2x2  + f ) dx  = 4;  Mx  = ££  y (x2  + y2  + f ) dy  dx  = £ 0 dx 


My  = ££  x (x2  + y2  + i)  dy  dx  = £ (2x3  + f x)  dx  = 0 


48.  Place  the  AABC  with  its  vertices  at  A(0, 0),  B(b,  0)  and  C(a,  h).  The  line  through  the  points  A and  C is 

nil  n(a-b)y/h+b 

y = " x;  the  line  through  the  points  C and  B is  y — - h (x  — b).  Thus,  M = Jg  J 6 dx  dy 

r»h  , p(a— b)y/h+b  _ f»h  , 


<5bh3 

12 


= M X 0 - 1)  4,  = ¥ ; I.  = re  3^y  = w x (f  - f ) dy 

49.  M = f ££  r drd6»  = | f£  dO  = 3tt;  My  = f££  r2  cos  6 Ax  Ad  = 9 J cos  9 dd  = 9 s/l 
and  y = 0 by  symmetry 


=¥  x=^. 


50.  M = £ J r drd#  = 4 £ dd  = 27r;  My  = £ £ r2  cos  0 drd0  = y £ cos  0d0=y  =>  x = , and 

y = by  symmetry 


X7T/2  /»l+cos0 

J,  rdrd(9 

= Jo?r/2(2  cos  d + 1+c°s2g)  dd  = ^ ; 


X7t/2  /M+COS0 

(rcos0)rdrd0 

= £ ^ ^cos2  d + cos3  0 + 55y^  dd 

32  + 157T  77 157T  + 32  nnA 

~ 24  =►  x - 6yr  + 48  , and 

y = 0 by  symmetry 


(b) 


52.  (a)  M = £ £ v dxdd  — £ f dd  = a2ct;  My  = £ £ (r  cos  6)  r drd6>  = £ d0  = 3 

2a  sin  a 


v 2a  sin  a 

^ X ~ 3a 


, and  y = 0 by  symmetry;  lim  x = lim  _ 

a— >7r  a —>  it 


3 a 


= o 


(b)  x = and  y = 0 


13  . 
120  ’ 


— 12 


0; 
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53.  x = u + y and  y = v =>  x = u + v and  y = v 

=>  J(u,  v)=  q | = 1 ; the  boundary  of  the 

image  G is  obtained  from  the  boundary  of  R as 
follows: 


54.  If  s = ax  + /3y  and  t = 7X  + 6y  where  (a<5  — /Ay)2  = ac  — b2,  then  x = 7'/  , y = Ts_+aat , 


andJ(M)=  mTuF  _ 


<5  -0\ 


= 1 r2ir  r 

\/ac  — b2  Q Jo 


’>  | —7  a | 

re_r2  drd6»  = 


Xoo  po 
-00  J — c 


» 1 „ dsdt 

/ac  — b2 


r»2-7r 

f dO 

ac  — b2  J 0 


. Therefore,  , " „ =1  =>  ac  — b2  = 7r2. 

: — b2  v ac  — b2 


CHAPTER  15  ADDITIONAL  AND  ADVANCED  EXERCISES 


p2  p6— x2 

1.  (a)  V = J Jx  x2  dy  dx 


X2  p6-x2  nx2 

Jx  Jo  dzdydx 


✓»2  p6-x2  p2  p6—x2 

(c)  V = J Jx  x2  dy  dx  = J (6x2  - x4  - x3)  dx  = 2x3 


2.  Place  the  sphere's  center  at  the  origin  with  the  surface  of  the  water  at  z = —3.  Then 

9 = 25  — x2  — y2  =7  x2  + y2  = 16  is  the  projection  of  the  volume  of  water  onto  the  xy-plane 

»v- a:  ■■  *«* = rr  - *)  *<* = r [- 1 <»  - ■** -§•*]*  * 

= J [-  i (9)3/2  - 24  + | (25)3/2]  dd  = fg  f d6»  = 7 

p2n  pi  p2— r(cos 0 + sin 6)  p2-7v  pi 

3.  Using  cylindrical  coordinates,  V = I I / dzrdrd  0—1  I (2r  r2  cos  0 — r2  sin  0)  drd# 

•J  0 J 0 0 u 0 u 0 

= J ~ (l  — 5 cos  0 — j sin  0)  dO  — [0  — | sin  0 + | cos  0]  ^ = 2tt 
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5.  The  surfaces  intersect  when  3 — xz  — yz  = 2xz  + 2yz  =>  xz  + yz  = 1.  Thus  the  volume  is 

ny/\  — x2  p 3— x2— y2  P^/2  P 1 p3—r2  P^/2  P 1 P17/2 

I dzdydx  = 4 I I I dzrdrd0  = 4 I I (3r  — 3r3)  drdf?  = 3 I ( 

I J2x2+2y2  JO  JO  J2f2  Jo  Jo  v 7 JO 


3tt 

2 


6.  V=  8 ££  ££  P2  sin<f>dpd(?>dd  = f £ £ " sin4  </>  dp dff 

+ \h'  sin2  ^ d^l  = 16  /o 7 [I  - f d0  = 47rJ0/  d9  = 27(2 


_ 64 


pn/2 

sin3  4>  cos  4> 

Jo 

4 

7.  (a)  The  radius  of  the  hole  is  1,  and  the 
radius  of  the  sphere  is  2. 


nl/3  nx/4-z*  /*27r  r*\/3 

■ J,  rdrdzd 0 = /o  J0  (3  — z2)  dzdd 

f»7r  3 sin  0 p \/ 9 — r2 


r»27T  \/3 


n3  sin  0 py9-r  p7r  p3sin0  > C71"  T q /oH  ■ 

Jn  dzrdrd6»  = Jo  Jo  rv/9  - r2  drd0  = J0  [-  5 (9  - r2)  7 J 


d(9 


= T[-i(9-9sin20)3/2  + 

= JJ 1 ~ cos  0 + sin2  0 cos  0)  d0  = 9 


d6»  = 9 


£ 1 — (1  — sin2  0)3^  d0  = 9£  (1  — cos3  0)  d0 


0 - sin  0 + 


sin3  0 


= 9-7T 


J 0 


9.  The  surfaces  intersect  when  x2  + y2  = x +y2  + 1 =>■  x2  + y2  = 1.  Thus  the  volume  in  cylindrical  coordinates 


v = 4 r x r " * - r x (1  -«)*•-  € [s - «]  > - ir * 

X7t/2  /^2  f»r2sin0cos0  P™/2  p2  p-K/2r  4 

Ji  Jo  dzrdrd0  = Jg  r3  sin  0 cos  8 drd0  = Jg  j 

7t/2 


sin  9 cos  8 d 9 


= T f0  s^n9  cos  0 d0  = ^ 


. 7t/2 

sin2  6>  | ' _ 15 


2 l0  - 8 


11. 


p oc 

Jo 


dx  = 


fb  lim 

J a t — > OC 


nb  p b /"»oo  pb  / P t \ 

e_xy  dy  dx  = / I e_xy  dx  dy  = / ( lim  / e_xy  dx  ) dy 

■'  Ja  JO  J J a \t  — > 00  J 0 ) 

] 1 <>> = r,!™,  0 - ■?)  ^ = r i = p"  yi; = >"  <i) 


g-xy 

y j 0 


12.  (a)  The  region  of  integration  is  sketched  at  the  right 

J»a  sin  j3  p \J  a2  — y2 

0 ln(x2  + y2)dxdy 

r*p 


= ££  rln(r2)  drd0; 

► I f P In  u du  dO 

2 Jo  Jo 

£ Lulnu  — u]f  d 9 


to  Jo 

9 

u = r 
du  = 2r  dr 
*0 


1 

2 Jo 


2a2  In  a — a2  — lim  t In  1 1 d 0 = 

o L t-s-o 


d9  — j £ (2  In  a — 1)  d9  = a 2/3  (in  a — 3) 


r» a cos  p p (tan  3)x  pa  py  a2— x2 

Jo  Jo  ln  (x2 + y2)  dy dx  + JacoS  Jo  ln  (x2 + y2)  dy dx 
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13.  ££em(x~t}  f(t)  dt  du  = ££em(x~t)  f(t)  du  dt  = £(x  - f(t)  dt;  also 

fofofo  em^x_t^  f(t)  dt  du  dv  = enl(x_t^  f(t)  du  dv  dt  — £ £ (v  ^ t)em(x_t)  f(t)  dv  dt 

= £ [\  (v  - t)2em(x-‘)  f(t)j  tx  dt  = £^£  em(x-()  f(t)  dt 

14.  £ f(x)  ( £ g(x— y)f(y)  dy)  dx  = £ £ g(x-y)f(x)f(y)  dy  dx 

= fg  fy  g(x— y)f(x)f(y)  dxdy  = fg  f(y)  f £ g(x-y)f(x)  dx^  dy; 

££  g (|x— y|)  f(x)f(y)  dxdy  = ££  g(x-y)f(x)f(y)  dy  dx  + £ £ g(y-x)f(x)f(y)  dy  dx 
=/:/;  g(x— y)f(x)f(y)  dxdy  + a:  g(y— x)f(x)f(y)  dy  dx 
g(x— y)f(x)f(y)  dxdy  + a:  g(x— y)f(y)f(x)  dxdy 


’-a:  g(x— y)f(x)f(y)  dxdy, 


simply  interchange  x and  y 
variable  names 

and  the  statement  now  follows. 


nx/a2  ra  o i x/a2  na  / „ ~ \ 

, (x  + y ) dydx  = X [x y + x] n dx  = /.(i>  + if)dx=[ 


X4  X4 

4?  + 12? 


= 7 + h a 2’  4o(a)  = |a-ga3  = 0 a4  = 5 =>  a = y | = . Since  T“^a-)  = ^ i a 4 > o,  the 

value  of  a does  provide  a minimum  for  the  polar  moment  of  inertia  I0(a). 

16.  I0  = £ £(x2  + y2)  (3)  dy  dx  = 3 £ (4x2  - + f ) dx  = 104 


17.  M — f P r dr  A9  = f f f - % sec2  6*")  d<9 

J-0  Jbsectf  J-ey  2 l ) 

= a2 9 - b2  tan  9 = a2  cos’1  (|)  - b2 
= a2  cos^1  (-)  — by/ a2  — b2;  I0  = f f r3  drd0 
= i £[(a4  + b4  sec4  9)  d 9 
= \ ^ [a4  + b4  (1  + tan2  9)  (sec2  9)]  d 9 

= i [a46»  - b4  tan  9 - ° g 


a4#  _ b4  tan  0 _ b4  tan3  6 
2 2 6 


1 4 

= ^ a cos 


-1  (fe)  - 1 1,3^2  _ b2  - I b3  (a2  - b2)3/2 


b « r cos  e 


/’i B ---• 

\ b £ : a 


2 2 2 
x +y  * a 


18.  M = 


- - ;/  -/,(>-0d>  * ** 

= f-2  [fl  "Ivl dy  = (4  - y2) dy  = h fj16  8y2  + y4)  dy  = P [16y  - ¥ + i]  „ 

= & (32-  f + f)  = (&)  (^)  = S =*  x=  £ = (g)  (|)  = f ,andy  = 0by  symmetry 


19 . ££emax(bV'a2y2)  dydx  = £ ££‘ ^ dydx  + £f£eay  dxdy 


r>b  r>ay/b  2 2 
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= f(a^w  dx+/„b(Ey)  eaVdy  = 

(>2  - l) 


1 pb2x 
2ab  c 


J_  ea2y2 

2ba  c 


= A («"  - 1)  + A K - 1) 


ab 


20.  rr^fidx  dy= 

Jy0  ^x0  <9xdy  ^ Jy0  5y  J 


“y-f. 


yi  I"  9F(xi,y)  _ 9F(x0,y) 


ay 


9y 


dx  = [F(xi,y)  - F(x0,y)] 


= F(xi,y!)  - F(x0,yi)  - F(xi,y0)  + F(x0,y0) 


21.  (a)  (i)  Fubini's  Theorem 

(ii)  Treating  G(y)  as  a constant 

(iii)  Algebraic  rearrangement 

(iv)  The  definite  integral  is  a constant  number 


(b)  Jo  ex  cos  y dy  dx  = ex  dx^j  cos  y dy^j  = (eln2  — e°)  (sin  | — sin  0)  = (1)(1) 

(c)  / dxdy  = (/>  dy)  (/', x dx)  = [-  * 


= i 


1 = (-K0(H^)=o 

22.  (a)  v f — x'  + yj  =>  Duf  = Uix  + U2y;  the  area  of  the  region  of  integration  is  | 

nl-x  p 1 

, (uix  + u2y)  dy  dx  = 2 Jq  [uix(1  - x)  + \ u2(l  - x)2]  dx 


= 2 


U1  (t  ~ t)  “ (2 U2)  0 - 2 (g  U1  + \ u2)  - 5 (U1  + u2) 


(b)  average  = £ f f (Ulx  + u2y)  dA  = ^ ffx  dA  + ^ //  y dA  = Ul  (^)  + u2  (^)  = Ulx  + u2y 

R R R v ' 


J»b 

re~r~  dr 

0 


d<9 


noo  /»7t/2  poo  pTV, 

e- (x!+y!)  dx  dy  = I I (e~r!)rdrd0  = I 

i U 0 0 •J  0 

= - 5 <ej’  - » m i =1^1=1 

(b)  r Q)  = f0  r1/Vdt  = Jo  (y2)_1/2e_yJ(2y)  dy  = 2 £ e~y2  dy  - 2 ( - 0T,  where  y 
24.  Q = /;/;  kr2(l  - sin  0)  drd0  = ^ f**  (1  - sin  0)  d0  = ^ [0  + cos  0]  / = ^ 


= A/t 


Xv/h  p \/h  — x2  r»h 

vW  v/E — * J dzdydx 

2yr  r . y A 1 \A 


Xv/h  y<  , h x2  n2n  ny/ h y*27r  r ,,  .ii  Vh  f* 

-dJ-yiTAh-*!-y2)<ly<i*  = /I  £ (h-r!)rdrd«  = /o  [!£-£]„  « = f0 


r»27T  p \,/h 


h2  J/D  h27T 

/o  T - T • 


Since  the  top  of  the  bowl  has  area  107r,  then  we  calibrate  the  bowl  by  comparing  it  to  a right  circular  cylinder 
whose  cross  sectional  area  is  107r  from  z = 0 to  z = 10.  If  such  a cylinder  contains  h/  cubic  inches  of  water 
to  a depth  w then  we  have  107rw  = Kf-  =>  w = ^ . So  for  1 inch  of  rain,  w — I and  h = y/20;  for  3 inches  of 
rain,  w = 3 and  h = a/60- 
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26.  (a)  An  equation  for  the  satellite  dish  in  standard  position 
is  z = i x2  + \ y2.  Since  the  axis  is  tilted  30°,  a unit 
vector  v = Oi  + aj  + bk  normal  to  the  plane  of  the 
water  level  satisfies  b = v • k = cos  (|)  = 7 

=>  a = -\j  1 - b2  = - \ =>  v=-ij  + ^k 


|(y  — !)  + it  (z~  D =° 

0 “ 73) 


^ z_  v7  y 

is  an  equation  of  the  plane  of  the  water  level.  Therefore 
the  volume  of  water  is  V = 1/  jzzr  dz  dy  dx,  where  R is  the  interior  of  the  ellipse 


x2  4.  y2  ^ y — l = 0.  When  x = 0,  then  y = a or  y — (3,  where  a = 


and  (3  = 


73 ' 


=>  V = 


- (ly+i-^j-y2)  7 J ji’+i) 


1 dzdxdy 


(b)  x = 0 =>  z = I y2  and  ^ = y;  y = 1 =>•  ^ = 1 the  tangent  line  has  slope  1 or  a 45°  slant 
=>  at  45°  and  thereafter,  the  dish  will  not  hold  water. 


27.  The  cylinder  is  given  by  x2  + y2  = 1 from  z = 1 to  00  =>  f f f z (r2  + z2)  dV 

D 

n2ir  n 1 r* 00  f*2ir  n\  n a 

= | I / z,  t>,  dz  r dr  d0  = lim  I I / rz  5„,  dz  dr  d(9 

Jo  Jo  Ji  (r2  + z2)7  a — > oo  Jo  J0J1  (r2  + z2)7 


(r2  + z2 
^27r  r*  1 


= lim 

a — > 00 


= lim 

a — > 00 


dr  d0  = lim 


a — > 00 

i 1 


= lim  2n  k 

a — > 00 


r rf(_n_L. 

Jo  Jo  ' 3/  (r2  +z2) 

r[t(^+,T1/2-t(r2  + ir1/! 

[1  (1  + ,T1/2  - i (#)  - 1 © 


3)  (r2  +73/2  + G)  (r2  + ] 
[i  - (i) 


drd(9 


+ I 


d<9  = lim 

j0  a — > 00 


= 27T 


%/2 

2 


dd 


28.  Let's  see? 

The  length  of  the  "unit"  line  segment  is:  L =2  Jn  dx  — 2. 

n7 1 — X2 

dy  dx  = 7 r. 

n\/l-x2  /'•  v 1 x2  y2  . 

Jo  dz  dy  dx  = |7r. 

Therefore,  the  hypervolume  of  the  unit  4-sphere  should  be: 

n7 1— x2  r»  7l — x2— y2  r»  7l— x2— y2— z2 

, Jo  Jo  dw  dz  dy  dx. 

Mathematica  is  able  to  handle  this  integral,  but  we'll  use  the  brute  force  approach. 

n\J  1— x2  7l— x2— y2  7l— x2— y2— z2  nl  n\/l—x2  n \/\-x2-y2 

, Jo  Jo  dwdzdydx=16 JoJo  Jo  Cl  -x2-y2-z2  dz  dy  dx 

'•I  n \J  1— x2  n y/l— x2— y2 


= i6  r r x r 

Jo  Jo  Jo 


y27  - dz  dy  dx  = 


Cl  -x2-y2  = COS  0 

dz  = — ^l  — x2  — y2  sin  9 dd 


16  f f ( 1 — x2  — y2)  /"  — a/  1 — cos20  sin  0 d0  dy  dx  = 16  f f (1  — x2  — y2)  f — sin20  d0  dy  dx 

•J  0 U 0 J 7t/2  JO  t/0  J 7t/2 


= 16 


/0  JO 

Jo  Jo^K1  - x2  - y2)  dy dx  = 47r f0  (7i  -x2  - x2 \/ 1 — x2  - i(i  - x2)-) 


dx 


4?r/o  7l  -x2[(l  -x2)  ^ L_C]  dx=  |tt f (1  -X2)372 


dx  = 


X = cos  U 
dx  = —sin  # d# 


= — f 7r  f sin40d# 

J Jtt/2 


3^/1  (Mf^)2d0  = -§*£  (1  - 2 cos  20  + cos220)d0  = -7/X  (1  - 2 cos  20  + ^)d0 
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CHAPTER  16  INTEGRATION  IN  VECTOR  FIELDS 


16.1  LINE  INTEGRALS 

1 . r = ti  + (1  — t)j  =>■  x = t and  y = 1 — t =>  y = 1 — x =>  (c) 

2.  r = i+  j+tk=^x=l,y=l,  and  z = t =>  (e) 

3.  r = (2  cos  t)i  + (2  sin  t)j  =>  x = 2 cos  t and  y = 2 sin  t =>  x2  + y2  = 4 =>  (g) 

4.  r = ti  =>■  x = t,  y = 0,  and  z = 0 =>-  (a) 

5.  r = ti  + tj  + tk  =>■  x = t,  y = t,  and  z = t =>  (d) 

6.  r = tj  + (2  — 2t)k  =>  y = t and  z = 2 — 2t  =>•  z = 2 — 2y  =>■  (b) 

7.  r = (t2  - 1)  j + 2tk  y = t2  - 1 and  z = 2t  y = £ - 1 =>  (f) 

8.  r = (2  cos  t)i  + (2  sin  t)k  =>  x = 2 cos  t and  z = 2 sin  t =>  x2  + z2  = 4 =>  (h) 

9.  r(t)  = ti  + ( 1 - t)j , 0 < t < 1 =>■  * = i — j =>  |*|  = \/l\  ; x = t and  y = 1 — t x + y = t + (l  — t)=l 

=*  £ f(x,  y,  z)  ds  = £ f(t,  1 - t,  0)  If  |dt=  £ (1)  (y/2)  dt  = [V2 1]  ‘ = ^2 

10.  r(t)  = ti  + (1  — t)j  + k , 0 < t < 1 =4>  * = i — j =>  | * | = \fl\  x = t,  y = 1 — t,  and  z=l  =>  x-y  + z-  2 

= t- (1  - t)+  1 -2  = 2t-2  =>  £ f(x,  y,  z)  ds  = £ (2t  - 2)  y/2  dt  = a/2  [t2  - 2t]  J = - a/2 

11.  r(t)  = 2ti  + tj  + (2  — 2t)k , 0 < t < 1 =>  f=2i+j-2k=>  |||  = ^4+1+4  = 3;xy  + y + z 

= (2t)t  + t + (2  - 2t)  =►  £ f(x,  y,  z)  ds  = £ (2t2  - t + 2)  3 dt  = 3 [|  t3  - \ t2  + 2t]  J = 3 (§  - * + 2)  = f 

12.  r(t)  = (4  cos  t)i  + (4  sin  t)j  + 3tk , — 2n  < t < 2tt  =>  ^ = (-*4  sin  t)i  + (4  cos  t)j  + 3k 

=>  | ^ | = \/l6  sin2 t + 16  cos2 t + 9 = 5;  y/x2  + y2  = \/ 16  cos2  t + 16  sin2 1 = 4 =>•  £ f(x,  y,  z)  ds  = J ^ (4)(5)  dt 

= [m%*  = 

13.  r(t)  = (i  + 2j  + 3k)  + t(-i  3 j - 2k)  = (1  - t)i  + (2  - 3t)j  + (3  - 2t)k,  0 < t < 1 =»  | = =i  - 3j  - 2k 

=>  111  = ^1+9  + 4 = y/u ; x + y + z = (1  - t)  + (2  - 3t)  + (3  - 2t)  = 6 - 6t  =►  Jcf(x,y,z)ds 

= 6-6t)  ^/l4  dt  = 6y/l4  ft  - fl  1 = U^fu)  (1)  =3^14 

J 0 ^ o \ j \ a / 

14.  r(t)  = ti  + tj  + tk , 1 < t < oo  =>  ^=i+j  + k =>  1 5 1 = \f^>  \ x2+^?+z2  = ,2  4^+  ,2  = 

=*  fc  f(x-  y^z>  ds  = £ (#)  \/3  dt  = [ - {]  “ = hlirn^  (-  i + 1)  = 1 
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15.  Cx:  r(t)  = ti  + t2j  , 0 < t < 1 =>  | = i + 2tj  =>  | | | = yj 1 + 4t2  ; x + 0 - z2  = t + >/ 12  - 0 = t + |t|  = 2t 
since  t > 0 =>•  £ f(x, y,  z)  ds  = £ 2t0  + 4t2  dt  = [i  (1  + 4t2)3/2]  * = i (5)3/2  - ± = i (50  - l)  ; 

C2:  r(t)  = i + j + tk,  0 < t < 1 =+  | = k =>  |||  = l;x+0-z2  = l + 0-t2  = 2-t2 

=4>  £ f(x,  y,  z)  ds  = f0(2-  t2)  (1)  dt  = [2t  - \ t3]  3 = 2 - 1 = | ; therefore  £ f(x,  y,  z)  ds 

= £ f(x> y’ z)  ds  + fc, f(Xi  y,z>  ds  = §0  + § 


16.  Ci:  r(t)  = tk , 0 < t < 1 +>  | = k =>  1 1 0 1;  x + 0 - z2  = 0 + 0 - t2  = -t2 

=4>  £ f(x,y,  z)  ds  = £ (— t2)  (1)  dt  = 


_ _ 1 . 


J 0 
I dr  I 


Z = 


t-  l = 0-  l 


C2:  r(t)  = tj  + k.0<t<  1 =>  | =j  =►  If]  =l;x+  0 
=*  fc y,z)  ds  = /0'(v^-  1)  (1)  dt  = [f  t3/2  - 1] ; 

C3:  r(t)  = ti  + j + k,0<t<  1 =►  |=i  =►  |||  = l;x+0-z2=t+0-l=t 


_ 2 _ 1 = _ I- 

0 3 1 3 ’ 


£ f(x,  y,  z)  ds  = £ (t)(l)  dt 


L 2 J 0 


fc  f(x’y>z ) ds  = L fds+Lfds+Lfds  = -l  + (-  3 > 


_ _ l 
6 


17.  r(t)  = ti  + tj  + tk,0<a<t<b  =*  |=i+j  + k =*  |||  = 0; +±i±+ = 0*0  = i 
=>  /cf(x,y,z)ds  = Ja  (j)  0dt  = [01n  |t|  1 = 01n(|)  , since  0 < a < b 


18.  r(t)  = (a  cos  t)  j + (a  sin  t)  k,  0 < t < 27t  =>  | = (—a  sin  t)  j + (a  cos  t) k =+  1 1 1 = \J a2  sin2 1 + a2  cos2 1 = |; 

fc  f(x,y,z)ds  = £ - |a[2  sintdt+  £ |a|2  si 


.,/x02  _ _V0  + a2  sin2t  _ J “ W Sil3t’  0<t<- 

Vx  +z  - vu  + asint-i  y sint  < t < 2?r 


sin 


= [a2  cos  t]  q — [a2  cos  t] 2?r  = [a2( — 1 ) — a2]  — [a2  — a2( — 1 )]  = —4a2 


19.  (a)  r(t)  = ti  + kj , 0 < t < 4 


dr 

dt 


2-i 


I dr  I _ y/5 


f x ds  = f t 0dt  = 0 f t dt  = 

J C Jo  2 2 Jo 


V0 

4 1 


J 0 


(b)  r(t)  = ti  + t2j , 0 < t < 2 =>  | = i + 2tj  =+  |||  = 0 +4t2  =+  L x ds  = /:  t 0 + 4t2dt 
= 0(1  +4t2)3/2l 


1 2 

- 0 


I7y/l7  — 1 
12 


20.  (a)  r(t)  = ti  + 4tj , 0 < t < 1 =►  |=i  + 4j  =►  |||=07=>  /c0T+0ds  = £ 0+2(4t)  07  dt 
= 07 £ 0>t  dt  = 307 £ 0 dt  = [2 07  t2/3  ^ = 20+ 

(b)  CX:  r(t)  = ti , 0 < t < 1 =►  |=i  =>  |||  = 1;C2:  r(t)  = i + tj,  0 < t < 1 =►  | =j  =>  |||  = 1 
£ 0 + 2y  ds  = £ 0c  + 2y  ds  + £ 0 + 2y  ds  = £ 0 + 2(0)  dt  + £ 0 + 2(t)  dt 
= £ 0dt  + /o'  0~+2tdt  = [|  tV3]  ;+[!(!+  2t03]  ’ = f + (¥  ~ 5)  = 50±i 


21.  r(t)  = 4ti  — 3tj , — 1 <t< 


= -15  f]  te16t2dt  = 


15  _16t2 
32  c 


dt 

2 

- -1 


= 4i  - 3j  =>  HI  = 5 =+  £ yex2  ds  = (~3t)e(4t)2  • 5dt 


- _ 15  „64  , 15  _16  _ 15/-16  _ „64\ 
~ 32 c "r  32  — 32  + c ) 
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22.  r(t)  = (cost)i  + (sint)j  ,0<t<27r=>^  = (-sint)i  + (cost)j  =$■  | = \J  sin2 1 + cos2 1 = 1 =>  J (x  - y + 3)  ds 

= £ (cos  t — sin  t + 3)  • 1 dt  = [sin  t + cos  t + 3t]  ^ = 67 r 


23.  r(t)=t2i  + t3j,l<t<2=>|=2ti  + 3t2j=>|g  = 


+ (3t2)2  = t^4  + 9t2  =*  £ * ds 


= / t\/4  + 9t2  dt  = £ t ^4  + 9t2  dt  = [^(4  + 9t2)3/2 


_ 80/l0-  13/13 
— 27 


24.  r(t)  = t3i  + t4j , i < t < 1 =*  ft  = 3t2i  + 4t3j  =*  1 £ 1 = £ (3t2)2  + (4t3)2  = tV9  + 16t2  =►  £ £ 


ds 


= j;‘jf.t2v/9+l6t2dt=  /i‘2t^9+16t2dt=  [i(9+16t2)3/2 


1 _ 125  — 13\/l3 

1/2  “ 48 


25.  Ci:  r(t)  = ti  + t2j  , 0 < t < 1 =>  | = i + 2tj  =>  1 1 1 = ^l+4t2;  C2:  r(t)  = (1  - t)i  + (1  - t)j,  0 < t < 1 
=►  =►  lll  = V/2=>/c(x+yy)ds=/Ci  (x+0i)ds  + /c2  (x+0i)ds 

= fo  (l  + V^)  \/ 1 + 4t2  dt  + £ ((1  - t)  + v/TTT)  V^dt  = £ 2tVl+4t2dt  + £ (1  - t + VT^T)  V^dt 


g(l  +4t2)3/2l  * + \[2 
L°  Jo 


t^k2-f(t-t) 


3/2 


5x/5  — 1 . l\fl  5\f5+ly/2—\ 

6 + 6 ~ 6 


26.  Ci:  r(t)  =ti,0<t<  1 =►  | =i^  If]  = 1;C2:  r(t)  = i + tj,  0 < t < 1 =*  £ = j =►  1 1|  = 1; 

C3:  r(t)  = (l-t)i+j,0<t<l=>  | = -i^|||  = l;C4:  r(t)  = (1  - t)j,  0 < t < 1 =►  £ = -j=>|£|  = l; 


X 


1 


c x2  + y2  + 1 


ds  = 


= £ w+rnds  + £ 3+|?+Tds + £ 


1 ds  + f 7 l,  , , ds 

U C4 


X2+p+l 


x2  + y2  + 1 ' 


f1  dt , f‘ dt , f 1 

Jo  t2  + l Jo  t2  + 2 J 0 (1  — t)2  + 2 Jo 


0 ( 1 — t)2  + 2 Jo  (l-t)2  + l 

1 1 . r . / ,\i  1 


[tan-'t]  \ + £ [tan-1  (^)]  Q + ^ [tan"1  (^)}Q  + [-tan-‘(l  - t)| ^ = f + ^tan"1  [£) 


27.  r(x)  = xi  + yj  = xi+f  j,0<x<2  =►  f = i + xj  =►  1 f 1 = y/l  + x2 ; f(x,  y)  = f (x,  f ) = ^ 
= £(2x)\/  1 + x2  dx  = [|  (1  +x2)3/21  “ = | (53/2  - 1)  = 


= 2x  ^ / f ds 


x 


28.  r(t)  = (1  — t)i  + 4(1  — t)2  j,  0 < t < 1 


dr 

dt 


i/l  + (1  ~ t)2 ; f(s,y)  = f ((1  - t),  i(l  - t)2) 


=*•  Xfds= X </> + n - ■)’ di = £'  X1  - 0 + i<‘  - [)4) 

= 0-  (-4  - 4-1  = 11 

u v 2 20  J 20 


(i-t)  + i(i-t)4 

\/i  + (1  — t)2 


dt  = 


-1(1- *)2-  Ui  -t) 


J 0 


29.  r(t)  = (2  cos  t)  i + (2  sin  t)  j , 0 < t < | =>  £ = (—2  sin  t)  i + (2  cos  t)  j =>•  | £ | = 2;  f(x,  y)  = f(2  cos  t,  2 sin  t) 

= 2 cos  t + 2 sin  t =>  J f ds  = £ (2  cos  t + 2 sin  t)(2)  dt  = [4  sin  t — 4 cos  t]  q^2  =4  — (—4)  = 8 

30.  r(t)  = (2  sin  t)  i + (2  cos  t)  j , 0 < t < | =>  £ = (2  cos  t)  i + (—2  sin  t)  j =>■  | £ | = 2;  f(x,  y)  = f(2  sin  t,  2 cos  t) 

= 4 sin2 1 — 2 cos  t =>  £ f ds  = £ (4  sin2 1 — 2 cos  t ) (2)  dt  = [4t  — 2 sin  2t  — 4 sin  t]  ^J4  = n — 2 ^1  + \^2j 

31.  y = x2,0<x<2=>  r(t)  = ti  + t2j  , 0 < t < 2 =»  | = i + 2tj  | ^ \ = ^/l  +4t2  =>  A = £ f(x,  y)  ds 
= £ (x  + V^)ds  = £ (t  + V^)  \/ 1 + 4t2  dt  = £ 2tv/l  +4t2dt  = [i(l  + 4t2)3/2j  ] = 
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32.  2x  + 3y  = 6.  0 < x < 6 =>  r(t)  = ti  + (2  - ft)  j ,0<t<6^(|=i-§j=>|(||  = ^=^A  = £ f(x-  y)  ds 
= £ (4  + 3x  + 2y)ds  = £ (4  + 3t  + 2(2  - ft))  dt  = ^£  (8  + ft)dt  = # [8t  + |t2]  „ = 26^13 

33.  r(t)  = (t2  - 1)  j + 2tk,  0 < t < 1 =>  ft  = 2tj  + 2k  =>  1 1 1 = 2^t2  + 1;  M = £ 8(x.  y,  z)  ds  = £ S(t)  (2v/t2TT)  dt 
= £(l  t)  £^/t2  + l)  dt  = [(t2  + l)3/z]  1 = 23/2  - 1 = 2\Jl  - 1 


34.  r(t)  = (t2  - 1)  j + 2tk,  -1  < t < 1 =>  | = 2tj  + 2k 

=+  |^|=  2\J t2  + 1;  M — f 8(x,  y,  z)  ds 

c 

= /_1i(l5v'(t2-l)  + 2)  (2v/t2TT)  dt 
= f'30  (t2  + 1)  dt  = [30  (£  + t)  1 =60(i  + l)=  80; 
Mxz  = £ y«5(x,y,z)  ds  = f^t2  - 1)  [30  (t2  + 1)]  dt 
= />( t4  - 1)  dt  = [30  (f-t)]^  = 60  (1  - 1) 


= —48  =>  y = ^ = — |g  = — | ; Myz  = J x8(x,  y,z)ds=£o8ds  = 0 =>■  x = 0;  z = 0 by  symmetry  (since  8 is 


independent  of  z)  =+  (x,  y,  z)  = (0,  — | , 0) 


35.  r(t)  = v^tiH-  v/2tj  + (4-t2)k,0  < t < 1 =+  £ = y/2i  + J2j  - 2tk  =>  |||  = + 2 + 4t2  = : 

(a)  M = fc8  ds  = £(3t)  £\/l  +£  dt  = 2(1+  t2)3/2  * = 2 (23/2  - l)  = A\[2  - 2 

(b)  M = £8  ds  = £ (1)  (2y/\  + t2)  dt  = [tv/1  +t2  + In  (t  + xj  \ +t2)]  1 = ]^/l  + In  (l  + 


36.  r(t)  = ti  + 2tj  + | t3/2k , 0 < t < 2 =>  f = i + 2j  + t1/2k  +>  |£|  = y/\+4  + t=  x/5  + 1; 

M = £ 8 ds  = £(3^5  + 1)  (Js  + t)  dt  = £3(5  + 1)  dt  = [\  (5  + 1)2] 2 = | (72  - 52)  = \ (24)  = 36; 

Myz  = £ x8  ds  = £ t[3(5  + 1)]  dt  = £(15t  + 3t2)  dt  = [f  t2  + 13]  2 = 30  + 8 = 38; 

Mxz  = £ y8  ds  = £ 2t[3(5  + t)J  dt  = 2 ^(151  + 3t2)  dt  = 76;  Mxy  = £ z8  ds  = £ 2 t3/2[3(5  + t)]  dt 
= £ (lot3/2  + 2t5/2)  dt  = [4t5/2  + 1 17/2]  2 = 4(2)5/2  + f (2)7/2  = 16^2  + f \[2  = ^ x/2  +>  x = ^ 

— M — 12  y - Mn...  76  _ 19  anH  7 - Ms  - 144  ,/2  — 4 Pj 

36  18  ’ ^ M 36  9 ’ m M 7-36  7 V z- 

37.  Let  x = a cos  t and  y = a sin  t,  0 < t < 2tt.  Then  ^ = — a sin  t,  ^ = a cos  t,  = 0 

=>■  J (^)2  + + (^)“  dt  = a dt;  Iz  = £ (x2  + y2)  8 ds  = £ (a2  sin2 1 + a2  cos2 1)  a 8 dt 

= f a38  dt  = 27r<5a3. 

Jo 

38.  r(t)  = tj  + (2  - 2t)k , 0 < t < 1 +>  | = j - 2k  =+  |||  = V^;  M = Jc  <5  ds  = £dy/5  dt  = 8s/5; 

Ix  = £ (y2  + z2)  8 ds  = £[t2  + (2  - 2t)2]  bj 5 dt  = £(5t2  - 8t  + 4)  S-J: 5 dt  = <5^5  [|  t3  - 4t2  + 4t]  J = | 8^5  ; 
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Iy  = £ (x2  + z2)  6 ds  = £[02  + (2-  2t)2]  6y/ 5 dt  = £( 4t2  - 8t  + 4)  6^5  dt  = by/5  [f  t3  - 4t2  + 4t]  J = f 5a/5  ; 

Iz  = fc  ^ + y2)  ^ ds  = £ (°2  + 12)  5a/5  dt  = <5^/5  [f  ] 0 = I <5^ 

39.  r(t)  = (cos  t)i  + (sin  t)j  + tk , 0 < t < 2-rr  =>■  | = (—  sin  t)i  + (cos  t)j  + k =>  j 1 1 = / sin2 1 + cos2 1 + 1 = y/2; 

(a)  Iz  — £ (x2  + y2)  b ds  = £ (cos2 1 + sin2 1)  b\J~2  dt  = 2'nb\[2 

(b)  Iz  = £ (x2  + y2)  b ds  = £ b \[2  dt  = 4-nb \[2 


40.  r(t)  = (t  cos  t)i  + (t  sin  t)j  + ^y2  t3/2k , 0 < t < 1 =>■  | = (cos  t — t sin  t)i  + (sin  t + t cos  t)j  + \[2v  k 
=►  HI  = V(t+D2  = t+lforO<t<  1;M  = £ b ds  = £(t  + 1)  dt  = [1 (t  + l)2]  J = 1 (22  - l2)  = 


Mxy  = 


£ zb  ds  = £ (£f  t3/2)  (t + 1)  dt  = ^ £ (t5/2 + 13/2)  dt  = [f  t7/2  + § t5/2]  l 
= ¥(?  + §)  = ¥(3)  = ^ **=%=(*£)  (l)  = ^#;L  = /c(x2+y2)(5ds 
= £ (t2  cos2 1 + t2  sin2 1)  (t  + 1)  dt  = £ (t3  + t2)  dt  = 


t_  _i_  t_ 
A “I”  -X 


= 1 + 1 = 2. 
4 ' 3 12 


41.  <5(x,  y,  z)  = 2 — z and  r(t)  = (cos  t)j  + (sin  t)k , 0 < t < n =>  M = 2tt  — 2 as  found  in  Example  3 of  the  text; 
also  |^|  = 1 ; Ix  = (y2  + z2)  6 ds  = (cos2  t + sin2  t)  (2  — sin  t)  dt  = (2  — sin  t)  dt  = 2n  — 2 


42.  r(t)  = ti+^t3/2j  + f k,0<t<2  =>  | = i + y/2  tx/2j  + tk  =*►  |||  = y/l+2t  + i2  = ^(1  + t)2  = 1 + tfor 


0<t<2;M  = /c,5ds  = /o2(ilT)(l+t)dt=/o2dt  = 2;Myz  = /cx(5ds  = /o2t(ilT)(1+t)dt: 


l2j  0 


= 2; 


Mx 


= £ y b ds  = £ =£■  t3/2  dt  = Ly  t5//2 


= I ; M*y  = £ z6  ds  = fo  I dt : 


rt3i  2 


_ 4 . Y Myz  1 

3 ^x  — m — 


y = = H ’ and  z = t = I ; ^ = Jc  (y2  + z2) 6 ds  = /o2(|  t3  + 1 14)  dt  = [ft4  + | 


20 


_ 32  | 32  _ 232 
— 9 20  — 45 


Iv  = 


£(x2  + z2)  b ds  = £(t2  + 1 14)  dt 


e + £ 

3 ^ 20 


2 
J 0 


= I + 1 = T3’Iz  = Jc(x2  + y2)<5ds 


= fo(t2  + lt3)  dt=  [f + |t4 


J o 


8 i 32  _ 56 

3 T 9 — 9 


43-46.  Example  CAS  commands: 

Maple: 

f :=  (x,y,z)  ->  sqrt(l+30*xA2+10*y); 
g :=  t ->  t; 
h :=  t ->  tA2; 
k :=  t ->  3*tA2; 
a,b  :=  0,2; 

ds  :=  ( D(g)A2  + D(h)A2  + D(k)A2  )A(l/2):  # (a) 

'ds'  = ds(t)*'dt'; 

F :=  f(g,h,k):  # (b) 

'F(t)'  = F(t); 

Int(  f,  s=C..NULL  ) = lnt(  simplify(F(t)*ds(t)),  t=a..b  );  # (c) 

" = value(rhs(%)); 
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Mathematical  (functions  and  domains  may  vary) 
Clearfx,  y,  z,  r,  t,  fj 
f[x_,y_,z_]:=  Sqrtfl  + 30x2  + lOyJ 
{ a,b } = {0,  2}; 
x[t_]:=  t 
y[t _]:=  t2 
z[t_]:=  3t2 

r[t_]:=  { x[t],  y[t],  z[t]} 
v[tj:=  D[r[t],  t] 

mag[vector_]:=Sqrt[vector.  vector] 
Integrateff [x [t] ,y [ t] ,z [t] ] mag[v[t]],  {t,  a,  b}] 
N[%] 


16.2  VECTOR  FIELDS,  WORK,  CIRCULATION,  AND  FLUX 


1.  f(x,y,z)  = (x2 +y2 +z2)  1/2  =>  § = - \ (x2  + y2  + z2)  3/2(2x)  = -x  (x2  + y2  + z2)  J/;  similarly, 

g = -y  (x2  + y2  + zT3/2  and  I = -z  (x2  + y2  + zT3/2  =*  v f = 


>.  f(x,  y,  z)  = In  Vx2  + y2  + Z2  = i In  (x2  + y2  + z2)  =►  § = l (2x)  = 


x2  + y2  + z2  ’ 


similarly,  — x2+y2+z2  and  f7  — x2+yz2+z2  =>  V 1 — x2 +/2 +z2 


3.  g(x,  y,  z)  = ez  — In  (x2  + y2)  =>  | ^ | ^ and  = ez 


dz 


=►  vg  = 


( x2  + y2  ) ' (x2  + y2)j 


+ ezk 


4.  g(x, y, z)  = xy  + yz  + xz  =>  = y + z,  = x + z,  and  = y + x =>■  vg  = (y  + z)i  + (*  + z)j  + (x  + y)k 


5.  |F|  inversely  proportional  to  the  square  of  the  distance  from  (x,  y)  to  the  origin  =>  (M(x,  y))2  + (N(x,  y))2 

, k > 0;  F points  toward  the  origin  =>•  F is  in  the  direction  of  n — 


x2  + y- 


F = an , for  some  constant  a > 0.  Then  M(x,  y)  = ^ and  N(x,  y)  = -j 


x/x2  + y2  ^x2  + y2 

-ay 


\/ (M(x,  y))2  + (N(x,  y))2  = a =F  a = 


xz  +yz 


=F  F = 


-kx 

(x2  + y2)‘ 


ky2,3/2  j - for  any  constant  k > 0 


(x2  + y; 


6.  Given  x2  + y2  = a2  + b2,  let  x = y/a2  + b2  cos  t and  y = — a2  + b2  sin  t.  Then 

r = {^\/ a2  + b2  cos  t^j  i — ^ \/a2  + b2  sin  tj  j traces  the  circle  in  a clockwise  direction  as  t goes  from  0 to  27r 

y/a2  + b2  sin  tj  i — ^ y/a2  + b2  cos  tj  j is  tangent  to  the  circle  in  a clockwise  direction.  Thus,  let 


=>  v = 


F = v =F  F = yi  — xj  and  F(0, 0)  = 0 . 


7.  Substitute  the  parametric  representations  for  r(t)  = x(t)i  + y(t)j  + z(t)k  representing  each  path  into  the  vector 
field  F , and  calculate  Jc  F - ^ . 

(a)  F = 3ti  + 2tj  + 4tk  and  | = i + j + k =>  F • f = 9t  =F  t dt  = § 

(b)  F = 3t2i  + 2tj  + 4t4 5k  and  ft  = i + 2tj  + 4t3k  =>  F - | = 7t2  + 16t7  =>  £ (7t2  + 16t7)  dt  = [|  t3  + 2t8]  J 
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(c)  r1=ti  + tjandr2  = i+j  + tk;F1  = 3ti  + 2tjand^=i  + j =*  Fj  • £ = 5t  =►  £ 5tdt=|; 

F2  = 3i  + 2j  + 4tk  and  ^ = k =+  F2  • ^ = 4t  =>  fUt  dt  = 2 +>  § + 2 = § 

8.  Substitute  the  parametric  representation  for  r(t)  = x(t)i  + y(t)j  + z(t)k  representing  each  path  into  the  vector 
field  F,  and  calculate  £ F ■ ^ . 

(a)  F = (pfpi)  j and  § = i + j + k =*►  F - | = ^ =*►  £ ^ dt  = [tan-1 1]  J | 

(b)  F = (pTl)  J and  | = i + 2tj  + 4t3k  =>  F • | =>  £ jrfj  dt  = [In  (t2  + 1)]  J = In  2 

(c)  rj  = ti  + tj  andr2  = i+ j + tk;  Fi  = j and  ^ = i + j ^ Fx  • ^ ^ ; F2  = 1 j and  ^ = k 

=>  F2-^=0^/0Wdt=I 

9.  Substitute  the  parametric  representation  for  r(t)  = x(t)i  + y(t)j  + z(t)k  representing  each  path  into  the  vector 
field  F,  and  calculate  £ F • ^ . 

(a)  F = Tti  ~ 2tj  + 0k  and  | =i+j  + k =►  F • | = 20  - 2t  =>  £ (20  - 2t)  dt  = [f  t3/2  - t2]  J = ± 

(b)  F = t2i  - 2tj  + tk  and  f = i + 2tj  + 4t3k  =>  F • | = 4t4  - 3t2  =+  £(4t4  - 3t2)  dt  = [ 1 15  — t3]  ^ ^ | 

(c)  rj  = ti  + tj  andr2  = i + j + tk;  Fi  = -2tj  + 0k  and  ^ = i + j +>  Fi  • ^ = -2t  =>  £ — 2t  dt  = — 1; 

F2  = 0i  - 2j  + k and  ^ = k =>  F2  - ^ = 1 =*  £dt  =1  =►  -1  + 1=0 

10.  Substitute  the  parametric  representation  for  r(t)  = x(t)i  + y(t)j  + z(t)k  representing  each  path  into  the  vector 
field  F,  and  calculate  £ F • ^ . 

(a)  F = t2i  + t2j  + t2k  and  f = i + j + k +>  F - f = 3t2  =+  £ 3t2  dt  = 1 

(b)  F = t3i  - t°j  + t5k  and  f = i + 2tj  + 4t3k  =+  F • £ = t3  + 2t7  + 4t8  =+  £(t3  + 2t7  + 4t8)  dt 

_ d , d i 4 tgl  1 _ 17 

4 _r  4 ~r  9 J Q 18 

(c)  rj  =ti  + tjandr2  =i+j  + tk;F!  =t2iand  ^ = i + j =>  Fi  • = t2  =>  £t2  dt  = f ; 

F2  = i + tj  + tk  and  £*  = k =+  F2  - ^ = t =>■  £ t dt  = \ =►  ± + \ = § 

11.  Substitute  the  parametric  representation  for  r(t)  = x(t)i  + y(t)j  + z(t)k  representing  each  path  into  the  vector 
field  F,  and  calculate  £ F • £ . 

(a)  F = (3t2  - 3t)  i + 3tj  + k and  £ = i + j + k =+  F • £ = 3t2  + 1 +>  £(3t2  + 1)  dt  = [t3  + t]  J = 2 

(b)  F = (3t2  - 3t)  i + 3t4j  + k and  £ = i + 2tj  + 4t3k  =>  F • £ = 6t5  + 4t3  + 3t2  - 3t 

=>  £ (6t5  + 4t3  + 3t2  - 3t)  dt  = [tG  + 14  + 13  - 1 12]  g = | 

(c)  ri  = ti  + tj  and  r2  = i + j + tk ; Fi  = (3t2  - 3t)  i + k and  = i + j =+  Fi  • = 3t2  - 3t 

=*  /o‘(3t'2  ^ 3t)  dt  = [t3-|t2]o  = -i;F2  = 3tj  + kand^=k  =*  F2  - $ = 1 =*  £dt=l 

^ ~ \ + 1 = 5 

12.  Substitute  the  parametric  representation  for  r(t)  = x(t)i  + y(t)j  + z(t)k  representing  each  path  into  the  vector 
field  F,  and  calculate  £ F • £ . 

(a)  F = 2ti  + 2tj  + 2tk  and  | = i + j + k =>  F • £ = 6t  =>  Jo*6t  dt  = [3t2]  J = 3 
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(b)  F = (t2  + t4)  i + (t4  + t)  j + (t  + t2)  k and  £ = i + 2tj  + 4t3k  +>  F - | = 6t5  + 5t4  + 3t2 

+>  £ (6t5  + 5t4  + 3t2)  dt  = [t6  + 15  + 13]  l = 3 

(c)  rj  = ti  + tj  and  r2  = i + j + tk ; Fi  = ti  + tj  + 2tk  and  ^ = i + j =>  Fj  • ^ = 2t  =+  £ 2t  dt  = 1; 

F2  = (1  + t)i  + (t  + l)j  + 2k  and  ^ = k =>  F2  • ^ = 2 =>  £ 2 dt  = 2 =+  1 + 2 = 3 

13.  x = t,  y = 2t+l,0<t<3=>dx  = dt=>  £(x-y)dx=  £ (t  - (2t  + 1))  dt  = £ (-t  - 1)  dt  = [-it2  - t]  J = 

14.  x = t,  y = t2,  1 < t < 2 +>  dy  = 2tdt  =>  £ | dy  = f£( 2t)  dt  = £ 2 dt  = [2t]\  = 2 

15.  Ci:  x = t,  y = 0,  0 < t < 3 =*>  dy  = 0;  C2:  x = 3,  y = t,  0 < t < 3 =>  dy  = dt  =*  £ (x2  + y2)  dy 

= £(x2  + y2)  dx  + £(x2  + y2)  dx  = £ (t2  + 02)  • 0 + £ (32  + t2)  dt  = £(9  + t2)dt  = [9t  + |t3]  J = 36 

16.  Ci : x = t,  y = 3t,  0 < t < 1 =>  dx  = dt;  C2:  x = 1 — t,  y = 3,  0 < t < 1 +>  dx  = — dt;  C3:  x = 0,  y = 3 — t,  0<t<3 

=>  dx  = 0 =>  £ ^x  + y dx  = £ y/x  + y dx  + £ ^/x  + y dx  + £ ^/x  + y dx 

= £ y^+3idt+/oV(l-t)+3(-l)dt+/o3  v/0+(3-t)  0=£  20dt  - £ ^4~tdt 

= [ft2/3]  l + [|(4  - t)2/3]  ‘ = | + (2^3  - = 2y/3  - 4 

17.  r(t)  = ti  — j + t2k , 0 < t < 1 =>  dx  = dt,  dy  = 0,  dz  = 2t  dt 

(a)  £ (x  + y - z)  dx  = £ (t  - 1 - t2)  dt  = [|t2  - t - it3]  J = -§ 

(b)  £(x  + y-z)dy=£  (t  1 t2)  -0  = 0 

(c)  £(x  + y-z)  dz  = £ (t  - 1 - t2)  2t dt  = £ (2t2  - 2t  - 2t3)  dt  = = [ft3  - t2  - it4]  J = -§ 

18.  r(t)  = (cost)i  + (sint)j  — (cost)k,  0<t<7r=>dx=  — sintdt,  dy  = costdt,  dz  = sintdt 
(a)  X xzdx=£  (cost)  (—cost)  (—sin  t)dt  = £ cos2tsintdt=  [—  i(cost)3j  =| 

Xp 7T  p7T  p 7T  _ "I  7T 

xzdy  = Jg  (cost)  (—cost)  (cost)  dt  = —Jo  cos3tdt=— JQ  (1  — sin2t)  costdt  = |(sint)  — sint  =0 
(c)  J^xyzdz=  £ (cos  t)  (sin  t)  (—cost)  (sin  t)dt  = —£  cos2 1 sin2  t dt  = — ^ £ sin2  2t  dt  = — \ £ 1~‘)os4t  dt 
= -g/0  (1  -cos4t)dt=  [-|t+  Vsin4t]'  = -| 

19.  r = ti  + t2j  + tk , 0 < t < 1,  and  F = xyi  + yj  — yzk  =>  F = t3i  + t2j  — t3k  and  ^ = i + 2tj  + k 
=>  F • £ = 2t3  =>  work  = £ 2t3  dt  = \ 

20.  r = (cos  t)i  + (sin  t)j  + | k , 0 < t < 27r,  and  F = 2yi  + 3xj  + (x  + y)k 

=+■  F = (2  sin  t)i  + (3  cos  t)j  + (cos  t + sin  t)k  and  ^ = (—  sin  t)i  + (cos  t)j  + g k =>■  F - ^ 

= 3 cos2 1 — 2sin2  t + g cos  t + g sin  t =>  work  = (3  cos2 1 — 2 sin2  t + ^ cos  t + ^ sin  t)  dt 

= [3 1 + | sin  2t  — t + ^4^  + g sin  t — g cos  t]  = n 
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21.  r = (sin  t)i  + (cos  t)j  + tk , 0 < t < 2n,  and  F = zi  + xj  + yk  =>•  F = ti  + (sin  t)j  + (cos  t)k  and 

n 2ty 

gg  = (cos  t)i  — (sin  t)j  + k =>  F • gg  = t cos  t — sin2 1 + cos  t =>  work  = Jg  (t  cos  t — sin2 1 + cos  t)  dt 
= [cos  t + t sin  t - | + + sin  t]  ^ = — n 

22.  r = (sin  t)i  + (cos  t)j  + | k , 0 < t < 27r,  and  F = 6zi  + y2j  + 12xk  =>  F = ti  + (cos2  t)j  + (12  sin  t)k  and 
gg  = (cos  t)i  — (sin  t)j  + g k F • gg  = t cos  t — sin  t cos2 1 + 2 sin  t 

=>  work  = J (t  cos  t — sin  t cos2 1 + 2 sin  t)  dt  = [cos  t + t sin  t + | cos3 1 — 2 cos  t]  ^ = 0 


23.  x = t and  y = x2  = t2  =>  r = ti  + t2j  , - 1 < t < 2,  and  F = xyi  + (x  + y)j  =>  F = t3i  + (t  + t2)  j and 

| = i + 2tj  =*>  F • | = t3  + (2t2  + 2t3)  = 3t3  + 2t2  =>  £ xy  dx  + (x  + y)  dy  = £ F • f dt  = f ] (3t3  + 2t2)  dt 

= [It4  + |t3]2_1  = (l2+^)-(|-|)  = f + f = fC 

24.  Along  (0,  0)  to  (1, 0):  r = ti,  0 < t < 1,  and  F = (x  — y)i  + (x  + y)j  =>  F = ti  + tj  and  gg  = i =>•  F - gg  = t; 
Along  (1,0)  to  (0,  1):  r = (1  — t)i  + tj  , 0 < t < 1,  and  F = (x  — y)i  + (x  + y)j  =>  F = (1  — 2t)i  + j and 

l = -i+J  =*  F-|=2t; 

Along  (0,  1)  to  (0, 0):  r = (1  — t)j  , 0 < t < 1,  and  F = (x  — y)i  + (x  + y)j  =>  F = (t  — l)i  + (1  - t)j  and 
® = fc  (x  - y)  dx  + (x  + y)  dy  = ffdt  + f^t  dt  + /Q‘(t  - 1)  dt  = /o‘(4t-l)dt 

= [2t2  — t]J  = 2— 1 = 1 


25.  r = xi  + yj  = yd  + yj  , 2 > y > - 1,  and  F = x2i  - yj  = y4i  - yj  =>  y = 2yi  + j and  F • ^ = 2y5  - y 

=*•  /cF.Tds  = /;,F.|dy=/;,(2y*-,)dy=[ly«-l^]-I  = (i-l)-(f-a  = i-f  = -f 


26.  r = (cos  t)i  + (sin  t)j  , 0 < t < | , and  F = yi  — xj  =>  F = (sin  t)i  — (cos  t)j  and  gg  = (—  sin  t)i  + (cos  t)j 


F • | = - sin2 1 - cos2 1 = -1  =>  £ F • dr  = f£  (-1)  dt  = - 


27.  r = (i+j)  + t(i  + 2j) 


dr 

dt 


i + 2 j =»  F - 


dr 

dt 


= (1  + t)i  + (1  + 2t)j  , 0 < t < 1,  and  F = xyi  + (y  — x)j  =>•  F = (1  + 3t  + 2t2)  i + tj  and 
= 1 + 5t  + 2t2  work  = £ F • ^ dt  = f\l  + 5t  + 2t2)  dt  = [t  + § t2  + § 13]  4 = f 


28.  r = (2  cos  t)i  + (2  sin  t)j  , 0 < t < 27r,  and  F = yf  = 2(x  + y)i  + 2(x  + y)j 

=>  F = 4(cos  t + sin  t)i  + 4(cos  t + sin  t)j  and  gg  = (—2  sin  t)i  + (2  cos  t)j  =>  F • gg 

= —8  (sin  t cos  t + sin2 1)  + 8 (cos2 1 + cos  t sin  t)  = 8 (cos2 1 — sin2 1)  = 8 cos  2t  =4>  work  = £ v f • dr 

= £ F - | dt  = £ 8 cos  2t  dt  = [4  sin  2t] jf  = 0 

29.  (a)  r = (cos  t)i  + (sin  t)j , 0 < t < 27r,  Fj  = xi  + yj  , and  F2  = — yi  + xj  =>  gg  = (—  sin  t)i  + (cos  t)j  , 

Fg  = (cos  t)i  + (sin  t)j  , and  F2  = (—  sin  t)i  + (cos  t)j  =>  Fi  • gg  = 0 and  F2  • gg  = sin2 1 + cos2 1 = 1 

r*27r  o2tt 

=>■  Circi  = Jg  0 dt  = 0 and  Circ2  — J0  dt  = 27r;  n = (cos  t)i  + (sin  t)j  =>  Fi  • n = cos2 1 + sin2 1 = 1 and 

F2  • n = 0 =>  Fluxi  = £ dt  = 2-7T  and  Flux2  = £ 0 dt  = 0 
(b)  r = (cos  t)i  + (4  sin  t)j  , 0 < t < 27t  =>•  gg  = (—  sin  t)i  + (4  cos  t)j  , Fi  = (cos  t)i  + (4  sin  t)j  , and 

F2  = (—4  sin  t)i  + (cos  t)j  =>  Fi  - gg  = 15  sin  t cos  t and  F2  • gg  = 4 =>  Circi  = £ 15  sin  t cos  t dt 

= [y  sin2 1] = 0 and  Circ2  — £ 4 dt  = 87r;  n = cos  tj  i + ££  sin  t j j =>■  Fg  • n 
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= y4|?  cos2 1 + sin2 t and  F2  - n = - sin  t cos  t =>  Flux,  = fg  (Fj  • n)  |v|  dt  = fQ  ) s/ 17  dt 
= 87r  and  Flux2  = fg  (F2  - n)  |v|  dt  = Jg  -^5.  sin  t cos  \f\l  dt  = [—  y sin2 1]  ^ = 0 

30.  r = (a  cos  t)i  + (a  sin  t)j  , 0 < t < 2ir , Fi  = 2xi  — 3yj  , and  F2  = 2xi  + (x  — y)j  =>  y = (—a  sin  t)i  + (a  cos  t)j  , 

Fi  = (2a  cos  t)i  — (3a  sin  t)j  , and  F2  = (2a  cos  t)i  + (a  cos  t — a sin  t)j  =>  n |v|  = (a  cos  t)i  + (a  sin  t)j  , 

Fi  • n |v|  = 2a2  cos2 1 — 3a2  sin2 1,  and  F2  - n |v|  = 2a2  cos2 1 + a2  sin  t cos  t — a2  sin2 1 

=>  Fluxi  = Jg  (2a2  cos2 1 — 3a2  sin2 1)  dt  = 2a2  [|  + yy]  ^ — 3a2  [ | — y^]  ^ — — 7ta2,  and 

F1ux2  = (2a2  cos2 1 — a2  sin  t cos  t — a2  sin2 1)  dt  = 2a2  [|  + yy]  ^ + y [sin2 1]  — a2  [1  — yy]  ^ = 7ra2 

31.  Fi  = (a  cos  t)i  + (a  sin  t)j  , ^ = (—a  sin  t)i  + (a  cos  t)j  =>  Ft  • y = 0 =>  Circi  = 0;  Mi  = a cos  t, 

Ni  = a sin  t,  dx  = —a  sin  t dt,  dy  = a cos  t dt  =>  Fluxi  = J(  Mi  dy  — Ni  dx  = (a2  cos2 1 + a2  sin2 1)  dt 

= I? dt  = 

F2  = ti , ^ = i =>•  F2  • ^ = t =>•  Circ2  = J\  dt  = 0;  M2  = t,  N2  = 0,  dx  = dt,  dy  = 0 =»  Flux2 

= f Mo  dy  — N2  dx  = f 0 dt  — 0;  therefore,  Circ  = Circi  + Circ2  = 0 and  Flux  = Fluxi  + Flux2  = a27t 

32.  Fi  = (a2  cos2 1)  i + (a2  sin2 t)  j , y = (—a  sin  t)i  + (a  cos  t)j  =>  Fi  • y = —a3  sin  t cos2 1 + a3  cos  t sin2 1 

=>■  Circi  = Jg  (—a3  sin  t cos2 1 + a3  cos  t sin2 1)  dt  = — =y  ; Mi  = a2  cos2 1,  Ni  = a2  sin2  t,  dy  = a cos  t dt, 

dx  = —a  sin  t dt  =>  Fluxi  = j(  Mi  dy  — Ni  dx  = (a3  cos3 1 + a3  sin3 1)  dt  = | a3; 

F2  = t2i , ^ = i Fo  • “^  = t2  =>  Circ2  = f t2  dt  = ^ ; M2  = t2,  No  = 0,  dy  = 0,  dx  = dt 
=>■  F1ux2  = jf  Mo  dy  — N2  dx  = 0;  therefore,  Circ  = Circi  + Circ2  = 0 and  Flux  = Fluxi  + Flux2  = | a3 

33.  Fi  = (—a  sin  t)i  + (a  cos  t)j  , y = (—a  sin  t)i  + (a  cos  t)j  =>■  Fi  • y = a2  sin2 1 + a2  cos2 1 = a2 

=>  Circi  — f0  a2  dt  = a27r ; Mi  = —a  sin  t,  Ni  = a cos  t,  dx  = —a  sin  t dt,  dy  = a cos  t dt 

=>  Fluxi  = Mi  dy  — Ni  dx  = Jg  (—a2  sin  t cos  t + a2  sin  t cos  t)  dt  = 0;  Fo  = tj  , ^ = i =>  F2  • ^ = 0 

=>•  Circ2  = 0;  M2  = 0,  N2  = t,  dx  = dt,  dy  = 0 =>  Flux2  — f M2  dy  — N2  dx  = f — t dt  = 0;  therefore, 

u C —a 

Circ  = Circi  + Circ2  = a27t  and  Flux  = Fluxi  + Flux2  = 0 

34.  Fi  = (—a2  sin2 1)  i + (a2  cos2 1)  j , y1  = (—a  sin  t)i  + (a  cos  t)j  =>■  Fi  - y1  = a3  sin3 1 + a3  cos3  t 

=>  Circi  = Jg  (a3  sin3 1 + a3  cos3 1)  dt  = | a3  ; Mi  = —a2  sin2 1,  Ni  = a2  cos2 1,  dy  = a cos  t dt,  dx  = —a  sin  t dt 

=>■  Fluxi  = J'  Mi  dy  — Ni  dx  = (—a3  cos  t sin2 1 + a3  sin  t cos2 1)  dt  = | a3;  F2  = t2j  , = i =>  F2  • = 0 

Circ2  — 0;  M2  — 0,  N2  = t2,  dy  — 0,  dx  — dt  =>  Flux2  = J(  M2  dy  No  dx  — J — t2  dt  = — | a3;  therefore, 
Circ  = Circi  + Circ2  — | a3  and  Flux  = Fluxi  + Flux2  = 0 

35.  (a)  r = (cos  t)i  + (sin  t)j  , 0 < t < 7r,  and  F = (x  + y)i  — (x2  + y2)  j =>  y = (—sin  t)i  + (cos  t)j  and 

F = (cos  t + sin  t)i  — (cos2 1 + sin2 1)  j =>  F • ^ = — sin  t cos  t — sin2 1 — cos  t =>  f F-Tds 

= (—  sin  t cos  t — sin2 1 — cos  t)  dt  = [—1  sin2 1 — | + yy  — sin  t]  ^ = — | 

(b)  r = (1  - 2t)i , 0 < t < 1,  and  F = (x  + y)i  - (x2  + y2)  j =>■  | = -2i  and  F = (1  - 2t)i  - (1  - 2t)2  j => 

F-f  =4t-2  =>  £ F-Tds  = /o‘(4t-2)dt=  [2t2  - 2t]  J = 0 
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(c)  n = (1  - t)i  - tj , 0 < t < 1,  and  F = (x  + y)i  - (x2  + y2)  j =+  ^ = -i  - j and  F = (1  - 2t)i  - (1  - 2t  + 2t2)  j 
=>  F • ^ = (2t  - 1)  + (1  - 2t  + 2t2)  = 2t2  =>  Flow:  = £ F • ^ = J\t2  dt  = § ; r2  = -ti  + (t  - l)j  , 

0 < t < 1,  and  F = (x  + y)i  - (x2  + y2)  j =>■  ^ = -i  + j and  F = -i  - (t2  + t2  — 2t  + 1)  j 
= -i  - (2t2  - 2t  + 1)  j =+  F • ^ = 1 — (2t2  - 2t  + 1)  = 2t  - 2t2  =+  Flow2  = £ F - ^ = £\ 2t  - 2t2)  dt 

= [t2  - 1 13]  J = i =4  Flow  = Flowi  + F1ow2  = | + 5 = 1 

36.  From  (1,0)  to  (0, 1):  n = (1  — t)i  + tj , 0 < t < 1,  and  F = (x  + y)i  - (x2  + y2)  j =>  ^ = -i  + j , 

F = i — (1  — 2t  + 2t2)  j , and  n3  | v3 1 = i + j =>  F • n3  | v3  | = 2t  — 2t2  =>■  Flux!  = £ (2t  — 2t2)  dt 

= [t2  - 2 t3l  1 = 1 • 

Ll  3 J 0 3 > 

From  (0, 1)  to  (-1,0):  r2  = -ti  + (1  - t)j , 0 < t < l,andF  = (x  + y)i-  (x2  +y2)j  =4  ^ = -i-j, 

F = (1  - 2t)i  - (1  - 2t  + 2t2)  j , and  n2  |v2|  = -i  + j =>  F • n2  |v2|  = (2t  - 1)  + (-1  + 2t  - 2t2)  = -2  + 4t  - 2t2 

=>  F1ux2  = £(-2  + 4t  - 2t2)  dt  = [— 2t  + 2t2  - f t3]  J = - § ; 

From  (-1,0)  to  (1,0):  r3  = (-1  + 2t)i,0.<t<  1,  and  F = (x  + y)i  - (x2  + y2)  j =>  ^ =2i, 

F = (—1  + 2t)i  — (1  — 4t  + 4t2)  j , and  n3  |v3|  = — 2j  +>  F - n3  |v3|  = 2 (1  — 4t  + 4t2) 

=+  F1ux3  = 2 f \ 1 - 4t  + 4t2)  dt  = 2 [t  - 2t2  + 1 13]  J = § =4  Flux  = Fluxj  + Flux2  + Flux3  = 5 - 5 + 5 = 5 


37.  (a)  y = 2x,  0 < x < 2 ^ r(t)  = ti  + 2tj  , 0 < t < 2 =>  | = i + 2tj  =*  F • £ = ((2t)2i  + 2(t)(2t)j)  • (i  + 2j) 


= 4t- 


+ 8t2  = 12t2  +>  Flow  = £ F - | dt  = £l2t2  dt  = [4t3] ' 


= 32 


(b)  y = x2,  0 < x < 2 ^ r(t)  = ti  + t2j  , 0 < t < 2 =►  | = i + 2tj  =>  F • £ = ((t2fi  + 2(t)(t2)j)  • (i  + 2tj) 

= t4  + 4t4  = 5t4  +>  Flow  = £ F • £ dt  = £ 5t4  dt  = [t5] 2 = 32 

(c)  answers  will  vary,  one  possible  path  is  y = lx3,  0 < x < 2 =>•  r(t)  = ti  + |t3j  ,0<t<2+>£=i  + 3t2j 

^ F - = (dt3)2i  + 2(t)(|t3)j)  - (1-1-  3t2j)  = il6  + ft6  = |t6  =4  Flow  = £ F-£dt  = /o2|t6dt=[|t 

= 32 


1+71  2 
0 


38.  (a)  Ci:  r(t)  = (1  - t)i  + j,  0 < t < 2 =►  £ = -i  =►  F • £ = ((l)i  + ((1  - t)  + 2(l))j)  • (-i)  = -1; 

C2:  r(t)  = -i  + (1  - t)j , 0 < t < 2 =>  £ = -j  =►  F • £ = ((1  - t)i  + ((-1)  + 2(1  - t))j)  • (-j)  = 2t  - 1; 

C3:  r(t)  = (t  - l)i  - j , 0 < t < 2 =*  £ = i =>  F ■ £ = ((-l)i  + ((t  - 1)  + 2(-l))j)  • (i)  = -1; 

C4:r(t)=i+(t-l)j,0<t<2=»|=j=>F.|  = ((t#)i+((l)+2(t-l))j)-(j)=2t-l; 
^Flow  = /cF.|dt  = /cF.|dt  + /c2F-|dt+/C3F.|dt+/cF.|dt 

= fo  (_1)  dt  + X (2t  _ 1)  dt  + X dt  + fo  (2t  ^ 1)  dt  = [_t]  0 + [l2  - 1]  0 + [_t]  0 + [l“  - l]  0 
= -2  + 2-2  + 2 = 0 

(b)  x2  + y2  = 4 +>  r(t)  = (2cost)i  + (2sint)j  , 0 < t < 27r  =>  £ = (— 2sint)i  + (2cost)j 

=>  F • £ = ((2sint)i  + (2cost  + 2(2sint))j)  • ((— 2sint)i  + (2cost)j)  = — 4sin2t  + 4cos2t  + 8sintcos  t 

= 4cos  2t  + 4sin  2t  =>•  Flow  = Jc  F • £ dt  = £ (4cos  2t  + 4sin  2t)  dt  = [2sin  2t  — 2cos  2t]  £ = 0 

(c)  answers  will  vary,  one  possible  path  is: 

Ci:r(t)  = ti,0<t<l^|=i^F.|  = ((0)i  + (t  + 2(l))j).(i)=0; 

C2:r(t)  = (l-t)i  + tj,0<t<l^|  = -i+j^F-|  = (ti+((l-t)+2t)j)-(-i+j)  = l; 

C3:  r(t)  = (1  - t)j , 0 < t < 1 =►  | = -j  =►  F - £ = ((1  - t)i  + (0  + 2(1  - t))j)  • (-j)  = 2t  - 1; 


Copyright  © 2010  Pearson  Education  Inc.  Publishing  as  Addison-Wesley. 


950  Chapter  16  Integration  in  Vector  Fields 


^Flow  = /cF.^dt=/CiF^dt  + /C2F-|dt+/cF.|dt=/o1(0)dt+/o1(l)dt  + /o1(2t-l)dt 

= o + [t]  J + [t2  — t]  q = i + (— i ) = o 


at  (2, 0),  F = j ; at  (0,  2),  F = -i ; at  (-2,  0), 

F = — j ; at  (0,  -2),  F = i ; at  (y/2,  v^)  , F = - ^ 1 + 1 j ; 

at  (\^,-v^),F=  ^i+ij;at  (-^2,^2)  , 

F = i-Ij 


y 


40.  F = xi  + yj  on  x2  + y2  = 1 ; at  ( 1 , 0),  F = i ; 
at  (—1,0),  F = — i ; at  (0, 1),  F = j ; at  (0,  - 1), 
F = — j;at(i,^),F=ii+f  j; 

at(^-f)>F=li-#j- 

at(-i,-^),F  = -ii-f  j. 


V 


41.  (a)  G = P(x,  y)i  + Q(x,  y)j  is  to  have  a magnitude  y/a2  + b2  and  to  be  tangent  to  x2  + y2  = a2  + b2  in  a 

counterclockwise  direction.  Thus  x2  + y2  = a2  + b2  2x  + 2yy'  = 0 =7  y'  = * is  the  slope  of  the  tangent 

line  at  any  point  on  the  circle  =>■  y'  = — ^ at  (a,  b).  Let  v = — bi  + aj  =>  |v|  = \J a2  + b2,  with  v in  a 
counterclockwise  direction  and  tangent  to  the  circle.  Then  let  P(x,  y)  = — y and  Q(x,  y)  = x 
=>  G = — yi  + xj  =>  for  (a,  b)  on  x2  + y2  = a2  + b2  we  have  G = — bi  + aj  and  |G|  = \/a2  + b2. 

(b)  G = (-y/x2  + y2)  F = (Va2+b2)F. 


42.  (a)  From  Exercise  41,  part  a,  — yi  + xj  is  a vector  tangent  to  the  circle  and  pointing  in  a counterclockwise 
direction  =>  yi  — xj  is  a vector  tangent  to  the  circle  pointing  in  a clockwise  direction  =>  G — 

is  a unit  vector  tangent  to  the  circle  and  pointing  in  a clockwise  direction. 

(b)  G = -F 


43.  The  slope  of  the  line  through  (x,  y)  and  the  origin  is  j =>  v = xi  + yj  is  a vector  parallel  to  that  line  and 
pointing  away  from  the  origin  =>  F = — J“3++yjyo  is  the  unit  vector  pointing  toward  the  origin. 


44.  (a)  From  Exercise  43,  — 


xi  + yj 


is  a unit  vector  through  (x,  y)  pointing  toward  the  origin  and  we  want 


|F|  to  have  magnitude  y/x2  + y2  =>  F = y/x2  + y2  Jy2++ y2 ) 


= -xi  - yj 


(b)  We  want  |F|  = 


'/x 


where  C 7^  0 is  a constant  =>  F — 


^X2  + J 


( xi  + yj  \ n f xi  + yj  ^ 

l v^Tf)  - ^ l'  ■>  )■ 
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45.  Yes.  The  work  and  area  have  the  same  numerical  value  because  work  = /cFdr=/c  yi  • dr 
= £ [f(t)i]  • [i  + f j]  dt  |On  the  path,  y equals  f(t)] 

= f f(t)  dt  = Area  under  the  curve  (because  f(t)  > 0] 

J a 


46.  r = xi  + yj  = xi  + f(x)j  =►  g = i + f'(x)j  ; F = 


■ (xi  + yj)  has  constant  magnitude  k and  points  away 


from  the  origin 


kx 


, dr  _ 

dx  y/x2  + y5 


+ 7^  = = k 5 V^TTfWF,  by  the  chain  rule 


=►  fc  F • Tds  = fc  F • £ dx  = £k  £ y/ x 2 + (f(x)]2  dx  = k [\/x2  + [f(x)p] ; 
= k (^b2  + (f(b)]2  - yj  a2  + (f(a)]2)  , as  claimed. 


47.  F = — 4t3i  + 8t2j  + 2k  and  f = i + 2tj  =>  F • f = 12t3  =>  Flow  = £ 12t3  dt  = [3t4]  \ = 48 

48.  F = 12t2j  + 9t2k  and  = 3j  + 4k  =>  F • f = 72t2  =>■  Flow  = /0*72t2  dt  = [24t3]  J = 24 

49.  F = (cos  t — sin  t)i  + (cos  t)k  and  ^ = (—  sin  t)i  + (cos  t)k  =>  F • ^ = — sin  t cos  t + 1 

=>  Flow  — f0  (~  sin t cos  t + 1)  dt  = [ \ cos2 1 + t]  ^ = (^  + 7r)  — (|  + 0)  = tt 


50.  F = (—2  sin  t)i  — (2  cos  t)j  + 2k  and  ^ = (2  sin  t)i  + (2  cos  t)j  + 2k  =>■  F • ^ — 4 sin2 1 — 4 cos2 1 + 4 = 0 

=>  Flow  = 0 


51.  Ci:  r = (cos  t)i  + (sin  t)j  + tk , 0 < t < | =$■  F = (2  cos  t)i  + 2tj  + (2  sin  t)k  and  ^ = (— sin  t)i  + (cos  t)j  + k 

=>  F • ^ = —2  cos  t sin  t + 2t  cos  t + 2 sin  t = — sin  2t  + 2t  cos  t + 2 sin  t 

=>•  Flowi  — f0  (~  sin  2t  + 2t  cos  t + 2 sin  t)  dt  = [5  cos  2t  + 2t  sin  t + 2 cos  t — 2 cos  t]  £ = — 1 + 7t; 

C2:  r = j + | (1  - t)k,  0 < t < 1 =>  F = tt(1  - f)j  + 2k  and  f = — § k =>  F • f = -tt 

=>  F1ow2  = —7 r dt  = [— 7tt]  J = —7 r; 

C3:  r = ti  + (1  - t)j,  0 < t < 1 =>  F = 2ti  + 2(1  - t)k  and  f = i - j =>•  F • f = 2t 
=>  FI0W3  = J"g  2t  dt  = [t2]  J = 1 =>  Circulation  = (—  l+7r)  — 7T+1  = 0 


52. 


t?  m dr  y dx  1 ,,  dy  , _ dz  df_  dx  1 9f  dy  . df  dz 

dt  dt  ' J dt  ' dt  dx  dt  ' dy  dt  ' dz  dt 

by  the  chain  rule  =>  Circulation  = £ F - ^ dt  = J 
r(b)  = r(a),  thus  the  Circulation  = 0. 


. where  f(x,  y,  z)  = \ (x2  + y2  + x2)  =►  F - | | (f(r(t))) 

gj(f(r(t)))  dt  = f(r(b))  — f(r(a)).  Since  C is  an  entire  ellipse, 


53.  Let  x = t be  the  parameter  =>  y = x2  = t2  and  z = x = t =>  r = ti  + t2j  + tk , 0 < t < 1 from  (0,  0, 0)  to  (1, 1, 1) 

=>  tjr  = i + 2tj  + k and  F = xyi  + yj  - yzk  = t3i  + t2j  - t3k  =>■  F • ^ = t3  + 2t3  - t3  - 2t3  Flow  = fg  2t3  dt 

1 

2 


54.  (a)  F = V (xy2z3)  = + + = where  f(x,y,z)  = xy2z3  =>  £ F • | dt 

= j(f(r(t)))  dt  = f(r(b))  — f(r(a))  = 0 since  C is  an  entire  ellipse. 


(b)  £ F • | = £££  £ (xy2z3)  dt  = [xy2z3]  = (2)(1)2(-1)3  - (1)(1)2(1)3  = 


2—1=3 
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55-60.  Example  CAS  commands: 

Maple: 

with!  LinearAlgebra  );#55 

F :=  r ->  < r[l]*r[2]A6  | 3*rU]*(r[l]*r[2]A5+2)  >; 
r :=  t ->  < 2*cos(t)  | sin(t)  >; 
a,b  :=  0,2*Pi; 

dr  :=  map(diff,r(t),t);  # (a) 

F(r(t));  # (b) 

ql  :=  simplify/  F(r(t)) . dr  ) assuming  t::real;  # (c) 

q2  :=  Int(  ql,  t=a..b  ); 
value(  q2  ); 

Mathematica:  (functions  and  bounds  will  vary): 

Exercises  55  and  56  use  vectors  in  2 dimensions 
Clearfx,  y,  t,  f,  r,  v] 
f[x_,  y_]:=  {x  y6,  3x  (x  y5  + 2)} 

{a,  b }={0,  2t r}; 
x[t_]:=  2 Cos[t] 
y[t_]:=  Sin[t] 
r[t_]:={x[t],  y[tj } 
v[t_]:=  r'[t] 

integrand=  f[x[t],  y[t]]  . v[t]  //Simplify 
Integratelintegrand,{t,  a,  b } J 
N[%] 

If  the  integration  takes  too  long  or  cannot  be  done,  use  Nlntegrate  to  integrate  numerically.  This  is  suggested  for  exercises 
57  - 60  that  use  vectors  in  3 dimensions.  Be  certain  to  leave  spaces  between  variables  to  be  multiplied. 

Clearfx,  y,  z,  t,  f,  r,  v] 

ffx_,  y_,  z_]:=  {y  + yz  Cosfx  y z],  x2  + x z Cosfx  y z],  z + x y CosLx  y zj } 

fa,  b }={0,  2t r}; 

xft_]:=  2 Cosft] 

y[t_]:=  3 Sinft] 

z[t_]:=  1 

r[t_]:={x[t],  y[tj,  z[t] } 
v[t_]:=  r'ft] 

integrand=  ffxft],  y[t],z[tf]  . vft]  //Simplify 
NIntegratefintegrand,{t,  a,  b } J 

16.3  PATH  INDEPENDENCE,  POTENTIAL  FUNCTIONS,  AND  CONSERVATIVE  FIELDS 

1.  |E=x=^,7P=y=!£,^P=z=|p=>  Conservative 

oy  oz  oz  J ox  7 ox  o y 

2.  = x cos  z = ® , ^ = y cos  z=§j,§^=sinz=^  =>  Conservative 

3.  = -1  / 1 = =>  Not  Conservative  4.  = 1 ^ -1  = ^ ^ Not  Conservative 

5.  !^=0tM  = ^=>  Not  Conservative 

6.  |£=0=|^,^=0=|j,^  = — ex  sin  y — ^ Conservative 
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7.  § = 2 ;x  =>  f(x,  y,  z)  = X2  + g(y,  z)  =>  § = % = 3y  =4>  g(y,  z)  = ^ + h(z)  =>  f(x,  y,  z)  = x2  + ^ + h(z) 

=>  ||  = h'(z)  = 4z  =>•  h(z)  = 2z2  + C =>•  f(x,  y,  z)  = x2  + ^-  + 2z2  + C 

8-  § = y + z =4>  f(x, y, Z)  = (y  + z)x  + g(y, z)  =>•  |i=x+^=x  + z =>  = z =>  g(y, z)  = zy  + h(z) 

=>■  f(x,y,z)  = (y  + z)x  + zy  + h(z)  =»  |£  = x + y + h'(z)  = x + y =>  h'(z)  = 0 =>  h(z)  = C =>  f(x,y,z) 

= (y  + z)x  + zy  + C 

9-  1 = ey+2z  =*  f(x,  Y> z)  = xeJ,+2z  + g(y.  z)  =>  § = xey+2z  + §f  = xey+2z  =>  = 0 =>  f(x,  y,  z) 

= xey+2z  + h(z)  =>  = 2xey+2z  + h'(z)  = 2xey+2z  =>  h'(z)  = 0 =>  h(z)  = C =^>  f(x,  y,  z)  = xey+2z  + C 

tO.  § = y sin  z =>  f(x,  y,  z)  = xy  sin  z + g(y,  z)  =>  §|  = x sin  z + = x sin  z =>  f®  = 0 =>  g(y,  z)  = h(z) 

=>  f(x,  y,  z)  = xy  sin  z + h(z)  =>  = xy  cos  z + h'(z)  = xy  cos  z =>  h'(z)  = 0 =>  h(z)  = C =>■  f(x,  y,  z) 

= xy  sin  z + C 

11.  1 = ^ =»  f(x,y,z)=  iln(y2  + z2)+g(x,y)  =>  § = | = In  x + sec2  (x  + y)  =*  g(x,  y) 

= (x  In  x - x)  + tan  (x  + y)  + h(y)  =>  f(x,  y,  z)  = \ In  (y2  + z2)  + (x  In  x - x)  + tan  (x  + y)  + h(y) 

=>  % = + sec2  (x  + y)  + h'(y)  = sec2  (x  + y)  + =>  h'(y)  = 0 =>  h(y)  = C =>  f(x,  y,  z) 

= \ In  (y2  + z2)  + (x  In  x — x)  + tan  (x  + y)  + C 

12-  I = t+iv  =*  f(x’y’z>  = tan_1  (xy)  + g(y>z)  =►  | = T+tv  + t = TW  + TT^v 
=>  gf  = 7^7?  ^ g(y’ z)  = sin_1  (yz)  + h(z)  ^ f(x’ y’ z)  = tan_1  (xy>  + sin_1  (yz)  + h(z) 

=►  1 = TT^TP  + h'(z)  = + z =►  h'(z)  = 7 =►  = ln  |z|  + C 

=>  f(x,  y,  z)  = tan-1  (xy)  + sin-1  (yz)  + ln  \z\  + C 

13.  Let  F(x,  y,  z)  = 2xi  + 2yj  + 2zk  =>  |£=0=||,^=0=|g,|^=0=^  =^>  M dx  + N dy  + P dz  is 

exact;  § = 2x  =>  f(x,  y,  z)  = x2  + g(y,  z)  =>  = f®  = 2y  =*►  g(y,  z)  = y2  + h(z)  f(x,  y,  z)  = x2  + y2  = h(z) 

r»(2,3,— 6) 

=>  |i  — h'(z)  = 2z  =>■  h(z)  = z2  + C f(x,  y,  z)  = x2  + y2  + z2  + C =>  J(00o)  2x  dx  + 2y  dy  + 2z  dz 

= f(2, 3,  —6)  — f(0, 0, 0)  = 22  + 32  + (— 6)2  = 49 

14.  Let  F(x,  y,  z)  = yzi  + xzj  + xyk  =>  |£=x=^,^=y=|g,|^=z=^  =^>  Mdx  + Ndy  + Pdzis 

exact;  § = yz  =>  f(x,  y,  z)  = xyz  + g(y,  z)  =>  |i=xz+§|=xz=>  ^=0=>  g(y,  z)  = h(z)  =$■  f(x,  y,  z) 

= xyz  + h(z)  =>  = xy  + h'(z)  = xy  =>  h'(z)  = 0 =>  h(z)  = C =>  f(x,  y,  z)  = xyz  + C 

f (3,5,0) 

=>  J yz  dx  + xz  dy  + xy  dz  = f(3, 5, 0)  - f(l,  1, 2)  = 0 — 2 = — 2 

15.  Let  F(x,  y,  z)  = 2xyi  + (x2  — z2)  j — 2yzk  =►  | = -2z=f,^=0=f,f=2x=f 

=>■  M dx  + N dy  + P dz  is  exact;  = 2xy  f(x,  y,  z)  = x2y  + g(y,  z)  = x2  + ^ = x2  - z2  =>  ^ = -z2 

=>  g(y,  z)  = -yz2  + h(z)  =>  f(x,  y,  z)  = x2y  — yz2  + h(z)  =7  |^  = -2yz  + h'(z)  = -2yz  =7  h'(z)  = 0 =>  h(z)  = C 

/» (1,2,3) 

2xy  dx  + (x2  - z2)  dy  - 2yz  dz  = f(l,  2,  3)  - f(0, 0, 0)  = 2 — 2(3)2  = -16 

16.  LetF(x,y,z)  = 2xi-y2j-(T^T)k  =>  | = 0 = f , f = 0 = | , f = 0 = f 

=>  M dx  + N dy  + P dz  is  exact;  ||  = 2x  =>  f(x,  y,  z)  = x2  + g(y,  z)  =>  = ||  = -y2  =>  g(y,  z)  = - ^ + h(z) 
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=>  f(x,  y,  z)  = x2  — y + h(z)  =>  |£  = h'(z)  = -f  =^2  =>  h(z)  = -4tan  1 z + C =>  f(x,y,z) 

3 rC3’3’1) 

= x2  - \ - 4 tan-1  z + C=>  J(ooo)  2x  dx  - y2  dy  - dz  = f(3, 3,1)-  f(0, 0,  0) 

= (9  - f - 4 • |)  - (0  - 0 - 0)  = -7T 

17.  Let  F(x,  y,  z)  = (sin  y cos  x)i  + (cos  y sin  x)j  + k =>  |^=0=£,^=0=||,£  = cos  y cos  x = ^ 

=>  M dx  + N dy  + P dz  is  exact;  = sin  y cos  x =>  f(x,  y,  z)  = sin  y sin  x + g(y,  z)  =>  % — cos  y sin  x + 

= cos  y sin  x =>■  ^ = 0 =>■  g(y,  z)  = h(z)  =>  f(x,  y,  z)  = sin  y sin  x + h(z)  =>  = h'(z)  = 1 =>  h(z)  = z + C 

r(o,hi) 

=>  f(x,  y,  z)  = sin  y sin  x + z + C =>  J sin  y cos  x dx  + cos  y sin  x dy  + dz  = f(0,  1,  1)  — f(l,  0,  0) 

= (0  + 1)  - (0  + 0)  = 1 

18.  Let  F(x,  y,  z)  = (2  cos  y)i  + (i  - 2x  sin  y)  j + Q)  k =>  §?  = 0 = ^ = 0 = § , £ = -2  sin  y = 

=>  M dx  + N dy  + P dz  is  exact;  = 2 cos  y =>  f(x,  y,  z)  = 2x  cos  y + g(y,  z)  =>  y-  = — 2x  sin  y + ^ 

= i - 2x  sin  y =*►  % = \ =>  g(y,  z)  = ln  |y|  + h(z)  =>  f(x,  y,  z)  = 2x  cos  y + In  |y|  + h(z)  =>  § = h'(z)  = \ 

=>  h(z)  = ln  |z|  + C =>  f(x,  y,  z)  = 2x  cos  y + ln  |y|  + In  \z\  + C 

(0,2,1)  2cosy  dx+  (j  - 2x  siny)  dy  + i dz  = f (1,  §,2)  - f(0, 2, 1) 

= (2  • 0 + ln  § + ln  2)  - (0  • cos  2 + ln  2 + ln  1)  = ln  § 

19.  Let  F(x,  y,  z)  = 3x2i  + ( j + (2z  ln  y)k  =s>  ^ = ^ = 3N  m=0=gp  Wi=0=6M 

v j 7 7 \yJ°  J ®y  y ^z  ox  ox  o y 

=>  M dx  + N dy  + P dz  is  exact;  = 3x2  =>  f(x,  y,  z)  = x3  + g(y,  z)  =>  g^  = gf  = y =>  g(y,  z)  = z2  ln  y + h(z) 

=>•  f(x,  y,  z)  = x3  + z2  ln  y + h(z)  =>  |^  = 2z  ln  y + h'(z)  = 2z  ln  y =>  h'(z)  = 0 =$■  h(z)  = C =>■  f(x,  y,  z) 

X <1.2.3!  , 

, ; 3x2  dx  + | dy  + 2z  ln  y dz  = f(l,  2,  3)  - f(l,  1, 1) 

= (1  + 9 ln  2 + C)  - (1  + 0 + C)  = 9 ln  2 

20.  Let  F(x,  y,  z)  = (2x  ln  y - yz)i  + (y  - xzj  j - (xy)k  =>  ^ = -x=^,^  = -y=^,^  = ^-z=^ 

=>  M dx  + N dy  + P dz  is  exact;  = 2x  ln  y — yz  =>  f(x,  y,  z)  = x2  ln  y — xyz  + g(y,  z)  =>■  |^  = y — xz  + g® 

= ^-xz=>;|=0=>  g(y,  z)  = h(z)  =t>  f(x,  y,  z)  = x2  ln  y - xyz  + h(z)  =>  = -xy  + h'(z)  = -xy  =>  h'(z)  = 0 

n( 2,1,1)  / 2 \ 

=>  h(z)  = C =>  f(x,  y,  z)  = x2  ln  y — xyz  + C =>  J (2x  ln  y — yz)  dx  + ( y — xzj  dy  — xy  dz 

= f(2, 1,1)-  f(l,  2, 1)  = (4  ln  1 - 2 + C)  - (ln  2 - 2 + C)  = - ln  2 

21.  LetF(x,y,z)=(l)i+(l-A)j_(L)k  =►£  = -*  = £,£=0=g, £ = -£  = £ 

=>  M dx  + N dy  + P dz  is  exact;  %.=\  =>  f(x,  y,  z)  = j + g(y,  z)  =>  § = -^  + gf  = j-  ^ 

=>  gf  = i =>  g(y,  z)  = \ + h(z)  =>  f(x,  y,  z)  = y + \ + h(z)  =>  = - L + h'(z)  = - J =>  h'(z)  = 0 =>  h(z)  = C 

=*  f(x,y,z)  = * + * +C  =>  1 dx+  (i  - ^)  dy-  ^ dz  = f(2, 2, 2)  — f(l,  1, 1)  = (§  + \ + C)  - (\  + 2 + C) 

= 0 


22.  Let  F(x,  y,  z) 


2xi  + 2yj  + 2zk 

— x2  + y2  + z2 


^and  let  p 2 


x2  + y2  + z2 


dp  x 

dp  ^ y 

dp  _ z\ 

dx  p ’ 

• dy  p- 

' dz  p) 

dP  4yz  5N  4xz  <9P  5N 

dy  pA  dz  ’ dz  p4  dx  , dx 


^ =>  M dx  H-  N dy  + P dz  is  exact; 


df  _ 2x 

dx  ~ x2  + y2  + z2 


f(x,  y,  z)  = In  (x2  + y2  + z2)  + g(y,  z)  => 


9f  _ -y  i 9g  _ 2y 

dy  — x2  + y2  + z2  ‘r  Sy  — x2+y2+z2 
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=>  1=0  =►  g(y,  Z)  = h(z)  =*  fix,  y,  z)  = In  (x2  + y2  + z2)  + h(z)  =►  f = x.+p  + 2.  + h'(z) 

= x2+yf  + z2  =>  h'(z)  = 0 =>  h(z)  = C =>  f(x, y,  z)  = In  (x2  + y2  + z2)  + C 

=*►  ]'££  v 2xdx/+2y/+yzdz  = f(2>  2,  2)  - f(-C  -1,  -1)  = In  12  - In  3 = In  4 

23.  r = (i  + j + k)  + t(i  + 2j  — 2k)  = (1  + t)i  + (1  + 2t)j  + (1  — 2t)k,  0 < t < 1 =>  dx  = dt,  dy  = 2 dt,  dz  = —2  dt 

n(  2, 3,-1)  pi  pl 

=►  J(Mil)  y dx  + x dy  + 4 dz  = Jo  ( 2t  + 1)  dt  + (t  + 1)(2  dt)  + 4(-2)  dt  = Jq  (4t  - 5)  dt  = [2t2  - 5t]  J = -3 

24.  r = t(3j  + 4k),  0 < t < 1 =4>  dx  = 0,  dy  = 3 dt,  dz  = 4 dt  =>  J(000)  x2  dx  + yz  dy  + ( yj  dz 

= £ (12t2)  (3  dt)  + (f ) (4  dt)  = £ 54t2  dt  = [1 8t2]  q = 18 

25.  |£=0=|^,^=2z=|f,^=0=^  =+  M dx  + N dy  + P dz  is  exact  +>  F is  conservative 

=>  path  independence 

&P  yz <9M  xz dP  dN  xy dM 

dy  ~ (+x2+y2+z2)3  ~ dz  ’ dz  ~ (+x2  + y2  + z2)3  ~~  9x  ’ dx  ~ (+x2  + y2  + z2)3  _ 

=>  M dx  + N dy  + P dz  is  exact  =>•  F is  conservative  =>  path  independence 

27.  |h=0=f^,^=0=|f,^  = -p  = ^ ^ F is  conservative  =+  there  exists  an  f so  that  F = v 6 

I = f =>  f(x,  y)  = f + g(y)  =►  | = - £ + g'(y)  = =>  g'(y)  = £ =►  g(y)  = - 2 + C 

=>  f(x, y)  = y — 2 + C =►  F=  v(5V1) 

28.  = cos  z=||,^=0=|^,|^  = y = ^ =>  F is  conservative  =>  there  exists  an  f so  that  F=  yf; 

|£  = ex  In  y =>  f(x,  y,  z)  = ex  In  y + g(y,  z)  +>  f;  = f + ;|i  = f + sinz  =+  §|  = sinz  =>  g(y,  z) 

= y sin  z + h(z)  =+  f(x,  y,  z)  = ex  In  y + y sin  z + h(z)  =>  = y cos  z + h'(z)  = y cos  z =>  h'(z)  = 0 

=>  h(z)  = C =>  f(x,  y,  z)  = ex  In  y + y sin  z + C =>  F — v (eX  ln  y + y sin  z) 

29.  |h=0=^,7P=0=|^,^  = l = 7P  =>  F is  conservative  =>■  there  exists  an  f so  that  F=  yf; 

ay  oz  7 oz  ox  ’ ax  ay  v ’ 

f = x2  + y =>  f(x,  y,  z)  = | x3  + xy  + g(y,  z)  +-  §=x+gf=y2+x=>  §=  = y2  +>  g(y,  z)  = | y3  + h(z) 

=+  f(x,  y,  z)  = | x3  + xy  + | y3  + h(z)  ^ = h'(z)  = zez  =>  h(z)  = zez  - ez  + C =+  f(x,  y,  z) 

= 5 x3  + xy  + | y3  + zez  - ez  + C =>  F = v (5  x3  + XY  + 5 y3  + zez  - ez) 

(a)  work  = £ F • ^ dt  = £ F • dr  = [5  x3  + xy  + 5 y3  + zez  - ez]  j = Q+0  + 0 + e-e)  - (5 + 0 + 0-  l) 

= 1 

(b)  work  = £ F • dr  = [\ x3  + xy  + \ y3  + zez  - ez]  [JJJj  = 1 

(c)  work  = £ F • dr  = [|  x3  + xy  + | y3  + zez  - ez]  = 1 

Note:  Since  F is  conservative,  S' r - * is  independent  of  the  path  from  (1, 0,  0)  to  (1. 0, 1). 

30.  = xeyz  + xyzeyz  + cos  y = ® ^ = yeyz  = = zeyz  = =>  F is  conservative  =>■  there  exists  an  f so 

that  F = v £ %i  — eyz  =>  f(x,  y,  z)  = xeyz  + g(y,  z)  +>  |^  = xzeyz  + = xzeyz  + z cos  y =>  ^ = z cos  y 

+>  g(y,  z)  = z sin  y + h(z)  +>  f(x,  y,  z)  = xeyz  + z sin  y + h(z)  +>  — xyeyz  + sin  y + h'(z)  = xyeyz  + sin  y 

=>  h'(z)  = 0 +>  h(z)  = C +>  f(x,  y,  z)  = xeyz  + zsiny  + C +>  F = v (xeYZ  + z sin  y) 
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(a)  work  = fA  F • dr  = [xeyz  + z sin  y]  = (1  + 0)  — (1  + 0)  = 0 

(b)  work  = fA  F • dr  = [xeyz  + z sin  y]  = 0 

(c)  work  = JA  F • dr  = [xeyz  + z sin  y]  = 0 

XB 

^ F • dr  is  independent  of  the  path  from  (1 , 0, 1)  to  ( 1 , | , 0)  . 


31.  (a)  F=  v (x3y2)  =>  F = 3x2y2i  + 2x3yj  ; let  Ci  be  the  path  from  (—  1, 1)  to  (0,  0)  =>  x = t — 1 and 

y = -t  + 1,  0 < t < 1 =>  F = 3(t  - l)2(-t  + l)2i  + 2(t  - l)3(-t  + l)j  = 3(t  - l)4i  - 2(t  - l)4j 

and  ri  = (t  — l)i  + (— t + l)j  =>  dri  = dti  — dtj  =>  Jc  F • dri  = fo  [3(t  — l)4  + 2(t  — l)4]  dt 
— J"g  5(t  — l)4  dt  = [(t  — l)5]  q = 1 ; let  Co  be  the  path  from  (0, 0)  to  (1, 1)  =>■  x = t and  y = t, 

0 < t < 1 =>  F = 3t4i  + 2t4j  and  r2  = ti  + tj  =>  dr2  = dti  + dtj  =>  fc  F • dr2  = fg  (3t4  + 2t4)  dt 

= />*='  ^fcF-‘‘r  = fcF-“’-‘  + fc,F^  = 2 

pi1,1) 

(b)  Since  f(x,  y)  = x3y2  is  a potential  function  for  F,  / F • dr  = f(l,  1)  — f( — 1 , 1)  = 2 

32.  |£=0=|^,^=0=|j,^  = — 2x  sin  y = ^ =>  F is  conservative  =>  there  exists  an  f so  that  F = yf; 

§ = 2x  cos  y =>  f(x,  y,  z)  = x2  cos  y + g(y,  z)  =>•  = -x2  sin  y + = -x2  sin  y =>  ^ = 0 =>■  g(y,  z)  = h(z) 


=)> 

f(x,  y,  z)  = x2  < 

:os  y + h(z)  = 

^ dz 

= h'(z)  = 0 =>  h(z)  = C 

=>  f(x,  y,  z)  = x2  cos  y + C 

=>  f = v (x2  cos  y) 

(a) 

2x  cos  y dx 

— x2  sin  y dy 

= [x2 

i (0,1) 

cos  y]  d,o) : 

= 01  = —1 

(b) 

2x  cos  y dx 

— x2  sin  y dy 

= [x2 

C0S  y]  (-Sr) 

= 1 - (-1)  = 

2 

(c) 

2x  cos  y dx 

— x2  sin  y dy 

= [x2 

cos  y]  m,o) 

=1-1=0 

(d) 

J"c  2x  cos  y dx 

— x2  sin  y dy 

= [x2 

cos  y]  SS : 

= 1 — 1=0 

33.  (a) 

If  the  differential  form  is  exact,  then  ^ ^ 

’ oy  oz 

=>  2ay  = cy  for  all  y =>  2a  = c,  ^ = || 

=>  2cx  = 2cx  for 

all  x,  and  ^ — 

’ OX 

f =>  by  = 

: 2ay  for  all  y =4- 

b = 2a  and  c = 

= 2a 

(b) 

F = y f =?  the  differential 

form 

with  a = 1 

in  part  (a)  is  exact  =>  b = 2 and  c = 2 

34.  F = v f => 

_ df  _ n 

dz  dz 


p(x,y,z)  c(x,  y,zj 

g(x,  y z)  — F • dr  = I V7  f • dr 

oV  ’ J ' J (0,0,0)  J (0,0,0)  v 


' (0,0,0) 


(0,0,0) 


=>■  v g = V f — F,  as  claimed 


f(x,  y,  z)  - f(0, 0,  0)  => 


d%  df_  n dg  _ df_ 

dx  dx  u’  dy  dy 


— 0,  and 


35.  The  path  will  not  matter;  the  work  along  any  path  will  be  the  same  because  the  field  is  conservative. 


36.  The  field  is  not  conservative,  for  otherwise  the  work  would  be  the  same  along  Ci  and  C2. 

37.  Let  the  coordinates  of  points  A and  B be  (xa,  Va,  za)  and  (xb,  yB,  Zb),  respectively.  The  force  F = ai  + bj  + ck  is 
conservative  because  all  the  partial  derivatives  of  M,  N,  and  P are  zero.  Therefore,  the  potential  function  is 

f(x,  y,  z)  = ax  + by  + cz  + C,  and  the  work  done  by  the  force  in  moving  a particle  along  any  path  from  A to  B is 
f(B)  - f(A)  = f (xB,  yB,  zB)  - f(xA,  yA,  zA)  = (axB  + byB  + czB  + C)  - (axA  + byA  + czA  + C) 

= a(xB  - xA)  + b(yB  - yA)  + c(zB  - zA)  = F • BA 
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38.  (a)  Let  GmM  - C =>  F - C [(x2 + y2x+z2)3/2 ' + (x2  + y2y+z2)3/2  J + {x2+y2+z2fft 


dP 


— 3yzC 


9N  dM 


— 3xzC 


ap  SN 


_ _ _ _ _ _ _ ~3xyc _ 9M  . F — Y7  f for 

dy  (x2  +y2  +z2)5/2  Qz  > gz  (x2+y2+z2)V2  dx’dx  (x2  + y2  + z2)5/2  Qy  V 


r Qf 

some  i;  = 


xC 


f(x,y,z)  = 


g(y> z)  =*  I = 


(x2  + y2  + z2 


dx  (x2  + y2  + z2)3/2  ■ ' (x2  -f  y2  + z2)1, 

— =>-  % = 0 =*  g(y,  z)  = h(z)  =►  % = 


yc 


9y  (x2  + y2+z 2)3/2  ^ dy 

— ^ — -4-  h' ( y\  ~ — — 

dz  (x2+y2  + z2)3/2  ^ 4 > (x2+y2+z2)3/2 

GmM 


h(z)  = C!  =►  f(x,y,z)  = - (x2+y2C+z2)1/3  +Ct.  Let  Ci  = 0 =>  f(x,y,z)=  (x2+y2+z2)1 


jn  is  a potential 


function  for  F. 

(b)  If  s is  the  distance  of  (x,  y.  z)  from  the  origin,  then  s = \J x2  + y2  I z2.  The  work  done  by  the  gravitational  field 


fpi 

F is  work  = Jp  F • dr 


GmM 


L yjx2  + y2  + z2  J 


GmM  GmM 


Pi 


\S2  Si  J ’ 


= GmM  ( -r  — -r  ) , as  claimed. 


16.4  GREEN'S  THEOREM  IN  THE  PLANE 


1.  M = — y = — a sin  t,  N = x = a cos  t,  dx  = —a  sin  t dt,  dy  = a cos  t dt  =>■  ^ = 0,  ^ = — 1,  = 1,  and 


P=0; 

dy 


Equation  (3):  <ft  M dy  — N dx  = f [(—a  sin  t)(a  cos  t)  — (a  cos  t)(— a sin  t)]  dt  — f 0 dt  = 0; 

J c Jo  Jo 

If  fe  + f ) dxdY  = ff  0 dxdy  = 0.  Flux 

R v ' R 

n p2iv  r*2ip 

Equation  (4):  j>c  M dx  + N dy  = Jg  [(— a sin  t)(— a sin  t)  — (a  cos  t)(a  cos  t)]  dt  = Jg  a2  dt  = 27ra2; 
II  (f  - W)  dxdy  = f-J-f^2dydx  = a2  - x2  dx  = 4 [§  \/a2  — x2  + f sin-1 


= 2a2  (f  + f ) = 2a2 7T,  Circulation 


2.  M = y = a sin  t,  N = 0,  dx  = —a  sin  t dt,  dy  = a cos  t dt  =>  ^ = 0,  ^ = 1,  in  = 0,  and  — 0; 

j •>  •>  •>  j ax  ’ay  ’ax  ’ Jv  ’ 


r,  A - r\  U,  UUU  <-v 

ay  ’ax  ay 

Equation  (3):  £ M dy  — N dx  = £ a2  sin  t cos  t dt  = a2  [5  sin2  t]  ‘ ‘ =0;  f f 0 dx  dy  = 0,  Flux 

n2TV 


Equation  (4):  £ M dx  + N dy  = ££(- a2  sin2 1)  dt  = -a2  [|  - f = -Tra2;  //(fr  ~ fr)  dxdy 

R 

= ff  —1  dxdy  = £ £ —rdrdd  — £ — j dd  = — 7ra2,  Circulation 


3.  M = 2x  = 2a  cos  t,  N = — 3y  = —3a  sin  t,  dx  = —a  sin  t dt,  dy  = a cos  t dt  =>  ^ = 2,  ^ = 0,  ^ = 0,  and 


<9N  o. 

dy  ~ 


Equation  (3):  £ M dy  — N dx  = £ [(2a  cos  t)(a  cos  t)  + (3a  sin  t)(— a sin  t)]  dt 

= £ (2a2  cos2 1 - 3a2  sin2 1)  dt  = 2a2  [|  + ^ - 3a2  [|  - = 27ra2  — 37ra2  = -7ra2; 

ff(w  + f ) = If-1  dxdy  = .C.C  ^rdrd0  = r - t de  = -™2’ Flux 

R R 

Equation  (4):  £ M dx  + N dy  = £ [(2a  cos  t)(— a sin  t)  + (— 3a  sin  t)(a  cos  t)]  dt 

= £ (—2a2  sin  t cos  t — 3a2  sin  t cos  t)  dt  = —5a2  sin2 1]  =0;  f f 0 dxdy  = 0,  Circulation 


4.  M = — x2y  = —a3  cos2 1,  N = xy“  = a11  cos  t sin- 1,  dx  = —a  sin  t dt,  dy  = a cos  t dt 


=►  ^ = — 2xy,  f3  = -x2,  ^ = y2,  and  ^ = 2xy; 


<9M 


2 9N 


9N 


dy 


dy 


Equation  (3):  £ M dy  — N dx  = £ ( a1  cos3 1 sin  t I a1  cos  t sin1 1)  — 


® cos4 1 + j sin4 1 


2 7T 


J 0 


= 0; 
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ff(^  + w)dxd  y = ff  (~2xy  + 2xy)  dxdy  = °- Flux 

R V ' R 

Equation  (4):  j)  M dx  + N dy  = (a4  cos2 1 sin2 1 + a4  cos2 1 sin2 1)  dt  = f0  (2a4  cos2 1 sin2 1)  dt 


f 

Jo 


4 Jo 

n2 7T 


sin2  u du  = a'  r u sin2u 


i a4  sin2  2t  dt  = 

0 ^ 

X27v  ra  o r27r  4 4 

r2  ■ r drdti  — j d 9 = , Circulation 


4 [I  - r = ¥ ; J7(£  - f ) d*iy  = If  (y2 + x!) 


5.  M = x — y,  N = y — x =>  ft  = 1,  ft  = -1,  ft  = -1,  ft  = 1 =>  Flux  = ff  2 dxdy  = £ £2  dxdy  = 2; 

Circ  = f f [- 1 — (— 1)]  dx  dy  = 0 
R 

6.  M = x2  + 4y,  N = x + y2  =>■  ft  = 2x,  ft  = 4,  ft  = 1,  ft  = 2y  =>  Flux  = f f (2x  + 2y)  dxdy 

R 

= X'X'<  2x+2y)dxdy  = £ [xJ  + 2xy]  J dy  = fjl  + 2y)  dy  = [y  + y“]J  = 2;  Circ  = ff(l-4)dxdy 

= X,X.'-3*oy  = -3 

7.  M = y2  - x2,  N = x2  + y2  =>  ft  = -2x,  ft  = 2y,  ft  = 2x,  ft  = 2y  =>  Flux  = ff  (-2x  + 2y)  dxdy 

R 

= ££(  —2x  + 2y)  dy  dx  = £(~2x2  + x2)  dx  = [-  1 x3]  ® = -9;  Circ  = f f (2x  - 2y)  dxdy 

R 

= JT/.'<2x  - 2y)  dy dx  = l.’*2  tix  = 9 

8.  M = x + y,  N = - (x2  + y2)  =>  ft  = 1,  ft  = 1,  ft  = -2x,  ft  = -2y  =>  Flux  = //  (1  - 2y)  dxdy 

R 

= ££0  2y)  dy  dx  = £(x  x2)  dx  = i ; Circ  = ff  (~2x  - 1)  dxdy  = £ £(-2x  1)  dy  dx 

R 

= /o‘(-2x2-X)  dx  “ ^ 5 

9.  M = xy  + y2,N  = x^y  =»  ft  = y,  ft  = x + 2y,  ft  = 1,  ft  = -1  =►  Flux  = f f (y  + (-1))  dy  dx 

R 

= /off  (y  - !)  dy  dx  = fo  5x4  + x2)  dx  = -55  ; Circ  = ff  (I  - (x  + 2y))  dy  dx 


£ff  (1  - X - 2y)  dy  dx  = £ (y/i  - x3/2  - x - x2  + x3  + x4) 


Hx  — — —— 
UX  — 60 


10.  M = x + 3y,  N = 2x  - y =>•  ft  = 1,  ft  = 3,  ft  = 2,  ft  = -1  Flux  = f f (1  + (-1))  dydx  = 0 

R 

nr  r^f2  nVi2-*2)/2  ~ n^2  / /— 

Circ  = J J (2  ^ 3)  dydx  = (-1)  dydx  = 2 - x2  dx  = -ry/l 


11.  M = x3y2,  N = ix4y  =>  ft  = 3x2y2,  ft  = 2x3y,  ft  = 2x3y,  ft  = iX4  =>  Flux  = / J (3x2y2  + \x4)  dydx 

R 

= Jo  Jx2  X(3x2y2  + ^x4)  dydx  = f (3x5  — |x6  + 3x7  — x8)  dx  = f ; Circ  — f f (2x3y  — 2x3y)  dydx  = 0 
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Flux  = 


12.  M=r^,N  = tan-‘y  =*  f f =*^.  f = 0,  f = ^ =>  Flux  = ff  (^  + ^)  dxdy 

= fj^  T^dxdy  = X11T^dx  = 4^V^-47r;Circ  = //(0-  dydx 

= flJ^  (Xk)  dydx  = fjo) dx  = 0 

13.  M = x + ex  sin  y,  N = x + ex  cos  y =>■  ^ = 1 + ex  sin  y,  ^ = ex  cos  y,  ® = 1 + ex  cos  y,  |^  = — ex  sin  y 

n r p7r/4  n yj cos 26  r*iv/A  tt/A 

=►  Flux  = IS  dxdy  = £„.  Jo  r drd0  = J rj4  ( 2 C0S  29 ) d0  = [?  Sin  20]  -C/4  = I ’ 

R 

Circ  = ff  (1  + ex  cos  y — ex  cos  y)  dxdy  = f f dxdy  — f /4f0  rdrdd  = f [f  cos  26)  dd  = \ 

R R 

14.  M = tan  1 \ , N = In  (x2  + y2)  =>  fj5  = > f^r  = jP^fy2 » TE  ~ ipCy1  ’ I7  = iP+y2 


Flux  = 


-y  j 

x2  + y2  ' x2 


Circ  = 


2x  X 

x2  + y2  x2  +y2 


dxdy  = Ij;  (TT)  4 d4d"  = £sin  = 

'j  dxdy  = ££  (rCilst>)  r drd<9  = £ cos  6 d(9  = 0 


15.  M = xy,  N = y2  =►  ^ = y,  f5  = x,  f = 0.  f = 2y  =*►  Flux  = ff  (y  + 2y)  dydx  = £ £ 3y  dydx 


3x1  _ 3x 
2 2 


■)  dx  = 5 ; Circ  = ff  -x  dydx  = ££  -x  dydx  = £(-x2  + x3)  dx  = - ^ 

' D 


16.  M = - sin  y,  N = x cos  y =>  = 0,  = - cos  y,  = cos  y,  = -x  sin  y 


Flux  = 


dx  ~ u'  dy  ~ 

n/2  r/2 


f f ( x sin  y)  dxdy  =■  f fg  (-x  sin  y)  dx dy  = £ (-qsiny)dy 


Circ  — f f [cos  y — (—  cos  y)]  dx  dy  = SI  SI  2 cos  y dxdy  = £ n cos  y dy  = [7r  sin  y]  f2  = n 
R 

17.  M = 3xy  — -pp-j  , N = ex  + tan  y =>  $ = 3y  - jf-j  , 


l+y2  ’ dy  1+y2 

p2n  /»a(l  + cos  6 


=>  Flux  = f f (3y  — jff  + r+y2)  dxdy  = f f 3y  dxdy  = £"£  +“  (3r  sin  9)i  drdfl 

R R 

X2tv  o "I  27T 

a3(l  + cos  0)3(sin  9)  dd  = — ^(l+cosO)4  = — 4a3  — (— 4a3)  = 0 


18.  M = y + exlny.N=  f =*  f = l + f ,f  = f =>  Circ  = //[f-(l  + f)]  dxdy  = ff  (-l)dxdy 
f'X+I  dy  dx  = - fj( 3 - x2)  - (x4  + 1)]  dx  = /‘(x4  + x2  - 2)  dx  = - g 


19.  M = 2xy3,  N = 4x2y 


3,  N = 4x2y2  =^>  ^ = 6xy2,  = 8xy2  =>  work  = £ 2xy3  dx  + 4x2y2  dy  — f f (8xy2  - 6xy2)  dxdy 


= £'£  2xy2  dydx  = £ § x10  dx 


20.  M = 4x  - 2y,  N = 2x  - 4y  =>  = -2,  §|  = 2 =>  work  = £ (4x  - 2y)  dx  + (2x  - 4y)  dy 

= f f [2  — (—2)]  dx  dy  = 4 f f dx  dy  = 4(Area  of  the  circle)  = 4(7r  • 4)  = 167r 
R R 
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21.  M = y2,  N = x2  = 2y,  = 2x  =>  £ y2  dx  + x2  dy  = // (2x  - 2y)  dy  dx 

R 

= £'£'  (2x  - 2y)  dy  dx  = £‘(- 3x2  + 4x  - 1)  dx  = [-x3  + 2x2  - x]  J = -1  + 2 - 1 = 0 

22.  M = 3y,  N = 2x  =>■  = 3,  = 2 =*  £ 3y  dx  + 2x  dy  = ff  (2  - 3)  dxdy  = fffff-ljdydx 

R 

= — I sin  x dx  = —2 

Jo 

23.  M = 6y  + x,  N = y + 2x  =>•  ^ = 6,  = 2 =4>  £ (6y  + x)  dx  + (y  + 2x)  dy  = f f (2  — 6)  dy  dx 

R 

= -4(Area  of  the  circle)  — - 1 6tt 

24.  M = 2x  + y2,  N = 2xy  + 3y  =>  = 2y,  §£  = 2y  =>•  £ (2x  + y2)  dx  + (2xy  + 3y)  dy  = f f (2y  - 2y)  dx  dy  = 0 

R 

25.  M = x = a cos  t,  N = y = a sin  t =>  dx  = — a sin  t dt,  dy  = a cos  t dt  =>  Area  = \ £ x dy  — y dx 

= | £ (a2  cos2 1 + a2  sin2 1)  dt  = | £ a2  dt  = 7ra2 

26.  M = x = a cos  t,  N = y = b sin  t =>■  dx  = — a sin  t dt,  dy  = b cos  t dt  =>  Area  = | £ x dy  — y dx 

n2n  n 2n 

= i J (ab  cos2 1 + ab  sin2 1)  dt  = | £ ab  dt  = 7rab 

27.  M = x = cos3 1,  N = y = sin3 1 =>  dx  = — 3 cos2 1 sin  t dt,  dy  = 3 sin2  t cos  t dt  =>  Area  = |£  x dy  — y dx 

= 1 £ (3  sin2  t cos2 1)  (cos2 1 + sin2 1)  dt  = ^ £ (3  sin2 1 cos2 1)  dt  = | £ sin2  2t  dt  = ^ £ sin2  u du 

_ J_  [u  _ sin  2ul  _ 3 
16  L2  4 Jo  8 ' 

28.  Ci:  M = x = t,  N = y = 0 =>  dx  = dt,  dy  = 0;  C2:  M = x = (27t  — t)  — sin(27r  — t)  = 27r  — t + sint,  N = y 
= 1 — cos(27t  — t)  = 1 — cost  =>■  dx  = (cost  — 1)  dt,  dy  = sint  dt 

=>■  Area  = -( £ x dy  — y dx  = -( £ x dy  — y dx  + i £ x dy  — y dx 

[(27T  — t + sint) (sint)  — (1  — cost)  (cost  — 1)]  dt  = — 1£  (2 cost  + tsint  — 2 — 27rsint)  dt 
= — \ [3 sint  — tcost  — 2t  — 2tt cos t]£  = 37r 

29.  (a)  M = f(x),  N = g(y)  =4>  = 0,  = 0 =>  £ f(x)  dx  + g(y)  dy  = ff  dxdy  = ff  0 dxdy  = 0 

R R 

(b)  M = ky,  N = hx  =>  = k,  = h =b  £ ky  dx  + hx  dy  = //  ( w ~ w)  dxdy 

R 

= f f (h  — k)  dx  dy  = (h  — k)(Area  of  the  region) 

R 

30.  M = xy2,  N = x2y  + 2x  = 2xy,  ^ = 2xy  + 2 =>  £ xy2  dx  + (x2y  + 2x)  dy  = ff  (§£  - ^ dxdy 

R 

— f f (2xy  + 2 — 2xy)  dx  dy  = 2 f f dx  dy  = 2 times  the  area  of  the  square 
R R 
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31.  The  integral  is  0 for  any  simple  closed  plane  curve  C.  The  reasoning:  By  the  tangential  form  of  Green's 

Theorem,  with  M = 4x3y  and  N = x4,  £4x3y  dx  + x4  dy  = f f ^ (x4)  — (4x3y)  dxdy 

R 

= f f (4x3~4x3)  dx  dy  = 0. 


32.  The  integral  is  0 for  any  simple  closed  curve  C.  The  reasoning:  By  the  normal  form  of  Green's  theorem,  with 


M = x3  and  N = 


-y3,  j>  -y3  dy  + x3  dx  = f f 


£ ( y 3)  - £ (x3) 


dx  dy  = 0. 


33.  Let  M = x and  N = 0 =>■  ^ = 1 and  fy=0  =>■  ^ M dy  — N dx  = //  (f^  + fj^)  dx  dy  =>  ^ x dy 

= f f (1  + 0)  dx  dy  =>  Area  of  R = f f dx  dy  = j>  x dy;  similarly,  M = y and  N = 0 =>  ^ = 1 and 
R R 

f = 0 =>  § ‘ M dx  + N dy  = ff  dydx  =>  § ' y dx  = ff  (0  - 1)  dydx  =>  - § y dx 

R V ' R 

= f f dxdy  — Area  of  R 


34.  j f(x)  dx  — Area  of  R — f y dx,  from  Exercise  33 


35.  Let  6(x,  y)  = 1 


■ _ _ R 


f f x <5(x,y)  dA  J f x dA  f f x dA 


^ M J J 5(x,y)  dA  J J dA  A 


Ax  = ffxdA=  ff  (x  + 0)  dxdy 


= j>c  £ dy,  Ax  = f f x dA  = f f (0  + x)  dx  dy  = — <f  xy  dx,  and  Ax  = f f xdA  = //(|  x + ^ x)  dx  dy 
R R c R R 

= <f>  | x2  dy  - | xy  dx  =>■  | j>  x2  dy  = — j>  xy  dx  = | <j>  x2  dy  - xy  dx  = Ax 

36.  If  6 (x,  y)  = 1 , then  Iy  = f f x2  6(x,  y)  dA  = f f x2  dA  = f f (x2  + 0)  dy  dx  = | j>  x3  dy, 

R R R c 

ff  x2  dA  = ff  (0  + x2)  dydx  = - § x2y  dx,  and  ff  x2  dA  = ff  (|  x2  + \ x2)  dydx 

R R c R R 

— £ 5 x3  dy  ~ 5 x2y  dx  = \ j>  x3  dy  - x2y  dx  =>  | j>  x3  dy  = - f x2y  dx  = \ <f>  x3  dy  - x2y  dx  = Iy 


07  a j df  XT  df  _v  <9M  d2f  dN  d2f 

J / • 1V1  <->  . ~~f  <1  2 9 ) O 9 

o y dx  o y o y ox  axz 


£ § dx~  £ dy  = f f (-0-0)  dxdy  = 0 


= 0 for  such  curves  C 


38.  M = j x2y  + | y3,  N = x =>■  ^ = 1 x2  + y2,  |^  = 1 =>  Curl  = ^ ^ = 1 — Q x2  + y2)  > 0 in  the  interior  of  the 

ellipse  | x2  + y2  = 1 =>•  work  = jfv  ■ dr  — f f ( I - Jx2  y2)  dxdy  will  be  maximized  on  the  region 


R = { (x,  y ) | curl  F}  > 0 or  over  the  region  enclosed  by  1 = j 


1 „2 


39.  (a)  V f = (£$  i + (iiryi)  j =>  M = , N = ; since  M,  N are  discontinuous  at  (0,  0),  we 


x2  + y2 


compute  J v f • n ds  directly  since  Green's  Theorem  does  not  apply.  Let  x = a cos  t,  y = a sin  t =>  dx  = -a  sin  t dt, 
dy  = a cos  t dt,  M = | cos  t,  N = = sin  t,  0 < t < 27t,  so  J v f • n ds  = £ M dy  — N dx 

X2n  n2n 

[ (|  cos  t)  (a  cos  t)  — sin  t)  (—a  sin  t)  ] dt  = Jq  2(cos2  t + sin2 1) dt  = 4tt.  Note  that  this  holds  for  any 
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a > 0,  so  J v f ' n ds  = 47t  for  any  circle  C centered  at  (0,  0)  traversed  counterclockwise  and  J \y  f ■ n ds  — 
if  C is  traversed  clockwise. 

(b)  If  K does  not  enclose  the  point  (0, 0)  we  may  apply  Green's  Theorem:  J v f ' n ds  = £ M dy  — N dx 


//  (f  + g ) * dy  = //  ( ^ dx  dy  = //  0 dx  dy  = 0. 


= 0.  If  K does  enclose  the  point 


R 7 R 

(0, 0)  we  proceed  as  follows: 

Choose  a small  enough  so  that  the  circle  C centered  at  (0, 0)  of  radius  a lies  entirely  within  K.  Green's  Theorem 
applies  to  the  region  R that  lies  between  K and  C.  Thus,  as  before,  0 = f f dxdy 


R 


= /KMdy-Ndx  + £ M dy  — N dx  where  K is  traversed  counterclockwise  and  C is  traversed  clockwise. 

Hence  by  part  (a)  0 = [ £ M dy  — N dx  4tt  =>  4tt  — £ M dy  N dx  — £ yf-ti  ds.  We  have  shown: 

r , f0  if  (0, 0)  lies  inside  K 

JK  V n s 1 4tt  if  (0.  0)  lies  outside  K 


40.  Assume  a particle  has  a closed  trajectory  in  R and  let  Ci  be  the  path  =>  Ci  encloses  a simply  connected  region 
Ri  =t>  Ci  is  a simple  closed  curve.  Then  the  flux  over  R | is  £ F • n ds  = 0,  since  the  velocity  vectors  F are 

tangent  to  Ci.  But  0 = £ F • n ds  = M dy  — N dx  = //  dx  dy  =>■  Mx  + Ny  = 0,  which  is  a 

contradiction.  Therefore,  Ci  cannot  be  a closed  trajectory. 

2(y)  /»d  p&2{y)  /»d 

41.  Jgl(y)  ^ dxdy  = N(g2(y),y)  - N(gi(y),y)  =>  Jc  dx)  dy  = Jc  [N(g2(y), y)  - N(gi(y), y)]  dy 

= £ N(g2(y),y)  dy  - £ N(gi(y),  y)  dy  = £ N(g2(y),  y)  dy  + £ N(gi(y),  y)  dy  = £ N dy  4-  £ N dy 
= £dy  =>  fcNdy  = //f  dxdy 

42.  The  curl  of  a conservative  two-dimensional  field  is  zero.  The  reasoning:  A two-dimensional  field  F = Mi  + Nj 
can  be  considered  to  be  the  restriction  to  the  xy-plane  of  a three-dimensional  field  whose  k component  is  zero, 
and  whose  i and  j components  are  independent  of  z.  For  such  a field  to  be  conservative,  we  must  have 

Ip  = by  the  component  test  in  Section  16.3  =>  curl  F = |p  — |p  = 0. 

ax  ay  J r ax  ay 

43-46.  Example  CAS  commands: 

Maple: 

with(  plots  );#43 
M :=  (x,y)  ->  2*x-y; 

N :=  (x,y)  ->  x+3*y; 

C :=  xA2  + 4*yA2  = 4; 

implicitplot(  C,  x=-2..2,  y=-2..2,  scaling=constrained,  title="#43(a)  (Section  16.4)" ); 
curlF_k  :=  D[1](N)  - D[2](M):  # (b) 

'curlF_k'  = curlF_k(x,y); 

top.bot  :=  solve(  C,  y );  # (c) 

left, right  :=  -2,  2; 

ql  :=  Int(  Int(  curlF_k(x,y),  y=bot..top  ),  x=left. .right ); 
value(  ql  ); 

Mathematica:  (functions  and  bounds  will  vary) 

The  ImplicitPlot  command  will  be  useful  for  43  and  44,  but  is  not  needed  for  43  and  44.  In  44,  the  equation  of  the  line 
from  (0,  4)  to  (2,  0)  must  be  determined  first. 
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Clearfx,  y,  fj 
«Graphics'ImplicitPlot' 
f[x_,  yj:=  {2x  — y,  x + 3y} 
curve=  x2  + 4y2  ==4 

ImplicitPlot[curve,  {x,  —3,  3},{y,  —2,  2},  AspectRatio  — > Automatic,  AxesLabel  — > {x,  y }]; 
ybounds=  Solve  [curve,  y] 

{ y 1 , y2}=y/.ybounds; 

integrand : =D [f [x,y] [ [2] ] , x]  - D[f[x,y][Ll|],  y]//Simplify 
lntegrate[integrand,  {x,  —2,  2},  {y,  yl,  y2 }] 

N[%] 

Bounds  for  y are  determined  differently  in  45  and  46.  In  46,  note  equation  of  the  line  from  (0,  4)  to  (2,  0). 

Clear[x,  y,  fj 

flx_,  yj:=  {x  Exp[y],  4x2  Log[y]} 
ybound  = 4 — 2x 

Plot[(0,  ybound},  {x,  0,2.  1},  AspectRatio  — > Automatic,  AxesLabel  — > {x,  y } ] ; 
integrand : =D [f [x,  y][[2]],  x]  - D[f[x,  y][[l]],  y]//Simplify 
Integrate[integrand,  {x,  0,  2},  {y,  0,  ybound}] 

N[%] 

16.5  SURFACES  AND  AREA 

1.  In  cylindrical  coordinates,  let  x = r cos  9,  y = r sin  6,  z = (x/x2  + y2)^  = r2.  Then  r(r,  9)  = (r  cos  9) i + (r  sin  9) j + r2k, 
0 < r < 2,  0 < 9 < 2tt. 

2.  In  cylindrical  coordinates,  let  x = r cos  0,  y = r sin  0,  z = 9 x2  - y2  = 9 r2.  Then 

r(r,  9)  — (r  cos  9)i  + (r  sin  0)j  + (9  — r2)  k ; z > 0 =>  9 — r2  > 0 =>  r2  < 9 =>  — 3 < r < 3,  0 < 9 < 2ir.  But 

— 3 < r < 0 gives  the  same  points  as  0 < r < 3,  so  let  0 < r < 3. 

3.  In  cylindrical  coordinates,  let  x = r cos  9,  y = r sin  9,  z = v 2 =£>  z = Then  r(r,  9)  — (r  cos  9) i + (r  sin  9) j + (J  j k . 

For  0 < z < 3,  0 < | <3=^0<r<6;to  get  only  the  first  octant,  let  0 < 9 < |. 

4.  In  cylindrical  coordinates,  let  x = r cos  9,  y = r sin  9,  z = 2^/x2  + y2  =>  z = 2r.  Then 

r(r,  9)  — (r  cos  9)  i + (r  sin  9) j + 2rk . For  2<z<4,  2<2r<4  =>  l<r<2,  and  let  0 < 9 < 2n. 

5.  In  cylindrical  coordinates,  let  x = r cos  9,  y = r sin  9\  since  x2  + y2  = r2  =>  z2  = 9 — (x2  + y2)  = 9 — r2 

=>  z=\/9  — r2,z>0.  Then  r(r,  9)  — (r  cos  9)  i + (r  sin  9) j + \/ 9 — r2k . Let  0 < 9 < 2n.  For  the  domain 

of  r:  z — \j x2  + y2  and  x2  + y2  + z2  = 9 =>  x2  + y2  + (y/x2  +y2)2  = 9 2 (x2  + y2)  = 9 =>  2r2  = 9 

=>  r=4=  =>  0<r<4=. 

V2  - - V2 

6.  In  cylindrical  coordinates,  r(r,  9)  = (r  cos  9) i + (r  sin  9) j + \J \ — r2  k (see  Exercise  5 above  with  x2  + y2  + z2  = 4, 
instead  of  x2  + y2  + z2  = 9).  For  the  first  octant,  let  0 <9<\.  For  the  domain  of  r:  z = ^/x2  + y2  and 

x2  + y2  + z2  = 4 =>  x2  + y2  + (y/x2  + y2)2  =4  2 (x2  + y2)  = 4 =>  2r2  = 4 r = \[2.  Thus,  let  xfl  < r < 2 

(to  get  the  portion  of  the  sphere  between  the  cone  and  the  xy-plane). 
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7.  In  spherical  coordinates,  x = p sin  (f>  cos  9,  y = p sin  <J)  sin  9,  p = \Jx2  + y2  + z2  =>■  p2  = 3 =>  p = y^3 

=>  z = cos  (j)  for  the  sphere;  z = ^ cos  <f>  =>  cos  4>  — \ =>  </>  = | ; z = — =>■  — 4r  = -\/3  cos  <j> 

=>  cos  (p  = - \ =4-  (f>  = y- . Then  r(0,  0)  = ^\/3  sin  <fi  cos  6^  i + ^\/3  sin  </>  sin  6^  j + ^\/3  cos  k, 

f < ^ and  0 < 9 < 2ty. 

8.  In  spherical  coordinates,  x = p sin  <t>  cos  9,  y = p sin  (f>  sin  0,  p = -\/x2  + y2  + z2  =4-  p2  = 8 =>  p — \/%  = 2\/2 

=>  x = 2\/2  sin  <f>  cos  9,y  = 2\/2  sin  4>  sin  9,  and  z = 2\[2  cos  <f> . Thus  let 

ri<f>,&)=  (2y/2  sin  <f>  cos  9^j  i + ^ 2\ / 2 sin  <f>  sin  9^j  j + ( ' 2\f2  cos  <j)^J  k ; z = —2  =4-  —2  = 2\/2  cos  <f> 

=>  cos  (f>  = — =>  (j>  — \ z = 2\[2  =4-  2\/2  = 2\/2  cos  <j>  =4-  cos  </>  = 1 =>  <j>  = 0.  Thus  0 < (j)  < y and 

0 < 9 < 2tt. 

9.  Since  z = 4 — y2,  we  can  let  r be  a function  of  x and  y =4-  r(x,  y)  = xi  + yj  + (4  — y2)  k . Then  z = 0 

=4  0 = 4 — y2  =>  y = ±2.  Thus,  let  — 2 < y < 2 and  0 < x < 2. 

10.  Since  y = x2,  we  can  let  r be  a function  of  x and  z =4  r(x,  z)  = xi  + x2j  + zk . Then  y = 2 

=4  x2  = 2 =4  x = ± \fl.  Thus,  let  — \[2  < x < \/2  and  0 < z < 3. 

11.  When  x = 0,  let  y2  + z2  = 9 be  the  circular  section  in  the  yz-plane.  Use  polar  coordinates  in  the  yz-plane 

=4  y = 3 cos  9 and  z = 3 sin  9.  Thus  let  x = u and  9 = v =4  r(u,v)  = ui  + (3  cos  v)j  + (3  sin  v)k  where 

0 < u < 3,  and  0 < v < 27t. 

12.  When  y = 0,  let  x2  + z2  = 4 be  the  circular  section  in  the  xz-plane,  Use  polar  coordinates  in  the  xz-plane 

=4  x = 2 cos  9 and  z = 2 sin  9.  Thus  let  y = u and  9 = v =4  r(u,v)  = (2  cos  v)i  + uj  + (3  sin  v)k  where 
—2  < u < 2,  and  0 < v < 7r  (since  we  want  the  portion  above  the  xy-plane). 

13.  (a)  x + y + z=  l=>z  = l— x — y.  In  cylindrical  coordinates,  let  x = r cos  9 and  y = r sin  9 

=4  z = 1 — r cos  9 — r sin  9 =4  r(r,  9)  = (r  cos  0)i  + (r  sin  9)j  + ( 1 — r cos  9 — r sin  0)k , 0 < 9 < 2n  and 

0 < r < 3. 

(b)  In  a fashion  similar  to  cylindrical  coordinates,  but  working  in  the  yz-plane  instead  of  the  xy-plane,  let 
y = u cos  v,  z = u sin  v where  u = \Jy2  + z2  and  v is  the  angle  formed  by  (x,  y,  z),  (x,  0, 0),  and  (x,  y,  0) 
with  (x,  0, 0)  as  vertex.  Since  x + y + z = 1 =4  x = 1 — y — z =4  x = 1 — u cos  v — u sin  v,  then  r is  a 
function  of  u and  v =4  r(u,  v)  = (1  — u cos  v — u sin  v)i  + (u  cos  v)j  + (u  sin  v)k , 0 < u < 3 and  0 < v < 27r. 

14.  (a)  In  a fashion  similar  to  cylindrical  coordinates,  but  working  in  the  xz-plane  instead  of  the  xy-plane,  let 

x = u cos  v,  z = u sin  v where  u = y/x2  + z2  and  v is  the  angle  formed  by  (x,  y,  z),  (y,  0, 0),  and  (x,  y,  0) 

with  vertex  (y,  0, 0).  Since  x — y + 2z  = 2 =4  y = x + 2z  — 2,  then  r(u,  v) 

= (u  cos  v)i  + (u  cos  v + 2u  sin  v — 2)j  + (u  sin  v)k , 0 < u < \f?>  and  0 < v < 27T. 

(b)  In  a fashion  similar  to  cylindrical  coordinates,  but  working  in  the  yz-plane  instead  of  the  xy-plane,  let 

y = u cos  v,  z = u sin  v where  u = \J y2  + z2  and  v is  the  angle  formed  by  (x,  y,  z),  (x,  0, 0),  and  (x,  y,  0) 
with  vertex  (x,  0, 0).  Since  x — y + 2z  = 2 =4  x = y — 2z  + 2,  then  r(u,  v) 

= (u  cos  v — 2u  sin  v + 2)i  + (u  cos  v)j  + (u  sin  v)k , 0 < u < \pl  and  0 < v < 27T. 

15.  Let  x = w cos  v and  z = w sin  v.  Then  (x  — 2)2  + z2  = 4 =4  x2  — 4x  + z2  = 0 =4  w2  cos2  v — 4w  cos  v + w2  sin2  v 

= 0 =4  w2  — 4w  cos  v = 0=>w  = 0orw  — 4 cos  v = 0 =>  w = 0 or  w = 4 cos  v.  Now  w = 0 =>  x = 0 and  y = 0, 
which  is  a line  not  a cylinder.  Therefore,  let  w = 4 cos  v =>  x = (4  cos  v)(cos  v)  = 4 cos2  v and  z = 4 cos  v sin  v. 

Finally,  let  y = u.  Then  r(u,  v)  = (4  cos2  v)  i + uj  + (4  cos  v sin  v)k , — f < v < | and  0 < u < 3. 
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16.  Let  y = w cos  v and  z = w sin  v.  Then  y2  + (z  — 5)2  = 25  =>•  y2  + z2  — lOz  = 0 

=>  w2  cos2  v + w2  sin2  v — lOw  sin  v = 0 =>  w2  — lOw  sin  v = 0 =>  w(w  — 10  sin  v)  = 0 =>  w = 0 or 
w = 10  sin  v.  Now  w = 0 =>  y = 0 and  z = 0,  which  is  a line  not  a cylinder.  Therefore,  let  w — 10  sin  v 
=>  y = 10  sin  v cos  v and  z = 10  sin2  v.  Finally,  let  x = u.  Then  r(u.  v)  = ui  + (10  sin  v cos  v)j  + (10  sin2  v)  k , 
0 < u < 10  and  0 < v < 7r. 


17.  Let  x = r cos  9 and  y = r sin  9.  Then  r(r,  9)  = (r  cos  9) i + (r  sin  9) j + (- — k , 0 < r < 1 and  0 < 9 < 2ir 
=>  rr  = (cos  9) i + (sin  9)j  - (^)  k and  re  = (-r  sin  9) i + (r  cos  9) j - (rc(*e)  k 

i j k 


=>  rrxr#  = 


cos  9 sin  9 — 

-r  sin  9 r cos  9 - ra^8 


^ -r  sin  cose  + (sin  9)(r  cos  g)  j • + (rsiAS  + rc|!^  j + (r  cos2  g + f sin2  £/)  k = I j + rk 

• |r,  x r,|  = Jf+f- -#.A- /;x‘  A *19  = £ [4=]  ' d9  = £ dfl  = £ 


18.  Let  x = r cos  9 and  y = r sin  6 =>■  z — — x = — r cos  9,  0 < r < 2 and  0 < 9 < 2ir.  Then 
r(r,  9)  — (r  cos  9) i + (r  sin  9) j — (r  cos  9)k  =>  rr  = (cos  9) i + (sin  9) j — (cos  6>)k  and 
rg  = (— r sin  9) i + (r  cos  9) j + (r  sin  9) k 

i j k 

=>  rr  x rg  = cos  9 sin  9 — cos  9 

— r sin  9 r cos  9 r sin  9 

= (r  sin2  9 + r cos2  9)  i + (r  sin  9 cos  9 — r sin  9 cos  9) j + (r  cos2  9 + r sin2  9)  k = ri  + rk 

=>  |rr  x rg | = \/r2  + r2  = x\fl  =>  A = Jg  Jg  r\fl  drd(9  = Jo  d9  — Jo  2\fl  d 9 = \-k\[2 


19.  Let  x = r cos  9 and  y = r sin  9 =>  z = 2y/x2_+y2  = 2r,  1 < r < 3 and  0 < 9 < 2tt.  Then 

r(r,  9)  = (r  cos  9) i + (r  sin  9) j + 2rk  =>■  rr  = (cos  9) i + (sin  9) j + 2k  and  r®  = (— r sin  9) i + (r  cos  0)j 


=>  rrxr#  = 


i j k 

cos  9 sin  9 2 

-r  sin  9 r cos  9 0 


= (— 2r  cos  9) i — (2r  sin  6>)j  + (r  cos2  9 + r sin2  0)  k 


= (— 2r  cos  0)i  — (2r  sin  0)j  + rk  =>■  |rr  x r^|  = \J 4r2  cos2  9 + 4r2  sin2  9 + r2  = y/ir2  = r-\/5 

=•  A = ff; 'Ns  **>  = f [A]  ’ " = f4^  1«  = 8»v/5 


=>  rr  x rg  = 


20.  Let  x = r cos  9 and  y = r sin  9 =>  z = ^x3+y  = | , 3 < r < 4 and  0 < 0 < 27t.  Then 

r(r,  9)  = (r  cos  9) i + (r  sin  0)j  + (|)  k =>■  rr  = (cos  0)i  + (sin  9) j + Q)  k and  r®  = (— r sin  9) i + (r  cos  60j 

i j k 

cos  9 sin  9 | = (—  \ r cos  9)  i — ( | r sin  9)  j + (r  cos2  9 + r sin2  9)  k 

-r  sin  9 r cos  9 0 

= (—  5 r cos  9)  i — ( j r sin  d)  j + rk  =>■  jrr  x r#|  = \j \*2  c°s2  $ + § r2  sin2  0 + r2  = ^ 

=>  A = £7;^  drdd  = fo2’  [7^]  * dtf  = /o2^  dd  = ^ 


21.  Let  x = r cos  0 and  y = r sin  d =>■  r2  = x2  + y2  = 1,  1 < z < 4 and  0 < 9 < 2n.  Then 
r(z,  9)  = (cos  9) i + (sin  0)j  + zk  =>  rz  = k and  r g — (—  sin  0)i  + (cos  9) j 
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i j k 

=>  rg  x rz  = | — sin  0 cos  6 0 

0 0 1 

n4  r>  2ty 

1 dr  dd  = / 3 Ad  = 6tt 

JO 


— (cos  8)  i + (sin  8)  j =>  |r^  x rz|  = J cos2  8 + sin2  8 = 1 


22.  Let  x = u cos  v and  z = u sin  v =>  u2  = x2  + z2  = 10,  — 1 < y < 1,  0 < v < 2ir.  Then 
r(y,  v)  = (u  cos  v)i  + yj  + (u  sin  v)k  = ( V^IO  cos  v)  i + yj  + ^\/l0  sin  v)  k 


rv  = (-  a/Io  sin  v)  i + ( ^/\0  cos  v)  k and  ry  = j =>  rv  x ry 


» j k 

-a/Io  sin  v 0 COS  V 

0 1 0 

2tv  r>  1 , p2tv 


(-V^Ocos  v)  i — (v^O  sin  v)  k =>■  |rv  x ry|  = \f\ 0 A = XX/K,dU(1v  = /;[A5u 
f*2y/io  dv  = 47TX/T6 


dv 


23.  z = 2 — x2  — y2  and  z = y/x2_+y2  =>  z = 2 — z2  =>  z2  + z — 2 = 0 z = — 2 or  z = 1 . Since  z = Jx2  + y2  > 0, 
we  get  z = 1 where  the  cone  intersects  the  paraboloid.  When  x = 0 and  y = 0,  z = 2 =>  the  vertex  of  the 
paraboloid  is  (0, 0, 2).  Therefore,  z ranges  from  1 to  2 on  the  “cap"  =>•  r ranges  from  1 (when  x2  + y2  = 1)  to  0 
(when  x = 0 and  y = 0 at  the  vertex).  Let  x = r cos  9,  y = r sin  8,  and  z = 2 — r2.  Then 
r(r,  8)  — (r  cos  9)i  + (r  sin  60j  + (2  — r2)  k , 0 < r < 1,  0 < 9 < 2n  =>  rr  = (cos  9) i + (sin  9) j — 2rk  and 


rg  = (— r sin  8) i + (r  cos  8) j =>  rr  x re 


i j k 

cos  8 sin  8 — 2r 

— r sin  8 r cos  8 0 


= (2r2  cos  8)  i + (2r2  sin  8)  j + rk  =>  |rr  x r#|  = \J 4r4  cos2  0 + 4r4  sin2  8 + r2  = r 


=>  A = 


a:w* 


r2  + 1 drd#  = 


dd  = 


7 4r2  + 1 
1(575-1) 


24.  Let  x = r cos  9,  y = r sin  8 and  z = x2  + y2  = r2.  Then  r(r,  8)  — (r  cos  6)1  + (r  sin  8) j + r2k  ,1  < r < 2, 
0 <8  <2n  =>  rr  = (cos  9) i + (sin  8) j + 2rk  and  rg  — (— r sin  0)i  + (r  cos  6) j 

i j k 


=>  rr  x rj  = 


cos  8 sin  9 2r 
-r  sin  8 r cos  8 0 


= (-2r2  cos  8)  i - (2r2  sin  8)  j + rk  =>  |rr  x r#| 


= 7 4r4  cos2  9 + 4r4  sin2  9 + r2  = 4r2  + 1 =>  A = J)  r ^4r2  + 1 drdd  = J)  ^ (4r2  + 1)3^2 

= r (iz^m)  ^ = 1 (17717  - 575) 


d<9 


25.  Let  x = p sin  (f>  cos  8,  y = p sin  (j>  sin  8,  and  z = p cos  <j>  =>  p = -\/x2  + y2  + z2  = 7^  on  the  sphere.  Next, 

x2  + y2  + z2  = 2 and  z = \/x2  + y2  =>■  z2  + z2  = 2 =>  z2  = 1 =>■  z=l  since  z > 0 =>  (f>  = | . For  the  lower 
portion  of  the  sphere  cut  by  the  cone,  we  get  <j>  — n.  Then 


r (</>,  9) 

= (72: 

sin  (f>  cos  6*) 

i + 

(72  sin  <f>  sin  (?) 

j + 

(72  cos  (j) 

~e- 

VI 

(N 

VI 

VI 

0 

VI 

=>  r^,  - 

= (72  COS  <j>  COS  (?) 

i + 

^y/2  cos  </>  sin  0) 

lj  - 

(72  sin  <f> 

) k and  r#  = 

= (—72  sin  4>  sin  $)  • + (72  sin  <t>  cos  (?) 

xr9  = 

72  cos  4>  cos 

j 

6 72  cos  (j)  sin 

8 

k 

— 72  sin  <f> 

— 72  sin  (j> 

sin 

8 \J~2  sin  4>  cos 

8 

0 

= (2  sin2  4>  cos 

8)  i + (2  sin 

20 

sin  8)  j + (2  sin  0 

cos 

<t>)  k 
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=>  A = 


x rj|  = \J 4 sin4  </>  cos2  9 + 4 sin4  <f>  sin2  9 + 4 sin2  <j)  cos2  (f>  — \J 4 sin2  </>  = 2 | sin  <j) \ = 2 sin  <J> 
a=/;x  2 sin  <j>  d(j)  d9  = (2  + y/2)  d9  = (4  + 2 1/2)  7 r 


26.  Let  x = p sin  <j>  cos  y = p sin  (j)  sin  6 , and  z = p cos  (j)  =>  p = yx2  + y2  + z2  = 2 on  the  sphere.  Next, 

z = — 1 =>■  — 1=2  cos  </>  =>  cos  (j)  = — i =>  (f)  = y ; z = y/3  =>  y/3  = 2 cos  tj>  =>  cos  </>  = ^ =>  <; 

r(0,  0)  = (2  sin  (f>  cos  0)i  + (2  sin  (f>  sin  6*)j  + (2  cos  0)k  ,|<(?i<^I,O<0<27r 
=>  = (2  cos  4>  cos  9) i + (2  cos  4>  sin  0)j  — (2  sin  <j>) k and 

^ = (—2  sin  (f>  sin  9) i + (2  sin  <f>  cos  0)  j 

i j k 

=>  x = 2 cos  (f>  cos  9 2 cos  </>  sin  9 —2  sin  </> 

—2  sin  4>  sin  0 2 sin  <f>  cos  9 0 

= (4  sin2  <j>  cos  9)  i + (4  sin2  <j>  sin  9)  j + (4  sin  <j>  cos  <j>) k 

|r<^  x rg|  = \J  16  sin4  <j>  cos2  0+16  sin4  <f>  sin2  0+16  sin2  <p  cos2  (j)  = \J  16  sin2  </>  = 4 | sin  (j>\  = 4 sin  (j> 

=>  A = £’  f 4 sin  </>  d<j>  d9  = {l  + 2^)  d6»  = (4  + 4a/3)  tt 


27.  The  parametrization  r(r,  0)  = (r  cos  9) i + (r  sin  (9)j  + rk 
at  P0  = (a/2,  ^2, 2)  =►  0 = s , r = 2, 


rr  = (cos  9)  i + (sin  0)j  + k = /h  + ^ j + k and 


r,  = (-r  sin  9)  i + (r  cos  9) j = - V^i  + \Fk 

‘ j * 

=>  rr  x rg  = \/ 2/2  a/2/2  1 " * 

-a/2  a/2  0 

= — y/2i  — \/l\  + 2k  =>  the  tangent  plane  is 

0 = ( - \[2\  - y/2j  + 2k)  • (x  - \Z~2j  i + (y  - 1/2)  j + (z  - 2)k  =>  s/2x  + \/ly  - 2z  = 0,  or  x + y - a/2z  = 0. 
The  parametrization  r(r,  9)  =>  x = r cos  9,  y = r sin  9 and  z = r =>  x2  + y2  = r2  = z2  =>  the  surface  is  z = / x2  + y2. 


x + y -'fez  = 0 


28.  The  parametrization  r (<f>,  9)  z 

— (4  sin  (f>  cos  0)i  + (4  sin  4>  sin  9) j + (4  cos  </>) k ^2  x + V2  y + 2V3  z = 16 

at  P0  = (\/2,  \p2, =>  p = 4 and  z = 2\J 3 

= 4 cos  4>  =>■  <f>  = | ; also  x = ^/2  and  y = \pl 
=>  9 = | . Then  r^, 

= (4  cos  </>  cos  0)i  + (4  cos  </>  sin  0)j  — (4  sin  </>)k 
= \/6i  + y/6j  — 2k  and 
rg  = (—4  sin  (f>  sin  0)i  + (4  sin  <f>  cos  9)j 

i j k 

= -a/21  + V^j  at  P0  =>  r^xr#=  a/6  -2 

— a/2  y/2  0 

= 2a/21  + 2y^2j  + 4\/3k  =>  the  tangent  plane  is 

(2-/2i  + 2V/2j  + 4>/3k)  • [(x  - a/2)  i + (y  - a/2)  j + (z  - 2^3)  k]  = 0 =>  y/2x  + fe2y  + 2y/3z  = 16, 

or  x + y + a/6z  = 8 \/2.  The  parametrization  =>■  x = 4 sin  0 cos  9,  y = 4 sin  cj)  sin  9,  z = 4 cos  <j) 

=>  the  surface  is  x2  + y2  + z2  = 16,  z > 0. 
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29.  The  parametrization  r (6,  z)  = (3  sin  29)i  + (6  sin2  9)  j + zk 
at  P0  = ^ , § , 0^  =>  9 = | and  z = 0.  Then 

r#  = (6  cos  29)i  + (12  sin  9 cos  9) j 
= — 3i  + 3\/3j  and  rz  = k at  P0 

i j k 

=>  rg  x rz  = -3  3\/3  0 = 3\/3i  + 3j 
0 0 1 

=>•  the  tangent  plane  is 

(3^1 + 3j)  • [(x-3#)i+(y-!)j  + (z-0)k]  =0 
=>  \/?>x  + y = 9.  The  parametrization  =>  x = 3 sin  29 

and  y = 6 sin2  9 =>  x2  + y2  = 9 sin2  29  + (6  sin2  9)2 
= 9 (4  sin2 9 cos2 9)  + 36  sin4 9 — 6(6  sin2 9)  = 6y  =>  x2  + y2  — 6y  + 9 = 9 =>  x2  + (y  — 3)2  = 9 


30.  The  parametrization  r(x,  y ) = xi  + yj  - x2k  at 

Po  = (1 , 2,  — 1)  =>  rx  = i — 2xk  = i — 2k  and  ry  = j at  Po 

i j k 

rx  x ry  = 1 0 —2  = 2i  + k =>  the  tangent  plane 

0 10 

is  (2i  + k)  • [(x  - 1)1  + (y  - 2)j  + (z  + l)k]  = 0 
=>•  2x  + z = 1 . The  parametrization  =>  x = x,  y = y and 
z = —x2  =>  the  surface  is  z = — x2 


31.  (a)  An  arbitrary  point  on  the  circle  C is  (x,  z)  = (R  + r cos  u,  r sin  u)  =>  (x,  y,  z)  is  on  the  torus  with 

x = (R  + r cos  u)  cos  v,  y = (R  + r cos  u)  sin  v,  and  z = r sin  u,  0 < u < 27r,  0 < v < 2n 
(b)  ru  = (— r sin  u cos  v)i  — (r  sin  u sin  v)j  + (r  cos  u)k  and  rv  = (— (R  + r cos  u)  sin  v)i  + ((R  + r cos  u)  cos  v)j 

i j k 

=>  ru  x rv  = — r sin  u cos  v — r sin  u sin  v r cos  u 

— (R  + r cos  u)  sin  v (R  + r cos  u)  cos  v 0 

= — (R  + r cos  u)(r  cos  v cos  u)i  — (R  + r cos  u)(r  sin  v cos  u)j  + (— r sin  u)(R  + r cos  u)k 

=>  |ru  x rv|2  = (R  + r cos  u)2  (r2  cos2  v cos2  u + r2  sin2  v cos2  u + r2  sin2  u)  |ru  x rv|  = r(R  + r cos  u) 

=>  A = Jg  J (rR  + r2  cos  u)  du  d v = f0  27rrR  dv  = 47r2rR 

32.  (a)  The  point  (x,  y,  z)  is  on  the  surface  for  fixed  x = f(u)  when  y = g(u)  sin  (|  — v)  and  z = g(u)  cos  (|  — v) 

=>  x = f(u),  y = g(u)  cos  v,  and  z = g(u)  sin  v r(u.  v)  = f(u)i  + (g(u)  cos  v)j  + (g(u)  sin  v)k , 0 < v < 2n, 
a < u < b 

(b)  Let  u = y and  x = u2  =>■  f(u)  = u2  and  g(u)  = u =>  r(u,  v)  = u2i  + (u  cos  v)j  + (u  sin  v)k , 0 < v < 2n,  0 < u 

33.  (a)  Let  w2  + 4 = 1 where  w = cos  </>  and  | = sin  0 =>  K + p = cos2  <i>  \ — cos  (f>  cos  9 and  ? = cos  (j)  sin  0 

x = a cos  9 cos  </>,  y = b sin  9 cos  </>,  and  z = c sin  (j> 

=>  r (9,  (j>)  — (a  cos  9 cos  (j>) i + (b  sin  9 cos  </>) j + (c  sin  (f>) k 
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(b)  re  = (—a  sin  9 cos  <f>)i  + (b  cos  9 cos  <j>) j and  r^,  = (—a  cos  9 sin  <f>)\  — (b  sin  9 sin  <j>) j + (c  cos  <j>) k 

i j k 

=>  re  x = —a  sin  9 cos  (f>  b cos  9 cos  <j>  0 

—a  cos  9 sin  4>  — b sin  9 sin  (j)  c cos  <j> 

= (be  cos  9 cos2  (f>)  i + (ac  sin  9 cos2  </>)}  + (ab  sin  (f>  cos  </>) k 

=>  |r#  x r^j2  = b2c2  cos2  8 cos4  (j>  + a2c2  sin2  9 cos4  (j)  + a2b2  sin2  </>  cos2  </>,  and  the  result  follows. 

A =>  J0  \re  x r^l  dej)  d9  — Jo  Jg  [a2b2  sin2  <j>  cos2  0 + b2c2  cos2  9 cos4  (p  + a2c2  sin2  9 cos4  </>]lc  d(j>  dO 

34.  (a)  r (9,  u)  = (cosh  u cos  9) i + (cosh  u sin  9) j + (sinh  u)k 

(b)  r (9,  u)  = (a  cosh  u cos  9) i + (b  cosh  u sin  9) j + (c  sinh  u)k 


35.  r (9,  u)  = (5  cosh  u cos  0)i  + (5  cosh  u sin  9) j + (5  sinh  u)k  =>  re  = (—5  cosh  u sin  9) i + (5  cosh  u cos  9) j and 
ru  = (5  sinh  u cos  9) i + (5  sinh  u sin  9) j + (5  cosh  u)k 
i j k 

=>  re  x ru  = —5  cosh  u sin  9 5 cosh  u cos  9 0 

5 sinh  u cos  9 5 sinh  u sin  9 5 cosh  u 

= (25  cosh2  u cos  9)  i + (25  cosh2  u sin  9)  j — (25  cosh  u sinh  u)k.  At  the  point  (xo,  yo,  0),  where  Xg  + y^  = 25 

we  have  5 sinh  u = 0 =>  u = 0 and  Xo  = 25  cos  6 , yo  = 25  sin  9 =>■  the  tangent  plane  is 

5(x0i  + y0j)  • [(x  - x0)i  + (y  - y0)j  + zk]  = 0 =>  x0x  - x20  + y0y  - y§  = 0 x0x  + y0y  = 25 


36.  Let  4 — w2  = 1 where  7-  — cosh  u and  w = sinh  u w2  = 4 + rj  =>  ^=w  cos  8 and  \ = w sin  8 

C C 2 D d D 

=>  x = a sinh  u cos  6,y  — b sinh  u sin  9,  and  z = c cosh  u 

=>  r (9,  u)  = (a  sinh  u cos  9) i + (b  sinh  u sin  0)j  + (c  cosh  u)k , 0 < 9 < 2ty,  — oo  < u < oo 


39.  p = k.  v f = i + 2j  + 2k  =>  | v f|  = 3 and  j v f • P|  = 2;  x = y2  and  x = 2 — y2  intersect  at  (1,  1)  and  (1,  — 1) 

=*  s = //a  dA  = ffi  dxdy  = a:fi  dxdy  = fj 3 - 3y2)  dy  = 4 

R R 


40.  p = k,  vf  = 2xi  — 2k  =>  | v f I = + 4 = 2y/x2  + 1 and  | V f ' Pi  =2  =>  S = //  dA 

R 

= / / 2v/*f+T  dxdy  ^ Jv3/Vx2  + ldydx=  xy/x2  + 1 dx  = U (x2  + 1)3/21  ^ = i (4)3/2  - i 

D 00  0 Jq 


7 

3 
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41.  p = k,  vf  = 2xi-2j  -2k  =>  | v f I = V(2x)2  + (~2)2  + (~2)2  = \/4x2  + 8 = 2Vx2~+2  and  | vf'Pl  = 2 


=>  S = ff  |5'i  dA  = ff  2Vf+2  dx  dy  = dy  dx  = £3xy/^+2  dx  = [(x2  + 2) 

R R 

= 6^6  ~2y/2 


3/2' 


J 0 


42.  p = k , v f = 2xi  + 2yj  + 2zk  =>  | ^7  f | = yf 4x2  + 4y2  + 4z2  = y/%  = 2y/2  and  | v f • P|  = 2z;  x2  + y2  + z2  = 2 and 
z=V^?^  x2  + y2  = 1;  thus,  S = J J ^ dA  = ff  2-§  dA  = ^2  ff  \ dA 

R R R 


= V~2ff 


\/2-(x2+y2) 


dA  = x/2 


27r  d , Aa  r-  c2tt  , 

r drdd 


0 JO  V2-r2 


= \2 


-1  + y/l)  d e = 2tt  {l-y/f)j 


43.  p = k,  vf=c>-k  =>■  | V f I = \/c2  + 1 and  | v f • Pi  = 1 =>  S = f f dA  = f f \J  V + 1 dx  dy 


= fofo  Vc2  + 1 r drdfl  = £*  dfl  = 7ry/c2  + 1 


44.  p = k , v f = 2xi  + 2zj  =>  | v f | = \/ (2x)2  + (2z)2  = 2 and  | v f • p|  = 2z  for  the  upper  surface,  z > 0 

=*  s = ff  S dA  = ff  £ dA  = ff  vr^dydx  = cr  ttP  dy  dx  = IZ  vf- 


dx 


= sin  x 


1/2  7T 

-1/2  “ 6 


/ 7T  \ 7 r 

V 6 / 3 


45.  p = i . v f = i + 2yj  + 2zk  =>  | v f I = V ^-2  + (2y)2  + (2z)2  = y/  1 + 4y2  + 4z2  and  | f-p|  = 1;  1 < y2  + z2  <4 


s = ff 


lv£l 

M-pI 


dA  = 


f f \J  1 + 4y2  + 4z2  dy  dz  = f f \J  1 + 4r2  cos2  0 + 4r2  sin2  6 r dr  dd 


C£V l+4r2rdrdd  = £[f2  (1  +4r2)3/2]  * dtf  = A (l7^  - 5p)  d0  = f (l?/!?  - 5p) 


46.  p = j . yf=  2xi  + j + 2zk  =>  | v f I = V 4x2  + 4z2  + 1 and  | v f • p|  = 1;  y = 0 and  x2  + y + z2  = 2 =$■  x2  + z2  = 2; 
thus,  S = //jglf  dA  = /JV 4x2  + 4z2  + 1 dx  dz  = £ //V4^  + 1 rdrdfl  = £ f dd  = f tt 


47.  p = k,  Vf=  (2x  — |)  i + Vl5  j — k =►  | V f|  = ^(2x  - ?)2  + (v^)'  + (-1)2  = px2  + 8 + A = ^(2x+|)2 

= 2x+j,onl  < x < 2 and  | ^7  f • p|  = 1 =>  S = f f 4py  dA  — f f (2x  + 2x_1)  dx  dy 

R R 

= fo  (2x  + 2x_1)  dx  dy  = fg  [x2  + 2 In  x] 2 dy  = fg  (3  + 2 In  2)  dy  = 3 + 2 In  2 

48.  p = k.  V f = 3^/xi  + 3yZyj  3k  =>•  | v f|  = \/9x  + 9y  + 9 = 3y/x  + y + 1 and  j v f • p|  = 3 

=* s = J7S, dA  = ffV^+y +r dxdy  = Jo7oVx  + y + ldxdy  = £ [| (x  + y + d3/2] l dy 

R R 

= £ [§  (y  + 2)3/2  - | (y  + I)3/2]  dy  = [£  (y  + 2)5/2  - ± (y  + l)5/2]  J = ± [(3)5/2  _ (2 )5/2  - (2)5/2  + l] 

= ^(9y/3-8^/2+l) 

49.  fx(x, y)  = 2x,  fy(x, y)  = 2y  =>  yj f 2 + f 2 + 1 = y/ 4x2  + 4y2  + 1 =>  Area  — J f \J 4x2  + 4y2  + 1 dxdy 
= afW  + 1 r drd0  = | (l3/l3  - l) 
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50.  fy(y,  z)  = — 2y,  fz(y,  z)  = — 2z  =t>  J fy2  + fz2  + 1 = 4y2  + 4z2  + 1 =>  Area  — f f a/ 4y2  + 4z2  + 1 dy  dz 

v R 


rdrd0  = | - l) 


51.  fx(x,y)  = , fy(x, y)  = -7^-5  =►  ,/fx2+fy2  + 1 = 7 ^ + ^~T7  = \/2  =►  Area  = JjV 2 dxdy 


= y/2(Area  between  the  ellipse  and  the  circle)  = a/2(67t  — 7r)  = 5tta/2 

52.  Over  Rxy:  z = 2-  |x-2y  =>  fx(x,  y)  = - f , fy(x,  y)  = -2  =>  Jf*  +fy2  + 1 = J ^ + 4+1  = | 


Area  — f J j dA  = | (Area  of  the  shadow  triangle  in  the  xy-plane)  = (| 

Rxv 


3\  7 

2/  2 * 


Over  Rxz:  y=l-|x-±z  fx(x,  z)  = - \ , fz(x,  z)  = - ± =^>  ^/f | + fz2  + 1 = yJ\  + \ + l = l 

=>  Area  = J f l dA  = | (Area  of  the  shadow  triangle  in  the  xz-plane)  = (|)  (3)  = | . 

Rxz 

Over  Ryz:  x = 3-3y-fz  =>  fy(y,  z)  = -3,  fz(y,  z)  = - | =>■  fy2  + f 2 + 1 = y^9  + f + 1 = | 

=>  Area  — J dA  = | (Area  of  the  shadow  triangle  in  the  yz-plane)  = (^)  (1)  = | . 

Rv7 


53.  y = | z3/2  =>  fx(x,  z)  = 0,  fz(x,  z)  = z1/2  =>  ^/f 2 + fz2  + 1 = a/z  + 1 ; y = y =>  y = | z3/2  =>  z = 4 


Area  = £ Jg  \Jt  + 1 dx  dz  = £ a/z  + 1 dz  = | 


(5^5  - l) 


54.  y = 4 — z =>  fx(x,  z)  = 0,  fz(x,  z)  = -1  =>  y/f. 2 + f 2 + 1 = a/2~  =>  Area  = f f y/l  dA  = f0f0  \/2  dxdz 

Rxz 

= 3/2  £(  4-z2)dz=^ 


55.  r(x,  y)  = xi  + yj  + f(x,y)  k =>  rx(x,y)  = i + fx(x,  y)  k,  ry(x,  y)  =j  + fy(x,y)k 

i j k 

^r,xry=  1 0 fx(x,y)  = -fx(x,y)  i - fy(x,y)  j + k 

0 1 fy(x,  y) 

^ lrx  X ry|  = y/ (— fx(x,  y))2  + (— fy(x,  y))2  + l2  = ^/fx(x,y)2  + fy(x,y)2  + 1 
=>  dcr  = J fx(x,y)2  + fy(x,  y)2  + 1 dA 


56.  S is  obtained  by  rotating  y = f(x),  a < x < b about  the  x-axis  where  f(x)  > 0 

(a)  Let  (x,  y,  z)  be  a point  on  S.  Consider  the  cross  section  when  x = x*,  the  cross  section  is  a circle  with  radius  r = f(x*). 
The  set  of  parametric  equations  for  this  circle  are  given  by  y(0)  = rcos  0 = f(x*)  cos  8 and  z (8)  = r sin  8 

= f(x*)  sin  8 where  0 < 8 < 27r.  Since  x can  take  on  any  value  between  a and  b we  have  x(x,  8)  = x,  y(x,  8) 

= f(x)  cos  8,  z(x,  8)  — f(x)  sin  8 where  a < x < b and  0 < 9 < 2i r.  Thus  r(x,  8)  = x i + f(x)  cos  8 j + f(x)  sin  8 k 

(b)  rx(x,  8)  = i + f'(x)  cos0j  + f'(x)  sin  0 k and  r#(x,  8)  — — f(x)  sin0j  + f(x)  cos  0 k 


i j k 

=>  rx  x rg  — 1 f'(x)  cos  8 f'(x)  sin  8 = f(x)  • f'(x)  i — f(x)  cos0j  — f(x)  sin  0 k 

0 — f(x)sin0  f(x)cos0 
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16.6  SURFACE  INTEGRALS 

i j k 

1.  Let  the  parametrization  be  r(x,  z)  = xi  + x2j  + zk  =>  rx  = i + 2xj  and  rz  = k =>  rx  x rz  = 1 2x  0 

0 0 1 

= 2xi  + j =>  |rx  x rz|  = ^ 4x2  + 1 =>  J J G(x,y,z)  da  = f f x^4x2  + 1 dxdz  = f [V  (4x2  + l)3 

S L 

= Io42  (17\A7  - l)  dz=^ 

2.  Let  the  parametrization  be  r(x,  y)  = xi  + yj  + \/ 4 — y2k , —2  < y <2  =>  rx  i and  ry  = j - -j^=  ^ k 


i j k 

1 0 0 

0 1 - ifi 

v^-y 


75^7  j + k =►  |rx  x ry|  = 


Vl  - C 4-y^  + 1 - jh 


If  G(x, y, z)  da  = f4f22V4  - y2  dy dx  = 24 


3.  Let  the  parametrization  be  r (</>,  9)  — (sin  0 cos  0)i  + (sin  0 sin  9) j + (cos  0)k  (spherical  coordinates  with  p — 1 
on  the  sphere),  0 < 0 < 7r,  0 < 9 <2n  =>•  = (cos  0 cos  0)i  + (cos  0 sin  0)j  — (sin  0)k  and 

i j k 

r#  = (—  sin  (f)  sin  0)i  + (sin  0 cos  9) j =>  x rj  = cos  0 cos  9 cos  0 sin  9 — sin  0 

— sin  0 sin  9 sin  0 cos  9 0 

= (sin2  0 cos  9)  i + (sin2  0 sin  9)  j + (sin  0 cos  0)k  =>  |r^,  x r#|  = y/ sin4  0 cos2  9 + sin4  0 sin2  9 + sin2  0 cos2  0 

— sin  0;  x = sin  0 cos  9 =>  G(x,  y,  z)  = cos2  9 sin2  0 =>  J J G(x,  y,  z)  da  = J J (cos2  9 sin2  0)  (sin  0)  d0  d 9 

S 

= ai  (cos2  6 ) ('  - cos2  4>)  (sin  0)  d0d0;  du  " ' “ - /*/,  W 0)  (u2  - *)  dud0 

= Ci™2  8)  [f  - «]  d*  = 5 Ccos2  0M=i[l  + *Ti]7  = T 


4.  Let  the  parametrization  be  r(0, 9)  — (a  sin  0 cos  9) i + (a  sin  0 sin  0)j  + (a  cos  0)k  (spherical  coordinates  with  p = a, 
a > 0,  on  the  sphere),  0 < 0 < | (since  z > 0),  0 < 0 < 27r  r^,  = (a  cos  0 cos  0)i  + (a  cos  0 sin  9) j — (a  sin  0)k  and 

i j k 

r 0 = (—a  sin  0 sin  0)i  + (a  sin  0 cos  0)j  =>  x rj  = a cos  0 cos  9 a cos  0 sin  0 —a  sin  0 

—a  sin  0 sin  0 a sin  0 cos  0 0 

= (a2  sin2  0 cos  9)  i + (a2  sin2  0 sin  0)  j + (a2  sin  0 cos  0)k 

=>  |r^  x | = \J a4  sin4  0 cos2  9 + a4  sin4  0 sin2  0 + a4  sin2  0 cos2  0 = a2  sin  0;  z = a cos  0 
=>  G(x,  y,  z)  = a2  cos2  0 =>  J" J" G(x,  y,  z)  d 17  — J0  f(l  (a2  cos2  0)  (a2  sin  0)  d0  d#  = 1 7ra4 


5.  Let  the  parametrization  be  r(x,  y)  = xi  + yj  + (4  — x — y)k  =>  rx  = i — k and  ry  = j k 

i j k i i _ 

=>  G x ry  = 1 0 -1  =i+j  + k =>  jrxxry|  = y/3  =>  J/F(x,y,z)  da  = f f (4  - x - y)  y/l  dydx 

0 1-1  s 


= fo  a/3  [4y  - xy  - £]  * dx  = fg  y/3  - x)  dx  = y/l  [j  x - f ] 1 = 3^ 
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6.  Let  the  parametrization  be  r(r,  9)  — (r  cos  9) i + (r  sin  9)j  + rk , 0 < r < 1 (since  0 < z < 1)  and  0 < 9 < 2ir 

i j k| 


rr  = (cos  9) i + (sin  9) j + k and  = (— r sin  9) i + (r  cos  0)j  =>■  rr  x rj  = 


cos  9 sin  9 1 

-r  sin  9 r cos  9 0 


= (— r cos  0)i  — (r  sin  9)j  + rk  =>  |rr  x r®|  = \J (— r cos  9)2  + (— r sin  9)2  + r2  = r\/2;  z = r and  x = r cos  9 

=>■  F(x,  y,  z)  = r — r cos  9 =>  J J F(x,  y,  z)  dcr  = fo  fo  (r  ~ r cos  (r^)  ^ J0  f0  (1  - cos  9)  r2  drd$ 


_ 2t ry/2 
~ 3 

7.  Let  the  parametrization  be  r(r,  9)  — (r  cos  9) i + (r  sin  9)j  + ( 1 — r2)  k , 0 < r < 1 (since  0 < z < 1 ) and  0 < 9 < 2n 

i j k 

r,-  = (cos  9) i + (sin  9) j — 2rk  and  r g = (— r sin  9) i + (r  cos  9) j rr  x = | cos  9 sin  9 — 2r 

-r  sin  9 r cos  9 0 


= (2r2  cos  9)  i + (2r2  sin  6)  j + rk  =>  |rr  x r#|  = \J (2r2  cos  9)2  + (2r2  sin  9)  + r2  = r \J  1 + 4r2;  z = 1 — r2  and 

x = r cos  9 =>•  H(x,  y,  z)  = (r2  cos2  9)  \J  1 + 4r2  =>■  J J FI(x,  y,  z)  d a 

s' 

- rr  (r2  cos2  0)  ^\/l  + 4r2^  [r\J  1 + 4r2  j drd$  = r3  ( 1 + 4r2)  cos2  0 dr  d0 


1 1 7T 
12 


8.  Let  the  parametrization  be  r((j>,  9)  — (2  sin  4>  cos  9) i + (2  sin  (f>  sin  9) j + (2  cos  </>)k  (spherical  coordinates  with 

p = 2 on  the  sphere),  0 < </>  < | ; x2  + y2  + z2  = 4 and  z = -\/x2  + y2  =>■  z2  + z2  = 4 =>■  z2  = 2 =>■  z = \/2  (since 


z > 0)  =X  2 cos  cj)  = \/2  =>■  cos  (f)  = £ =>  <j>  = f ,0  < 9 < 2i r;  r^,  = (2  cos  <f>  cos  0)i  + (2  cos  <j>  sin  (9)j  — (2  sin  </>)k 
and  r^  = (—2  sin  <fr  sin  9) i + (2  sin  4>  cos  0)j  =>  x = 


i j k 

2 cos  (j>  cos  9 2 cos  </>  sin  9 —2  sin  < 

—2  sin  d>  sin  9 2 sin  6 cos  9 0 


= (4  sin2  (f)  cos  9)  i + (4  sin2  </>  sin  9)  j + (4  sin  4>  cos  <j>) k 

=>  |r0  x r®  | = \J  16  sin4  (f>  cos2  0+16  sin4  (j)  sin2  0+16  sin2  <j>  cos2  4>  = 4 sin  0;  y = 2 sin  (j)  sin  9 and 
z = 2 cos  <j>  =>•  H(x,  y,  z)  = 4 cos  (j)  sin  (j)  sin  9 =>  J J H(x,  y,  z)  der  = rr  (4  cos  </>  sin  <j)  sin  0)(4  sin  <fi)  d 4>  d# 

S ° ° 

r2*  r*/4 


XZ7T  n 7T/4 

Jo  16  sin2  <f>  cos  <f>  sin  9 d(f>d9  = 0 


9.  The  bottom  face  S of  the  cube  is  in  the  xy-plane  =>  z = 0 =>  G(x,  y,  0)  = x + y and  f(x,  y,z)  = z = 0 =>  p = k 

and  v f = k =t>  | sy  f | = 1 and  | v f • p|  = 1 =>  dcr  = dx  dy  =>  J J G dcr  = J J (x  + y)  dx  dy 

S R 

= /;/;  (x  + y)  dxdy  = (£  + ayj  dy  = a3.  Because  of  symmetry,  we  also  get  a3  over  the  face  of  the  cube 

in  the  xz-plane  and  a3  over  the  face  of  the  cube  in  the  yz-plane.  Next,  on  the  top  of  the  cube,  G(x,  y,  z) 

= G(x,  y,  a)  = x + y + a and  f(x,  y,z)  = z = a =>  p = k and  yf  = k =>•  | f | = 1 and  | v f • p|  = 1 =>■  da  — dx  dy 

JfG  da  = ff  (x  + y + a)  dx  dy  = ££  (x  + y + a)  dx  dy  = ££  (x  + y)  dx  dy  + ££  a dx  dy  = 2a3. 

SR 

Because  of  symmetry,  the  integral  is  also  2a3  over  each  of  the  other  two  faces.  Therefore, 
f f (x  + y + z)  dcr  = 3 (a3  + 2a3)  = 9a3. 

cube 


10.  On  the  face  S in  the  xz-plane,  we  have  y = 0 =>  f(x,  y,  z)  = y = 0 and  G(x,  y,  z)  = G(x,  0,  z)  = z =>•  p = j and  v f = j 

=$■  | ^7  f | = 1 and  | v f • P|  = 1 =>  dcr  = dx  dz  =>  f f G da  = f f (y  + z)  da  = J"  J z dx  dz  = J 2z  dz  = 1. 

S S 00 

On  the  face  in  the  xy-plane,  we  have  z = 0 =>  f(x,  y,  z)  = z = 0 and  G(x,  y,  z)  = G(x,  y,  0)  = y =>  p = k and  yf  = k 
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=>■  | v f|  = 1 and  | V f ' Pi  = 1 =>  dcr  = dxdy  =>  JJg  dcr  = f f y dcr  = J f y dxdy  = 1. 

s s 

On  the  triangular  face  in  the  plane  x = 2 we  have  f(x,  y,  z)  = x = 2 and  G(x,  y,  z)  = G(2,  y.  z)  — y + z =>  p = i and 
V f = i =>  | V f I = 1 and  | V f • p|  = 1 =>  dcr  = dz  dy  =>■  f f G dcr  — f f (y  + z)  dcr  = X'X  (y  + z)  dz  dy 

s s’ 

= fo  I (!  - y2)  dy  = I • 

On  the  triangular  face  in  the  yz-plane,  we  have  x = 0 =>  f(x,  y,  z)  = x = 0 and  G(x,  y,  z)  = G(0,  y,  z)  = y + z 
p = i and  \7  f = i =>  | v f I = 1 and  | V f • p|  = 1 =>  dcr  = dz  dy  =>  f f G da  — f f (y  + z)  da 

= So  So  y(y  + z)dzdy=|. 

Finally,  on  the  sloped  face,  we  have  y + z = 1 =>  f(x,  y,  z)  = y + z = 1 and  G(x,  y,  z)  = y + z = 1 =>  p = k and 

Vf  = j + k =>  | V f I = and  | v f • p|  = 1 =>  da  = \fl  dx  dy  =>  f f G da  — f f (y  + z)  da 

S S 

= So  So  dxd7  = 2~  Therefore,  J J G(x,  y,  z)  dcr  = l + l + j + |+  2\J~2  = | + 2\J~2 

wedge 


11.  On  the  faces  in  the  coordinate  planes,  G(x,  y,  z)  = 0 =>  the  integral  over  these  faces  is  0. 

On  the  face  x = a,  we  have  f(x,  y,  z)  = x = a and  G(x,  y,  z)  = G(a,  y,  z)  = ayz  =>•  p = i and  yf=i  =>  | v f I = 1 

and  |vf'Pl  = l =h  dcr  = dy  dz  =>  J f G da  = f f ayz  da  = J j ayz  dy  dz  = . 

s s 0 0 

On  the  face  y = b,  we  have  f(x,  y,  z)  = y = b and  G(x,  y,  z)  = G(x,  b,  z)  = bxz  =>  p = j and  v f = j [ V f I = 1 

and  | v f ' Pi  = 1 =>■  dcr  = dx  dz  =>■  f f G da  — J J bxz  dcr  = J J bxz  dx  dz  = . 

S S 00 

On  the  face  z = c,  we  have  f(x,  y,  z)  = z = c and  G(x,  y,  z)  = G(x,  y,  c)  = cxy  =>•  p = k and  vf=k  =>  | f | = 1 

and  | v f ' Pi  = 1 dcr  = dy  dx  =>  J J G da  — J J cxy  d a — J J cxy  dxdy  = . Therefore, 

S S 

/ / G(x,  y,  z)  dcr  = abc(ab+4ac  + bc)  . 

S 

12.  On  the  face  x = a,  we  have  f(x,  y,  z)  = x = a and  G(x,  y,  z)  = G(a,  y,  z)  = ayz  =>•  p = i and  yf  = i =>  | f | = 1 

and  |vf'p|  = l =>  dcr  = dz  dy  =>•  f f G da  = J J ayz  dcr  = u:  ayz  dzdy  = 0.  Because  of  the  symmetry 

S S 

of  G on  all  the  other  faces,  all  the  integrals  are  0,  and  J J G(x,  y,  z)  dcr  = 0. 

s 


13.  f(x, y,  z)  = 2x  + 2y  + z = 2 =>  v f = 2i  + 2j  + k and  G(x, y,  z)  = x + y + (2  — 2x  — 2y)  — 2 — x — y =>■  p = k, 

| V f I = 3 and  | v f • p|  = 1 =>  dcr  = 3 dy  dx;  z = 0 =£>  2x  + 2y  = 2=»y=l-x=»  f f G da  — f f (2  ~ x — y)  da 

S S 


= 3 SoSo  x(2  ~ x - y)  dy  dx  = 3 £ [(2  - x)(l  - X)  - I (1  - x)2]  dx  = 3 £ (f 


dx  = 2 


14.  f(x,y,z)  = 
=>  dcr  = 


y2  + 4z  = 16  =>  v f = 2yj  + 4k  =>  | v f I = V 4y2  + 16  = 2y/y2  + 4 and  p = k =>  | v f • p|  = 4 

^ dxdy  =*  J/Gd-  = S4Jj^y2  + 4)  (^) dx dy  = SIS'  xj£^  dxdy 


= S-4  ? (y2 + 4)  dy 


I (f  + 16) 


56 

3 
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15.  f(x,  y,  z)  = x + y2  - z = 0 =>  v f = i + 2yj  - k =>  | v f I = \/4y2  + 2 = \fl\fl y^+T  an(j  p = k=>|vf-p|  = l 

=>  dcr  = dxdy=>f/Gda  = ££  (x  + y2  x)  \f2\f  2y2  + 1 dx  dy  = y2  \J 2y2  + 1 dx  dy 

= y/2 £ y3  y/2y^TTdy  = 

16.  f(x,  y,  z)  = x2  + y — z = 0 =>  v f = 2xi  + j k | v f|  = V 4x2  + 2 = \Jl\j2x1  + 1 and  p = k=^|vf'Pl  = l 

=>  dcr  = \/2'/p+i  dxdy  =>■  f f G da  = a:  x 2x2  + 1 dx  dy  = \/2  J ^ Jg  x \/ 2x2  + 1 dx  dy 

= 3Vg_i & J‘  dy  = 3x/6-y/2 

17.  f(x,  y,  z)  = 2x  + y + z = 2 =>■  vf=2i+j  + k=^|vf|  = \/6  and  p = k =>  | v f ‘ Pi  = 1 dcr  = /^  dy  dx 

=*-//g^  = XX7  x y(2  - 2x  - y)^6  dy  dx  = a/6  fg  f * (2x  y - 2x2y  — xy2)  dy  dx 

= a/6 X (|x  — 2x2  + 2x3  — |x4)  dx  = ^ 

18.  f(x,  y,  z)=x  + y = l=>vf=i+j=>IVf|  = V/2andp=j^|vf-p|  = 1 

=>  dcr  = dz  dx  =>■  J"  J G da  — X f0  (x  — (1  ~ x)  — z)  \/2  dz  dx  = y/2 £ Jg  (2x  — z — 1 ) dz  dx 

= Af„‘  (2x-|)dx=-^ 


19.  Let  the  parametrization  be  r(x,  y) 


xi  + yj  + (4 - y2)k. o < x < l. 


< y < 2;  z = 0 =>  0 = 4-  y2 


=>  y = ± 2;  rx  = i and  ry  = j — 2yk  =>  rx  x ry 


i j k 

1 0 0 

0 1 — 2y 


2yj  + k =>  F - n dcr 


= F • |Fx  x Fy|  dy  dx  = (2xy  - 3z)  dy  dx  = [2xy  - 3(4  - y2)]  dy  dx  =>  JJf  • n da 

= XX  ( 2xy  + 3y2  - 12)  dy dx  = XW  + y3  - 12/  -2  dx  = £ -32  dx  = -32 


20.  Let  the  parametrization  be  r(x,  y)  = xi  + x2j  + zk,— l<x<l,0<z<2  =>  rx  = i + 2xj  and  rz  = k 

j k | 


=p-  rx  x r7  — 


1 2x  0 
0 0 1 


= 2xi  - j =>  F • n dcr  = F • 

J |rxxrz| 


rx  x 


r7 1 dz  dx  = —x2  dz  dx 


J J F • n dcr  = J X — x2  dz  dx 


21.  Let  the  parametrization  be  r (<j>,  8 ) = (a  sin  <f>  cos  0)i  + (a  sin  <j>  sin  9) j + (a  cos  <7>)k  (spherical  coordinates  with 
p = a,  a > 0,  on  the  sphere),  0 < (j>  < | (for  the  first  octant) , 0 < 8 < | (for  the  first  octant) 

=>-  = (a  cos  (j>  cos  8) i + (a  cos  </>  sin  0)j  — (a  sin  <j>) k and  = (—a  sin  <j>  sin  d)i  + (a  sin  <f>  cos  8) j 


r^xr,= 


i j k 

a cos  (f>  cos  6 a cos  <j>  sin  9 —a  sin  <j> 

—a  sin  <j>  sin  8 a sin  (j>  cos  9 0 


= (a2  sin2  (j>  cos  8)  i + (a2  sin2  </>  sin  8)  j + (a2  sin  (f>  cos  (f>)  k =>  F • n dcr  = F 


r^xro 

|r#xr»| 


x | d9d(j> 


r r rn/2  C'Kl'l  o 3 

= a3  cos2  <fi  sin  (j)  dd  d <f>  since  F = zk  = (a  cos  <f>)  k =>■  JjF-nda  = Jg  Jg  a3  cos2  (j)  sin  <f>  d<j>  d9  — 
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22.  Let  the  parametrization  be  r(p,  0)  = (a  sin  p cos  0)i  + (a  sin  p sin  0)j  + (a  cos  p) k (spherical  coordinates  with 
P = a,  a > 0,  on  the  sphere),  0 < p < tt,  0 < 9 <2tt 

=>  = (a  cos  p cos  0) i + (a  cos  p sin  0)j  — (a  sin  <^>)k  and  rg  — (—a  sin  p sin  9) i + (a  sin  p cos  0)j 

i j k 

=>  x r g — a cos  p cos  0 a cos  p sin  9 —a  sin  p 

—a  sin  p sin  9 a sin  p cos  9 0 

= (a2  sin2  p cos  9)  i + (a2  sin2  p sin  9)  j + (a2  sin  p cos  p)  k =>  F - n der  = F - jr^,  x rg|  d 9 dp 

= (a3  sin3  p cos2  </>  + a3  sin3  p sin2  9 + a3  sin  p cos2  p)  d0  dip  = a3  sin  (p  d 9 dp  since  F = xi  + yj  + zk 

= (a  sin  p cos  9) i + (a  sin  p sin  9) j + (a  cos  p) k =>  J fF  • n der  = J'  J'  a3  sin  p dp  d9  — 47ra 3 

S 

23.  Let  the  parametrization  be  r(x,  y)  = xi  + yj  + (2a  — x — y)k  ,0<x<a,  0<y<a  =>  rx  = i — k and  ry  = j — k 

i j k 

=>  rx  x ry  = 1 0 -1  = i + j + k =>  F • ndu  = F • |rx  x ry|  dydx 

0 1-1 

= [2xy  + 2y(2a  — x — y)  + 2x(2a  — x — y)]  dy  dx  since  F = 2xyi  + 2yzj  + 2xzk 

= 2xyi  + 2y(2a  — x — y)j  + 2x(2a  — x — y)k  f fF  ■ nda 

S 

= a [2xy  + 2y(2a  — x — y)  + 2x(2a  — x — y)]  dy  dx  = /;/;  (4ay  - 2y2  + 4ax  - 2x2  - 2xy)  dy  dx 
= I (LS  + 3A  - 2a*1)  dx  = (4  + ^|),«=!fl 

24.  Let  the  parametrization  be  r (9,  z)  = (cos  9) i + (sin  0)j  + zk , 0 < z < a,  0 < 0 < 27t  (where  r = i/x2  + y2  = 1 on 

i j k 

the  cylinder)  =>  rg  = (—  sin  9) i + (cos  9) j and  rz  = k =>  rg  x rz  = — sin  9 cos  0 0=  (cos  0)i  + (sin  9) j 

0 0 1 

=>  F • n der  = F • |^^z|  | re  x rz|  dzd0  = (cos2  9 + sin2  9)  dzd0  = dzd(9,  since  F = (cos  0)i  + (sin  0)j  + zk 
f f F • n der  = £’  £ 1 dz  d<9  = 2rra 

25.  Let  the  parametrization  be  r(r,  9)  — (r  cos  0)i  + (r  sin  0)j  + rk , 0 < r < 1 (since  0 < z < 1)  and  0 < 9 < 2tt 

i j k 

=>  r,-  = (cos  0)i  + (sin  9) j + k and  r g = (— r sin  0)i  + (r  cos  9) j =>■  Yg  x rr  = — r sin  9 r cos  9 0 

cos  9 sin  9 1 

= (r  cos  9) i + (r  sin  0)j  — rk  =>  F • n der  = F • x rr|  d0  dr  = (r3  sin  9 cos2  9 + r2)  d0  dr  since 

F = (r2  sin  9 cos  9)  i — rk  =>  J fF  - n der  = Jg  Jg  (r3  sin  9 cos2  9 + r2)  drd0  = Q sin  9 cos2  9 + |)  d0 

= [-±COS3  <?+!]*=* 

26.  Let  the  parametrization  be  r(r,  9)  — (r  cos  0)i  + (r  sin  9) j + 2rk , 0 < r < 1 (since  0 < z < 2)  and  0 < 0 < 27t 

i j k 

=>  r,-  = (cos  0)i  + (sin  0) j + 2k  and  r g — (— r sin  0)i  + (r  cos  0) j =>-  rg  x rr  = — r sin  0 r cos  0 0 

cos  0 sin  0 2 

= (2r  cos  0)i  + (2r  sin  0)j  - rk  =>  F • n der  = F • |r9  x rr|  d0  dr 

= (2r3  sin2  0 cos  0 + 4r3  cos  0 sin  0 + r)  d0  dr  since 

F = (r2  sin2  0)  i + (2r2  cos  0)  j — k =>  J J F • n der  = j J (2r3  sin2  0 cos  0 + 4r3  cos  0 sin  0 + r)  dr  d0 

S 

= fo  (i  sin2  0 cos  0 + cos  0 sin  0 + 1)  d0  = [1  sin3  0 + \ sin2  0 + | 0]  ^ — n 
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27.  Let  the  parametrization  be  r(r,  9)  — (r  cos  9)i  + (r  sin  0)j  + rk , 1 < r < 2 (since  1 < z < 2)  and  0 < 9 <2n 


=>  r,-  = (cos  9)  i + (sin  9) j + k and  rg  = (— r sin  9)  i + (r  cos  0)j  r jX  rr 


i j k 

— r sin  9 r cos  9 0 
cos  9 sin  9 1 


= (r  cos  9) i + (r  sin  6»)j  - rk  =>  F - n da  = F • |r„  x rr|  d9dr  = (-r2  cos2  9-  r2  sin2  9 - r3)  d9 dr 

= (— r2  — r3)  d 9 dr  since  F = (— r cos  0)i  — (r  sin  9) j + r2k  =>  J fF  ■ n dcr  = (— r2  — r3)  drd 9 — — ^ 


28.  Let  the  parametrization  be  r(r,  9)  = (r  cos  9) i + (r  sin  9) j + r2k , 0 < r < 1 (since  0 < z < 1)  and  0 < 9 < 2tt 
=>  rr  = (cos  9) i + (sin  9) j + 2rk  and  r g = (— r sin  9) i + (r  cos  9) j =>  x rr  = 


i j k 

-r  sin  9 r cos  9 0 

cos  9 sin  9 2r 


= (2r2  cos  9)  i + (2r2  sin  9)  j - rk  =>  F • n d<j  = F • |re  x rr|  d(9dr  = (8r3  cos2  9 + 8r3  sin2  9 - 2r)  d6»dr 

= (8r3  — 2r)  d 9 dr  since  F = (4r  cos  9)  i + (4r  sin  0)j  + 2k  =>•  J fF  ■ n dcr  = J"  J'  (8r3  — 2r)  drd0  = 2n 

S 

29.  g(x,  y,  z)  = z,  p = k =>■  \7g  = k [ v g|  = 1 and  | v g • p|  = 1 =>  Flux  = f f F • n dcr  = f f ( F • k)  dA 

~ fafo3dydX  - 18 

30.  g(x,  y,  z)  = y,  p = -j  =>  V g = j =>  | V g|  = 1 and  | v g • Pi  = 1 =>  Flux  = ff  F • n dcr  = ff( F • -j)  dA 

S R 

= ££  2 dz  dx  = £ 2(1  - 2)  dx  = 10(2  + 1)  = 30 


31.  V g = 2xi  + 2yj  + 2zk  =>■  | v g|  = \/ 4x2  + 4y2  + 4z2  = 2a;  n = 


2xi  + 2yj  + 2zk  _ xi  + yj  + zk 


2i/x2  -f  y2  + z2 


=>  F n = \ ; 


V g • k|  = 2z  =>  dtj  = dA  =>  Flux  = f f ( ^ J (|)  dA  = f f z dA  — f f y/a2  — (x2  + y2)  dxdy 

R v d ' R R 

= £/2£V*2  - r2  r drd6> 


7ra 

6 


_ oa.  „ _ 2xi  + 2yj  + 2zk  _ xi  + yj  + zk 


32.  v g = 2xi  + 2yj  + 2zk  =*►  | V g|  = V 4x2  + 4y2  + 4z2  = 2a;  n = 2iyx2+y2+z2 
= 0;  | V g ' k|  = 2z  =>■  d(T  = dA  =>  Flux  = f f F • n da  — f f 0 da  — 0 


=>  F n=  =^  + 


xy  , xy 


33.  From  Exercise  31,  n = 


_ xi  + yj  + zk 


and  dcr  = - dA  =>  F-n=s-s  + - = s =>  Flux  = [[(-)(-)  dA 

z a a a a j j va/  \z/ 

R 


= //ldA  = 

R 


and  dcr  = - dA  =>  F-n=  — + — + — = z 

z a a a 


34.  From  Exercise  31,  n = 

=>  Flux  — f f (za)  (“)  dxdy  = f f a2  dxdy  = a2(Area  of  R)  = 1 7ra‘ 


^x2+y2+z2  j 


35.  From  Exercise  31,  n = xl  + yj  + zk  and  dcr  = f dA  =>■  F-n=^  + ^-  + Y = a ^ Flux 


= I£  (1)  dA  = //  f dA  = //y  a2-(x2+y2)  dA  = £ 2£jr,  r drd0 
R R R 

= /o"/2a2 


d6»  = ^ 
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36.  From  Exercise  31,  n = X1  + yj  + zk  ancj  da  = - dA  =>  F * n = / * { — = 1 

a z y x2  + y2  + z2  a 

=»  = ff  I dx  dy  = ff  dx  d,  = ^ , dr  do  = =: 

R R 

37.  g(x, y , z)  = y2  + z = 4 =>■  V g = 2yj  + k =>  | v g|  = v^Y2  + 1 =>  n = ^0TT 

=>  F • n = J P — k =*>  I V g - Pi  = 1 =4-  dcr  = \J 4y2  + 1 dA  =>  Flux 

= f f ( ) V ^y2  + 1 dA  = f f (2xy  — 3z)  dA;  z = 0 and  z = 4 - y2  =>  y2  = 4 


Flux  = 


ffl  2xy  - 3 (4  - y2)]  dA  = f‘fj2xy  - 12  + 3y2)  dy  dx  = £ [xy2  - 12y  + y3] 1 


= r 1 — 32  dx  = -32 

Jo 


38.  g(x,  y,  z)  = x2  + y2  - z = 0 =>  v g = 2xi  + 2yj  - k =>  | V g|  = V ' 4x2  + 4y2  + 1 = ^4  (x2  + y2)  + 1 

=►  F-‘=V4^H';p  = I‘  =»  IVS'Pl  = l =►  da  — \/4 (x3  + y2)  + 1 dA 


- Flux  = ff  V4(x2  + y2)  + l dA  = ff(8x2  + 8y2  - 2)  dA;  z = 1 and  x2  + y2 

R R 

=>■  x2  + y2  = 1 =>•  Flux  = X7;>r'2  - 2)  r drd0  = 2tt 


39.  g(x,  y,  z)  = y - ex  = 0 =>  Vg  = ~exi+j  =>  | Vg|  = ye2x  + 1 =>  n = =>  F n = 


_ — 2ex  - 2y 


=>•  | V g * Pi  — eX  =>  da  = VegX+  dA  =>  Flux  = 
= If -4  dA  = XT-4  dy  dz  = -4 


40.  g(x,  y,  z)  = y - In  x = 0 =*►  Vg  = ^;i+j  =>■  I V g|  = t/jr  + 1 = AA  since  1 < x < e 


A + xT  s/T- 


=>■  F - n = 


T^j  ;p  = j=»|vg-p|  = l=^do=^± 


Flux  = 


ff(y ffy  ) (A?)  dA  = a 2Y  dxdz  = n>  ln  x dzdx  = £ 2 In  x dx 


= 2 [x  In  x - x] ' = 2(e  - e)  - 2(0  - 1)  = 2 


41.  On  the  face  z = a:  g(x,  y,z)  = z =>  \7g  = k =£-  V g|  = C n = k =>  F • n = 2xz  = 2ax  since  z = a; 

do  = dxdy  =>  Flux  = f f 2ax  dxdy  = J J 2ax  dxdy  = a4. 

R 

On  the  face  z = 0:  g(x,  y,z)  = z =>  vg  = k =>  | '^7  g|  = 1 ; ii  = — k =>■  F • n = — 2xz  = 0 since  z = 0; 

do  = dx  dy  =>•  Flux  = J J 0 dx  dy  = 0. 

R 

On  the  face  x = a:  g(x,  y,z)  = x =>  yg  = i =>■  | "^7  g|  = 1 ; n = i =>  F • n = 2xy  = 2ay  since  x = a; 

na 

t 2ay  dy  dz  = a4. 

On  the  face  x = 0:  g(x,  y,z)  = x =>■  yg  = i =>  | \7-  g|  = 1;  n = — : i =>  F • n = — 2xy  = 0 since  x = 0 
=>  Flux  = 0. 

On  the  face  y = a:  g(x,  y,  z)  = y =>•  yg  = j =>  | g|  = 1 ; n = j =>  F • n = 2yz  = 2az  since  y = a; 

na 

2az  dzdx  = a4. 

I 

On  the  face  y = 0;  g(x,  y,z)  = y =>■  v g = j =>  | ^7  g|  = 1;  n — — j =>  F • n = — 2yz  = 0 since  y = 0 
=>  Flux  = 0.  Therefore,  Total  Flux  = 3a4. 
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42.  Across  the  cap:  g(x,  y,  z)  = x2  + y2  + z2  = 25  =>  V g = 2x  i + 2yj  + 2zk  =>  | v g|  = \J ■ 4x2  + 4y2  + 4z2  = 10 
=>  n = j^|i  = xl  + yj  + zk  F-n=^  + ^ + |;p  = k =>■  | v g ' Pi  = 2z  since  z > 0 =>  dcr  = ^ dA 

=*  FluXcap  = ff  F • n da  = ff  (f  + £ + f ) (f)  dA  = f f (x2  + y2  + 1)  dxdy  = ££(r2  + 1)  r drdtf 

cap  R v 7 R 

J»27T 

72  dO  = 144? r. 

0 

Across  the  bottom:  g(x,  y,  z)  = z = 3 =>  Vg  = k=>|vg|  = l=^n  = _k=»F-n  = -l;p  = k^|vg'Pl  = l 

=4  dcr  = dA  =4  Fluxbottom  — f f F - n da  — f f—  1 dA  = — l(Area  of  the  circular  region)  = — 167t.  Therefore, 

bottom  R 

Flux  = Fluxcap  + Fluxbottom  = 1287 r 

43.  v f = 2xi  + 2yj  + 2zk  =►  | v f | = \/ 4x2  + 4y2  + 4z2  = 2a;  p = k =4  [ v f • P|  = 2z  since  z > 0 =>  dcr  = |fdA 
= “ dA;  M = f f b da  = | (surface  area  of  sphere)  = ; Mxy  = f f zb  dcr  = 6 f f z (“)  dA  = a S ff  dA 

= ab  fo  Jo  r drd#  = =>  z = ^ = = f ■ Because  of  symmetry,  x = y = § =4  the  centroid  is 

/ a a a \ 

\ 2 ’ 2 ’ 2 / 


44.  v f = 2y  j + 2zk  =4  | v f I — \/ 4y2  + 4z2  = JA  (y2  + z2)  = 6;  p = k =>  | v f • k|  = 2z  since  z > 0 =4  dcr  = ^ dA 


/ dA:  M ././'Ida-  £j‘£  dxdy  - £3£  ^ dxdy  = 9^;  Mxy  = ffz  da  = /_]£  z(f)dxdy  = 54; 
Mxz  = ff  y da  = ££  y (f)  dxdy  = ££  Jy_y2  dxdy  = 0;  Myz  = ffxda  = f\£ 


Q = y , y = 0,  and  z = q4  = 

97T  2 ’ J ’ 9f  5T 


3x  dxdy=f7T. 


Therefore,  x = ^ 2 ' — 3 ^ — n ^ — 54  — 6 


45.  Because  of  symmetry,  x = y = 0;M  = f f b da  = b f f da  — (Area  of  S)6  = 3ny/2  <5;  v f = 2xi  + 2yj  — 2zk 

S S 


| V f I = V 4x2  + 4y2  + 4z2  = 2y/x2  + y2  + z2  ;p  = k =4  | v f • p|  = 2z  =4  dcr  = 


_ 2\Jx2  +y-  +z- 


2z 


dA 


_ ^x2  + y2  + (x2  +y2) 


dA  = 


\Z2y/x2+y2 


dA  =4  Mxv  = 


b f f z f +y)  dA  = b f f \fl  ^/x2  + y2  dA 

D X ' D 


=4  z = 


147t\/2 


37rv^/  = t =>  (x,  y,  z)  = (0, 0,  f ) . Next,  Iz  = / /(x2  + y2)  6 dcr 


=*rr  72Cdrde=^< 

= //  02  + y2)  (^Vzx2+y2)  s dA  = <5y/2  ff  (x2  + y2)  dA  = <5r/2  ££  r3  drd6»  = ^ 

D ' ' D 0 1 


R -Jk-£ 0 

— A/  M — 2 


46.  f(x,  y,  z)  = 4x2  + 4y2  — z2  = 0 =>  v f = 8xi  + 8yj  — 2zk  =4  | v f I = \/ 64x2  + 64y2  + 4z2 

= 2-\/l6x2  + 16y2  + z2  = 2y/ 4z2  + z2  = 2y/5  z since  z>0;p  = k | v f • p|  = 2z  =$■  da  — 2£z  dA  = y/5  dA 

=>  Iz  = ff(x2  + y2)  b da  = by/ 5 / / (x2  + y2)  dxdy  = <5^5  f ] f^""  r3  drd6»  = 

S R tt/2  0 . 


47.  (a)  Let  the  diameter  lie  on  the  z-axis  and  let  f(x,  y,  z)  = x2  + y2  + z2  = a2,  z > 0 be  the  upper  hemisphere 

=4-  v f = 2xi  + 2yj  + 2zk  =4  v f I = \J 4x2  + 4y2  + 4z2  = 2a,  a > 0;  p = k =>  | v f • p|  = 2z  since  z > 0 


=>■  dcr  = - dA  =>  L = 


ff  <5  (x2  + y2)  (|)  da  = a b f f ^ 

C D V a 


+ y 


(x2  + y2 


dA  = 


^ n 

Jo  Jo 


J2 


o Jo  \/a2  — r2 


rdrd6» 


= a<5 


fo  — r2  a/ a2  — r2  — | (a2  — r2)3^2  dll  = a b fg 


R 

i a3  dd  — ^ a4^  =>  the  moment  of  inertia  is  a 4b  for 

0 3 3 3 


the  whole  sphere 
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(b)  II  = Ic.m.  + mh2,  where  m is  the  mass  of  the  body  and  h is  the  distance  between  the  parallel  lines;  now, 
Ic.m.  = j-  a4<5  (from  part  a)  and  ™ = / f 6 da  = 6 f f (j)  dA  = ab  f J f _ 1 — — dy  dx 


ab  f f , * r dxdO  = a£  f — v/a2  — r2  dO  — a b f ad 9 = 27ra2 6 and  h = a 
ao  Jo  ya2-r2  Jo  [ Jg  Jo 


=>  IL  = a4<5  + 47ra2<5a2  = ^zt  a4^ 


48.  Let  z = ^ \/ x2  + y2  be  the  cone  from  z = 0 to  z = h,  h > 0.  Because  of  symmetry,  x — 0 and  y = 0; 

z=^yvT7  =>  f(x,y,z)=^(x2+y2)-z2=0  =►  V f = ^ 1 + ¥ j ~ 2zk 
=*  |Vf|  = V^fi  + ^+4z2  = 2^(x2+y2)  + g(x2+y2)=2A/(g)(x2+y2)(|  + l) 
= 2^/  z2  = ( y)  V h2  + a2  since  z > 0;  p = k =>  | v f ' p|  = 2z  =>  d a = ^ a ~ + - dA 

= dA;  M = //da  = // dA  = (rra2)  = Tray/iFT^2; 


Mxy  = 


If^a  = ffz(^Z)dA=^ffi  dx  dy  = £’£  r2  dr  dS 

C D ' ' D 


27rah\/h2  + a2 
3 


z = '/p  = y =>  the  centroid  is  (0, 0,  y) 


16.7  STOKES'  THEOREM 


i j k 

1.  curl F = v xF=  £ £ £ = Oi  + Oj  + (2  — 0)k  = 2k and n = k 

x2  2x  z2 

/c  F • dr  = //  2 dA  = 2(Area  of  the  ellipse)  = 47r 


curl  F • n = 2 =>  da  = dx  dy 


i j k 

2.  curl  F = v x F = £ £ £ =0i  + 0j  + (3-  2)k  = k and  n = k 

2y  3x  -z2 

=t>  <f>c  F • dr  = //  dx  dy  = Area  of  circle  = 97t 

i j k 

3.  curl  F = V x F = £ £ £ = -xi  - 2xj  + (z  - l)k  and  n = 

y xz  x2 


=>  curl  F • n = 1 =>  da  = dx  dy 


curl  F • n 


= ^ (-x  - 2x  + z - 1)  =t>  da  = ^ dA  =>•  £ F • dr  = //  (-3x  + z - 1)  y/3  dA 

R 

= /070‘  X[-3x  + (1  - x - y)  - 1]  dy  dx  = /'/,'  * (-4x  - y)  dy  dx  = /'  - [4x(l  - x)  + * (1  - x)2]  dx 

= -f0  (l+3x-  l*2)  dx  = -| 


4.  curl  F = v x F = £ 


| y2  + z2  x2  + z2  x2  + y2 


£ = (2y  - 2z)i  + (2z  - 2x)j  + (2x  - 2y)k  and  n = C/+L 


=>  curl  F • n = -4^  (2y  — 2z  + 2z  — 2x  + 2x  — 2y)  = 0 =>  /p  F • dr  = //  0da  = 0 
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5.  curl  F = v xF  = 

=>  curl  F - n = 2x 

= 4y  dy  = 0 


Jt 

dx 


J 

Jt 

dy 


k 

Jt 

dz 


y2  + z2  x2  + y2  x2  + y2 


= 2yi  + (2z  — 2x)j  + (2x  — 2y)k  and  n = k 
2y  =>  da  — dx  dy  =>■  <f>  F - dr  = J J (2x  - 2y)  dxdy  = f Jx2  - 2xy]  ^ dy 


i j k 

Jt  A A 

dx  dy  dz 

x2 y3  1 z 


= Oi  + Oj  - 3x2y2k  and  n = 


6.  curl  F = v xF  = 

=>  curl  F • n = — | x2y2z;  da  = * dA  (Section  16.6,  Example  6,  with  a = 4)  =>  £ F - dr  = f f (—  | x2y2z)  (4)  dA 

R 

n2  n 2tv  r 2 p2iv  n4n 

) (r2  cos2  0)  (r2  sin2  9)  r drd$  = —3  Jo  ^ (cos  9 sin  9)2  d 9 — —32  Jo  | sin2  29  d 9 = —4  Jo  sin2  u 


= -3 


du 


| 47T 


— —A  Tl!  — sin2u]  _ Q_ 

^12  4 J 0 


7.  x = 3 cos  t and  y = 2 sin  t =>  F = (2  sin  t)i  + (9  cos2 1)  j + (9  cos2 1 + 16  sin4 1)  sin  e'/(6siI1,c°s,)(0Jk  at  the 
base  of  the  shell;  r = (3  cos  t)i  + (2  sin  t)j  =>  dr  = (—3  sin  t)i  + (2  cos  t)j  =>  F • — 6 sin2 1 + 18  cos3 1 

=4>  J J v x F ' n 4a  — Jo  (—6  sin2 1 + 18  cos3 1)  dt  = [— 3t  + 3 sin  2t  + 6(sin  t)  (cos2 1 + 2)]  = — 67r 


l.  curl  F = v x F = 


Jt 

dx 


J 

Jt 

dy 


Jt 

dz 


z + 2+i  tan  1 y x + dr7 


4 + z 


= — 2j  ; f(x,  y,  z)  = 4x2  + y + z2  =>  yf  = ^x'+j  + 2zk 


=>  n = and  p = j =>  | V f - p|  = 1 =>  da  = dA  = | v f I dA;  V x F - n = ^ (-2j  • Vf)  = p 

=>  v x F • n da  = —2  dA  =>  ff\/  xF-n  da  — ff  —2  dA  = — 2(Area  of  R)  = — 2(7r  • 1 • 2)  = — 4-7T,  where  R 

S R 

is  the  elliptic  region  in  the  xz-plane  enclosed  by  4x2  + z2  = 4. 

9.  Flux  of  v xF  = ft  v x F - n dcr  = <p  F • dr,  so  let  C be  parametrized  by  r = (a  cos  t)i  + (a  sin  t)j  , 

S c 

0 < t < 27t  =>  ^ = (—a  sin  t)i  + (a  cos  t)j  =>  F • ^ = ay  sin  t + ax  cos  t = a2  sin2 1 + a2  cos2 1 = a2 


Flux  of 


V x F = j>  F - dr  = a2  dt  = 27ta2 


10.  v x (yi)  = 


= _kn=  SL  = 2xi  + 2yi  + 2zk  = x:  + v:  + 7k 

K ’ 11  | Vf|  2,/x24-y2+z2  X1  + yj  + ZK 


i j k 

AAA 

dx  dy  dz 

y 0 0 

=>  V x (yi)  • n = — z;  dcr  = i dA  (Section  16.6,  Example  6,  with  a = 1 ) =>■  J f V x (yi)  • n dir 

s’ 

— J J (— z)  (i  dA)  = — f J dA  = —7 r,  where  R is  the  disk  x2  + y2  < 1 in  the  xy-plane. 

R z R 

11.  Fet  Si  and  S2  be  oriented  surfaces  that  span  C and  that  induce  the  same  positive  direction  on  C.  Then 

If  V x F • ni  dai  = <f>  F ■ dr  = J J v xF-n2  da-2 
Si  C S2 
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12.  ffV  x F • n dcr  = ffV  x F • n dcr  + Jf  V xF-n  dcr,  and  since  Si  and  S2  are  joined  by  the  simple 
S Si  s2 

closed  curve  C,  each  of  the  above  integrals  will  be  equal  to  a circulation  integral  on  C.  But  for  one  surface 
the  circulation  will  be  counterclockwise,  and  for  the  other  surface  the  circulation  will  be  clockwise.  Since  the 

integrands  are  the  same,  the  sum  will  be  0 =>  j f V x F • n dcr  = 0. 

s 


13.  v x F = 


i j k 

d_  d_  a_ 

dx  dy  dz 

2z  3x  5y 


= 5i  + 2j  + 3k ; rr  = (cos  0)i  + (sin  9) j — 2rk  and  = (— r sin  9) i + (r  cos  9) j 


=>  rr  x rg  = 


i j k 

cos  9 sin  9 — 2r 

-r  sin  9 r cos  9 0 


= (2r2  cos  9)  i + (2r2  sin  6)  j + rk ; n = and  dcr  = |rr  x r#|  drd0 


V x F • n dcr  = ( v x F)  • (rr  x rg)  drd0  = (10r2  cos  9 + 4r2  sin  9 + 3r)  dr  dd  =>■  //  V x F • n dcr 

S 

/;7;(10r2  cos  9 + 4r2  sin  9 + 3r)  drd<9  = JfJ  [f  r3  cos  9 + f r3  sin  9 + | r2]  f d 9 


XZ7T 

| (y  cos  9 + y sin  9 + 6)  d0  = 6(27r)  = 12tt 

k 


14.  v x F = 


d_ 

dx 


J 

d_ 

dy 


d_ 

dz 


= i - 2j  - 2k ; rr  x rg  = (2r2  cos  9)  i + (2r2  sin  9)  j + rk  and 

| y — z z — x x + z| 

V x F • n dcr  = ( v x F)  • (rr  x r»)  drd 9 (see  Exercise  13  above)  =>  f f S7  x F • n dcr 

S 

= So  fo  (— ^r2  cos  9 — 4r2  sin  9 — 2r)  drd0  = Jf  [ — | r3  cos  9 — | r3  sin  9 — r2]  d 9 
— Jf  (—18  cos  9 — 36  sin  9 — 9)  d 9 — —9(2tt)  = — 187r 


15.  v x F = 

i 

d 

dx 

j k 

2L  2L 

dy  dz 

= -2y3i  + Oj  - x2k ; rr  x rg  = 

i j k 

cos  9 sin  9 1 

9 

xzy 

2y3z  3z 

— r sin  9 r cos  9 0 

= (— r cos  0)i  — (r  sin  9) j + rkand  v x F • n dcr  = ( v x F)  • (rr  x rfl)  drd0  (see  Exercise  13  above) 
=►  If  V x F • n da  = ff  (2ry3  cos  9 — rx2)  dr  d(9  = /;/;  (2r4  sin3  9 cos  9 — r3  cos2  9)  dr  d 9 


= //(§  sin3  e cos  e - 1 cos3 »)  09  = [^  si„‘fl  - 3 («  + ^)]  f = - 


i 

J 

k 

i j 

k 

d 

dx 

d 

dy 

d_ 

dz 

= i + j + k;  rr  x re  = 

cos  9 sin  9 

-1 

x-y 

y-z 

z — X 

— r sin  9 r cos  9 

0 

16.  v x F = 


= (r  cos  9) i + (r  sin  9) j + rkand  v x F • n dcr  = ( v x F)  • (rt  x r»)  drd0  (see  Exercise  13  above) 

5 


r>  r.  n2TV  n 5 f*  2n 

=>  J J v x F • n dcr  = Jo  Jo  (r  cos  9 + r sin  9 + r)  drd(9  = 


J»27T 

o i(C0S 


0 + sin  6 + 1)  y 


J o 


A9  = (f)  (2r r)  = 25 7T 


i 

j 

k 

i 

j 

k 

d 

dx 

d 

dy 

d_ 

dz 

= 0i  + Oj  - 5k ; x re  = 

x/?>  COS  (j)  cos  9 

y/3  cos  4>  sin  9 

— ^/3  sin  (f) 

3y 

5 -2x 

z2  — 2 

— \/3  sin  4>  sin  9 

V^3  sin  4>  cos  9 

0 

17.  v x F = 

= (3  sin2  (f)  cos  9)  i + (3  sin2  </>  sin  9)  j + (3  sin  (j)  cos  <f>)k ; v x F • n dcr  = ( v X F)  - (r?)  x r^)  d<p  d9  (see  Exercise 
13  above)  =>  J j v x F • n dcr  = Jf  X —15  cos  (f)  sin  (f>  dcj)d 9 = Jf  [If  cos2  (f\  J'1  d9  = Jf  — If  d 9 = — 157T 
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18.  v x F = 

i 

d 

dx 

j 

d 

dy 

k 

d_ 

dz 

= -2zi  j 2yk ; r^  x rg  = 

2 cos  (p  cos  9 

j 

2 cos  <[>  sin  9 

k 

—2  sin  (f> 

y2 

Z2 

X 

—2  sin  (j>  sin  9 

2 sin  <p  cos  9 

0 

= (4  sin2  <f>  cos  9)  i + (4  sin2  </>  sin  9)  j + (4  sin  (p  cos  <p)k ; v x F • n da  = ( y x F)  • (r^  x r^)  dtp  d9  (see  Exercise 

13  above)  =>•  fj\y  xF-n  da  — ff  (— 8z  sin2  <p  cos  9 — 4 sin2  (p  sin  9 — 8y  sin  (f>  cos  9)  d <p  d 9 
S R 

X2tv  Otv/2 

Jo  (—16  sin2  (p  cos  (p  cos  9 — 4 sin2  cp  sin  9 — 16  sin2  (p  sin  9 cos  9)  d(p  d 9 

= JT  [~  T sin3  cos  9 - 4 (I  - S^)  (sin  9)-  16  (f  - (sin  9 cos  0)]  ^ d 9 

— J'n  (—  y cos  9 — 7T  sin  9 — 4n  sin  9 cos  0)  d 9 = [—  y sin  9 + n cos  9 — 2tt  sin2  #]  = 0 


19.  (a)  F = 2xi  + 2yj  + 2zk  curl  F = 0 =>  F • dr  = f J v x F • n dcr  = J J 0 dcr  = 0 

s s 

(b)  Let  f(x,  y,  z)  = x2y2z3  =>  v xF=  v x curl  F = 0=>^  F • dr  = J J v x F - n dcr  = J J 0 dcr 

s s 

= 0 

(c)  F = V x (xi  + yj  + zk)  = 0 y xF  = 0 =!>|f  - dr  = f f V x F • n do-  = J J 0 da  = 0 

s s 

(d)  F = v f =>  V xF  = v x V f = 0 F - dr  = f f v x F - n dcr  = f f 0 da  = 0 


20.  F = V f = - I (x2  + y2  + z2)  3/2(2x)i  - i (x2  + y2  + z2)  3/2(2y)j  - 1 (x2  + y2  + z2)  3/2(2z)k 

= -x  (x2  + y2  + z2)“3/2i  - y (x2  + y2  + z2)_3/2j  - z (x2  + y2  + z2)_3/2k 

(a)  r = (a  cos  t)i  + (a  sin  t)j  , 0 < t < 27r  =>  ^ = (—a  sin  t)i  + (a  cos  t)j 

=►  F • | = -x  (x2  + y2  + z2)_3/2(— a sin  t)  - y (x2  + y2  + z2)_3/2(a  cos  t) 

= (—  yy^)  (—a  sin  t)  — (yy^)  (a  cos  t)  — 0 ^ F • dr  = 0 

(b)  j>  F-dr  = J j v xF-nd(j  = J J v x Vf'n(i(T  = f f 0 - n dcr  = f f 0 da  = 0 

s s s s 


21.  Let  F = 2yi  + 3zj  — xk  =>  y x F = 


i j k 

111 
dx  dy  dz 

2y  3z  — x 


= — 3i  + j 2k;  n = 


2i  + 2j  + k 

3 


=>•  V x F - n = — 2 j>c  2y  dx  + 3z  dy  — x dz  = F - dr  = J J v xF-ndir  = f f —2  da 
= —2  f f da,  where  f f dcr  is  the  area  of  the  region  enclosed  by  C on  the  plane  S:  2x  + 2y  + z = 2 


22.  v x F 


i j 

A A 

dx  dy 

x y 


k 

d_ 

dz 

Z 


= o 


23.  Suppose  F = Mi  + Nj  + Pk  exists  such  that  v xF=(if_^)i+  + (fr  ~ w)  k 

= xi  + yj  + zk.  Then  £ (§  - f ) = £ (x)  =>  ||  - ||  = L Likewise,  £(£-£)  = £ (y) 

=►  S^S  = landl(lk-W)=i(z)  =*  Hi  ~ S = L Summing  the  calculated  equations 
=>  + (dztk  ~ Hz)  T — y||)  ~ 3 or  0 = 3 (assuming  the  second  mixed  partials  are 

equal).  This  result  is  a contradiction,  so  there  is  no  field  F such  that  curl  F = xi  + yj  + zk . 
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24.  Yes:  If  V x F = 0 , then  the  circulation  of  F around  the  boundary  C of  any  oriented  surface  S in  the  domain  of 

F is  zero.  The  reason  is  this:  By  Stokes's  theorem,  circulation  = £ F • dr=  ff  v xF-ndcr=  ff  0 • n dcr  = 0. 

s s 

25.  r = ^/x2  + y2  r4  = (x2  + y2)2  =>  F = v (r4)  = 4x  (x2  + y2)  i + 4y  (x2  + y2)  j = Mi  + Nj 

=>  £ v (f4)  -nds  = ^F-nds  = ^Mdy  — N dx  = //  dxdy 

R 

= ff  [4  (x2  + y2)  + 8x2  + 4 (x2  + y2)  + 8y2]  dA  = ff  16  (x2  + y2)  dA  = 16  ff  x2  dA  + 16  ff  y2  dA 
R R R R 

= 16Iy  + 16IX. 


26. 


op  _ n 9n  _ n sm  _ n ap  _ n sn  _ y2  - x2 

dy  — dz  — u’  dz  —v'dx—  v'  dx  ~ (x2  + y2 ) 

However,  x2  + y2  = 1 


<9M  _ yL-x2 
dy  (x2+y2) 


y -x 


y -* 


L (x2  + y2) 


(x2  + y2' 


k = 0. 


► curl  F = 

uy  (x"  +y"j 

r = (cos  t)i  + (sin  t)j  =>  ^ = (—sin  t)i  + (cos  t)j 

O ,2tt 

F = (—  sin  t)  i + (cos  t)  j =>  F • ^ = sin2 1 + cos2 1 = 1 =>  £ F • dr  = 1 dt  = 27T  which  is  not  zero. 


16.8  THE  DIVERGENCE  THEOREM  AND  A UNIFIED  THEORY 

1-  =*  divF=  (XXX  = ° Z F = xi  + yj  ^ divF=l  + l=2 


o p _ GM(xi  + yj  + zk) 

(x2  +y2  + z2)3/2 


div  F = -GM 


(x2  + y2  + Z2)3/2  _ 3x2  (x2  + y2  + z2)1/2 


-GM 
= -GM 


(x2  + y2  + z2)3/2  — 3y2  (x2  +y2  +z2)1/2 
(x2+y2+z2)3 

"3  (x2+y2+z2)2-3  (x2+y2+z2)  (x2+y2+z2 


-GM 
= 0 


(x2+y2+z2)' 

Z2)3/2- 

(x2+y2+z2): 


(x2  + y2  + z2)3/2  — 3z2(x2  + y2  + z2)1/2 


(x2  +y2  +z2)  ' 

4.  z = a2  — r2  in  cylindrical  coordinates  =£-  z = a2  — (x2  + y2)  =>■  v = (a2  — x2  — y2)  k 


div  v = 0 


5-  £ (y~x)  = £ (z  -y)  = -1,  £(y  -x)  = 0 =*>  V F = -2  =>  Flux  = /1/1/1-2dxdydz  = -2(23)  = -16 

6-  £ (x2)  = 2x>  £ (y2)  = 2y’  £ (z2)  =2z  ^ V ‘ F = 2x  + 2y  + 2z 

(a)  Flux  = £ £ £ (2x  + 2y  + 2z)  dx  dy  dz  = £ £ [x2  + 2x(y  + z)]  J dy  dz  = £ £ (1  + 2y  + 2z)  dy  dz 

= fo  ty(1  + 2z) + y2i  o dz  = f0  (2  + 2z) dz  = i2z + z2]  o = 3 

(b)  Flux  = ax  (2x  + 2y  + 2z)  dx  dy  dz  = a,  [x2  + 2x(y  + z)]  dy  dz  = a:  (4y  + 4z)  dy  dz 

= £ | [2y2  + 4yz]  C,  dz  = £ 8z  dz  = [4z2]  = 0 

(c)  In  cylindrical  coordinates.  Flux  — f f f (2x  + 2y  + 2z)  dx  dy  dz 

D 

= £ £ £ (2r  cos  0 + 2r  sin  0 + 2z)  r dr  d(9  dz  = £ [ | r3  cos  9 + | r3  sin  9 + zr2]  “ dd  dz 

— £ £ (y  cos  9 + y sin  9 + 4z)  d9  dz  = £ [y  sin  9 — y cos  9 + 4z9]  £ dz  — £ Snz  dz  = [47rz2]  J = 47t 


7. 


£ (y)  = 0,  £ (xy)  = X,£  (— z)  = -1  =>  V • F = X - 1;  z = x2  + y2 

=>  Flux  = J J J (x  — 1)  dzdy  dx  = £ £ £ (r  cos  9 — 1)  dz  r drd9 


JAf  cos  0-4)d0=[f  sin  9 - 49]  £ 


=>  z = r2  in  cylindrical  coordinates 
= ££  £2  (r3  cos  9 - r2)  rdrd9 

= — 8t r 
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8.  £ (x2)  = 2x,  §-  (xz)  = 0,|  (3z)  = 3 =>  V ' F = 2x  + 3 =>  Flux  = ///  (2x  + 3)  dV 

D 

X27T  r* 7T  r»2  r»27r  nir  [4  ] 2 

| Jg  Jo  (2p  sin  p cos  0 + 3)  (p2  sin  p)  dp  dp  dd  = Jg  Jg  sin  p cos  0 + p3  sin  p dtp  d 0 

X27T  p7T  r»27T  , . _ , yj-  r»27T 

Jo  (8  sin  (j)  cos  # + 8)  sin  0 d</> d#  = Jq  [8  (|  — cos  0 — 8 cos  <f>\  0 dO  = Jq  (47t  cos  0 + 16)  d0  = 327r 


9.  ^ (x2)  = 2x,  f (— 2xy)  = -2x,  ^ (3xz)  = 3x  =+  Flux  = fff  3x  dxdy  dz 
y rZ  D 

~ So  So  So  sin  0 cos  0)  (p2  sin  4>)  dp  d<"/>  d0  = fg  12  sin2  <f>  cos  d dp  dd  = fg  37r  cos  0 d0  = 37r 


10.  ^ (6x2  + 2xy)  = 12x  + 2y,  §-  (2y  + x2z)  = 2,  ^ (4x2y3)  = 0 =+  v • F = 12x  + 2y  + 2 
^ Flux  = SSS  (12x  + 2y  + 2)  dV  = ITT  (12r  cos  0 + 2r  sin  0 + 2)  r drd0dz 

= /;/;  (32  cos  0 + y sin  0 + 4)  d0  dz  = fg  (32  + 27T+  y ) dz=  112  + 67t 

11.  ^ (2xz)  = 2z,  (-xy)  = -x,  (-z2)  = -2z  +>  V • F = -x  =>  Flux  = f f f -x  dV 

D 

n\/ 16  — 4x2  r» 4 — y p2  n \J  16  — 4x2  r»2  r / ■' 

Jg  — xdzdydx=  Jg  Jg  (xy  — 4x)dydx  = Jg  U x (16  — 4x2)  — 4xyl6  — 4x2  dx 

= [4x2  - 1 x4  + 1 (16  - 4x2)3/2]  2 = ~f 

12.  £ (x3)  = 3x2,  I;  (y3)  = 3y2,  | (z3)  = 3z2  =>  V • F = 3x2  + 3y2  + 3z2  =>  Flux  = fff  3 (x2  + y2  + z2)  dV 

D 

= 3 So  So  So  P 2 ( P 2 sin  ^ dPd<t>M  = 3 So  So  T Sin  ^ = 3 So  f d0  = 


13.  Let  p = \/x2  + y2  + z2.  Then  | = 5,  | = f =*  & (px)  = ( ff ) x + p = £ + p , & (py)  = ( | ) y + p 


p V 


= 7 + P,  k (pz)  = z + p=  ^+  p=>  v • F = x2+yp2+z~  + 3p  = 4p,  since  p = i/x2+y2  + z2 

(4p)  (p2  sin  ([>)  dp  dp  dd  — rr  3 sin  p dpdd  = fg  6 dd  = 127r 

14.  Let  p = a/x2  + y2  + z2.  Then  = 5 , I”  = z ^ - =>•  ^ = 1 - ( ^ ^ = 1 - 4 . Similarly, 

' V j QX  p O y p O z /9  OX  \p  J P \p  J OX  p /9°  ^ 7 

!_M  = i_y!and I M = I_£  ^ v ,f=3_+±|±z!  = 2 

oy  \P J p p6  dz  \p J p p6  V p pi  p 


4 =*  v -F= 

//’  v p p* 


Flux  = ///  | dV  = 


l p)  dp  dp  dd  = fg  fg  3 sin  p dp  dd  = fg  6 dd  = 12n 


15.  y (5x3  + 12xy2)  = 15x2  + 12y2,  y (y3  + ey  sin  z)  = 3y2  + ey  sin  z,  y (5z3  + ey  cos  z)  = 15z2  — ey  sin  z 


+>  V ’ F = 15x2  + 15y2  + 15z2  = 15p2  =>•  Flux  = J J J 15  p2  dV  = fg  Jg  (15p2)  (p2  sin  dpd<))d0 
=X7;('^  — 3^  sin  p dpdd  — J"g  ^24y/2  — 6^  d0  = ^48\/2  — 1 2)  7r 


16.  I [In  (x2  + y2)]  = y2^,  |(-  f tan-1  i)  = (-  f ) 


iiLl  - 


(zy/x2  + y2)  = Vx2  + y2 


=>  V -F=  J. 


2x  2z 

+ y2  x2  + y2 


Flux  = 


2^2  - y^r  + \/x2  +y2J  dz  dy  dx 
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nsfl  r*  2 n 2tv  r*-\/2 

L +r)dzrdrd0  = Jo  J,  (6  cos  0 - f + 3r2)  drdt) 

£'  [6  ( - l)  COS  e - 3 In  s/2  + 2 - lj  dd  = 2tt  | In  2 + 2^2  - 1 j 


17.  (a)  G = Mi  + Nj  + Pk 


= div(curl  G)  = 


xG  = c»rlG=(g-f)i^-S)k+(f -f)k  =,  V V X 

( dP  _ 9nA  , JL  (dM  _ dP\  , d_  ( dN  _ 9M~\ 
ydy  dz  J dy  V dz  dx)  ' dz  ydx  dy  J 


d_ 

dx  \dy 


= -/it — jt-S-  + — Jr£-  + ifir  — Jr]r  = 0 if  all  first  and  second  partial  derivatives  are  continuous 

dxdy  dxd  z dydz  dydx  dzdx  dzdy  r 

(b)  By  the  Divergence  Theorem,  the  outward  flux  of  v x G across  a closed  surface  is  zero  because 
outward  flux  of  y xG  = jf  ( v x G)  • n dcr 


= fff  V ' V xGdV 
= fff  (0)dV  = 0 

D 


[Divergence  Theorem  with  F = v x G] 
[by  part  (a)] 


18.  (a)  Let  Fi  = Mii  + Nij  + Pik  and  F2  = M2i  + N2j  + P2k  =>  aFi+bF2 
= (aMi  + bM2)i  + (aNj  + bN2)j  + (aPi  + bPo)k  =>  • (aFi  + bF2) 

= hf‘+kf)+  (»f‘+bf‘)+ 

= “(f‘  + f‘  + S)+b(f‘  + f2  + f)  =k(V  -FG  + IM  V -F2) 
(b)  Define  Fi  and  F2  as  in  part  a =>  V x(aFx+bF2) 


+ 

+ b 


‘■t  + bt 


)-h5+b©]i+[(»¥  + b¥)-(a«&  + bt)]j 


. 9Ni 

1 dx 

( a?? 
V dy 


u 9N2 

D dx 


)-(■ 


dMi 

dy 


bfO 


k = 


ffi  _ fi)  i+  _ wi)  j + fat  _ m,)  k 

y ay  dz  J \ dz  ox  ) J y ox  dy  J 


+ (¥ 


ax  / J \ ax  dy  J 


(c)  Fi  x F2  = 


1 

M1 

M2 


j 

Ni 

N2 


k 

Pi 

P2 


= av  xFx+bv  xF2 

= (NjPa  - PiN2)i  - (MjP2  - PiM2)j  + (M-jN2  - NxM2)k 


V • (Fx  x F2) 


= V • [(NiP2  - PiN2)i  - (MiP2  - PiM2)j  + (MjN2  - NxM2)k] 


= |(NxP2 


-( 


- P1N0)  - | (MxP2  - PiM2)  + | (MxN2  - NxM2)  = (P2  ^ + Nx  ^ - N2  - Px 


M 


® 2 

dy 


dMi 
‘ dy 


-P 


SM2 

dy 


-M2f 


) + (Mi 


^ + n2^ 


= M2(f-^)+N2(^-t)+P2(^-f1)+M1(^-t)+Nx(t^) 

+ pi(f  ^f)=F2'VxFi-F1-vxF2 


div(gF)  = V • gF  = f (gM) 

= (M|+N|+p|)+g(^ 
V x (gF)  = 

= (pdg 

V dy 


dy 

Jy(gP) 

N ' 


ct5N 
& dz 


\£  dy  1 b dy  dz  b dz ) * di 

(P|-N|)i+(g|-gf)i+(] 
(§®-gf)k  = gV  x F + vgxF 


(gM)+|(gN)+|(gP)=(gf +M|f)  + (gf +N|)  + (gf +P|) 
)+g(fr  + f + l)=gV‘F+  Vg-F 
I (gN)]  i + [|  (gM)  - l (gP)]  j + (gN)  - l (gM)l  k 


dg  , „ 3M 
dz  ^ & dz 


p dg 
r dx 


.sdP 

& dx 


P|)j+(g 


a(gN) 

:)j  + (N!  

-)j+(N|-M|) 


-a®! 

& dx 


-M  ^ 

dy 


g 


3M 

5y 


01 


aM 

az 


-adl) 

& ax) 
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20.  Let  Fi  = Mii  + NJ  + Pik  and  F2  = M2i  + N2j  + P2k . 

(a)  FjxF2  = (NiPa  - PiN2)i  + (PiM2  - MiP2)j  + (M2N2  - NiM2)k 


V x (Fj  x F2) 


+ 


I (MjN2  - N1M0)  - | (P1M2  - MjP2) 

d 


l + [|  (NiP2  - PiN2)  - & (MiN2  - NjMa)]  j 


& (PjM2  - MjP2)  - (NiP2  - PiN2)  | 
and  consider  the  i-component  only:  (MiN2  — NiM2)  — (PiM2  — MiP2) 

= N2fi+M1^-M2^-N1^-M2^-P1^+P2^+M1^ 


= (J 


= (N2^+P2^)  - (Nj^ 


5y 


p dM2  \ 1 ( 

'P1^J  + l 


dz 

dN2  | dP2 


ay 


dz 


)M1-(fl  + ^)M2 


(* 


= ( M 


9Mi  _|_  9Mi  5Mi  ^ ( |y|i  im,  _j_  |\(ji  <9M2  p tAT.  ^ _p  ( 3Mi  dN2  _p  dPj 


<9x 


9y 


+ P2 


dz  ) 


(M 


dx 


+ N]_ 


dy 


+ Pl 


9z  j T U1 


ay  + ^ ) Ml 


l) 


- (if1  + f1  + fr)  M2 ■ Now,  i-comp  of  (F2  • V )Fi  = (m2  | + N2  | + P2  |)  Mj 
= (m2  ^ + N2  + P2  ; likewise,  i-comp  of  (F,  • V )F2  = (m2  ^ + Nj  ^ + Pr  ; 

i-comp  of  ( V ' F2)Fi  = (^  + ^ + ^)  Mi  and  i-comp  of  ( V ■ Fi)F2  = (^T  + f1  + M2. 

Similar  results  hold  for  the  j and  k components  of  v x (Fj  x F2).  In  summary,  since  the  corresponding 
components  are  equal,  we  have  the  result 

V x (Fi  x F2)  = (F2  - V )Fi  - (Fi  • V )F2  + ( V • F2)F].  - ( V • Fi)F2 
(b)  Here  again  we  consider  only  the  i-component  of  each  expression.  Thus,  the  i-comp  of  v (Fi  • F2) 


= | (Mi  M2  + 

-NiN2 

+ P] 

lP2)  = i 

(Mi^  + 

M2  ^ + Ni 

9N2 

dx 

+ N2^ 

i-comp  of  (Fj  • 

V)F2 

= ( 

Mif2 

+ Nj 

3M, 

dy 

+ Pr^), 

i-comp  of  (Fo  • 

V)Fi 

-( 

M-yf! 

+ n2 

dMi 

dy 

+ P2^), 

i-comp  of  Fj  x 

(V  x 

F2) 

= Nx  ( 

9N2 

dx 

dM2 

dy 

dP2 

dx 

) , and 

i-comp  of  F2  x 

(V  x 

Fi) 

= n2  ( 

dx 

aMj 

dy 

dPi 

dx 

)• 

Since  corresponding  components  are  equal,  we  see  that 

V (Fi  • F2)  = (Fi  - V )F2  + (F2  - V )Fi  + Fi  x ( v x F2)  + F2  x ( v x Fi),  as  claimed. 


21.  The  integral's  value  never  exceeds  the  surface  area  of  S.  Since  |F|  < 1,  we  have  F • n j — |F|  |n|  < (1)(1)  = 1 and 

Iff  V 'Fda  = f J F • n dcr 


< f f |F  • n|  da 

<//(l)da 

S 

= Area  of  S. 


[Divergence  Theorem] 
[A  property  of  integrals] 

[|F  • n|  < 1] 


22.  Yes,  the  outward  flux  through  the  top  is  5.  The  reason  is  this:  Since  v • F = V - (xi  — 2yj  + (z  + 3)k  = 1—2+1 
= 0,  the  outward  flux  across  the  closed  cubelike  surface  is  0 by  the  Divergence  Theorem.  The  flux  across  the  top  is 
therefore  the  negative  of  the  flux  across  the  sides  and  base.  Routine  calculations  show  that  the  sum  of  these  latter  fluxes  is 
—5.  (The  flux  across  the  sides  that  lie  in  the  xz-plane  and  the  yz-plane  are  0,  while  the  flux  across  the  xy-plane  is  —3.) 
Therefore  the  flux  across  the  top  is  5. 


23.  (a)  £(x)=l,|(y)=l,|(z)=l 


— ±,  g-  yyj  — — ± v • F = 3 =+  Flux  — J J J 3 dV  = 3 f f f dV  = 3(Volume  of  the  solid) 

y z D D 

(b)  If  F is  orthogonal  to  n at  every  point  of  S,  then  F - n = 0 everywhere  =>  Flux  = J J F • n da  = 0.  But  the  flux  is 

S 

3 (Volume  of  the  solid)  ^ 0,  so  F is  not  orthogonal  to  n at  every  point. 
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24.  v ■ F = — 2x  — 4y  — 6z  + 12  Flux  = fff  (— 2x  — 4y  — 6z  + 12)  dzdydx  = f f (— 2x  — 4y  + 9)  dy  dx 

•J  0 0 *J  0 *J  0 0 

= fg  (— 2xb  — 2b2  + 9b)  dx  = — a2b  — 2ab2  + 9ab  = ab(— a — 2b  + 9)  = f(a,  b);  = — 2ab  — 2b2  + 9b  and 

|g  = —a2  — 4ab  + 9a  so  that  |^  = 0 and  |g  = 0 =+■  b(— 2a  — 2b  + 9)  = 0 and  a(— a — 4b  + 9)  = 0 =+  b = 0 or 
—2a  — 2b  + 9 = 0,  and  a = 0 or  —a  — 4b  + 9 = 0.  Now  b = 0ora  = 0 =+  Flux  = 0;  —2a  — 2b  + 9 = 0 and 
—a  — 4b + 9 = 0 =>  3a  — 9 = 0 =>  a = 3 =>  b=^so  that  f (3,  |)  = y is  the  maximum  flux. 


25.  ff  F • n dcr  = fff  v ' F dV  = fff  3dV  +>  ± ff  F • n da  = fff  dV  = Volume  of  D 


D 


26.  F = C =>  v-F  = 0=>  Flux  = ff  F-ndir  = f ff  V ' F dV  = fff  0dV  = 0 

S D D 

27.  (a)  From  the  Divergence  Theorem,  f J v f ' n der  = ///  V ‘ V f dV  = fff  V 2f  dV  = f f f ® dV  = 0 

S D D D 

(b)  From  the  Divergence  Theorem,  f f fy  f - n dcr  = fff  V ' f V f dV.  Now, 


fvf=(fI)i  + (f|)j  + (fS) 


k =>  v ■ f V f = 


■ dH 
ax2 


+ (£)’ 


+ 


f dH  , 
1 ay2  + 


(s)! 


+ 


■SH  , (df\2 
az2 


+ d r 


= f V 2f  + I V f |2  — 0 + | V f |2  since  f is  harmonic  +>  fffsyi'-nda  — fff  [ v f |2  dV,  as  claimed. 


D 


28.  From  the  Divergence  Theorem,  f f v f ' n der  = ffj  V ' V f dV  = fff  + S + 0)  dV.  Now, 

S D D V x fy  fz  / 

f(x,  y,  z)  = In  y'x2  + y2  + z2  = \ In  (x2  + y2  + z2)  +>  § = ^txtoc ».  1 = toxx? , I = xxxxx 


dx  x2  + y2  + z2  ’ dy  x2  + y2  + z2  ’ dz  x2  + y2  + z2 

dH  | dH  I d2  f 

/)v2  I Fi\,2  1 


<9*2  (x2+y2+z2)2  » dy2  (x2+y2+z2)2  » Qz2  (x2+y2+z2)2  » <9x2  ~T  Qy2  \ Qz 2 


xz+yz+zz 


xz  + yz  + zz 


(x2+y2+z2"7  x2-i-v24-72 

fW2  n tt/2 

/0  Jo 


//  Vf-nd (7  = fff 


dV 

x2  + y2  + z2 


= Jo  Jo  a sin  d</>  dJ  = fg  [—a  cos  </>]  q^2  d$  = fg  ad# 


7ra 

2 


29.  //  fyg-nd  (7  = fff  V ' f V g dV  = fff  V - (f 

S D D v 

J J J 1/  ax2  “T"  ax  ax  ‘t' 1 ay2  ^ ay  ay  az2  “l“  az  az  y u 


ag  j 

ax 1 


fSu+fik] 


ay. 


dV 


D 

= fff 

D 


■a 


f f a2g  . a2g  , a2g 

' <9x2  dy2  ' <9z2 


M 


df  <h 

dx  dx 


af  ag 
ay  ay 


af  ag 

az  az 


dV  = fff  (fv2g 

D 


v f • V g)  dV 


30.  By  Exercise  29,  f f fyg-nd a = f f f (f  V 2g  + V f ' V g)  dV  and  by  interchanging  the  roles  of  f and  g, 

S D 

ff  sv  f-nd a — f f f (g  V 2f  + V g • V f)  dV.  Subtracting  the  second  equation  from  the  first  yields: 

S l) 

ff  (fyg-gyf)-nd<T  = fff  (f  v 2g  - g V 2f)  dV  since  yf-  yg  = yg-  yf. 
s D 

31.  (a)  The  integral  fff  p(t,  x,  y,z)  dV  represents  the  mass  of  the  fluid  at  any  time  t.  The  equation  says  that 

D 

the  instantaneous  rate  of  change  of  mass  is  flux  of  the  fluid  through  the  surface  S enclosing  the  region  D: 

the  mass  decreases  if  the  flux  is  outward  (so  the  fluid  flows  out  of  D),  and  increases  if  the  flow  is  inward 

(interpreting  n as  the  outward  pointing  unit  normal  to  the  surface). 

W fff  f dV=  | fff  P*V  = -ff  pvnd*  = -fff  V -pvdV  =*  f = -V  -PV 
D D S D 

Since  the  law  is  to  hold  for  all  regions  D,  v • pv  I f — 0,  as  claimed 
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32.  (a)  v T points  in  the  direction  of  maximum  change  of  the  temperature,  so  if  the  solid  is  heating  up  at  the 
point  the  temperature  is  greater  in  a region  surrounding  the  point  =>■  v T points  away  from  the  point 
=>•  — v T points  toward  the  point  =>■  - yT  points  in  the  direction  the  heat  flows. 

(b)  Assuming  the  Law  of  Conservation  of  Mass  (Exercise  31)  with  — k y T = pv  and  cpT  = p,  we  have 

^ Iff  cpT  dV  = — J f — k vT-nda  =>  the  continuity  equation,  v ' (— k vT)  + | (cpT)  = 0 
D S 

=>  cp  |^  = - V • (— k V T)  = k V 2T  =>  ^ V 2T  = K V 2T,  as  claimed 

CHAPTER  16  PRACTICE  EXERCISES 

1 . Path  1:  r = ti  + tj  + tk  =>  x = t,  y = t,  z = t,  0 < t < 1 =>■  f(g(t),  h(t),  k(t))  = 3 — 3t2  and  ^ = 1,^  = 1, 

1 = 1 =»  ]/ (I)2  + (I)2  + (I)2  dt  = y/3  dt  =*  £ f(x,y,z)  ds  = £^3(3  - 3t2)  dt  = 2^3 
Path  2:  ri  = ti  + tj , 0 < t < 1 =>  x = t,  y = t,  z = 0 =>  f(g(t),  h(t),  k(t))  = 2t  — 3t2  + 3 and  ^ = 1,^  = 1, 
|=0  ^ y(|)2+(|)2  + (|)2dt=  v^dt  =*  / f(x,  y,  z)  ds  = £y/l  (2t  - 3t2  + 3)  dt  = 3y/2 ; 
r2  =i+j  + tk  =>  x = 1,  y = 1,  z = t =>  f(g(t),  h(t),  k(t»  = 2 - 2t  and  f =0,  f = 0,  f = 1 
=*  \/(^)2+(s)2  + (l)2dt  = dt  =*  /C2f(x,y,z)ds=/o1(2^2t)dt=l 
=*•  £ f(x,  y,  z)  ds  = £ f(x,  y,  z)  ds  + £ f(x,  y,  z)  = 3 y/2  + 1 

2.  Path  1 : ri  = ti  =>  x = t,  y = 0,  z = 0 =>■  f(g(t),  h(t),  k(t))  = t2  and  ^ = 1,  ^=0,  ^=0 

=*  \J (I)'  + (I)'  + (I)'  dt  = dt  =>  £ f(x,  y,  z)  ds  = £ t2  dt  = i ; 
r2  = i + tj  =►  x=l,y  = t,z  = 0 =►  f(g(t),h(t),k(t))=l+tand£=0,  f = 1,  f =0 

=>  ^/(l)2  + (l)2  + (l)2dt  = dt  =*  /c=  f(x, y,  z)  ds  = /o‘(l  + 1)  dt  = | ; 
r3  = i + j + tk  =>  x = 1,  y = 1,  z = t =>  f(g(t),  h(t),  k(t»  = 2 - t and  f = 0,  f = 0,  f = 1 

=►  ]/ (t)2+  (lj  + (I)2  dt  = dt  =>  £ f(x,  y,  z)  ds  = X (2  — t)  dt  = | 

£th , f(x,  y,  z)  ds  = £ f(x,  y,  z)  ds  + £ f(x,  y,  z)  ds  + £ f(x,  y,  z)  ds  = f 
Path  2:  r4  = ti  + tj  =>•  x = t,  y = t,  z = 0 =>  f(g(t),  h(t),  k(t»  = t2  + 1 and  f = 1,  ^ = 1,  f = 0 

=►  ]/(w)2+(^)  +(l)2  dt  = \/2  dt  =>  £ f(x,  y , z)  ds  = £ \f~2  (t2  + t)  dt  = | \[2\ 

F3  = i + j + tk  (see  above)  =>  fc,  f(x,  y,  z)  ds  = § 

=>  fp a,h2  f(x’ y’ z)  ds  = £ f(x>  z)  ds  + £ f(x,  y,  z)  ds  = f + | = 5-£r1 

Path  3:  r5  = tk  =>  x = 0,  y = 0,  z = t,  0 < t < 1 =>  f(g(t),  h(t),  k(t))  = -t  and  f = 0,  ft  = 0,  f = 1 

=*  \/(l)2+(^)2  + (l)2dt  = dt  =*  £ f(x,  y.  z)  ds  = £ — t dt  = — ^ ; 

r6  = tj  + k =*  x = 0,  y = t,  z = 1,  0 < t < 1 =►  f(g(t),  h(t),  k(t))  = t - 1 and  f = 0,  f = 1,  f = 0 

=►  ]/(w)2+(w)  +(f)2  dt  = dt  ^ £ f(x, y,  z)  ds  = £(t  - 1)  dt  = - \ ; 

r7  = ti+j  + k =►  x = t,  y=l,z  = 1,  0 < t < 1 =►  f(g(t),h(t),k(t))  = t2and^  = 1,  | =0.  | =0 
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=*  V(l)2+(l)2  + (l)2dt  = dt  =*  fcv  f(x> y> z)  ds  = fg  t2  dt  = I 

=>  /Path3  f(x,  y,  z)  ds  = fc  f(x,  y,  z)  ds  + fc  f(x,  y,  z)  ds  + fc  f(x,  y,  z)  ds  = - \ - \ + \ = - § 

3.  r = (a  cos  t)j  + (a  sin  t)k  =>  x = 0,  y = a cos  t,  z = a sin  t =>  f(g(t),  h(t),  k(t))  = \J a2  sin2 1 = a | sin  t|  and 

t =°’l  = ^asint’|=acost  y(^)2+(|)  +(|)2dt  = adt 

Xn2ir  p-K  p2n 

f(x,  y,  z)  ds  = Jg  a2jsint|dt  = Jg  a2  sin  t dt  + J — a2  sin  t dt  = 4a2 

4.  r = (cos  t + t sin  t)i  + (sin  t — t cos  t)j  =>•  x = cos  t + t sin  t,  y = sin  t — t cos  t,  z = 0 

=>  f(g(t),  h(t),  k(t))  = a/ (cos  t + 1 sin  t)2  + (sin  t — t cos  t)2  = \J  1 + t2  and  = — sin  t + sin  t + t cos  t 

= t cos  t,  ^ = cos  t - cos  t + t sin  t = t sin  t,  y = 0 =>  J (y) " + + (y)2  dt 

= \J t2  cos2 1 + t2  sin2 1 dt  = |t|  dt  = t dt  since  0 < t < \^3  =>  Jc  f(x,  y,  z)  ds  = Jg  t \/ 1 + t2  dt  = | 

5-  f = 0(x  + y + z)-3/2  = § ,ft  = -!(x  + y + z)-3/2  = § ,f  = 0(x  + y + z)-3/2  = f 

=►  M dx  + N dy  + P dz  is  exact;  f = y x+1y  + z =►  f(x,y,  z)  = 20  + y + z + g(y,  z)  =*  § = >/x+1y+z  + g 
- ^x  + y + z =►  S=°  =►  g(y,z)  = h(z)  =►  f(x,y,z)  = 2^/x  + y + z + h(z)  =►  1 = v0  + z + h'(z) 

= VdvT-,  =►  h'<x)  = » =>  l«x)  = C =*■  f(x,  y,  z)  = 2 v^+7+^  + C d-J±±if 

= f(4,  -3, 0)  - f(— 1, 1, 1)  = 20  - 20  = 0 

6-  i = -277i  = ^’^=0=I’il=0=W  ^Mdx  + Ndy  + Pdzis  exact;  § = 1 =►  f(x,y,z) 

= x + g(y,  z)=^§  = ff  = -y^=^  g(V  z)  = -20z  + h(z)  =>  f(x,  y,  z)  = x - 20z  + h(z) 

=>  + h'(z)  = - =>  h'(z)  = 0 =>  h(z)  = C =>  f(x,  y,  z)  = x - 20z  + C 

=►  J(liM)  dx  - dy  - 0 dz  = f(10, 3, 3)  — f(l,  1, 1)  = (10  — 2-3)  — (1— 2-1)  = 4+1=5 


7.  = — y cos  z/:y  cos  z = ||  =>•  F is  not  conservative;  r = (2  cos  t)i  + (2  sin  t)j  — k,  0 < t < 27r 

=>  dr  = (—2  sin  t)i  — (2  cos  t)j  =>  I r ■ dr = r [ —(—2  sin  t)(sin(— 1))(— 2 sin  t)  + (2  cos  t)(sin(  — 1))(— 2 cos  t)]  dt 

p2ir 

= 4 sin(l ) J (sin2  t + cos2  t) dt  = 87t  sin(l) 

8.  = 3x2  = ^ =^>  F is  conservative  =>  Jc  F • dr  = 0 


9.  Let  M = 8x  sin  y and  N = — 8y  cos  x =>  = 8x  cos  y and  (y  = 8y  sin  x =>  Jg  8x  sin  y dx  — 8y  cos  x dy 

p p pTv/2  pTt/2  077/2 

— J J (8y  sin  x — 8x  cos  y)  dy  dx  = Jg  Jg  (8y  sin  x — 8x  cos  y)  dy  dx  = Jg  0 sin  x — 8x)  dx  = — 7r2  + 7r2  = 0 


10.  Let  M = y2  and  N = x2  =>■  ^ = 2y  and  ^ = 2x  =>  J02  dx  + x2  dy  = J f (2x  — 2y)  dx  dy 

R 

— fo  fo  cos  ^ — 2r  sin  0)  r dr  d6  — J"g  y (cos  6 — sin  6)  dd  = 0 
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11.  Let  z = 1 — x — y =>  fx(x,  y)  = — 1 and  fy(x,  y)  = — 1 =>  J fx2  + f 2 + 1 = \J 3 =>  Surface  Area  — f f \J 3 dx  dy 

V R 

= y/3(Area  of  the  circular  region  in  the  xy-plane)  = 7t\/3 


12.  v f = — 3i  + 2yj  + 2zk,  p = i =>  | v f|  = \/9  + 4y2  + 4z2  and  | v f • p|  = 3 

=*  Surface  Area  = II  V9+T+4Z2  dy  dz  = r iT  r drd0  = i X"  (|  v^l  - i)  d0  = 1 (7y^l  - 9) 


13.  y f = 2xi  + 2yj  + 2zk,  p = k =>  | v f|  = V 4x2  + 4y2  + 4z2  = 2-\/x2  + y2  + z2  = 2 and  | yf  • p|  = |2z|  = 2z  since 

2 > 0 =►  Surface  Area  = II  Tz  dA  = II  \ dA  = IS  dxdy  = ,/T  lo'^  y 

D D D V J V 


r dr  df) 


r t-^ 


i/^ 


d6»  = 


J o 


14.  (a)  v f — 2xi  + 2yj  + 2zk , p = k =>  | v f I = \/ 4x2  + 4y2  + 4z2  = 2^/x2  + y2  + z2  = 4 and  | v f - p|  = 2z  since 
z > 0 =>  Surface  Area  = ff  f dA  — f f \ dA  — 2 fg  f , 2 - r dr  d$  = 47r  — 8 


R R 

(b)  r = 2 cos  9 =>  dr  = —2  sin  6 d 9\  ds2  = r2  d 02  + dr2  (Arc  length  in  polar  coordinates) 

=>  ds2  = (2  cos  O f d 02  + dr2  = 4 cos2  9 d 02  + 4 sin2  9 d 02  = 4 d 02  =>  ds  = 2 d9:  the  height  of  the 


cylinder  is  z = \J 4 — r2  = \J 4 — 4 cos2  0 = 2 | sin  0|  = 2 sin  0 if  0 < 9 < | 


Surface  Area  = 


i: 


h ds 


= 2 


X7T/2 

(2  sin  60(2  dO)  = 8 


15.  f(x,y,z)=|  + i + | = l =►  Vf=  (Di+  (s)j  + (?)k  =►  I Vf|  = V?  + t?  + ?andp  = k ^ I V f * Pi  — c 


since  c > 0 =>  Surface  Area  = f f * a~  If  + g2  dA  = c J f + 4?  f f dA  = \ abc.  / f + p + f , 

R (cj  V R V 

since  the  area  of  the  triangular  region  R is  4 ab.  To  check  this  result,  let  v = ai  + ck  and  w = — ai  + bj;  the  area  can  be 


found  by  computing  4|v  x w|. 


16.  (a)  V f = 2yj  k,  p = k =>  | v f|  = \J 4y2  + 1 and  | v f • p|  = 1 =>  da  = \J 4y2  + 1 dxdy 

=►  If  g(x,y,z)da=  ff^$+i  V4y2  + ldxdy  = ff  y (y2  - 1)  dxdy  = f Jg  (y3  - y)  dxdy 
SR  R 

= /_!,  3(y3-y)  dy  = 3 


r _ r 

4 2 


= 0 


J -l 


(b)  /./' g(x.y.z)  da  = ff  ^4^  7V+T  dxdy  = f\£(y-  1)  dxdy  = fj  (y2  - 1)  dy 


= 3 


= -4 


17.  v f = 2yj  + 2zk , p = k =>  | v f I = \J 4y2  + 4z2  = 2\Jy 2 + z2  = 10  and  | v f • p|  = 2z  since  z > 0 
=►  da=  dxdy  = f dxdy  = / / g(x,y,z)da  = / / (x4y)  (y2  + z2)  (f ) dxdy 


II  (x4y) (25)  (v^f) dxdy  = fofo 


125^  x4 


0 


dxdy  — fg 


25y 

0 


dy  = 50 


18.  Define  the  coordinate  system  so  that  the  origin  is  at  the  center  of  the  earth,  the  z-axis  is  the  earth's  axis  (north  is  the 

positive  z direction),  and  the  xz-plane  contains  the  earth's  prime  meridian.  Let  S denote  the  surface  which  is  Wyoming  so 


then  S is  part  of  the  surface  z = (R2 


1 lc\ 

y2)  ' . Let  Rxy  be  the  projection  of  S onto  the  xy-plane.  The  surface  area  of 
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r2  _ x2  - y2  ~ R2  — x2  — y2 


1 dA  = 


II 


Wyoming  is  f J 1 da  = ff  ^1  + (|)2  + (|)  dA  = f f y/ 

S Rxy  Rxy  ivxy 

pO-2  pRsin49°  —1/2 

= J Jr  R (R2  — r2)  r drd9  (where  0\  and  ()>  are  the  radian  equivalent  to  104°3'  and  1 1 1°3',  respectively) 


(R2  — x2—y2' 


dA 


,C  -R  (R2  - r2) 


1/2 


£’  R (R2  - R2  sin2  45°) 1/2  R (R2  — R2  sin2  49°) 1/2  d9 


= (02  - 6»i)R2(cos  45°  - cos  49°)  = ^ R2(cos  45°  - cos  49°)  = ^ (3959)2(cos  45°  - cos  49°)  « 97,751  sq.  mi. 


19.  A possible  parametrization  is  r(</>,  9)  = (6  sin  (j)  cos  8) i + (6  sin  <f>  sin  9) j + (6  cos  <f>) k (spherical  coordinates); 

now  p — 6 and  z = — 3 =>■  —3  = 6 cos  </>  =>  cos  <j)  = — \ =>  </>=^  and  z = 3\/3  =>  3\/3  = 6 cos  </> 

=>•  COS  (j)  = ^ =>■  </>  = | =*  f < 0 < /f  ’ a^so  0 < 0 < 27T 

20.  A possible  parametrization  is  r(r,  0)  = 

now  r = a/x2  + y2  =>  z = — (j  and 
also  0 < 9 < 2n 


- (r  cos  9) i + (r  sin  6*)j  — k (cylindrical  coordinates); 

— 2<z<0  =>  — 2 < — ^ < 0 =>  4 > r2  > 0 =>  0 < r < 2 since  r > 0; 


21.  A possible  parametrization  is  r(r,  9)  = (r  cos  9) i + (r  sin  9) j + (1  + r)k  (cylindrical  coordinates); 
now  r = ^/x2  + y2  =>  z = 1 + r and  1 < z < 3 =>  1 < 1 + r < 3 =>■  0 < r < 2;  also  0 < 9 < 2tt 

22.  A possible  parametrization  is  r(x,  y)  = xi  + yj  + (3  — x — k for  0 < x < 2 and  0 < y < 2 

23.  Let  x = u cos  v and  z = u sin  v,  where  u = \/x2  + z2  and  v is  the  angle  in  the  xz-plane  with  the  x-axis 

=>  r(u,  v)  = (u  cos  v)i  + 2u2j  + (u  sin  v)k  is  a possible  parametrization;  0 < y < 2 =>  2u2  < 2 =>  u2  < 1 

=>  0 < u < 1 since  u > 0;  also,  for  just  the  upper  half  of  the  paraboloid,  0 < v < n 


24.  A possible  parametrization  is 


10  sin  cos  9^j  i + ^ \/X0  sin  <j)  sin  9^j  j + ^ \/X0  cos  </>)  k , 0 < <j>  < | and  0 < 9 < | 


25.  ru  = i + j , rv  = i - j + k =>  ru  x rv  = 


i j k 

1 1 0 

1 -1  1 

Surface  Area  = J J |ru  x rv|  dudv  = /;/;  y/6  du  dv  = y/6 


= i j — 2k  =>  |ru  x rv|  = a/6 


26.  ff(x  y - z2)  da  = ££  [(u  + v)(u  - v)  - v2]  y/6  dudv  = ^6  ££  (u2  - 2v2)  dudv 


= v 6 


\ - 2uv2 


- l 

. o 


dv=^r(I-2v2)  dv  = v/6  [i  v - | v3]  J = - ^ = - 


i j k 

cos  9 sin  9 0 

-r  sin  9 r cos  9 1 


27.  r,-  = (cos  9) i + (sin  9) j , = (— r sin  9) i + (r  cos  0)j  + k =>  rr  x rg  — 

= (sin  9) i — (cos  8) j + rk  =>  jrr  x r#|  = \J sin2  8 + cos2  8 + r2  = \/ X + r2  =>  Surface  Area  = f f |rr  x r#|  dxd9 
= /0  f0V  1 + r2  drd9  = £ [§  ^l+r2  + iln  (r+y/l+r2) 


RrO 


]d()  = r [|v^+iln(l  + V^) 


d 0 


= 7 r 


V^  + ln  ( 


1 + y/2 


Copyright  © 2010  Pearson  Education  Inc.  Publishing  as  Addison-Wesley. 


Chapter  16  Practice  Exercises  993 


28.  /jVx2+y2  + l da  = £ fgy/  r2  cos2  9 + r2  sin2  9+1  \J  1 + r2  dr  d 9 = (1  +r2)  drd(9 


-rhs]>-rs 


f do  = I 7T 


29.  !2=0=§C^=0=^,f!=0=§^  =>  Conservative 

ay  az  7 a z ax  7 ax  ay 


30.  £ = 


— 3zy 


dN  <9M 


— 3xz 


<9P  <9N 


— 3xy 


<9M 


9y  (x2  + y2  + Z2)_5/2  9z  ’ dz  (x2+y2+z2)-5/2  dx  > Sx  (x2  + y2  +z2)-5/2  dy 


Conservative 


31. 

32. 


= 0 ^ yez  = ^ =>  Not  Conservative 

<9P  x <9N  dM  — y dP  <9N  — z dM 

dy  (x  + yz)2  dz  7 dz  (x  + yz)2  dx  7 dx  (x  + yz)2  dy 


=>-  Conservative 


33.  § = 2 =>  f(x, y, z)  = 2x  + g(y, z)^>g  = ^=2y  + z=>  g(y, z)  = y2  + zy  + h(z) 

f(x,  y,  z)  = 2x  + y2  + zy  + h(z)  =>  ^ = y + h'(z)  = y + 1 =>•  h'(z)  =1  =>  h(z)  = z + C 
=>  f(x,  y,  z)  = 2x  + y2  + zy  + z + C 


34.  I = z cos  xz  =>  f(x,y,z)  = sin  xz  + g(y,z)  =>  |i  = ^ = ey  =>  g(y,  z)  = ey  + h(z) 

=>  f(x,  y,  z)  = sin  xz  + ey  + h(z)  =>■  = x cos  xz  + h'(z)  = x cos  xz  =>  h'(z)  = 0 =>  h(z)  = C 

=>  f(x,  y,  z)  = sin  xz  + ey  + C 


35.  Over  Path  1:  r = ti  + tj  + tk , 0 < t < 1 =>  x = t,  y = t,  z = t and  dr  = (i  + j + k)  dt  =>  F = 2t2i  + j + t2k 

=>  F • dr  = (3t2  + 1)  dt  =>  Work  = f \ 3t2  + 1)  dt  = 2; 

Over  Path  2:  ri  = ti  + tj  , 0 < t < 1 =>  x = t,  y = t,  z = 0 and  drj  = (i  + j)  dt  =>  Fi  = 2t2  i + j + t2k 

=>•  Fi  • dri  = (2t2  + 1)  dt  =>  Worki  = (2t2  + 1)  dt  = | ; r2  = i + j + tk,  0 < t < 1 =>•  x=l,y=l,z  = t and 

dr2  = k dt  =>  F2  = 2i  + j + k =>  F2  • dr2  = dt  =>■  Work2  = Jg  dt  = 1 =>  Work  = Worki  + Work2  = | + 1 = | 


36.  Over  Path  1:  r = ti  + tj  + tk,0<t<l  =>  x = t,  y = t,  z = t and  dr  = (i  + j + k)  dt  =>  F = 2t2  i + t2j  + k 
=>  F • dr  = (3t2  + 1)  dt  =>  Work  = f \ 3t2  + 1)  dt  = 2; 

Over  Path  2:  Since  f is  conservative,  F • dr  = 0 around  any  simple  closed  curve  C.  Thus  consider 
J F - dr  = F • dr  + F • dr , where  Ci  is  the  path  from  (0, 0, 0)  to  (1, 1, 0)  to  (1, 1, 1)  and  C2  is  the  path 
from  (1. 1, 1)  to  (0, 0,  0).  Now,  from  Path  1 above,  f F • dr  = — 2 =>  0 = f F ■ dr  — [ F • dr  + (— 2) 

=>  £ F - dr  = 2 


37.  (a)  r = (e(  cos  t)  i + (e*  sin  t)  j =>■  x = e*  cos  t,  y = e‘  sin  t from  (1,0)  to  ( e2n , 0)  =>■  0 < t < 27t 

xi  + yj  (el  cos  t)  i + (el  sin  t) , 

(x2  + y2 )3^2  (e2t  cos2 1 + e2t  sin2 t)3' 


^ = (e(  cos  t — el  sin  t)  i + (el  sin  t + el  cos  t)  j and  F = . " : yl.^  — (e  cost)i  + (e  smt)j 


( cos  1 1 j i ( sin  l \ 17  dr  ( cos2t  sin  t cost  , sin2 1 , sin  L cos  t ( ,,  t 

“ l e2>  ) 1 V e2t  ) J ^ * ‘ dt  - ( e>  e>  + e'  + e>  ) “ e 


=+  Work  = 

“ (x2+y2)2/2 


J»27T 

e_t  dt  = 1 — e 
o 


■2ir 


df 

dx 


f(x,  y,  z)  = — (x2  + y2)  1/2  + g(y,  z) 


dt 

(x2+y2)3/2  XVA!  y ) - - tA  -r  3 ) -r- Bty , ^ Oy  - (x2  _j_  y2)2/2  ^ dy 

g(y,  z)  = C =>  f(x,  y,  z)  = — (x2  + y2)  is  a potential  function  for  F =>■  F • dr 


+ 


dg 


= f (e2?r,  0)  — f(  1 , 0)  = 1 


,—27 r 
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38.  (a)  F = v (x2zey)  =>  F is  conservative  =>■  £ F • dr  = 0 for  any  closed  path  C 

r*  (1,0,27 r) 

(b)  Jc  F • dr  = J V (x2zey)  • dr  = (x2zey)  | (1A2n)  - (x2zey)  | (1A0)  = 2n  - 0 = 2tt 


39.  v x F = 


i j k 

d_  a_  d_ 

dx  dy  dz 

y2  -y  3z2 


= — 2yk;  unit  normal  to  the  plane  is  n = = = | i | | j - | k 


=>•  VxF-n=|y;p  = k and  f(x,  y,  z)  = 2x  + 6y  — 3z  =>  | v f • p|  = 3 =>  dcr  = j^.p|  dA  = | dA 
^ £ F ' ^ f Y da  = //  (f  y)  Q dA)  = //  2y  dA  = /£/>  sin  9 r dr  dd  = f£  § sin  9 d9  = 0 


40.  v x F = 


i J k 

d_  d_  a_ 

dx  dy  dz 

IT  2 _l_  x J v I „ A,t2 


= 8yi ; the  circle  lies  in  the  plane  f(x,  y,  z)  = y + z = 0 with  unit  normal 

| x2  + y x + y 4y2  — z j 

n = -^  j + -^  k =>  v x F • n = 0 =>  £ F ■ dr  = f j V x F • n dcr  = J J 0 der  = 0 


41.  (a)  r = y/2ti  + v^tj  + (4  - t2)  k,  0 < t < 1 =>  x = yfix,  y = \fix,  z = 4 - t2  =►  § = y/l,  % = y/l,  f = -2t 

=►  J (^)2  + (^)2  + (I)"  dt  = a/4  + 4t2  dt  =*  M = £s(x,  y,z)ds  = £ 3t^4  + 4t2  dt  = [1  (4  + 4t)3/2] 

= 4^2-2 

(b)  M = £ S(x,  y,z)ds  = £ y/A  + 4t2  dt  = [t^l  + t2  + In  (t  + ^/\  + t2)]  q = y/2  + In  (l  + v^) 

42.  r = ti  + 2tj  + | t3/2k , 0 < t < 2 =>  x = t,  y = 2t,  z = § 13/2  =>  f = 1,  f = 2,  f = t1/2 

^(^)2+(f)  +(|)2  dt  = y/t  + 5dt  =>  M=  £ 6(x, y,z)ds  = £ 3^5  +t  3/1  + 5 dt 
= £ 3(t  + 5)  dt  = 36;  Myz  = £ x6  ds  = £ 3t(t  + 5)  dt  = 38;  Mxz  = £ y<5  ds  = £ 6t(t  + 5)  dt  = 76; 


Mxy  = £ z 6 ds  = fo  2t3/2(t  + 5)dt=^V/2=^x=^  = | = ||,y=^  = | = ^,z=^f  = 


_ Mxy  __  ( 'fi) 

36 


43.  r = ti+  (^t3/2)  j+  (I)  k,  0 < t < 2 =►  x = t,  y = ^t3/2,z  = f =>  f = 1,  f = y/^t1/2,  f = t 

=$■  J (^)2  + + (^)"  dt  = \/l  + 2t  + t2  dt  = y/(t  + l)2  dt  = |t  + 1 1 dt  = (t  + 1)  dt  on  the  domain  given. 

Then  M = £ 6 ds  = £ (^)  (t  + 1)  dt  = £ dt  = 2;  Myz  = £ xS  ds  = £ t (^)  (t  + 1)  dt  = £ t dt  = 2; 
£ y6  ds  = fo  (¥■ t3/2)  (r+l)  (t  + 1)  dt  = £ 2-f  t3/2  dt  = | ; Mxy  = £ z6  ds 
t)  (t  + 1)  dt  = £ f dt  = | =*  x = | = 1;  y = 5jjf  = ^ = |f  ; z = 


Mxz  — 

r*2 


2 I Vt+1> 


_ (1)  _ 2.x  _ 

— 9 3 ’ X 


£ ( y 2 + z2) 5 ds  = £ (f  t3  + I)  dt  = ; Iy  = £ (x2  + z2)  <5  ds  = £ (t2  + £ dt 


64  , 
15  ' 


Iz  = 


£ (y2  + x2)  <5  ds  = £ (t2  + 1 13)  dt : 


56 

9 


44.  z = 0 because  the  arch  is  in  the  xy-plane,  and  x = 0 because  the  mass  is  distributed  symmetrically  with  respect 
to  the  y-axis;  r(t)  = (a  cos  t)i  + (a  sin  t)j  , 0 < t < 7r  =>  ds  = >J + (^)‘  dt 

= \J (—a  sin  t)2  + (a  cos  t)2  dt  = a dt,  since  a > 0;  M = £ S ds  — £ (2a  — y)  ds  = £ (2a  — a sin  t)  a dt 
Copyright  © 2010  Pearson  Education  Inc.  Publishing  as  Addison- Wesley. 


Chapter  16  Practice  Exercises  995 


= 2a2 7T  — 2a2;  Mxz  = fc  >'6  dt  = J y(2a  y ) ds  — fo  (a  sin  t)(2a  — a sin  t)  dt  — J (2a2  sin  t — a2  sin2 1)  dt 

= [-2a’cost-.!(i-^)];  = 4a!-^  = =»  ft  F,  2)  = (0,  fcj ») 


45.  r(t)  = (el  cos  t)  i + (e(  sin  t)  j + e‘k , 0 < t < In  2 =>  x = e(  cos  t,  y = el  sin  t,  z = el  =>■  ^ = (el  cos  t — el  sin  t) , 
I = (e' sin  t + e' cost),f  = e'  =4  ,/(!)“  + ( % )'  + (t)‘  dt 


= \ e' 


1 cos  t — e(  sin  t)2  + (e(  sin  t + e*  cos  t)2  + (e1)2  dt  = \J 3e2t  dt  = a/3  el  dt;  M = fc  6 ds  = Jo  \f?>  ef  dt 
a/3;  Mxy  = fc  z 6 ds  = fQ  (\/3  e/  (e‘)  dt  = fg  y/3 e2t  dt  = ^ 


Mjy  _ 

^ iv /r 


3^3 

2 

"VT 


3 . 

2 > 


Iz  = f (x2  + y2)  <5  ds  = Jg  (e2t  cos2 1 + e2t  sin2 1)  f a/3  e/  dt  = fg  y/3  e3t  dt  = 1-ff 


46.  r(t)  = (2  sin  t)i  + (2  cos  t)j  + 3tk , 0 < t < 27t  =>  x = 2 sin  t,  y = 2 cos  t,  z = 3t  =>  ^ = 2 cos  t,  = —2  sin  t, 

1=3  =*  y(|)2+(|)2  + (f)2dt=y4T9dt=^l3dt;M=/c  6 ds  = f"  Sy/l3  dt  = 2nSy/l3; 

Mxy  = fc  z 6 ds  = £”  (3t)  (<5VT3)  dt  = 6<5tt203;  Myz  = fc  xb  ds  = fj  (2  sin  t)  (/a/T/)  dt  = 0; 

Mxz  — yS  ds  = Jo  (2  cos  t)  ^<5a/T/)  dt  = 0 =>  x = y = 0 and  z = ^ = ffyjj  = 3n  =>  (0, 0,  37 r)  is  the 
center  of  mass 


47.  Because  of  symmetry  x = y = 0.  Let  f(x,  y,  z)  = x2  + y2  + z2  = 25  =>  V f = 2xi  + 2yj  + 2zk 

=>  | ^7  f | = y/ 4x2  + 4y2  + 4z2  = 10  and  p = k =>  | v f • p|  = 2z,  since  z > 0 =>  M = f f 6(x,  y,  z)  da 

R 

= J f z dA  = ff  5 dA  = 5(Area  of  the  circular  region)  = 807t;  Mxy  = f f zb  da  — f f 5z  dA 
R Z R R R 

= ff  3 a/25  — x2  — y2  dxdy  = ££  (5^25  - r2)  r drd6  = f*  f1  d<?  = 9-f  tt  =>  z = = % 

=►  (x,y,z)  = (0,0,  f|)  ; Iz  = f f (x2  + y2)  6 da  = ff  5 (x2  + y2)  dxdy  = £f£  5r3  dr  dd  = f*  320  d 9 = 640? r 

R R 00 


48.  On  the  face  z = 1:  g(x,  y,  z)  = z = 1 and  p = k =>  vg  — k=^IVg|  = l and  I V g • P|  = 1 =>  da  = dA 

r.  p ott/A  nsecd 

=>  I = J J (x2  + y2)  dA  = 2 J J r3  drd#  = | ; On  the  face  z = 0:  g(x,  y,  z)  = z = 0 =>  yg  = k and  p = k 

R 

=t>  | V g|  = 1 =>  I V g • P!  = 1 =>  dcr  = dA  =>  I = f f (x2  + y2)  dA  = | ; On  the  face  y = 0:  g(x,  y,  z)  = y = 0 

R 

^Vg=jandp=j  =>  Vg|  — 1 IVg’Pl  — l^dcr  = dA  =>  I = f f (x2  + 0)  dA  = f f x2  dxdz  = i ; 

R 

On  the  face  y = 1:  g(x,  y,  z)  = y = 1 =>•  vg=jandP=j  =>  |vg|  = l ^ l\7g-p|  = l =>  dcr  = dA 

=>  I = f f (x2  + l2)  dA  = fo  fg  (x2  + 1)  dxdz  = | ; On  the  face  x = 1:  g(x,  y,  z)  = x = 1 =>■  X7  g = i and  p = i 

R 

=>  | v g|  = 1 =>■  | V g • Pl  = 1 =>■  dcr  = dA  =>  I = f f (l2  + y2)  dA  — fo  fg  (1  + y2)  dy  dz  = | ; On  the  face 

R 

X = 0:  g(x,  y,z)  = x = 0=>  vg  = iandP  = i=^  I V g|  = 1 =>  I V g • p|  = 1 =>■  da  = dA 

=► 1 = ff(°2  + y2) dA  = fofo  y2  dy dz  = I =>  t = l + l + l + f + 1 + 1 = t 

R 
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49.  M = 2xy  + x and  N = xy  — y =>  ^ = 2y  + 1,  ^ = 2x,  ^ = y,  ^ = x — 1 =>  Flux  = J f dxdy 

R 

= ff  (2y  + 1 + x - !)  dydx  = fofo  (2y  + x)  dy dx  = I ; Circ  = ff  (f  - §?) dxdy 

= ff  (y  ~ 2x)  dy  dx  = f‘  £ (y  - 2x)  dy  dx  = - I 
R 

50.  M = y - 6x2  and N = x + y2  = -12x,  = 1,  £ = 1,  ^ = 2y  =>  Flux  = //  (“  + fy)  dxdy 

= ff  (— 12x  + 2y)  dx  dy  = f‘  f (-12x  + 2y)  dxdy  = J‘(4y2  + 2y  - 6)  dy  = - ^ ; 

Circ  = //(§-  f ) dxdy  = //  (1  - 1)  dxdy  = 0 
R V J R 

51.  M = — and  N = In  x sin  y =>  and  £ = ^ =>  j>c  In  x sin  y dy  — 

= Jf  (S-f)  <lxdy  = //  - to)  dxdy  = 0 

R V J R V J 

52.  (a)  Let  M = x and  N = y =>  = 1,  $ = 0,  § = 0,  f = 1 =>  Flux  = ff  + f ) dxdy 

R 

= f f (1  + 1)  dxdy  = 2 J J dxdy  = 2(Area  of  the  region) 

R R 

(b)  Let  C be  a closed  curve  to  which  Green's  Theorem  applies  and  let  n be  the  unit  normal  vector  to  C.  Let 
F = xi  + yj  and  assume  F is  orthogonal  to  n at  every  point  of  C.  Then  the  flux  density  of  F at  every  point 
of  C is  0 since  F - n = 0 at  every  point  of  C =>  ^ + ®=  0at  every  point  of  C 

=>■  Flux  = ff  (*§£  + § -)  dxdy  = ff  0dxdy  = 0.  But  part  (a)  above  states  that  the  flux  is 

r V x f y / R 

2(Area  of  the  region)  =>  the  area  of  the  region  would  be  0 =>■  contradiction.  Therefore,  F cannot  be 
orthogonal  to  n at  every  point  of  C. 

53.  £ (2xy)  = 2y,  £ (2yz)  = 2z,  £ (2xz)  = 2x  =>•  v - F = 2y  + 2z  + 2x  =*  Flux  = J J J (2x  + 2y  + 2z)  dV 

y D 

- f0  f0  f0  (2x  + 2y  + 2z)  dxdy  dz  = fg  Jq  (1  + 2y  + 2z)  dydz  = fg( 2 + 2z)  dz  - 3 

54.  £ (xz)  = z,  £ (yz)  = z,  £ (1)  = 0 =>  v • F = 2z  =>■  Flux  = f f f 2z  r drd#  dz 

D 

J>27 r n 4 r>  \/25  — r2  n 2tv  n 4 p2n 

/ I 2zdzrdrd$  = 1 I r(16  — r2)  drdf?  = / 64d0  = 1287r 

0 Jo  J 3 Jo  Jo  y ' Jo 

55.  £ (-2x)  = -42,  £ (-3y)  = -3,  £ (z)  = 1 =►  V • F = -4;  x2  + y2  + z2 

r r r C27r  C1  p\j2-x2 

=>  X2  + y2  = 1 =>  Flux  = J J J -4  dV  = -4  Jo  Jg  J 2 dz  r drd 9 ~- 

= -4/;  (-  T1  + I V2)  d8  = 1 7T  (7  - s£l) 

56.  £ (6x  + y)  = 6,  £ ( x - z)  = 0,  £ (4yz)  = 4y  =>•  v - F = 6 + 4y;  z = £ x2  + y2  = r 

=*  Flux  = ///(6  + 4y)dV  = /;707;  (6  + 4r  sin  0)  dz  r dr  d#  = a;  (6r2  +4r3  sin  0)  drd<9 

tt/2 

(2  + sin  0)  dd  = 7r  + 1 
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57.  F = yi  + zj  + xk  =>  v • F = 0 =>  Flux  = J Jf  - nda  — f f f v ' F dV  = 0 

S D 

58.  F = 3xz2i  + yj  - z3k  =7  V ■ F = 3z2  + 1 - 3z2  = 1 =7  Flux  = //F-nd<r  = ///  v ' F dV 

S D 

n\J  16— x2/2  /■»y/2  p 4 / 0\  qi  4 

, I I dz dy  Clx  = £ (ifct)  dx  = [x  - f,]  o = ! 

59.  F = xy2i  + x2yj  + yk  =7  v • F = y2  + x2  + 0 =7  Flux  = ffF-nda  = fff  y/  -FdV 

= if/  ^ + r) dv = ax r2  dz  -• 1 *d0= .ca  - ,n  & = *■ 

60.  (a)  F = (3z  + l)k  =7  v * F = 3 =>  Flux  across  the  hemisphere  — ffF-n  da  = JfJ  v • F dV  = f f f 3 dV 

S D D 

= 3(|)  (fTra3)  =2^  _ 

(b)  f(x,  y,  z)  = x2  + y2  + z2  — a2  = 0 =>■  v f = 2xi  + 2yj  + 2zk  =>  | v f I = \J 4x2  + 4y2  + 4z2  = \J 4a2  = 2a  since 
a > 0 =7  n = 2xi  + 2|j  + 2zk  = xi  + yj  + zk  =>  F n = (3z  + 1)  (?)  ;p  = k =>  Vf'P  = Vf’k  = 2z 
=>  | V f ■ ■ p|  = 2z  since  z > 0 =>  da  = = | dA  = \ dA  =7  f f F - n da  = Jf  (3z  + 1)  (|)  (s)  dA 

S Rxy 

— Jf  (3z+l)dxdy  = fj  (3^/a2  — x2  — y2  + l)  dxdy  = f f ^3\/a2  — r2  + 1^  r drd  6 

Rr  ® ® \ / 

xy  lvxy 

— fg  (t  + a3)  d^  = na2  "h  27ra3,  which  is  the  flux  across  the  hemisphere.  Across  the  base  we  find 
F = [3(0)  + l]k  — k since  z = 0 in  the  xy-plane  =7  n = — k (outward  normal)  =>  F • n = — 1 =7  Flux  across  the 

base  — f f F ■ nda  = f f — 1 dxdy  = — 7ra2.  Therefore,  the  total  flux  across  the  closed  surface  is 
S Rxy 

(7ra2  + 27ra3)  — 7ra2  = 27ra3. 

CHAPTER  16  ADDITIONAL  AND  ADVANCED  EXERCISES 

1 .  dx  = (—2  sin  t + 2 sin  2t)  dt  and  dy  = (2  cos  t — 2 cos  2t)  dt;  Area  = ^f^xdy  — ydx 

X2tv 

i [(2  cos  t — cos  2t)(2  cos  t — 2 cos  2t)  — (2  sin  t — sin  2t)(— 2 sin  t + 2 sin  2t)]  dt 

X2tt  n2ir 

[6  — (6  cos  t cos  2t  + 6 sin  t sin  2t)]  dt  = 2 Jo  (6  — 6 cos  t)  dt  = 67r 

2.  dx  = (—2  sin  t — 2 sin  2t)  dt  and  dy  = (2  cos  t — 2 cos  2t)  dt;  Area  = 2 f x dy  — y dx 

o2tv 

— 7j  Jo  [(2  cos  t + cos  2t)(2  cos  t — 2 cos  2t)  — (2  sin  t — sin  2t)( — 2 sin  t — 2 sin  2t)]  dt 
= | fo  [2  — 2(cos  t cos  2t  — sin  t sin  2t)]  dt  = ^ fg  (2  — 2 cos  3t)  dt  = \ [2t | sin  3t]  f = 27r 


3.  dx  = cos  2t  dt  and  dy  = cos  t dt;  Area  = x dy  — y dx  = -3  fo  (|  sin  2t  cos  t — sin  t cos  2t)  dt 

= \ fo  [sin  t cos2 1 — (sin  t)  (2  cos2 1 — 1)]  dt  = \ f (—  sin  t cos2 1 + sin  t)  dt  = 2 [|  cos3 1 — cos  t]  ^ = 

4.  dx  = (—2a  sin  t — 2a  cos  2t)  dt  and  dy  = (b  cos  t)  dt;  Area  = | x dy  — y dx 

X2n 

| [(2ab  cos2  t — ab  cos  t sin  2t)  — (— 2ab  sin2  t — 2ab  sin  t cos  2t)[  dt 


_ 1 + l = 2 

3-I-1  3 
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X2tv  r>2iv 

| [2ab  — 2ab  cos2 1 sin  t + 2ab(sin  t)  (2  cos2  t — 1)]  dt  = 1 Jg  (2ab  + 2ab  cos2  t sin  t — 2ab  sin  t)  dt 
= | [2abt  — | ab  cos3 1 + 2ab  cos  t]  2 “ = 27rab 


5.  (a)  F(x,  y,  z)  = zi  + xj  + yk  is  0 only  at  the  point  (0, 0, 0),  and  curl  F(x,  y,  z)  = i + j + k is  never  0 . 

(b)  F(x,  y,  z)  = zi  + yk  is  0 only  on  the  line  x = t,  y = 0,  z = 0 and  curl  F(x,  y,  z)  = i + j is  never  0 . 

(c)  F(x,  y,  z)  = zi  is  0 only  when  z — 0 (the  xy-plane)  and  curl  F(x,  y,  z)  = j is  never  0 . 

6.  F = yz2i  + xz2j  + 2xyzk  and  n = — xl  + ^ + zk  , so  F is  parallel  to  n when  yz2  = ^ , xz2  = ^ , 

and  2xyz  = CRZ  =>  y-f-  = — = 2xy  =>y2=x2=>y=±x  and  z2  = ± | = 2x2  =>•  z = ± \fl\.  Also, 
x2  + y2  + z2  = R2  =>  x2  + x2  + 2x2  = R2  =>  4x2  = R2  =>  x = ± | . Thus  the  points  are:  , | , , 

( R R __  y/2R\  /_  R _ R ^R\  /_  R _ R _ \/2R\  (r  __  R \/2R  \ ( R _ R _ a/2R\ 

2 ’ 2 ’ 2 J 7 \ 2 ’ 2 ’ 2 / ’ V 2’  2 ’ 2 y ’ y 2 ’ 2 - 2 J ’ ’ 2’  2 J ’ 

( _ R R C2R\  / R R _ y/2R\ 

^ 2 ’ 2 ’ 2 ) ' \ 2 ’ 2 ’ 2 J 


7.  Set  up  the  coordinate  system  so  that  (a,  b,  c)  = (0,  R,  0)  =>  6(x,  y,  z)  = \Jx2  + (y  — R)2  + z2 
= a/x2  + y2  + z2  — 2Ry  + R2  = \J 2R2  — 2Ry  ; let  f(x,  y,  z)  = x2  + y2  + z2  — R2  and  p = i 
=>■  yf  = 2xi  + 2yj  + 2zk  =>  | v f I = 2y 2x2  + y2  + z2  = 2R  =>■  da  = dz  dy  = ||  dz  dy 


Mass  = ff  S(x,  y,  z)  da  = ff  ^2R2  - 2Ry  (f ) dz  dy  = R ff  -0 

CD  D V 


Vf-i 

\/2R2  - 2Ry 


= 4R /-«/.'  ""  vfSS.  dzdy  = 4R  f j 2R^  JRysin-1 

nR  , . lB 

= 2ttR J rV2R2  - 2Ry  dy  = 2ttR(  =±)  (2R2  - 2Ry) 


• ys--r 
/R2— y2 


dz  dy 


dy 


n3/2  | _ 167J-R3 

3 


8.  r(r,  9)  = (r  cos  9)i  + (r  sin  0)j  + 0k , 0 < r < 1,  0 < 8 < 2tt  =>  rr  x r g = 


i j k 

cos  6 sin  9 0 

-r  sin  8 r cos  8 1 


= (sin  0)i  — (cos  8) j + rk  =>■  |rr  x r®|  = \/l  + r2  ; 6 — 2^/x2  + y2  = 2\/r2  cos2  9 + r2  sin2  9 = 2r 
=h  Mass  = ff  S(x,  y,  z)  da  = fg  fg  2ry/l  +r2  drdfl  = fg  [§(l+r2)3/2  ^ di  9 = fg  02^2-10  9 

(2V2-l) 


47 r 
3 


9.  M = x2  + 4xy  and  N = — 6y  =>  ^ = 2x  + 4y  and  |^  = — 6 =>  Flux  = fg  fg  (2x  + 4y  — 6)  dx  dy 

Xb 

(a2  + 4ay  — 6a)  dy  = a2b  + 2ab2  — 6ab.  We  want  to  minimize  f(a,  b)  = a2b  + 2ab2  — 6ab  = ab(a  + 2b  — 6). 

Thus,  fa(a,  b)  = 2ab  + 2b2  - 6b  = 0 and  fb(a,  b)  = a2  + 4ab  - 6a  = 0 =>  b(2a  + 2b  - 6)  = 0 =>  b = 0 or  b = -a  + 3. 
Now  b = 0 =>  a2  — 6a  = 0 =>  a = 0 or  a = 6 =>  (0, 0)  and  (6, 0)  are  critical  points.  On  the  other  hand,  b = —a  + 3 
a2  + 4a(— a + 3)  — 6a  = 0 =>  —3a2  + 6a  = 0 =>  a = 0 or  a = 2 =>■  (0,  3)  and  (2, 1)  are  also  critical  points.  The  flux  at 
(0, 0)  = 0,  the  flux  at  (6, 0)  = 0,  the  flux  at  (0, 3)  = 0 and  the  flux  at  (2,1)  = —4.  Therefore,  the  flux  is  minimized  at  (2, 1) 
with  value  —4. 


10.  A plane  through  the  origin  has  equation  ax  + by  + cz  = 0.  Consider  first  the  case  when  c / 0.  Assume  the  plane  is  given 
by  z = ax  + by  and  let  f(x,  y,  z)  = x2  + y2  + z2  = 4.  Let  C denote  the  circle  of  intersection  of  the  plane  with  the  sphere. 
By  Stokes's  Theorem,  <fc  F • dr  — f f xF-n  da,  where  n is  a unit  normal  to  the  plane.  Let 


S 
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r(x,  y)  — xi  + yj  + (ax  + by)k  be  a parametrization  of  the  surface.  Then  rx  x ry  — 


i j k 

1 0 a 

0 1 b 


= — ai  — bj  + k 


i j k 

d_  JL  JL 

dx  dy  dz 

z x y 


i + kandn=700T 


=>  d(T  = |rx  x ry|  dxdy  = \/a2  + b2  + 1 dxdy.  Also,  v x F = 

=>  xF-n  da  — ff  A b ~ 1 i/a2  + b2  + 1 dx  dy  = f f (a  + b — 1 ) dx  dy  = (a  + b — 1)  f f dx  dy.  Now 

S Rxy  Va+b+1  D D 

x2  + y2  + (ax  + by)2  = 4 =>  x2  + y2  + (f)  xy 


2n 


Ax2  + Bxy  + Cy2  = 1 in  the  xy-plane,  where  A = 1 , B = y , and  C = 

47T 


VTAC  - B2  A2+b2  + l Jc 
<9H  2(a  + b-  1)  (b2  + 1 +a  - ab) 


fcF-dr  = h(a,b)  = 


Rxy 

f ) xy  = i 

a2  + 1 o ab 

4 

47r(a  + b — 1) 


da 


(a2  + b2  + 1) 


= 0 and  f = 


the  region  Rxy  is  the  interior  of  the  ellipse 
— 4 1 . The  area  of  the  ellipse  is 

yjWri ' Thus  we  °Ptimize  H(a’ b)  = Itptt  : 

1 + a — ab  = 0 


2(a  + b — 1)  (a2  + 1 + b — abj  _ q ^ a + b - 1 = 0,  Or  b2 


(a2  +b2  + 1) 

and  a2  + l+  b — ab  = 0=>  a + b — 1=0,  or  a2  — b2  + (b  — a)  = 0 =>  a + b — 1=0,  or  (a  — b)(a  + b — 1)  = 0 
=>  a + b—  1 = 0 or  a = b.  The  critical  values  a + b — 1 = 0 give  a saddle.  If  a = b,  then  0 = b2  + l+  a — ab 

=>  a2  + l+  a — a2=0  =>  a = — 1 b = — 1 . Thus,  the  point  (a,  b)  = (-1,-1)  gives  a local  extremum  for  J)'  F • dr 
=>  z = —x  — y =>■  x + y + z = 0is  the  desired  plane,  if  c ^ 0. 

Note:  Since  h(— 1,  —1)  is  negative,  the  circulation  about  n is  clockwise,  so  — n is  the  correct  pointing  normal  for 

the  counterclockwise  circulation.  Thus  J j V x F • (— n)  da  actually  gives  the  maximum  circulation. 

s 

If  c = 0,  one  can  see  that  the  corresponding  problem  is  equivalent  to  the  calculation  above  when  b = 0,  which  does  not 
lead  to  a local  extreme. 


11.  (a)  Partition  the  string  into  small  pieces.  Let  AjS  be  the  length  of  the  ith  piece.  Let  lx,,  y,)  be  a point  in  the 
ith  piece.  The  work  done  by  gravity  in  moving  the  ith  piece  to  the  x-axis  is  approximately 
W,  = (gxiyiAis)yi  where  x,y.  As  is  approximately  the  mass  of  the  ith  piece.  The  total  work  done  by 

gravity  in  moving  the  string  to  the  x-axis  is  E Wj  = E gx,y2 A,s  =>•  Work  = / gxy2  ds 
" ' i i Jc 

n pir/2  , n-ixll 

(b)  Work  = Jc  gxy2  ds  = Jg  g(2  cos  t)  (4  sin2 1)  y 4 sin2 1 + 4 cos2 1 dt  = 16g  Jg  cost  sin2 1 dt 


= 16 
3 & 


(c)  x = ^x(xy)  ds  an(j  y _ £/<xy>ds  . tjje  mass  0f  string  is  J ) xy  ds  and  the  weight  of  the  string 


—p  till  VI  y n 

Jc  xy  ds  Jc  xy  ds 

g Jc  xy  ds.  Therefore,  the  work  done  in  moving  the  point  mass  at  (x,  y)  to  the  x-axis  is 
(g  fc  xy  ds)  y = g fc  xy2  ds  = f g. 


is 


/c 

W = 


12.  (a)  Partition  the  sheet  into  small  pieces.  Let  A,a  be  the  area  of  the  ith  piece  and  select  a point  (xi;  y,,  z,  J in 

the  ith  piece.  The  mass  of  the  ith  piece  is  approximately  xyA.a.  The  work  done  by  gravity  in  moving  the 

ith  piece  to  the  xy-plane  is  approximately  (gxiyiAia)zi  = gx.y.zAi^  =>  Work  = f f gxyz  da. 

S 

(b)  / / gxyz  da  = g ff  xy(l  - x - y)-/T  + (-1)2  + (-1)2  dA  = xj 3g  fg  fg  (xy  - x2y  - xy2)  dy  dx 


Rx, 


r~  r1 


= v3§  Jo  [5 xy2  - 1 xV 


xy° 


dx  = 


V^gX'l 


1 y ! I 1 y3 

6 a 2 A 1 2 A 


l x4]  dx 


= V^g  [^x2  - ix3  + |x4  - ix5]  J = y^g  (A  - A)  = ^ 
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(c)  The  center  of  mass  of  the  sheet  is  the  point  (x,  y,  z)  where  z = with  Mxy  — f f xyz  da  and 

S 

M = J J xy  da.  The  work  done  by  gravity  in  moving  the  point  mass  at  (x,  y,  z)  to  the  xy-plane  is 

s’ 

gMz  = gM  (^)  = gMxy  = JJ  gxyz  dcr  = ^ . 
v J S 

13.  (a)  Partition  the  sphere  x2  + y2  + (z  — 2)2  = 1 into  small  pieces.  Let  A ,<7  be  the  surface  area  of  the  ith  piece  and  let 

(xj;  yi;  z()  be  a point  on  the  ith  piece.  The  force  due  to  pressure  on  the  ith  piece  is  approximately  w(4  — 7,) A, a.  The 

total  force  on  S is  approximately  E w(4  — z,  )A,a.  This  gives  the  actual  force  to  be  J J w(4  — z)  dcr. 

1 S 

(b)  The  upward  buoyant  force  is  a result  of  the  k-component  of  the  force  on  the  ball  due  to  liquid  pressure. 

The  force  on  the  ball  at  (x,  y,  z)  is  w(4  — z)(— n)  = w(z  — 4)n , where  n is  the  outer  unit  normal  at  (x,  y,  z). 

Hence  the  k-component  of  this  force  is  w(z  — 4)n  - k = w(z  — 4)k  • n . The  (magnitude  of  the)  buoyant  force 

on  the  ball  is  obtained  by  adding  up  all  these  k-components  to  obtain  J J w(z  — 4)k  • n dcr. 

S 

(c)  The  Divergence  Theorem  says  J J w(z  — 4)k  • n da  = J J J div(w(z  — 4)k)  dV  = J J J w dV,  where  D 

S D D 

is  x2  4-  y2  + (z  — 2)2  < 1 =>■  J J w(z  — 4)k  - n da  = w Iff  ldV  = 1 7rw,  the  weight  of  the  fluid  if  it 

S D 

were  to  occupy  the  region  D. 

14.  The  surface  S is  z = ^ x2  + y-  from  z = 1 to  z = 2.  Partition  S into  small  pieces  and  let  A;cr  be  the  area  of  the 
ith  piece.  Let  (xi;  y,.  z, ) be  a point  on  the  ith  piece.  Then  the  magnitude  of  the  force  on  the  ith  piece  due  to 
liquid  pressure  is  approximately  F,  = w(2  — 7,)A,a  =>  the  total  force  on  S is  approximately 

£ Fi  = £ w(2  — Zj)  A;  a =>  the  actual  force  is  J J w(2  — z)  dcr  = J J w (2  — y/x2  + y2)  r / 1 + -aara  + dA 
1 S Rxy  V X y X y 

= II  \/2w  (2  — y/x2  + y2)  dA  = £ II  v/2w(2  - r)  r drd 9 = £*  y/ 2w  [r2  - i r3]  J d9  = £ ^ d 9= 

Rxy 


15.  Assume  that  S is  a surface  to 

= IS  = 


which  Stokes's  Theorem  applies.  Then  I E • dr  = j j ( V x E)  • n dcr 

c S 

II B • n dcr.  Thus  the  voltage  around  a loop  equals  the  negative  of  the  rate  of 


S S 

change  of  magnetic  flux  through  the  loop. 


16.  According  to  Gauss's  Law,  J J F - n dcr  = 47rGmM  for  any  surface  enclosing  the  origin.  But  if  F — x H 

S 

then  the  integral  over  such  a closed  surface  would  have  to  be  0 by  the  Divergence  Theorem  since  div  F = 0. 


17.  <p  f v g • dr  = f f v x (f  V g) ' n dcr  (Stokes's  Theorem) 

jc  jj 

= //( fV  x V g+  v f x Vg)’ndcr  (Section  16.8,  Exercise  19b) 

S 

= 1 1 [(f)(0)  + V f x V g]  ’ n dcr  (Section  16.7,  Equation  8) 

S 

= II  (V  f X V g)  • n dcr 

S 

18.  V x Fi  = v x F2  =»  V x (F2  - Fi)  = 0 =>  F2  - Fi  is  conservative  =>  F2  — Fi  = V f also>  V ' Fi  = V • F2 
=>  V ' (F2  — Fi)  = 0 =>  v 2f  = 0 (so  f is  harmonic).  Finally,  on  the  surface  S,  v f • n = (F2  — Fi)  • n 

= F2  • n — Fi  • n = 0.  Now,  v • (f  V f)  = V f • V f + f V 2f  so  the  Divergence  Theorem  gives 
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fff  I V f|2  dV  + / f f f V 2f  dV  = fff  V •(fvOdV  = //fVf-nda 
D D D S 

fff  I vf|2dV  + 0 = 0 =>  fff  |F2-F1|2dV  = 0 =>  F2-Fi  =0  =>  F2 

D D 


19.  False;  let  F = yi  + xj  ^ 0 =>  V - F = ^ (y)  + (x)  = 0 and  v x F 


i j 

d_  A 

dx 

x y 


20.  |ru  x rv|2  = |ru|2  |rv|2  sin20  = |ru|2  |rv|2  (1  - cos26»)  = |ru|2  jrv|2  - |ru|2  |rv|2  cos2 

=>  |ru  x rv|2  = EG  — F2  =>  do-  = |ru  x rv|  dudv  = \/EG  — F2  dudv 

21.  r = xi  + yj  + zk  =>•  - r=  1 + 1h-1=3  =>  fff  S/-rdV  = 3fffdV- 

D D 

= Uf  r • n dcr,  by  the  Divergence  Theorem 


= 0,  and  since  v 2f  = 0 we  have 
: Fi,  as  claimed. 

k 

; I = 0i  + Oj  + 0k  = 0 
0 

(9=  |ru|2  |rv|2  — (ru  • rv)2 


3V  =*  V=i  fff  V -rdV 

D 
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